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Abstract. We study the behavior of algorithms for buffering packets
weighted by different levels of Quality of Service (QoS) guarantees in a
single queue. Buffer space is limited, and packet loss occurs when the
buffer overflows. We describe a modification of the previously proposed
“preemptive greedy” algorithm of for buffer management and give an
analysis to show that this algorithm achieves a competitive ratio of at
most 1.75. This improves upon recent work showing a 1.98 competitive
ratio, and a previous result that shows a simple greedy algorithm has a
competitive ratio of 2.

1 In tro duction

Quality of Service guarantees for network service allow service providers to ad-
dress the service requirements of their customers by providing different levels
of service. In the network setting where traffic volumes may exceed network ca-
pacity, effective management of packets at network buffers is key to achieving
QoS guarantees. By differentiating service levels, packets of different types of
customers may be treated according to the level of service they require. The im-
portance of this issue is reflected in the interest devoted to it in the networking
community [9, 12, 13, 22, 21, 23, 24].

We consider the problem of buffer management for a single queue with a
limited capacity buffer. Each time step, many packets may enter the buffer, some
packets may be dropped, and the packet at the head of the queue is delivered.
Packets are delivered on a FIFO basis: once packets enter the buffer, they are not
reordered. We abstract the differentiated service model by attributing different
values to different packets according to their service level. The goal is to deliver
the set of packets with highest total value.

We study the behavior of FIFO queues, since FIFO helps to both ensure
a level of fairness and prevent packets from timing out, but more importantly,
FIFO ensures that packets arrive at their destination in the order they were
transmitted. In video streaming, packets from the same source may belong to
different service levels according to the type of information they contain [19].
FIFO queues in a QoS environment ensure that these packets arrive in order.



Our Contribution. In this paper, we use competitive analysis to show that a
modification of the preemptive greedy algorithm of Kesselman et al. [15] achieves
a competitive ratio of 1.75. The algorithm of Kesselman et al. [15] is the first
algorithm to break the bound of 2. Their improvement to 1.98 is small, but the
algorithmic framework is important, and we believe it is a good approach for
achieving better ratios.

Packets are dropped for two reasons:

1. Evicted packets are packets (either already in the buffer, or just arrived)
that are dropped because the buffer is too full. In this case, the minimum
value packet is dropped.

2. For a given parameter � > 1, when a packet of value v arrives at the buffer,
if there is a packet with value less than v=� in the buffer, then one such
packet is dropped. This is a preempted packet. Kesselman et al. [15] propose
to preempt the first such packet in FIFO order. We drop the first such packet
that is a local minimum in FIFO order: the packet our algorithm drops has
value strictly smaller than the value of the packet following it in the FIFO
queue. To obtain the guarantee of 1.75, we use � = 4.

Previous work. Prior to [15], the best known competitive ratio for the single
queue problem was 2 which was obtained by the greedy algorithm that drops
minimum value packets only when the buffer is full [16]. If the decision to drop a
packet can be made only when the packet arrives, and once a packet is accepted
into the buffer it must be delivered, then the best possible competitive ratio is
� (log � ) where � is the ratio of the maximum valued packet to the minimum [2,
4].

Many other models and approaches to studying this problem have been pro-
posed. A recent paper of Albers and Schmidt looks at the unweighted case
for a multiqueue switch [3]. Using competitive analysis, other papers study the
case with just two weights [2, 18], unlimited capacity buffers [8, 17], multiqueue
switches [3, 6], and multiple-node networks [1, 7]. Other approaches to studying
this problem include probabilistic models of packet injection [10, 20] and adver-
sarial queueing theory [5, 11].

Recently, Azar and Richter [7] define a class of algorithms for which guar-
antees for the case when all packets have values in f 0; 1g can be extended to
arbitrary values. The class of algorithms they define considers only the relative
order of values of packets. Our algorithm does not fall into this class since it
behaves differently when given packets of value 1 and 1 + � than when given
packets of value 1 and v � � + � for a small positive � . However, Lemma 1 in
our paper can be considered a generalization of the zero-one principle of Azar
and Richter [7].
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2 Mo del Description

In this section, we give a formal description of the model considered in this
paper. Our model is the same as the FIFO model studied in [15] and equivalent
to the one considered by [16].3

In our setting a switch may deliver one packet per unit time. Packets might
arrive at any time, and only one packet can be delivered at the end of each time
slot. There is a buffer that can be used to store B packets. The buffer is FIFO,
i.e., the delivered packets need to follow the arrival order. Due to the bounded
size of the buffer, sometimes packets must be dropped. A buffer management
algorithm must decide at each step which of the packets to drop, which to keep in
the buffer, and which to deliver, satisfying some constraints specified below. Fix
a buffer management algorithm A. At the end of each time slot t, there is a set of
packets QA (t) such that jQA (t)j � B stored in the buffer; we define QA (0) = ; .
Each packet p has a positive real value denoted v(p). At time t, a single packet
from QA (t), denoted A(t), is delivered. The algorithm is also allowed to not
deliver any packet at time t, in which case we let A(t) = ; , and define v(; ) = 0.
During the next time slot (time slot t + 1), a set of packets Arr(t + 1) arrives. A
subset of QA (t) [ Arr(t + 1) n f A(t)g, denoted DrA (t), is dropped, and the rest
of packets are kept in the buffer. The set of packets in the buffer at the end of
time slot t + 1 is QA (t + 1) = QA (t) [ Arr(t + 1) n (DrA (t) [ f A(t)g). Notice that
we allow the buffer management algorithm to drop a packet that was placed in
the buffer during an earlier time slot.

We consider only instances that are finite, i.e., those in which there is a time
T such that no new packet arrives after time T � B , and therefore we can assume
without loss of generality that the algorithm will not deliver any packet after
time T . The value delivered by the algorithm is the sum of the values of all
packets delivered by the algorithm. For a set P of packets define v(P ) to be the
total value of the packets in the set. Also, we denote the set of packets that an
algorithm A delivers by SA = f A(t) : t = 0; : : : ; Tg. In this notation the value
delivered by algorithm A is v(SA ).

Our goal is to compare the ratio of the value of packets delivered by our
online algorithm to the value of packets delivered by an optimal clairvoyant
algorithm (i.e., an offline algorithm that sees the complete input sequence in
advance, and using this information delivers a set of packets with maximum
value), denoted OPT. An online algorithm A is called c-competitive, if for every
instance, v(SOPT) is at most c times v(SA ).

3 Algorithm

We analyze a modification which we call PG of the preemptive greedy algorithm
of Kesselman et al. [15] with parameter � > 1. This algorithm is shown in
Figure 1.

3 the parameter B in their model is equivalent to B + 1 in ours.
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The Modified � -Preemptive Greedy (PG) Algorithm.

When a packet p of value v(p) arrives, do the following:

1. Find the first packet p′ in FIFO order such that p′ has value less than v(p)=�
and less than the value of the packet following p′ in the buffer (if any). If
such a packet exists, preempt it.

2. If there is free space in the buffer, accept p
3. Otherwise (the buffer is full), then evict a packet p′ with the smallest value

among {p} and those in the buffer, and keep the rest in the buffer.

Fig. 1. The algorithm PG

Every time a new packet p arrives, our algorithm determines whether there
exists a packet p′ in the buffer such that v(p′) < v(p)=� . If so, the algorithm
finds the first such packet p′ in the buffer. If the next packet in the buffer has
value no greater than the value of p′, we let p′ be the next packet and iterate,
until we find the first packet p′ that has value less than v(p)=� , and less than
the value of the next packet in the buffer.1 We drop p′ from the buffer, and say
that p′ is preempted by p. Next, the algorithm determines whether there is free
space for p in the buffer, either because some p′ was preempted or because there
was free space to begin with. If so, p is added to the tail of the buffer; otherwise,
a packet of smallest value among f pg and those in the buffer is evicted, and the
rest are kept in the buffer. At the end of each time slot, the algorithm delivers
the packet at the head of the buffer (if such a packet exists).

Kesselman et al. [15] give an example that shows that the competitive ratio
of their algorithm is at least maxf 2 � 1=� ; � =(� � 1)g. This example yields the
same lower bound on the competitive ratio of our algorithm. The main result of
our paper is to show that this lower bound is tight for � � 4.

Theorem 1. For every � � 4, the algorithm in Figure 1 hasa competitive ratio
of 2 � 1=� .

Setting � = 4, the above theorem shows that the algorithm PG is a 1:75-
competitive algorithm for the buffer management problem.

4 Analysis of the Algorithm

In this section, we prove Theorem 1. The proof is composed of three steps: First,
we use the theory of linear programming (specifically, the fact that every linear
program has a basic feasible solution) to limit the set of possible instances we
need to consider to find the competitive ratio of our algorithm. Using this, we

1 The original algorithm of Kesselman et al. [15] always preempts the first packet in
the buffer of value less than v(p)=� , without comparing it to the value of the next
packet in the buffer.
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can focus on one such instance and describe its structure in terms of several
parameters, and also compute the value delivered by our algorithm and the
optimal algorithm on this instance in terms of these parameters. In the second
step, we prove several inequalities relating these parameters. This allows us to
bound the competitive ratio of our algorithm by solving a maximization linear
program which, following the terminology of [14], we call a factor-revealing LP.
The third and final step is to prove an upper bound on the value of an optimal
solution of this linear program. By LP duality, this step is equivalent to finding
a feasible solution to the dual of the factor-revealing LP.

4.1 Structure of the worst-case examples

In this section we show that is that it is enough to analyze the performance of
our algorithm on instances in which the value of each packet is either 0 or � i for
some i � 0, but ties are allowed to be broken by an adversary. More precisely,
we have the following lemma.

Lemma 1. Fix an instance sizeT. The worst casecompetitive ratio of the mod-
i�e d preemptive greedy algorithm over instances of size at most T is realized by
an input sequence in which the value of each packet is zero or a power of � , and
an adversary determines for every two packets p and p′ and number 
 , where
v(p) = 
 v(p′), whether the inequality v(p) � 
 v(p′) is \true" or \false".

Proof. Consider an arbitrary instance R of size T . For every two packets p and
p′, write all inequalities of the form “v(p) ? v(p′)” or “v(p) ? � v(p′)” (where ? is
either > , =, or < ) that are true in the instance R . Let C denote the collection
of these inequalities. Now, observe that PG considers the value of a packet only
to compare it to either the value of another packet, � times the value of another
packet, or the value of another packet divided by � . Therefore, on every instance
that differs from R in the values of the packets, but is the same as R in the
arrival times and satisfies the inequalities in C, PG will behave exactly as it
does on R , and hence the subsequence of packets delivered will be the same.
Next, we can write a linear program with a set of variables corresponding to
the set f v(p)g of packet values. This LP consists of the inequalities in C with
equalities added to strict inequalities (i.e., < changed to � and > changed to � )
and an extra normalization inequality

∑

p∈SPG(R) v(p) = 1, and the objective

is to maximize
∑

p∈SOPT(R) v(p). Take an optimal basic feasible solution of this

LP, and construct an instance R ′ which is the same as R , except that values of
the packets are replaced by those of the basic feasible solution of the LP. We
also let the adversary break the ties in R ′ in the same direction as in R . It is
clear that the algorithm PG delivers the same subsequence of packets in R ′ as
in R , and therefore, the competitive ratio of PG on R ′ is at least as great as
on R . Let L denote the collection of linear programs that consist of inequalities
of the form “v(p) ? v(p′)” or “v(p) ? � v(p′)” (where ? is either � or � ), and
∑

p∈S1
v(p) = 1 for a set S1 � f 1; : : : ; Tg, and let A denote the set of instances

that are basic feasible solutions of linear programs in L . By the above argument,
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the competitive ratio of PG is at most its competitive ratio on instances in A ,
if an adversary is allowed to break the ties. Since the number of instances in A
and the number of ways to break ties is finite, it follows that there is an instance
in A that achieves the worst ratio. �

From now on we only consider input sequences in which each packet value is
either zero or a power of � . In the rest of this section, we define a hierarchical
structure of time intervals and several parameters that describe the behavior of
our algorithm and of OPT on a given instance.

Intervals. An interval of type i is a time interval I such that at every step t 2 I
the algorithm PG delivers a packet of value at least � i , and I is a maximal in-
terval with this property; i.e., in the time step immediately before the beginning
and in the step immediately after the end of I the algorithm delivers either noth-
ing, or a packet of value less than � i . Let I i denote the set of maximal intervals
of type i , and let I be the union over all i of I i . Since the same interval can be
in I i for more than one value of i , we consider I as a multiset.

The last eviction in an interval I of type i is the latest time step t in I such
that at time t a packet of value at least � i is evicted from the buffer. If no such
time step exists, we say that I has no evictions. (Note that there may be an
eviction within I of a packet of value � i ′ < � i after the last eviction of I ; we
will consider this to belong to the interval of type i ′ containing I and those
containing it, but not to I .) Let E be the set of intervals that have evictions,
and let N be the set of intervals that have no evictions.

The interval structure. We define an interval structure as a sequence of ordered
rooted trees, with a partition of its vertex set into two subsets E and N . The
intervals in I can be represented using such a structure (denoted by T ) as follows.
The root of each tree is an interval in I 0, and the children of each interval I 2 I i

are the maximal intervals of type i +1 that are contained in I . These children are
ordered by increasing time from left to right (e.g., the leftmost child corresponds
to the interval that ends before the others begin). The trees are also ordered by
increasing time. A vertex is in E if the corresponding interval has an eviction;
otherwise, it is in N . We denote the set of children of I by child(I ) and the
parent of I by par(I ). Also, we call the leftmost (rightmost, respectively) child
of I that is in E the first (last, respectively) child of I , and denote it by lastch(I )
(firstch(I ), respectively). Notice that, despite the name, I can have other children
(that have no evictions) to the left of firstch(I ) or to the right of lastch(I ). The
set of nodes that are the last children of their parents is denoted by LC . Also,
we let rsib(I ) denote the set of siblings of I that are to the right of I and are
in E.

In the next section, we will show that for every interval structure T , the
competitive ratio of the algorithm PG on instances whose corresponding interval
structure is T can be bounded by the solution of a linear program indexed by T .

Packetsassigned to each interval. Consider an interval I of type i . We assign all
packets of value at least � i delivered or evicted during I to this interval. For a
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preempted packet p, we define next(p) as the first packet after p in arrival order
that is delivered by PG. We assign p to I if p has value at least � i and next(p)
is assigned to I . To simplify the notation, we let next(p) = p for a packet p that
is delivered or evicted by PG. Let PI denote the set of packets assigned to an
interval I .

Lemma 2. For each packet p of value at least � i there is a unique interval I of
type i such that p is assigned to I .

Proof. The statement is trivial if p is delivered by PG. If p is evicted by PG,
then the packet delivered at the same time step must have a value at least that
of p, and hence p must be assigned to a unique interval of type i .

Now suppose that p is preempted. In order to show that there is a unique
interval of type i that p is assigned to, it is enough to show that next(p) is of
value at least � i . Consider the sequence p = p1; p2; : : : ; pj = next(p) where for
each 1 � k < j , pk is followed immediately in the buffer by pk+1 at the time
pk is evicted or preempted. In each case, whether an eviction or a preemption,
v(pk ) � v(pk+1), and the lemma follows.

�

Lemma 3. Let I be an interval of type i with evictions, and let t 2 I be a time
at which a packet of value at least � i is evicted. Then every packet that is in the
bu�er at time t is assigned to I .

Proof. Assume for the sake of contradiction that there is a packet p in the buffer
at time t that is not assigned to I . Therefore, p must not be evicted at time t,
nor should it be delivered in the interval I . All packets in the buffer at time t
have value at least � i ; thus p cannot be delivered in an interval after I . Therefore
p must be dropped some time after t. Let p1 = next(p), and p2 be the packet
delivered at the time step after the end of I . By definition, v(p2) < � i , so p2

cannot be present in the buffer at time t. Therefore p2 arrives after p. This
means that p1 must arrive before p2, for otherwise p1 would not be the first
packet after p that is delivered. But then p1 must be delivered earlier than p2,
and hence p1 2 PI . Thus, p 2 PI , a contradiction. �

We are now ready to define several parameters for each interval I . These
definitions are presented in Table 1. In the next section, we will prove inequalities
relating these parameters, and then we will treat them as variables in a linear
program. The following lemma states the value delivered by PG and OPT in
terms of these parameters. Here for every interval I of type i > 0, b(I ) denotes
(� � 1)� i−1. If I is an interval of type 0, then b(I ) = 1.

Lemma 4. We havev(SPG) =
∑

I ∈I
b(I )A(I ) and v(SOPT) =

∑

I ∈I
b(I )X (I ).

Proof. Let I be an interval of type i . By Lemma 2 and the definition of A(I ), the
number of packets of value exactly � i in PI \ SPG is A(I ) �

∑

J ∈child(I ) A(J ).
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Param Definition

A(I ) |PI ∩ SPG|, or equivalently, the length of I
X (I ) |PI ∩ SOPT|
Ae(I ) I ∈ E : # of packets in PI delivered by PG after the last eviction of I
R+(I ) # of packets in PI that are preempted by packets not in PI

R−(I ) I ∈ N : # of packets in PI that preempt packets not in PI

I ∈ E : # of packets in PI that preempt packets in {p : next(p) 6∈ PI}

Rd(I ) I ∈ N : 0
I ∈ E : # of packets in PI that preempt packets not in PI after the last

eviction of I
Re(I ) I ∈ N : # of packets in PI that are preempted by packets in PI

I ∈ E : # of packets in PI that are preempted by other packets in PI

after the last eviction in I

Table 1. Parameters associated with an interval

Therefore, the total value delivered by PG is

∑

i

∑

I ∈Ii

� i (A(I ) �
∑

J ∈child(I )

A(J )) =
∑

i

∑

I ∈Ii

� i A(I ) �
∑

i

∑

I ∈Ii+1

� i A(I )

=
∑

I ∈I

b(I )A(I ):

A similar argument yields the expression for v(SOPT). �

4.2 Inequalities

In the following sequence of lemmas, we prove several inequalities between the
parameters defined in the previous section.

Lemma 5. For every I 2 E, Ae(I ) + R+(I ) � B + Rd(I ):

Proof. Consider the set of packets in PI that are either in the buffer at the time
of the last eviction (by Lemma 3 we know that all these packets are in PI ),
or arrive after the last eviction. We construct a graph on this set of packets
by forming an edge from a packet p1 to a packet p2 if p1 preempts p2. By the
definition of preemption, each vertex in this graph has in-degree and out-degree
at most one, and so, this graph is a union of disjoint paths. Therefore, the
number of vertices of in-degree zero is equal to the number of vertices of out-
degree zero in this graph. Now, notice that the vertices corresponding to the B
packets that were present in the buffer at the time of the last eviction, and also
the vertices corresponding to the Rd(I ) packets that preempt packets outside PI

have outdegree zero. Therefore, the number of vertices of outdegree zero is at
least B + Rd(I ). On the other hand, every vertex of indegree zero corresponds
to a packet in PI that is either not preempted (and therefore is delivered), or is
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preempted by packets outside PI . Thus, the number of vertices of indegree zero
is at most Ae(I ) + R+(I ). Hence, Ae(I ) + R+(I ) � B + Rd(I ). �

Lemma 6. For every interval I 2 N , R−(I ) � A(I ) + R+(I ).

Proof. We use the same argument as in the proof of Lemma 5, except here we
consider the graph of preemptions on the set of all packets in PI . Since I has no
evictions, the number of vertices of indegree zero is equal to A(I ) + R+(I ), and
the number of vertices of outdegree zero is at least R−(I ). �

Lemma 7. For every I 2 N , X (I ) � A(I ) + Re(I ) + R+(I ):

Proof. Since no packet in PI is evicted, every packet must either be delivered,
preempted by another packet in PI , or preempted by a packet outside PI . The
number of such packets is A(I ), Re(I ), and R+(I ), respectively. �

Due to space constraint, the proofs of the following lemmas are left to the
full version of the paper.

Lemma 8. For every I 2 E, let yI denote the number of packets in PI that
OPT delivers before the start of I . Then, X (I ) � A(I ) + Re(I ) + R+(I ) + yI .

Lemma 9. For every I 2 E, X (I ) � A(I ) + B � R−(I ) + Re(I ) + R+(I ).

Lemma 10. For every interval I 2 E of type i > 0,

X (I ) �
1

2

(

A(I ) + A(par(I )) �
∑

J ∈rsib(I )

A(J ) + B � Ae(par(I ))

+Ae(lastch(par(I )))

)

+ Re(I ) + R+(I ):

Lemma 11. For every interval I of type 0, we haveX (I ) � A(I )+ B
2 +Re(I )+

R+(I ).

Lemma 12. For every i � 0,
∑

I ∈Ii
(Re(I ) + R+(I )) �

∑

I ∈Ii+1
(Re(I ) +

R−(I ) + Rd(I )):

The following theorem summarizes the results of this section.

Theorem 2. Let T be an interval structure, and zT denote the solution of the
following maximization program (which we call a factor-revealing LP) with vari-
ablesOPT; ON; B ; A(I ); X (I ); Ae(I ); R+(I ); R−(I ); Re(I ), and Rd(I ) for every
I 2 I .
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maximize
OPT

ON

subject to ON =
∑

I ∈I

b(I )A(I ) (1)

OPT =
∑

I ∈I

b(I )X (I ) (2)

8I 2 E : Ae(I ) + R+(I ) � B + Rd(I ) (3)

8I 2 N : R−(I ) � A(I ) + R+(I ) (4)

8I 2 N : X (I ) � A(I ) + Re(I ) + R+(I ) (5)

8I 2 E : X (I ) � A(I ) + B � R−(I ) + Re(I ) + R+(I ) (6)

8I 2 E n I 0 : X (I ) �
1

2

(

A(I ) + A(par(I )) �
∑

J ∈rsib(I )

A(J ) + B

� Ae(par(I )) + Ae(lastch(par(I )))

)

+ Re(I ) + R+(I ) (7)

8I 2 I 0 : X (I ) � A(I ) +
B
2

+ Re(I ) + R+(I ) (8)

8i :
∑

I ∈Ii

(Re(I ) + R+(I )) �
∑

I ∈Ii+1

(Re(I ) + R−(I ) + Rd(I )) (9)

8I 2 I : Ae(I ) � A(I ) (10)

8I 2 I : A(I ); X (I ); Ae(I ); R+(I ); R−(I ); Re(I ); Rd(I ) � 0 (11)

Then on every instance R whosecorresponding interval structure is T , the
ratio of the value delivered by the optimal solution to the value delivered by the
algorithm PGis at most zT .

4.3 Analysis of the factor-revealing LP

The last step in the proof is to analyze the maximization program of Theorem 2,
and prove that for every T and � � 4, the solution of this program is at most
2 � 1=� . This program is equivalent to a linear program. Therefore, by LP du-
ality, this step can be done by multiplying each inequality with an appropriate
multiplier, and adding them up. Due to space constraint, this analysis is left to
the full version of the paper.
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