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Virtually all imaging devices intr oduce someamount of geometric lens distortion. This paper
presentsa technique for blindly removing these distortions in the absenceof any calibration
information or explicit knowledge of the imaging device. The basic approach exploits the
fact that lens distortion intr oduces speci�c higher-order correlations in the frequency domain.
Thesecorrelations can be detected using tools from polyspectral analysis. The amount of dis-
tortion is then estimated by minimizing thesecorrelations.
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1 Introduction

Virtually all medium- to low-grade imaging de-
vices intr oduce some amount of geometric dis-
tortion. Thesedistortions areoften described with
a one-parameter radially symmetric model [2, 8,
9]. Given an ideal undistorted image f u(x; y),
the distorted image is denoted asf d(~x; ~y), where
the distorted spatial parameters are given by:

~x = x(1 + �r 2) and ~y = y(1 + �r 2); (1)

where r 2 = x2 + y2, and � controls the amount
of distortion. Shown in Figure 1 are the results
of distorting a rectilinear grid with positive and
negative values of � .

While thesedistortions may be artistically in-
teresting it is often desirable to remove thesege-
ometric distortions for many applications in im-
ageprocessingand computer vision (e.g.,struc-
ture estimation, image mosaicing). The amount
of distortion is typically determined experimen-
tally by imaging a calibration target with known
�ducial points. The deviation of these points
from their original positions is used to estimate
the amount of distortion (e.g., [9]). But often
such calibration is not available or dir ect access
to the imaging device is not possible, for exam-
ple when down-loading an image from the web.
In addition, the distortion parameterscanchange
asother imaging parameters are varied (e.g.,fo-
cal length or zoom), thus requiring repeatedcali-
bration for all possible camerasettings. An alter-
native calibration technique relies on the pres-
ence of straight lines in the scene (e.g., [1, 7]).
Theselines, mapped to curves in the image due
to the distortion, are located or speci�ed by the
user. The distortions are estimated by �nding
the model parameters that map thesecurved lines
to straight lines. While this technique is more
�exible than those based on imaging a calibra-
tion target, it still relies on the scenecontaining
extended straight lines.

In this paper a technique is presented for es-
timating the amount of lens distortion in the ab-
senceof any calibration information or scenecon-
tent. The basic approach exploits the fact that

� < 0 � = 0 � > 0

Figure 1: One-parameter radially symmetric
lens distortion, Equation (1).

lens distortion intr oduces speci�c higher-order
correlations in the frequencydomain. Thesecor-
relations canbedetectedusing tools from polyspec-
tral analysis. The amount of distortion is then
determined by minimizing thesecorrelations. These
basic principles were used in a related paper in
which we intr oduced a technique for the blind
removal of luminance non-linearities [3].

Insight is gained into the proposed technique
by �rst considering what effect a geometric dis-
tortion has on a one-dimensional signal. Con-
sider, for example, a pure sinusoid with ampli-
tude a and frequency b:

f u(x) = a cos(bx): (2)

For purposes of exposition, consider a simpli-
�ed version of the lens distortion given in Equa-
tion (1), where the spatial parameter is squared:

f d(x) = a cos(bx2): (3)

This signal is composed of a multitude of har-
monics. This canbeseenby considering its Fourier
transform:

Fd(! ) =
Z 1

�1
f d(x)e� i! xdx

= 2
Z 1

0
a cos(bx2) cos(! x)dx: (4)

Becausethe signal is symmetric (a cosine), the
Fourier integral may be expressedfrom 0 to 1
and with respectto only the cosinebasis(i.e., the
sine component of the complex exponential in-
tegratesto zero). This integral has a closed form
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solution [4] given by:

Fd(! ) = 2a
r
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!#

: (5)

Unlike the undistorted signal, with:

Fu(! ) =

(
1 j! j = b
0 j! j 6= b

(6)

the Fourier transform of the distorted signal con-
tains a multitude of harmonics. Mor eover, the
amplitude and phaseof theseharmonics arecor-
related to the original signal. Here the phases
aretrivially correlated asall frequenciesarezero-
phase.Nevertheless, if the initial signal consisted
of multiple frequencieswith non-zero phases,then
the resulting distorted signal would have simi-
lar amplitude correlations and non-trivial phase
correlations.

In what follows we will show that this obser-
vation is not limited to the speci�c choice of sig-
nal or distortion. We will also show empirically
that when an image is geometrically distorted,
higher-order correlations in the frequencydomain
increase proportional to the amount of distor -
tion. As such, the amount of distortion can be
determined by simply minimizing thesecorrela-
tions. We �rst show how tools from polyspectral
analysis can be used to measure these higher-
order correlations, and then show the ef�cacy of
this technique to the blind removal of lens dis-
tortion in synthetic and natural images.

2 Bispectral Analysis

Consider astochasticone-dimensional signal f (x),
and its Fourier transform:

F (! ) =
1X

k= �1

f (k)e� i! k : (7)

It is common practice to usethe power spectrum
to estimate second-order correlations:

P(! ) = Ef F (! )F � (! )g; (8)

where Ef�g is the expectedvalue operator, and �

denotescomplex conjugate. However the power
spectrum is blind to higher-order correlations of
the sort intr oduced by anon-linearity , Equation (1).
Thesecorrelations canhowever beestimated with
higher-order spectra (see[6] for a thorough sur-
vey). For example the bispectrum estimatesthir d-
order correlations and is de�ned as:

B(! 1; ! 2) = Ef F (! 1)F (! 2)F � (! 1 + ! 2)g: (9)

Note that unlike the power spectrum the bispec-
trum of a real signal is complex-valued.

The bispectrum reveals correlations between
harmonically related frequencies, for example,
[! 1; ! 1; 2! 1] or [! 1; ! 2; ! 1 + ! 2]. If it is assumed
that the signal f (x) is ergodic, then the bispec-
trum can be estimated by dividing f (x) into N
(possibly overlapping) segments,computing Fourier
transforms of eachsegment,and then averaging
the individual estimates:

B̂ (! 1 ; ! 2) =
1
N

NX

k =1

Fk (! 1 )Fk (! 2)F �
k (! 1 + ! 2); (10)

where Fk (�) denotes the Fourier transform of
the kth segment. This arithmetic averageestima-
tor is unbiased and of minimum variance. How-
ever, it has the undesired property that its vari-
ance at each bi-fr equency (! 1; ! 2) depends on
P(! 1), P(! 2), and P(! 1 + ! 2) (seee.g., [5]). We
desire an estimator whose variance is indepen-
dent of the bi-fr equency. To this end, we employ
the bicoherence, a normalized bispectrum, de-
�ned as:

b2 (! 1 ; ! 2 ) =
jB (! 1 ; ! 2)j2

Efj F (! 1)F (! 2)j2gEfj F (! 1 + ! 2 )j2g
: (11)

It is straight-forwar d to show using the Schwartz
inequality that this quantity is guaranteed to have
values in the range [0; 1]. As with the bispec-
trum, the bicoherencecan be estimated as:

b̂(! 1 ; ! 2 ) =
j 1

N

P
k Fk (! 1)Fk (! 2)F �

k (! 1 + ! 2)j
p

1
N

P
k jFk (! 1)Fk (! 2 )j2 1

N

P
k jFk (! 1 + ! 2)j2

:

(12)

Note that the bicoherence is now a real-valued
quantity .

Shown in Figure 2 is an example of the sen-
sitivity of the bicoherenceto higher-order corre-
lations that are invisible to the power spectrum.
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Figure 2: Top: the normalized power spec-
trum and bicoherence for a signal with ran-
dom amplitudes and phases. Bottom: the
samesignal with one frequency, ! 3 = ! 1+ ! 2,
whose amplitude and phaseare correlated to
! 1 and ! 2. The horizontal axis of the bicoher-
encecorresponds to ! 1, and the vertical to ! 2.
The origin is in the center, and the axis range
from [� � ; � ].

A signal of length 4096with random amplitude
and phase is divided into N = 128overlapping
segments of length 64 each. Shown in the top
row of Figure 2 is the estimated power spectrum
and the bicoherenceestimated asspeci�ed in Equa-
tion (12). Shown below is the samesignal where
! 3 = ! 1 + ! 2 has been coupled to ! 1 and ! 2.
That is, ! 3 has amplitude a3 = a1 � a2 and
phase � 3 = � 1 + � 2. Note that the remain-
ing frequency content of the signal remains un-
changed,but that the bicoherenceis signi�cantly
more active (increasing from 0.08to 0.20)at the
bi-fr equency ! 1; ! 2, as seenby the peaks in Fig-
ure 2. The multiple peaksaredue to the inherent
symmetries in the bicoherence.

As a measure of overall correlations, the bico-

herencecan be averaged acrossall frequencies:

1
N 2

N =2X

! 1 = � N =2

N =2X

! 2= � N =2

b̂
�

2� ! 1

N
;

2� ! 2

N

�
: (13)

This quantity is employed throughout this pa-
per asa measure of higher-order correlations.

3 Lens Distortions and Correlations

Shown in Figure 3 is a 1-D signal f u(x), of length
4096,with a 1=! power spectrum and random
phase. Also shown is the log of its normalized
power spectrum P(w) and its bicoherenceb̂(! 1; ! 2).
The bicoherence was estimated from 128 over-
lapping segments each of length 64 each. Also
shown in Figure3 is the samesignal passedthrough
a 1-D version of the lens distortion, f d(x), given
in Equation (1):

f d(x) = f u(x(1 + �x 2)) (14)

where � controls the amount of distortion. No-
tice that while the distortion leaves the power
spectrum largely unchanged there is a signi�-
cant increasein the bispectral response: the bi-
coherenceaveragedacrossall frequencies,Equa-
tion (13), nearly doubles from 0.08to 0.14. This
example illustrates that when an arbitrary sig-
nal is exposed to a geometric non-linearity , cor-
relations between triples of harmonics are intr o-
duced.

For our purposes, what remains to be shown
is that thesecorrelations are proportional to the
amount of distortion, � . To illustrate this rela-
tionship a 1-D signal f u(x) is subjected to a full
range of distortions as in Equation (14). Shown
in Figure 4 is the averagebicoherence,Equation (13),
plotted asa function of the amount of distortion.
Notice that this function has a single minimum
at � = 0, i.e., no distortion.

Theseobservations lead to a simple algorithm
for blindly removing lens distortions. Beginning
with a distorted signal:

1. selecta range of possible � values,
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Figure 3: Shown in the left column is a fractal
signal, the log of its normalized power spec-
trum and its bicoherence. Shown in the right
column is a distorted version of the signal.
While the distortion leaves the power spec-
trum largely unchanged there is a signi�cant
increasein the averagebispectral response.

2. for each value of � apply the inverse dis-
tortion to f d yielding a provisional undis-
torted image f � ,

3. compute the bicoherenceof f � ,

4. selectthe value of � that minimizes the bi-
cohereneceaveragedacrossall frequencies.

5. remove the distortion according to the in-
versedistortion model

This basic algorithm extends naturally to 2-D
images. However in order to avoid the memory
and computational demands of computing an
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Figure 4: Shown is the bicoherencecomputed
for a range of lens distortion (� ). The bicoher-
ence is minimal when � = 0, i.e., no distor -
tion.

image's full 4-D bicoherence,we limit our analy-
sis to one-dimensional radial slices through the
center of the image. This is reasonableassum-
ing a radially symmetric distortion and that the
distortion emanates from the center of the im-
age. If the image center drifts, then a more com-
plex three-parameterminimization would be re-
quir ed to jointly determine the image center and
amount of distortion. The amount of distortion
for an imageis then estimated by averaging over
the estimatesfrom asubsetof radial slices(e.g.,ev-
ery 10 degrees),asdescribed above.

In the results that follow in the next section,
we assumea one-parameter radially symmetric
distortion model. Denoting the desired undis-
torted image as f u(x; y), the distorted image is
denoted as f d(~x; ~y), where

~x = x(1 + �r 2) and ~y = y(1 + �r 2); (15)

and r 2 = x2 + y2, and � controls the amount
of distortion. Given an estimate of the distor -
tion, the image is undistorted by solving Equa-
tion (15) for the original spatial coordinates x
and y, and warping the distorted image onto this
sampling lattice. Solving for the original spatial
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coordinates is done in polar coordinates where
the solution takes on a particularly simple form.
In polar coordinates the undistorted image is de-
noted asf u(r ; � ), where

r =
q

x2 + y2 and � = tan� 1(y=x): (16)

Similarly , the distorted image f d(~x; ~y) in polar
coordinates is f d(~r; ~� ), where

~r =
q

~x2 + ~y2 and ~� = tan� 1(~y=~x): (17)

Combining theseparameterswith Equations (15)
and (16)yields

~r = r (1 + �r 2) and ~� = tan � 1(y=x): (18)

Note that since the distortion model is radially
symmetric, only the radial component is effected.
The undistorted radial parameter r is determined
by solving the resulting cubic equation in Equa-
tion (18). Thesepolar parameters are then con-
verted back to rectangular coordinates and the
distortion is inverted by warping the image f d(~x; ~y)
onto this new sampling lattice.

4 Results

In the results reported here, the bicoherence for
each 1-D radial image slice is computed by di-
viding the signal into overlapping segments of
length 64with an overlap of 32. A 128-point DFT
(windowed with a symmetric Hanning window)
Fk (! ) is estimated for each zero-mean segment
from which the bicoherence is estimated as in
Equation (12). There is a natural tradeoff be-
tween segment length and the number of sam-
ples from which to average. We have empiri-
cally found that these parameters offer a good
compromise,their precisechoice,however, is not
critical to the estimation results. Eachequal length
radial slice is obtained by bicubic interpolation.
Running on a 933MHz Pentium (under Linux),
a 512 � 512 image takes approximately 25 sec-
onds to apply the inverse distortion model for a
provisional estimate of the distortion, and com-
pute the mean bicoherenceof 901-D signals (ev-
ery 2 degrees).The total runtime will depend on

� = � 0:4 � = 0:0 � = 0:2

Figure 5: Synthetic imageswith no distortion
(center), negative (left) and positive (right)
distortion.

the number of candidate distortion parameters
tried.

Presentednext are results on the blind estima-
tion of lens distortion for synthetic and natural
images.

4.1 Synthetic Images

Fractal images were synthesized from a sum of
two-dimensional sinusoids with random orien-
tation, � n 2 [� � ; � ], random phase,� n 2 [� � ; � ],
amplitudes, an = 1=n, and frequencies,! n = n� :

f u (x; y) =
NX

n =1

an sin (! n [cos(� n )x + sin(� n )y] + � n ) ; (19)

TheseimageswereN � N in size,with N = 512,
and the horizontal (x) and vertical (y) coordi-
natesnormalized into the range [� 1; 1]. The dis-
tortion of such an image by an amount � was
simulated from a similar sum of “distorted” si-
nusoids with the sameorientations, phases,am-
plitudes, and frequencies:

f d (~x; ~y) =
NX

n =1

an sin (! n [cos(� n )~x + sin(� n ) ~y] + � n ) ; (20)

where, ~x and ~y are as in Equation (15). Shown
in Figure 5 are examples of these images. The
distorted images could have been synthesized
by simply warping the undistorted image. This
was not done in order to avoid any possible ar-
tifacts intr oduced by the required interpolation.

Shown in Figure 6 and summarized in Fig-
ure 7 are the results of blindly estimating the
amount of lens distortion � . In thesesimulations
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actual estimated �
� mean s.d. min max

-0.60 -0.62 0.07 -0.76 -0.52
-0.50 -0.45 0.03 -0.52 -0.41
-0.40 -0.40 0.07 -0.53 -0.27
-0.30 -0.32 0.08 -0.41 -0.18
-0.20 -0.22 0.05 -0.29 -0.15
-0.10 -0.08 0.03 -0.13 -0.03
0.00 -0.01 0.03 -0.06 0.04
0.10 0.07 0.03 0.01 0.12
0.20 0.21 0.02 0.18 0.24
0.30 0.32 0.01 0.29 0.34
0.40 0.38 0.01 0.37 0.40

Figure 6: Shown are the blindly estimated
distortion parameters (mean, standard devi-
ation, and minimum and maximum values)
averaged over ten independent synthetic im-
ages. On average, the correct value is esti-
mated within 8% of the actual value. Seealso
Figure 7.
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Figure 7: Shown are the blindly estimated
distortion parameters. Eachdata point corre-
sponds to the averagefrom ten synthetic im-
ages.Seealso Figure 6.

the bicoherencewas estimated asdescribed above.
Values of � from -0.8 to 0.6 in steps of 0.05were
sampled. The estimates for each value of � 2
[� 0:6; 0:4] are averaged over ten independently
generated images. On average,the correct value
is estimated within 8%of the actual value.

Becauseof the unavoidable non-linear inter-
polation step involved in the warping during the
model inversion, and extraction of 1-D radial slices,
correlations are arti�cially intr oduced that con-
found those intr oduced by the lens distortion.
As such, in all of our results the estimated dis-
tortion � is related to the actual distortion � 0 by
the following empirically determined cubic rela-
tionship:

� 0 = � 1:5784� 3 � 0:7752� 2 + 1:6621� � 0:0089 (21)

This relationship holds for all the results pre-
sented here, but is dependent on the image size.
That is, the image's spatial sampling lattice should
be speci�ed with respect to a 512 � 512 image
normalized into the range [� 1; 1].

4.2 Natural Images

Shown in Figure 8 is a low-grade camera used
in our �rst experiment. The amount of distor -
tion was estimated by imaging a calibration tar-
get. Shown in Figure 8 is an image of the cali-
bration target before and after calibration. The
amount of distortion was manually estimated to
be � = � 0:16. Although the correction is
not perfect, it does show that the one-parameter
model can reasonably approximate the lens dis-
tortion from this and similar cameras.

In the absenceof this calibration information
the amount of distortion was blindly estimated
for each of the images in Figure 9. These im-
ages are 640 � 480 pixels in size. In these ex-
periments the bicoherencewas estimated as de-
scribed above. Values of � from -0.5 to 0.1 in
steps of 0.025 were sampled. The asymmetry
in the sampling range was for computational ef-
�ciency , and reasonablein these examples with
strictly negative lens distortions. The distortion,
averaged acrossthe four images (3601-D radial
slices,90 per image) shown in Figure 9, is � 0:15
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camera calibration target

distort undistort

Figure 8: Shown along the top is a small low-
grade camera,and a calibration target used to
manually calibrate the lens distortion. Shown
below is an image of the calibration target be-
fore (left) and after calibration (right).

with a variance of 0:08. The distortion in each
image was removed with this estimate.

Also shown in Figure 10 are results from im-
agestaken with a Nikon Coolpix 950digital cam-
era. These images are 1600 � 1200 pixels in
size. In these examples the distortion was ex-
perimentally determined to be -0.005: a small,
but not insigni�cant amount of distortion. The
blindly estimated distortion averaged from the
four images shown in Figure 10 was � 0:04 with
a variance of 0.03. With a distortion value close
to zero, the error in the estimate is visually negli-
gible, ascan be seenin the resulting undistorted
images.

Becauseof the individual variations from im-
age to image, the blind estimation requires an
averageacrossseveral images. In our examples,
we have found that as few as four images are
suf�cient. Note that this variation is consistent
with the simulations shown in Figure 6, where,
for example, the estimated parameters for � =

distort (-0.16) undistort (-0.15)

Figure 9: Shown are several distorted images
(left) and the resultsof blindly estimating and
removing the lens distortion (right).

0:0 ranged from � 0:06 to 0:04.
As with the synthetic images, the estimated

distortion parameter is related to the actual value
asspeci�ed in Equation (21).

5 Discussion

Most imaging or recording devicesintr oduce some
amount of geometric lens distortion. While at
times artistically pleasing, these distortions are
often undesirable for a variety of applications in
image processingand computer vision (e.g.,struc-
ture from motion, image mosaicing).

The amount of lens distortion is typically de-
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distort (-0.005) undistort (-0.04)

Figure 10: Shown are several distorted im-
ages(left) and the results of blindly estimat-
ing and removing the lens distortion (right).

termined experimentally by imaging a calibra-
tion target with known �ducial points. The de-
viation of these points from their original posi-
tions is used to estimate the amount of distor -
tion. This approach is complicated by the fact
that the amount of distortion changeswith vary-
ing camera settings (e.g., zoom or focal length).
In addition this procedure is impossible in the
absenceof calibration information, for example,
when down-loading an image from the web.

In this paper we have presenteda method for
the blind removal of lens distortions in the ab-
senceof any calibration information or explicit
knowledge of the imaging device. This method
is basedon the observation that a lens-distorted
image contains speci�c higher-order correlations
in the frequency domain. Thesecorrelations are
detected using tools from polyspectral analysis.
Thedistortion is estimated and removed by min-
imizing thesecorrelations. We have experimen-
tally veri�ed this approach on a number of syn-
thetic and natural images.

The accuracy of blindly estimating lens dis-
tortion is by no meanscomparable to that based
on calibration. As such we don't expect that this
approach will supplant other techniques in ar-
easwhere a high degreeof accuracy is required.
Rather, we expect this approach to be useful in
areaswhereonly qualitative resultsare required.
One such areamay be in the consumer develop-
ment of photographs taken with low-grade dig-
ital or disposable cameras. We are working to
generalize these results to be used with higher-
order lens distortion models. Sucha system will
require a multi-dimensional minimization of the
samecorrelation measureover eachof the model
parameters. Such an approach will surely re-
quir ea moreadaptive minimization than the brute-
force approach employed here. Finally, we are
also working to incorporate our earlier work [3]
on the blind removal of luminance non-linearities,
for what we hope will be a complete system for
the blind removal of image non-linearities.
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