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Abstract
Efficient low-level systems need more control over memory than safe
high-level languages usually provide. As a result, run-time systems are
typically written in unsafe languages such as C. This report describes
an abstract machine designed to give type-safe code more control over
memory. It includes complete definitions and proofs.

Introduction

This report presents the complete syntax and rules for the abstract machine
described in [1]. It then presents a proof of soundness (type safety), which says
that well-typed programs will never get stuck. The proof consists of a proof of
preservation and a proof of progress, in the syntactic style of [3] (also see [2] for
an general introduction to syntactic approaches to semantics and types). It also
presents a proof of strong normalization for the “proof” portion of the abstract
machine (i.e. for the expressions that type-check in a “limited” environment).

1 Abstract syntax

This section defines the abstract syntax of an abstract machine. The letter x
is used to indicate a value variable, while « is used to indicate a type variable.
As usual, we consider expressions and types that differ only in bound variable
names to be equivalent.

linearity

o="In

time limits

limit = I'| oo



kinds
K = J|int | bool

i
J =type | K — J

arithmetic

i=-| —2] —1]0|1]2] -

b = true]| false
I'=ali|liopl,
B=al|b|=B|Bibop By | I cap I
fop =+ — |
bop = A |V
cmp =< | > | < | =2 [=]#
op = iop | bop | emp

types
T=T <z)’lln>it7'2|<?>|Ox|I|B|)\oz:K.7'|Voz:K;B.7'

|Ja: K; B.r |71 72 | pe s Ko7 | Int(I) | Bool(B) | Union(B, 71, 72)

| Has(I,7) | Gen(r, I) | Eq(1, ) | F¥ | InDomain(1, 7)



expressions

e:i|b|x|eleg|e7'|qb(€>|)\x:T¢E>ite|elopeg|ﬁe

|Aa: K; B.o|let (§> = ejineq|ife; then eselse es | if B then e else eq

| union(b, 71, 72, €) | pack[r1, e] as Jo : K; B.1o | unpack o, = ey ineg
| case(b, e) | roll[(na : K.mo)T1 - - - 7] (e) | unroll(e) | fix x : 7.v | load(eptr, €fas)

| store(eptr , €Has; €v) | coerce(e) | distinguish(Iy, Iz, e1, e2) | make_eq(7)

| apply_eq(7, e1, e2) | new_fun(K) | discard_fun(e)
| define_fun(e, 7) | in_domain(1y, Iz, e1, e2) | fact

values
v=14|b|Aa: K;B.w|pack[r,v]asJa : K;B.m

[roll[(pa : Komg)7y -+ - o] (0) | Az o 7 elimit o | qﬁ(?) | union(b, 71, 72, v) | fact

expressions for substitution

s=vlfixz:Tw

environments
F=F|FFe -

M={1—uv, - ,n—uv,}
U={l—m7, - ,n—71,}

O = {F 2 funy, - FE0 28 fun,, )
0={0— 710, ,n—> Ty}



A:{al'_)Klu"'7an’_>Kn}
F'={z1—m-,2p— 7}

C =V,;®; A;T; B; limit

judgments

O;AFTK

Bt By =By
BFL =1

O BT =7

Cre:r
Uspare; Pspare; C = (M, e 7)
(M,e) — (M’ e
abbreviations

Vo : K. 2 Vo : K;true.r
Ja: K7 2 30 : K;true.r
Know(B) £ Ja : bool; B. - ()
know(B) £ pack[true, -()] as Know(B)
letz = ejiney = let (x) =" (e1)iney
1 2, ™ E T ki Ty

BiF By 2 By F By = true



1.1 Notes on environments

We treat the environments ¥, &, §, A, I as sets, so the order of elements does
not matter: {x1 — 71,29 — T2} = {x2 — T2, 21 — 71}

The environments ¥, &, §, A, ' must be well-formed functions (and the
definitions in this report apply only to well-formed functions):

(iHTléq/)A(iHTQE\I/):}Tl:TQ

(FK &6, € ®) A (FK 836, € ®) = (01 = 62) A (61 = 62)

(i’—>7‘1€5)/\(i’—>7‘2€5):>7'1=7'2

(04'—>K1€A)/\(04»—>K26A):>K1:K2

—mel)AN(z—nel)=>m=mn

For U, §, A, T' we use the usual function application notation: I'(z) = 7 <
z—Tel.

Each FiKi in @ must suffice to type-check both Gen(Fl-Ki,I ) expressions,
which are linear, and other expression containing the type operator Fl-Ki, which
may be nonlinear. The Gen(Fl-Ki ,I) expression is only valid in a context where

b; =".

Environment splitting

These definitions split environments into two parts, where linear elements must
go into exactly one of the parts:
U =0, Uy & (V=0 UTy) A (domain(¥y) Ndomain(¥sy))

D=3, SVFE(FKS5ed) = (FKS6ed)aor(FX S 6 e dy))
ANEFES5ed) « (FES5ed) Vv (FE S 5ed,y)
MEFE L 5ed) o (FKS5ed))

AMEFE L 5ed) o (FKSB65edy)

;AT =T1,T2 & Ve, 7.(D; AT :ty;)e = (([(z)=7)< (T1(z) =7)) A ((T(x)
NP, AT :t}?fl)e = (([(z) =7) = ([1(x) = 7)zor(Ta(x)
AN@AFTitype = ((D(x) =7) « (T1(2) = 7) V (Da(x) = 7))
(

U; @; A; T B; limit = (Uq; @1; A; Ty B; limit), (Ug; $o; A; T'o; B; limit) < (¥
\111,\1/2) AN ((I) = (bl, (1)2) A (‘I),A FIT = Fl,FQ)

Environment extension

These add new elements to environments:
Ui+ 72 WU {i— 7}, where i & domain(¥)

o, FK 25 dU{FE »ﬂd}, where FX & domain(®)



Ao K2 AU{a— K}, where a ¢ domain(A)

D,z 72T U{z~— 7}, where v & domain(T")

Bi,Bs £ B, A By

(U; ®; A;T; B;limit),i — 7 2 (U, i — 7; ®; A; T; B; limit)

(U; ; A;T; B; limit), FX & 6 2 (0,8, FK % 5, A; T; B; limit)
(

(U; ®&; A;T; B limit), o — Ko 2 (U;0; A, — K, T; B;limit), where o
does not appear anywhere in (\I/; d: AT B; lzmzt)

(U; @; A;T; By limit),z — 7 = (\Il,q),A T,z — 71; B;limit), where x does
not appear anywhere in ( <I> A7 I'; B; limit).

v,
(U; ®; A;T; By limit), By 2 (V; ®; A;T; By, Ba; limit)

Nonlinear environments

The - operator removes any linearity from an environment. We use it to prohibit
linearity in some of the type checking rules.

2 [FK & §|FK % 5 e @)

T (®,A) 2 {2+ 7|z — 7 €T)A(B; A F 7 type)}
If C' = U; ®; A;T; B; limit, then 02 0;d; A; T (®, A); B; limit.

Environment subsets

As the abstract machine steps from one state to the next, the ® environment
must grow to accomodate new type sequence allocations. Therefore, we define

a subset operator g for @ to indicate that the ®, after a step is an extension
of the ®; before the step. To accomodate the discard_fun(e) expression, this

operator must be able to demote a linear mapping F% ~ 6 to a nonlinear
mapping FX + 6:

D) C 0y = VFE (FK B 5, € ®) = 36, (FX 83 65 € Bo)A(61 € 5a)A((h2 =) = (61 =")))

(U; 13 A; T B; limit) C (U; ®o; A; T; B; limit) < (1 C ®s)

To prove a substitution lemma, we need a notion of environment weakening.
Weakening, however, cannot add new linear elements nor change the linearity
A

of an existing mapping, so we need a different subset operator, C:

P, C Py & (VFK(FK 'ﬂ b1 € (1)1) = 352((FK lﬂ 0o € (1)2) A (51 - 62)))
AVFE (FE 5 5y € @y) = 36,.(FK 5 61 € @) A (6, € 62)))



(\IJ; Pq; Al;l"l;B;limit) - (\I/, @2;A2;F2;B;hmit) == ((I)l - (1)2)/\(A1 - AQ)/\(@;A e Fg)
where we define subset for I' as:
<I>;AI—F1 QF2<:>1—‘1,$1 ’—>T1,...,$n|—>7'n:r2

where ®; A+ 7 :ty];l)e7 o P A E T, type.

1.2 Arithmetic constraints

The notation B F+ I; = I, means that for all possible substitutions of integer
constants for integer variables, B implies that I; is equal to I>. Similarly,
B B; = B; means that for all possible substitutions of integer constants for
integer variables and boolean constants for boolean variables, B implies that
Bj is equal to Bs.

2 Type equivalence

Type equivalence ®; B - 7y = 73 is only well-defined with respect to an environ-
ment ®; B. When this environment is clear, however, we will often just write
T1 = 79 by itself, for convenience.

o, BFT=1
P:BFm =1
o, BFm=mn

o BFmi=17 ¢, BFma=7T3
O, BFT1 =13

O;BF (Ao : K1), = [a— 747

BFI=1
®,FX % fun; B F FXT = fun(d)
BrL =1,
> BF L =1,

BF B, = B
3. BF B, = B,

®; B+ Eq(11,72) = Eq(72,71)



Vi (®;BF 1 =1])

3

O, BFT[m,...,7| =T[r{,..., 7]

r'n

J——
T=T

Rather than writing each of the congruence rules separately (s g =1 a7
etc.), we use T to indicate a type with one or more (shallowly dug) holes in it,
and T[ry,...,T,] to indicate the type with the holes replaced by 71,...,7,, so
that a single type equivalence rule covers all the cases. This is only for notational
convenience.

Tt = Aa: K1 |pa : Ko7 |¢(T) |Int(7) | Bool(7)

Tlr,n]=nmn|Vo: Kinim|3a: Kinm|n — 72| ¢(11, 72)
| Has(71, 72) | Gen(71, 72) | Eq(71, 72) | InDomain (71, 72)
T, 72, 73] = Union(ry, 72, 73) | ¢(71, T2, T3)
TT1,T2, T3y -y Tn] = O(T1,T2, T3, -, Tn)

3 Evaluation rules

(E — LOAD)(M,load(i, fact)) — (M," (M (i), fact))
(E — STORE)(M, store(i, fact,v)) — ([i — v]M, fact)
(E — ABSAPP1)(Ax : 7 2% e1)vs — coerce([z — valer)
(E — ABSAPP2)(\z : 7 25 e1)us — [z — vales
(E — COERCE)coerce(v) — v

(E-TAPPTABS)(Aa: K; Bu)T — [ T]v

(E—APPPROJECT)let {x1, - ,xn) = ¢{v1, -+ ,vp)ine — [x1 — vy, -+ ,Tp — Uyle

(E— SIMPLIFY1)v; op vy — simplify(v; op v2)



(E— SIMPLIFY2)—w — simplify(—w)
(F—1F1) iftrue then e elsees — e

(F—1F2) if falsethen ey elsees — e

F B = true
if Bthenej elsees — e

(E — IFB1)

F B = false

E—-IFB2
( )ifB thene; elseey — eg

(E —UNPACK )unpack a, z = (pack[ri,v1] asz)ines — [a — 71,2 +— v1]ea

(E — UNROLL)unroll(roll[7](v)) — v
(E—-FIX)fixz:7.v— [z—fixe: 7.v]v

(E — CASE)case(b, union(b, 71, 72,v)) — v

(E-DOMAIN)in_domain(Iy, I, fact, fact) =" (know(0 < I1 AI1 < I2), fact)

(E—-DISTINGUISH )distinguish(I1, Iz, fact, fact) —* (know(I; # I2), fact, fact)

(E— MAKEEQ)make_eq(T) — fact

(E — APPLY EQ)apply-eq(7, fact,v) — v

(E-NEW FUN )new_fun(K) — pack[F X, fact] as 3o : int — K.FunGen(a, 0), where F¥ is fresh

(E — DISCARDFU N )discard_fun(fact) — -()

(E — DEFINEFUN )define_fun(fact,7) —* (fact, fact, fact)



Rather than writing each of the congruence rules separately (j——7r,
2

etc.), we use F to indicate an expression with one (shallowly dug) hole in it,
and Ele] to indicate the expression with the hole replaced by e, so that a single
evaluation rule covers all the cases. This is only for notational convenience.

Ele] = et | pack[r1, e] as o : K; B.1y | unpack o, = ein ey | roll[7](e) | unroll(e)

coerce(e) | eea |vie| plvy, -+ ,vp—1,€, €41, ,€n)|let T=eines

|eopes| vy ope|—e|ifetheneselsees |union(b, 71, 72, €) | case(b, e) | load(e, exas)

[ load(vptr, €) | store(e, eHas, €v) | store(vVper , €, €,) | store(Vpsr, Vias, €)

| distinguish(I4, I2, €, e3) | distinguish (I, I2, v1, €) | apply-eq(T, e, e2) | apply_eq(7, v1, €)

| discard_fun(e) | define_fun(e, 7) | in_.domain(1Iy, Is, e, €2) | in_domain(Iy, I, v1, e)

(M,e) — (M',¢')
(M, Ele]) — (M, E[e'])

e—¢€

(M, e) — (M,e)

(congruence rule)

4 Type well-formedness

(K —IVAR)®; Ak i :int
(K—TVAR)®;Aja: KFa: K

(K — BOOL)®; A+ b : bool
;AR :int &;AF I :int
®; A+ IiopIs : int

O;AFL int ;AR ing
®; A+ I cmp I : bool

(K — IOP)

(K —CMP)

10



®; A+ By :bool &;AF Bs:bool
®; A+ By bop B : bool

®; A+ B:bool
®; A+ —B: bool

(K — BOP)

(K — ANTI)

;A a: K, F7: Ky
AR K, K, — K

(K — TABS)

O AFT Ky — Ky ®AFT, K,
DA TrT, Ky

(K — APP)

bi
(K_ALL)Q);A,Q:KFB:bOOI DA, a: K+ 7 type

bi
O, AFVa: K; B.T :type

bi
P;A,a: K+ B:bool ®:A a: KFE7type
bi
®; A+da: K; B.T :type
;A a:KF7: K
;AR pa: Km: K

(K — SOME)

(K — REC)

P11 P22
O; A+ 7y itype  D;AF T itype
(K — ABS) (®; A F limit : int = ¢ = 0) or (limit = co =i = 1)

limi &i
;AT ¢-limt Ty :type

V(B A F 7 sty
(K — NrTUPLE) Y TJ.Z‘Y Pf_)

oA <?> : type

Pty
Vi(®; A b7
(K — LTUPLE) J-(®; A+ 75 :type)

DI
O; A~ (T): type
O; AT :int

J

(K — INT) .
®; A F Int(I) :type

AFB:
(K — BOOL) ®; A+ B :bool

1
®; A F Bool(B) :type

i &i
(K —UN1oN) AT Bibool AR T itype ®iAF T :type

i
®; A+ Union(B, 11, 72) :type

11



B AFT:int B:A - T type
®; A+ Has(I, 7) :type
O;AFT:int ;A7 int— J
®; A+ Gen(r,I) :t§p0e
O;AFT:int DAL T int — J

(K — HAS)

(K — FUNGEN)

(K — INDOMAIN) .
®; A+ InDomain(/, 7) :type

AT K ;AR K
0
O; A+ Eq(m, m2) type

(K - EQ)
(K — FUN)®,F5 % 5, A+ FX int — K

5 Type checking rules

U= \IJsparea \Ile d :(i)sparea (I)e
Vi € dom(¥).(; ®: @; @; true; oo - M(i) : ¥ (i)))
We; @ AT By limit e 7
U; &; A; T B; limit - (M, e : 7)

(T — MEM)

(T—VAR)C’,:C:TFI:T

Cia:K,BtFruv:r
CtAa:K;Bwv:Va: K;B.t

(T — TABS)

Chre:Va: K;Bmn
CkHrn: K
Ct |a— m)B

Cltern:|a— nln

(T — TAPP)

U: ;A B;Icbe: T
#0
(limity = co A 7 :type) or (limity =11 ABF I; > Ip)

T - COERCE
( ) U; @; A; T; B; limit; F coerce(e) : 7
Ckre:ny CkFm=m

OFTllKl CFTQZKl
T-F
( @ Che:m

0207017"' aOn
Vi.Cibei:) CHO(T): K
CFole): o(T)

(T — TUPLE)

12



¢ ¢ ¢ é
O;AFT K U e AT,z By limitg Fe
[
(limite = 00) or (®; A F limity : int B F limity > 0)

(T — ABS)
¢,limity ¢,limits
e: T

[
U; d; AT B limity F Ao iy T —

C1,Co = VU; &; A; T B; limite
Jimi
Cit e ZTa¢—>thb Cotes:m,

(limite = limity = oo) or (B F limit; < limite)

$10
or (limitc = oo, limity =1, ®;A b7 :tylipe)

T —-TAPP
( ) C1,CoFerex:mp

C,lFe,: <?> Cb,IT\TF ep: Tp

Ca,Cyp F let<;> =eginep : T

(T — PROJECT)

bi
Ct 71 :type
Cx:Tkv:T

Ct(fixz:7v):7

(T — FIX)

i
Ckrn:K Ct3da: K;B.1s :type
Cte:la—mn]rn Ckla— 7B
C + pack|r,elas3a: K;B.1p : da: K; By

(T — PACK)

Cll—elzﬂa:K;B.ﬁ Cl,CQI_TQ:KQ
Co,a:K,x:7,BFey:m

T-UNPACK
( ) C1,Cy Funpacka,x = ejines : m

7= (pa: K1g)mi -+ 7oy
CHr: K
Cre:(ja— pa: Krlro)m
Ctroll[r](e) : 7

(T — ROLL)

7= (po: K19)T1-+ T
CkF7:K Clre:T

T—-UNROLL
( UNERO )Cl—unroll(e):([aHua:K.To]To)Tl"'Tn

(T'— FACT1) C,i v 7F fact : Has(i,7)
(T — FACT?2) ¢, F¥ S fun fact : Gen(F¥ i)
(T — FACT3) CF fact : Eq(r, 7)

13



(T — FACT4)— i € dom(0)

C ,FKX ¢+ fact : InDomain(i, FK)
CiFoepyr 1 Int(l) CoF enas - Has(I,7)
C1,Cy F load(eptr, eras) » (T,Has(I, 7))

(T'— LOAD)

C=0C1,02,C3 =V; ;AT By oo
Co b emas : Has(I, 7)) Csbey:m

1
CiFepyr 1 Int(I) CF 7o :type
C F store(epir, €Has, €v) : Has(I, 72)

(T — STORE)

01702F11:int Cl,CQFIQSiDt

Ch F ey : Has({ Ca - eg : Has(I:
(T—DISTINGUISH) 1o Hesthyn) CsE s : Haslly, )

C1, Cs b distinguish (I, I, e1, e2) :» (Know(I; # I3), Has(11, e1), Has(I2, e2))

(T — MAKEEQ)~ orr7: X

CF make_eq(7) : Eq(7,7)
Ckr:K—J CkFe:Eq(re,m)
Chr,: K Ckr: K Cleg:Tyrg

T —- APPLYE
( @) C + apply_eq(7f,e1,€2) : TTp

(T — NEWFUN) Ccr new_fun(J) : 3o : int — J.Gen(a, 0)

Cte: Gen(r,1I)
C'+ discard_fun(e) : ()

(T — DISCARDFUN)

Cte:Gen(rs,I) Chrpiint—J Chrg:J
C' F define_fun(e, 74) :» (Gen(rs, I + 1), Eq(74I,7,),InDomain(, 7))

(T-DEFINEFUN)

Cl,CQ F Il :int 01,02 F _[2 :int
Ci F e : InDomain(I1,77) Ch & es : Gen(ry, I2)

T—-INDOMAIN
( )Ol, Cs F in_domain(Iy, I, e1,e2) :» (Know(0 < I1 AL < 1), Gen(7y, I2))

(T — INT) C+ i : Int(4)

(T — BOOL) C+ b : Bool(b)

Cl F €1 . Int(Il) Cg [ [ Int(fg)

T—-I1I0P
( ) C1,Co b eyiopes : Int(Ih iop I3)

14



Ol H €1 : Int([l) OQ H €9 Int(IQ)

T—-CMP
( )Cl, Cy F ey emp es : Bool(I; emp 1)

Cl - €1 : BOOl(Bl) CQ - €g ! BOOI(BQ)

T — BOP
( ) Cy,Cs F e1 bopes : Bool(B; bop Bs)

C' I e : Bool(B)

(T — CBOOL) CkE —e: BOOl(ﬁB)

CobFer:Bool(B) Cp,Bley:7 Cyp,~Bles:T

T—-IFFE
( ) Cy,Cy Eifegtheneselsees : 7
C=V;0;A\;T;Be; [
(T — IFB) CHB:bool C/BlFey:7 C,mBley:T
B C Fif Bthenejelsees : 7
Ctkn:K Ckn:K Clre:7, (i= 21i}fbb)
T—-UNION
( ) C' + union(b, 71, 72, €) : Union(b, 71, 72)
(T — CASE) OFG:UHiOH(b?ThTi).fb
. i
Ctcase(bye): 7 (i= 2ifﬁb)

6 Type safety

This section proves the two properties constituting type safety: preservation
and progress.

6.1 Basic Properties

6.1.1 LEMMA [WEAKENING FOR TERMS]

(Ch CC)AN(CLFe:T)= (CyF e: 7). Proof by induction on the type
derivation. The leaves of the tree are the interesting cases; they rely on the fact
that Cy only extends C; with nonlinear mappings.

6.1.2 LEMMA [WEAKENING FOR TYPES]

(Ch CCOHAN(CL F1:K)= (C,C3 b 7: K). Proof by induction on the
kinding derivation.

15



6.1.3 LEMMA [SPLIT SUBSET]

If C = Cy,Cy and Cy g C1, then there is some C} such that Cy C C% and
Cy,Cy CCL,CY.
If C =Cy,Cs and C; g (1, then there is some C% such that C C C} and

C1,Cy g C1,C4. Proof: if C; C Cf, then C] can differ from C; only in three
ways (the proofs for the three cases can easily be combined into a single proof):

e For some FK % 0, it can add new elements to §. In this case, simply

add the same elements to the same 0 in Co (by the definition of splitting
Cy,C3, we know C5 contains the same ¢) to get C5.

o It can change a F& 2 5 to FE 5 6. Tn this case, C> must already contain

FE 5§, so choose Ch = Cs.

e It can add a new F¥ 2, 0, which appears neither in C; nor Cs. In this

6.2

case, add FE 5 § to Oy to get C5.

Preservation

6.2.1 LEMMA [INVERSION]

In this lemma, C = ¥; &; A; T'; B; limito

1.
2.

(VAR)IfCkx: 7, thenx: 7 € C.
(APP) If C I ejeq : T, then there is some type 7, such that C; F e; :

i

Ta iy 7', 7r=7"and Cs F ez : 7, ((limite = limity = oo) or (limity <
#0

limite) or (limite = oo, limity = I, ®; A F 7/ :type)).

(ABS)IfCF Az : 7y Pty o . T limity To, then 7 = 7, and ¥; &; A; T, x -
T; Bilimity Fe:m. (CF 7 o Ky, CF 1 Ky), (limity = o) or
(®; A limity : int B limity > 0)
(TAPP) If C F ey72 : 7, then there is [a +— 2] =7, and C F e; : Vo :
K;Bn,Ck7n:K,CtF[a— 1)B.

(TABS) If C F A : K3 Byov : Vo : K;B'.7', then K, = K and C,« :
K, B rv:7,B =B, 7=71.

(TUPLE)If C F ¢(€) : 7, then there is ¢(r') = 7, and C F ¢(e) : p{r'
), Vi.(Cibep:7l), CE@(T"): K.

(PROJECT)If C F let <§> = e,inep : 7, then there is 7, = 7, and C +

let <§> =eginep : 7y, and Ce, Feq : ¢(77), Ce,,x : T'F €p @ Tp.

16



10.
11.

12.

13.

14.

15.

16.
17.

18.

19.

20.
21.

22.

(LOAD)If C F load(epir, €Has) © T, then there is ~(7/,Has(I,7")) = 7 and
Foepte : Int(l) , Cey,. F

C + load(eptr, €Has) "

enas : Has(I,7"), (C=C
(STORE) C F store(eptr, €Has, €v)

C,

Eptr

Feptr - Int(I), C.

€has

(7', Has(I, ")),
€Eptr CeHas ) .

C

€Eptr

: 7, then there is Has(I,72) = 7, and

1
Fenas : Has(I,71), Ce, Fey: e, CF 1 type.

i
(FIX)C +fixz:7pv:7,then 7 =7, and C,x: 7, Fv:7, CF 7T :type

(UNROLL)C F unroll(eq) : 7, then there is ([a — po : Korglmo)71 -+ o =
T,and CF (po: Korg)my - omn t K, CF e (po: Komo)m -+ Ty

(ROLL)C F roll[r](e) : 7/, then there is (ua : K.79)m1 -7 =7 = 7, and
Chk(pa: Kt m: K, Cte: (Ja— pa: K1glmo)m - Tn

(UNPACK)C,, ,C., F unpacka,z = ejines
and C.,,C., F unpacka,x = ejinesy

y Cogya: K x i1, BoFea: 7, CH7': Ky

(PACK)C + pack[ry, €]

T)rs, CF Ja: K;1p.7)

(DISTINGUISH)C F distinguish(ly, I, e1, e2) : 7, then there is » (Know([; #

asJa : K;7p.7)

o1}
‘type

: 7, then there is 7 = T,
: 7, Cey b e i Ja: K;Bym

: 7, then 7 = da : K; B,.ms,
T =T, T3 =Bsand CF7 : K, Cta— 7nlrg, Cke:|a—

IQ),HaS(Il,Tl),HaS(IQ,TQ)> =T, and Oel - [ Has([l,ﬁ), Ceg H €2

HaS(Ig,TQ), CHE Il : ilflt,

C"Ig:int

(NEWFUN)C’F new_fun(J) : 7, then 7 = o : int — J.Gen(, 0)

(DEFINEFUN)C F define_fun(e, ,)
1),Eq(7s1,7,),InDomain(I,7¢)) = 7 and C F e :

int—J,Ckry:J

(DISCARDFUN)C I discard-fun(eg)

Gen(r,I)

(INDOMAIN)C F in_domain(Iy, Iz, e1, €2)
L N < Ip),Gen(ry,I2)) =7and CF I

InDomain(fy,7y), Ce, - €2 : Gen(7y, I2)

: 7/, then 7/ =

)

: 7, then there is ~(Gen(7s,I +
Gen(rs,I), C F 14 :

and C F eg :

: 7, then there is » (Know(0 <
cint, C' + Iy :

int, Ce, Feg:

(MAKEEQ)CH make_eq(7o) : 7, then Eq(7o,70) = 7 and CF 79 : K

(APPLYEQ)C F apply-eq(7r,e1,e2) : 7, then there is 7, 7/7 = 7 and

C+ applY—GQ(Tf,el,@) :

K, Ctei :Eq(ra,m), Cles: 17

(CASE)C F case(b,e)

Union(b, 71, 72)

: 7, then 7 = 7

17
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T, C 1 K = J, Ck1 : K, Ck 1

and C F e :



23. (UNION)C' + union(7, 7y, 74,€e) : Union(b,71,72), then 7 = 7, 72 =

,m=band Ckr :K,Ck7r:K,Cke:7’ (i= 21ilff::b)

24. (COERCE)V; ®; A;T'; B;limity F coerce(e) : 7, then there is 7/ = 7, and
U; @; A; T B; limit; F coerce(e) : 7, U; &; AT By Io e o 7/ ((limit; =

#0 .
oo AT :type) or (limity = I; > Ip)).
Proof :
All the proofs are similiar, so we only prove some cases as example.

1. VAR)f CtFx:7,thenx: 7 € C.
For C  z : 7, we only have two type checking rules to use. (T-EQ) and

(T-VAR).
If using (T-EQ), then there will be 7,,. For 7,, we will use (T-VAR) for
Crtz: . (M= =1,=7)

If using (T-VAR), then 7, is 7.

By (T-VAR) rule, we obtain C’O, T:Tp b x:7y, then C :C’O, Ty
By (T-EQ) rule, thus z : 7 € C.

2. (APP) If C I ejeq : 7, then there is some type 7, such that Cq F €3 :
limi
o 7,7 =7"and Cs - ez : 7o, ((limite = limity = 0o) or (limity < limite)
60
or (limitc = oo, limity = I, ®; A 7/ :type)).
For C'  ejeq : T, we only have two type checking rules to use. (T-EQ) and

(T-APP).
If using (T-EQ), then there will be 7/. For 7/, we will use (T-APP) for
Chree:7. (t=n=--=1,=7)

If using (T-APP), then 7/ is 7.
By (T-APP) rule, we obtain C' + ejes : 7/, C1 F e1 : 74 ity 7', and
Cy F ey @ 7o, ((limite¢ = limity = oo0) or (limity < limite) or (limite =

$0
oo, limity = I, ®; A F 7/ :type)).
We can use the similar proof to prove the other propositions.

6.2.2 LEMMA [LIMIT-CHANGE]

We define s = v|fixz : T.0.
If O; ®; A;T; B;limity s : 7, then U; ®; A;T'; B; limite - s: 7
Proof by induction on the type derivation:
l.s=1
then @; ®; A;T; By limity Fd: 7
By (T-INT) rule,

18



; é;A;l;‘;B;limitg Fo:T

2.5=5b . _

then @; ®; A;T; B;limity Eb: 7
By (T-BOOL) rule,

; (i);A;f‘;B;limitg Fb:T

3.5=X\r: Ty ¢ Limits v
Jimi
U; @ AT By limity F Az 7 i VT, N Ty
By Lemma (6.2.1.(3)), we know 7 = 7, and U; &; A; T,z : 7; B; limit F v :
To, ©;AFT:K
¢,limit f f

By (T-ABS) rule, we obtain ¥; ®; A;T'; B;limito - Az : 7 "— " v 7 —— 7

4. s = fact

& ®; A;T; B; limity F fact : 7

There are five typechecking tules can be used. One is (T-EQ), others are
the following rules.

For (T-EQ) rule, then there is a 7/ = 7, and &; (i); A; f‘; B: limit F fact : 7/,
and we will only use one rule of the following rules.

casel : i T; (i); A; I"; B;limitq + fact : Has(4, 7)
By (FACT1) rule, i — 7; (i); A; f‘; B; limits F fact : Has(4, 7)

case2 : &, <i>, KL fun; A; f‘; B;limit; - fact : Gen(FX, 1)
By (FACT2) rule, &; <i>, S fun; A; f‘; B;limity F fact : Gen(F¥,4)

cased : J; (i); A;f‘; B;limit, F fact : Eq(7, 7)
By (FACTS3) rule, &; (i); A;f‘; B; limitg F fact : Eq(r, 7)

cased : &; <i>, FE S fun; A; f‘; B;limit; F fact : InDomain(i, F¥)
By (FACT4) rule, &; <i>, FE S fun; A; f‘; B;limity F fact : InDomain(i, FX)

5.s=Aa: K;Buw

W &: AT By limity F Aa: K; B 1

There are two typechecking tules can be used. One is (T-EQ), the other is
(T-TABS) rule.

For (T-EQ) rule, then there is a 7/ = 7, and ¥; ®; A;T; By;limit; F Aa :
K;Bwv:71,
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and we will only use the (T-TABS) rule.

By (T-TABS) rule, 7/ =Va : K; B.1,, and U; ®; A o : K;T; By, B; limity F
VT,

By induction, we get ¥; ®; A, o : K;T'; By, B;limitg v @ 7,

Then using (T-TABS) rule, ¥; ®; A;T; By;limity - Aa @ K;Bw : Va
K;B.7,

By (T-EQ) rule, ¥; ®; A;T; By; limito F A : K; B 7

6. s = pack[r,v]asJa : K; By

U; ®; A;T; By;limity - pack[r,v]as3a: K; B T

There are two typechecking tules can be used. One is (T-EQ), the other is
(T-PACK) rule.

For (T-EQ) rule, then thereis a 7/ = 7, and ¥; ®; A; T'; By; limit; - pack[r,v]as o :
K;B.mo: 7,

and we will only use the (T-PACk) rule.

By (T-PACK) rule, we get:

7 =3da: K;B.m,and ®; A1 K, ®&;AF3Ja: K;B.my :t}(fbf)e

Bi Fa— 7B, U;®;A;T; By;limity o : [a— 7]

By induction, we obtain ¥; ®; A;T; By; limite F v : [a — 7]

and by (T-PACK) rule, thus ¥; ®; A; T'; By; limits - pack[ry,v]as3a : K; B.1o :

By (T-EQ) rule, ¥; ®; A; T'; By; limits F pack[r,v]asJa: K;B.mo i 7

7.s=roll[r](v) 7= (pa:K1g)m- s

By Lemma (6.2.1.(12)), we have U; ®; A; T'; B; limit; F roll[7](v) : 7

O AF (pa: Komg)my -1 K

U; @; A; T B limity o ([a— po: Koglmo)m - Th

By induction, we obtain ¥; ®; A; T'; B; limitg - v : ([a — pa s Ko1o]70)T1 - T
Then by (T-ROLL) rule, we have

U: &; A; T B; limits F roll[7](v) : 7

8. s = union(b, 71, 72, v)

U; ®; A; T; B; limity F union(b, 71, 72,v) : 7

There are two typechecking tules can be used. One is (T-EQ), the other is
(T-UNION) rule.

For (T-EQ) rule, then thereisa 7’ = 7, and ¥; ®; A; T'; B; limity F union(b, 71, 72, v) :
7,

and we will only use the (T-UNION) rule.

By (T-UNION) rule, we get:

AR K, ;AT K, U, & AT By limity Fo iy (1=
By induction, ¥; ®; A;T'; B; limite F v : 75

Lifb
2if b )
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By (T-UNION) rule, ¥; ®; A; T; B; limity - union(b, 71, 72,v) : 7/
By (T-EQ) rule, thus ¥; ®; A; T'; B; limite F union(b, 71, 72, v) : 7

9.5=¢(v)
U; @; A; T B; limity F ¢(v) : 7

By Lemma (6.2.1.(6)), we have ¢(r’') = 7, and Vi.(U;; ®;; A; T'y; B; limity +
vi: 7)), P;AF ST K

K2

By induction, Vi.(¥;; ®;; A;T';; B; limite F v; @ 77), then using (T-TUPLE)
rule,

W; ®: A;T'; B; limito F ¢<$> s (")
By (T-EQ) rule, ¥; ®; A; T'; B; limito - ¢(v) : 7

10. s =fixx : 1w
W; ®: A;T; B;limity F fixz : 7o : 7/
By Lemma (6.2.1.(10)), we know 7 = 7/, and

i
U; @ AT,z : 7y By limity Fov: 7/, ®;AF 7/ itype
By induction, ¥; ®; A; T,z : 7; B; limitg - v : 7/
By (T-FIX) rule, ¥; ®; A; T; B; limits F fixa : 7o 2 7/

6.2.3 LEMMA [TYPE SUBSTITUTION]

IfCa:Kyb7:K,and CF 7y, : K,,, then [a— 75|CF [a— 1,7 : K.
Proof by induction on the kinding derivation.
l.7=0

—_

IfB=q;then Cia: K,F17: K, K=K,
[ Ta|T = Ta,, then O F [a— 7|7 : Kq,
assuming C = C1, Ty, : Kqa,, then
C1yTa, : Koy F o= Ta|7 0 Ko,
By (K-TVAR) rule, [a = 74|C1,Ta; : Ko, F [@— 7o) : K
and [a = 74|01, [0 Tl (Ta, : Ka,) F [@— 7o) K
Thus, [ 7a](C1, Ta, : Ka,) F [@— Ta|7: K
[a—=T]CF [a—=Ta7: K

If 3 # au, then [a— 74]7 = 3, and because C, & +— 74 - 7 : K
By (K-TVAR) rule, Cy,a— 70, 7: KF7: K, C=0C,7: K
=C,T:KF717: K

= la— 10, T KFT: K

= la—14|Ca—~Tr : KF7: K

= la—=1)(Cl, 7 K)F1: K
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thus [a—= 7,]C F [a—= 7o) : K

2.1=1
then by (K-IVAR) rule, C,a—= o bi:int =Cki:int

[a— To]T = i, thus Cr [a—=To]7 : int

= [a— 74 C’F [a—= 7|7 : int

3. 7= Bl bOpBQ

then by (K-BOP) rule, ¢, @ 7o b By bop Bs : bool =Ct By bop By : bool
[a— Ta|T = By bop Bo,

ols [a— 7] B1 bop Bs : bool
= [a— 74] cr [a— 74] By bop Bz : bool

4. 7= A3 : Kq.79 (In this case, we can rename 3, then a # f3)
—_— —_—

By (K-TABS) rule, C,a: Ko F A8 : K10 : Ko — Kp,and C, 5 : Ko, a0 Ky
70 : Kp

By induction, we obtain:

[ = T (C, B : K,) & [a— a0 : K

= [a—= 10, [ a8 : Ko F [ Ta|m0 : Kb

= [a—= 1a]0, B Ky F [a— 7a]m0 : Ky

By (K-TABS) rule,

[@ = Ta|]CF A3 : Ky.[a— Ta|70 : Ko — Ky

= [a—= T|CFla—= T 8 : Koo : Ko — Ky

9. T =TfT,

By (K-TAPP) rule, C,a: Ko F 747 ¢ Ky, and Coa: Ko F 74 1 Ko —
—_

Ky, Coa:Kobt1e: K,

By induction, we have

[a=T]CF [a—= Tl : Ko — Ky

[0 = To|CF [a— TalTa : Kq

By (K-APP) rule,

[a = To|CF [a—=Tal|170 + Kb

6. T=V@: K;B.1g
N bi
By (K-ALL) rule, C,a: K, - Vg3 : K; B.1p :type, and

_ [N i
C,8:K,a: KoFB:bool, C,0:K,a: K, 1 :type
By induction,
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[ 1a](C, B : K) I [a 7a]B : bool

= [a— 174|C [a = Ta)(8: K) F [a— 74]B : bool

= [a— 74|C, (B : K) F [a— 74|B : bool
bi
[a—=Ta](C,8: K)F [a— Ta]70 :type

= [a=7]C [a =78 : K) - [a— 7a]mo ?tfée

fox3
= [a— 1.|C, (B : K) F [a— 74|10 :type
By (K-ALL) rule, we obtain
bi

[a =T ]CHVE: K;|a— 7q)B.[a— Ta]70 :type

i
= [a— 1|C F [a—=T1,|VB : K; B.1g :type

7.7=FK

then by (K-FUN) rule, C, FE % fun,a — 75 - FX :int — K

[a— 1o|7 = FK,

By (K-FUN) rule,

C, a7, FK & fun F [@= 7] FX :int — K
= O, FK % funk [a = 7] FX tint — K

= [a— 1.]C, [a = | (FE = fun) F [a— 74| FE :int — K

= [a—= 1)(C, FE 5 fun) - [a = 7] FE tint — K

8. In the same way, we can prove the other cases by induction.

6.2.4 LEMMA [TERM SUBSTITUTION]

IfCa:Kyx: 1y 17yt e:7, (C=T;®A;T;B;limitc) and z; ¢ T, and

O+ Sz, Tayy Oy, 8y, 1 Ty, Coy 84, 175, ,C 7o, 1 Ko
JN
type; Tz, are nonlinear type), then [a— 74]|(C,Cy,) F [sle : [a— Tal7T, ([$]

[0 T, T Sg, Y Sy, 2 — 52))
Proof by induction on the type derivation.
1. e = xg, where xy # yi, 2

i

(14, and 7., are linear

) N
—_—
If o = @, then T =7, and C,a: Ko, Ty F 20 & Ty,

[sle = s, and CF s, : Ta,,
By Lemma 6.2.1.(1), Co, Sz, : Ta, F o, * Ta,

i

By Lemma 6.2.1.(1) again, Co, Sz, : [0 — Ta|Ta; F Sa; -

[ TalTa,

then [a— 74] C’o, [ = Tal(Sz; : Ta,) b S, [0 Tl Ty s
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Thus, [a = 7] CF [sle : [a— 7|7

If zg # x;, then C’,a Ky, x it Fxg T
[s]le = zo
Thus, C’,a Ko,z 1 b sle: T
L ——
By Lemma 6.2.1.(1), Co,a : Ko, T : Ty, 0 : TH [s]le: T

Writing as: Co,xo : 7 F [s]e : T,

By Lemma 6.2.1.(1) again, [a — 74| Co, o : [a = To|T F [s]e:

= [a— Ta](CO,IO :T) F [sle : [a— a7,

= [a— 74) o= [sle: [a—Ta|T

2. e =y, where yg # x;

If yo = y;, then C’,a Ko T T, Y Ty F e Ty,
[sle = sy, and Cy, - sy, : Ty,,
thus Cy, & [sle: T

Because O:Oyi, Cy, -0, C ;
C,Cyi Flsle: 7
By Lemma 6.2.1.(1), C’O,syi cThH[sle: T

T =Ty,

[Ot = Ta]Tv

By Lemma 6.2.1.(1) again, C’o, Sy, [a = To|T F [sle: [a— Ta|T

= [a—=74] ¢07 [a=7a](sy, 1 7) F[sle : = Tal7
= [a— 7o](Co, Sy, ) [sle: [a =TT
Thus, [a = 7o )(C,Cy,) F [sle : [a— Ta|T

If yo # yi, then C,a: K,z 7o Fe: T
Because z; ¢ T', then yo # 2
[sle = wo,
and Cia: Ko, T :7p F [sle: T
o ——
By Lemma 6.2.1.(1), Co,a : Ko, T : o, Yo : T F [s]le: T

éc.’o,yo :7k[sle: T,

By Lemma 6.2.1.(1) again, [a@ — 7a] Co,yo : [ — 7a]7 b [s]e :

= [a— Ta](C’o,yO :7) F[sle: [a— 1o,

= [a— 74) o= [sle: [a—Ta|T

3.e=e1e2
Coa: Ky, @75,y T, Fejea: T
By Lemma (6.2.1.(2)), we have
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N — N -
— f —
Cr,a: Ko,z 70,y i1y Few:m — 1 Coa: Koo gy i1y F

€9 . T1

By induction, we obtain:

_ _

[a—=Ta](Ch, CTJE) Fla— Ta, T — 8z, Y > sy, (2 52, Yy — sy )er:

[@= Tl -5 ) = (@ 7l(CrLCy) F [sler : [ 7a)n o (@ 7alm
_— _

[a = Ta](Ca, C'—y;) Fla=Ta, T s, Y = syr, (2= 52,y — sy)lea: [a— Ta

= [a— Ta](C%b—y?) = [sles : [ =7a]m

By (T—APP)&)ﬂe,
[a=7a)(C, Cy,) = [slea([s]e2) : [ = TalT

[a=T(C,Cy) F [a— Ta, T Sz, Y= Sy, 2 Szle: [@— Ta|T

@,limit
doe=dw:T7 — e

By Lemma (6.2.1.(3)) and (T-EQ) rule, we have

N N $,limits 2
Coa: Ko, T T,y TyFAw: Ty — €p:Ty — Ty

and C',w : Ty, a: Ko, T 7,y 7y F e : 10, ®AF 7, : K, (Here,
C' =V, ®; A;T; B; limits)
For CF $p, : Tuyy Cyi b 8ys : Tysy Coy b 820 700, C F 7oy Ky

79
we use Limit-Change Lemma, then C' sy, : 74, C), sy, 1 7y, CL & 55,
Tz,

7

and in C' b 7, : Kq,,we need ®; A | then C' - 7, : K,,. (We also use limits
inC',C",C, ,CL.)

If 7, is nonlinear, then by the Weakening Lemma, C',w : 7, & S, : T,
Cpiyw Ty 5y, 0Ty,

Clow:Ty b sy i1, CLw:Tyb T4 @ Ka,. If 7, is linear, weakening is
not needed.

By induction, we have:

= 7)(C, Cl ) w s [@7= Talm F [sleo : [@7 7almo

By Type Substitution Lemma we know, [a— 75|(®; A) F [a— 7o]7w : K
By (T-ABS) rule, we obtain:

[a = T(C,Cy,) - [sle: [a— Ta]Tw 2, [ = Ta]70

(=)0, Cy)  [sle : o= 7o) (te —= 7o)

5. e = pack[r,eglas36 : K; B'.1y
By Lemma (6.2.1.(14)) and (T-EQ) rule, we have
—_
C,a: Ko, T :7g,y: 7y - pack|m,e)as38 : K; B .12 : 33 : K; B’ .12, and
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C,a:Ka,m,y:—Tﬁl—ﬁ K=Ca:Kobn: K,
Coa: KT 1,y ty b [B—=n|B = C,a:KyF [ 7B,
Coa: Ko, T 70,y 7y €0 [B— 7172,
Cya: Ko, T 70,y 7y 30: K;B'.1 :t;i;eé Coa:K,F30: K;B'.1y :t}?f)e
By induction, we get:
[M](Q(ZZ) F[sleo : [ Ta)[B — T1]T2
@= 7,0y F [sleo : 18— m)([@=7a))
By Type Substitution Lemma,
[a—=T|CF [a— Ta]m1 & K,
[a = T14|C + [a—T14]|8 — T1]B’
= [a— 74]C F [ [a— To|n](la— 74| B),
[a—=Ta]CF [a—T7.](30 : K;B'.13) :t}(fbf)e
= [a—1.|CF36: K;([a—T1q]|B).[a— Ta|T2 :t}?f)e
By Weakenirg} Lemma,
[a=T7(C,Cy) Fa=Ta]m : K,
[@=7l(C.C,) F (8= [a= )@= 7alB),
— Pi
[a = T(C,Cy,) 30 : K; ([a— Ta)B').J[a— Ta]T2 type
By (T-PACK) rule,
[a—=Ta](C, CT) F pack[[a— Ta|T1, [s]eo] as 3B : K [a— 7o) B .[a— Ta]T2 :
36 : K;|a— 7o|B'.Ja— Ta|T2
Therefore, [a— 72)(C,C,,) -
[s](pack[ry, 0] as 3B : K; B'.1) : [ — 74|36 : K; B’

6. e = unpack 5, w = ey ines

By Lemma (6.2.1.(13)) and (T-EQ) rule, we get
— 7 —— —— .

C,a: Ky, x: 75,y : 7, Funpack B,w = ejiney : 79, and
e ——— 7 /

Cio: Ko, 2 70,y i1y Fer: A6 Ky B'.m, CFm: Ky
e ——— /

Co,o: Ko,z 70,y iy, B: K,w:T,B ' Fex:m

By Type Substitution Lemma, [a — 7,|C F [ — 74|72 : K

By Weakening Lemma, [a— 7,](C, 67) Fla—Ta|m: Ko

By induction, we obtain:
_ _

[a— Ta](Cl,CTy;) Flo— Ta, @ — 83, Y /o Sy, 20 S5, , Y = synler : [a— 7] (30
K;B'.m)
—
= [ Ta)(C1, Cy) F [sler 1 38 K [a—= 1] B .[a = T3]
T —_—
[CY — Ta](OQ,C'_y;,ﬂ : Kvw : Tl;B/) F [OL = Ta, T — Sg, ZJU = Sy, 27 Sz, y/ = Sy']62 :
[a = Ta]m2

= [a— Ta](Cg,C_y;/)),ﬂ K w: [a— TalT, [ 14| B F [sles : [a— 1o T2

By (T-UNPACK) rule, [a— 72](C,C,,)
unpack 5, w = [s]er in[s]es : [a— To|T2
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[a—T.](C, Cz)) F [s](unpack B, w = ey ines) : [ — 7|72

7.e=fixw: T

By Lemma (6.2.1.(10)) and (T-EQ) rule, we get

C,a: Ka,m,yl—f; Ffixw:7v:7, and C,a: Ka,m,m,w Tk
viT

C,a: Ka,m,yl—f; Fr :t}tfbf)e:,S Cia: Kyt 1 :t;fz)f)e

By induction,

(= )(C,Cyw: 7) - [so: [a= 7o)

= [a= 7a(C,Cy,) w: [a— To|T F [s]v: [a = Ta|T
By Type Substitution Lemma,

fox}
[a—=To|C F [a— T4]7 type
By Weakening Lemma,
i
[a—=Ta](C, C:)) F [a = 7|7 :type

By (T-FIX) rule,
a—1.)(C,Cy.) F fixw : [a— To|T.[a— T, T — Sz, Y — Sy, 2 — S|V
Yi Yy
[a—=Ta]T

[a— Ta](CﬂCZ)) Fla— Ta, T — 8z, Y = Sy, 2 — s;|(fixw : 7.0) : [ — Ta|T

8. In the same way, we can prove the other cases by induction.

6.2.5 THEOREM [PRESERVATION]

If Ue; O; A; T By limit et 7, Ugpare, Yei Popare, Pe; A; T B; limit - (M, e : 7)
and (M,e) — (M',¢€'), then ¥L; ®,; A;T; B;limit F €' : 7 and Wgpare, Ul Pspare, PL; A; T B; limit -
(M', ¢’ : 1), where (9, D ®.).

Prove by induction on the type derivation. The cases below omit most of
the congruence rule cases, because the proofs for these all look more or less
the same. See the tuple, load, and store cases for examples of the proofs for
congruence rule cases.

1. CaseT —VAR: e==x

There are no evaluation rules for variables

#,limit
2. CaseT — ABS: e=Xx:1 — eg
There are no evaluation rules for e (e is value)

3. CaseT —TABS: e=Aa: K;Bw
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There are no evaluation rules for e (e is value)

4. CaseT — APP: e=-ejes U O As T By limitg Fe: 7
From lemma 6.2.1.(2), there is 7y and
limi
Ve i ®e s ATy By limite F ey iy ety T,
(limitc = limit; = o0) or (limit; < limite) or (limite = oo, limity =

¢0
I, ®.; AF 7' :type)
Ui Pey; AsTe,; By limitc Feg iy, 7/ =7

(E — APPABS1)

e1 = \o 1 Ty, LN el ea=wy € = coerce([x — vz]era)

By Lemma 6.2.1.(3), 71 = 7, and U ; @ ; AsTe,, 2 i 703 B; T Fepo : 7/
By (T-EQ) rule, Uo,; ®,; A; Ty ; B;limite Foeg @ 7,

By Limit-Change Lemma, We,; ®c,; A;Te,; Bi I Feg: 7y

Using Substitution Lemma, we get Uo; @c; A; T By I F [x — wvolern : 7/

Because (I < limite) or (limite = 0o, $e; A 7/ :t;;?e)7

by (T-COERCE) rule, ¥.; ®.; A; T; B; limite F coerce([x — vs]eqa) : 7/
By (T-EQ) rule, ¥.; ®.; A;T; B; limite Fe' : 7

Because Uopare, ¥e; Popare; Pe; A; T B; limite F (M, e : 7)

And we don’t change M, then M’ = M

Vi € dom(0).(T; &; T; &; true; oo = M’ (i) : V(i)

Thus, Uspare, Ul; Pspare, PL; A; T B limite F (M, e’ : 7)

U, =V &, =O; M'=M

(E — APPABS2)

€1 = AT : Ty 9 €12 €2 = U e =[x — va)ern

By Lemma 6.2.1.(3), 71 = 7, and Ue,; ®ey; A; Ty, 2 745 Byoo b egn 0 7/
By (T-EQ) rule, U,,; ®,; A; Ty ; B;limite Foeg @ 7,

By Limit-Change Lemma, W,,; ®c,; A;Te,; Bioo ey 7y

Using Substitution Lemma, we get U,; ®p; A;T; B;oo b [x +— valerg : 7/
Because (limite = limity = 00),

By (T-EQ) rule, ¥.; ®.; A;T; B; limite Fe' : 7

Because Uopare, ¥e; Popare; Pe; A; T B; limite F (M, e : 7)

And we don’t change M, then M’ = M

Vi € dom(0).(T; &; T; &; true; oo = M’ (i) : U(i))

Thus, Uspare, UL; Pspare, PL; A; T B; limite F (M, e’ = 7)

U=, &L =d; M =M

5. CaseT —TAPP: e=em WU, ;AT B;limit - ey @ 7
By Lemma 6.2.1.(4), there is [ +— 74| 71 = 73 75 = T2, VUe; $e; A; T B; limit -
e : [a— 1) 7]
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and U,; ®.; A; T B;limit F ey : Vo : K; Bory,
Ue; @o; AT Bslimit - 74 0 K and Ue; O3 A; T B; limit F [o — 74 B

(E — TAPPTABS)

e1 = Ao : K'; B.v, e = [a— mv,

Because 74 = 1, then €' = [a— T4

By Lemma 6.2.1.(5), K/ = K, VP A a: K';T; B;limit - v : 7

Thus,U.; ®; AT B limit F 75 0 K5 We; @ AT Br limit - eg @ Va -
K';B.m

By Term Substitution lemma, we get [a — T5](Ue; Pe; A; T B; limit) F [a +—
Tl : [ = ]

Because a doesn’t appear in U.;®.; A;T; B;limit, and by (T-EQ) rule,
W, P AT B;limit e’ - 7

Because Ugpare, Ue; Pspare; Pe; A; T B limit - (M, e : 7)

And we don’t change M, then M’ = M

Vi € dom(0).(T; &; T; &; true; oo = M’ (i) : U(i))

Thus, Uspare, UL; Pspare, PL; A; T By limit H (M7, e @ 7)

Vo=, & =d,; M =M

6. CaseT — TUPLE: e=¢{e) U A;T; B;limit - ¢(e) : 7
By Lemma 6.2.1.(6), ¥; ®.; A; T'; B; limit - gb(?) s (1), and ¢(7') = T,

and Vi.(U,,; @e,; A; T, ; B limit Fe; i 1) We; @y A; T B limit F ¢(7') « K
Suppose, e — €}, NOW.

Because U gpare, Ueo; Popare, Pe; A; T; B; limit - (M, ¢(e) : ¢(r')),
then Vi € dom(0).(@; &; @; @; true; oo - M (i) : (i)

and W, ; @, ; A;Te, ; B; limit ey, @ 7,

Thus, ¥/ U, ; P! O, ;A T, ; B limit - (M, ey : 71,)

spare? spare’
By induction, we obtain W ;®; ;A;T.,; B;limit -ej : 7, (®f, 2 @)
and ¥/ v, D!

spare’ ~ e’ * spare’ (I)Ie/k ) A; Fek ) B; hmlt }_ (Ml? e;c : Tllc)
(Here, Vi € dom(¥').(2; ® ; &; F; true; oo = M’ (1) : ¥'(7))))
and \Illspm«e = \Ilsparea \Ilela T \Ilek,l 5 \I]ek+17 te \IJen; (I)Ispm«e = <I)S;Darea (1)617 e (I)ek,l s o

For the other ¢y,
e @e,s AT, By limit e @ 7 |

Given C = U,; ®.; A;T; B;limit and C = Ch,...,C,, and C}, 2O Cy, by the
split subset lemma, we can find a C},...,Cl = UL L A;T; B; limit = C’ Q C
so that for all j # k, C} O Cj. We then use weakening to show C7 - e; : 7/.
Then using the (T-TUPLE) rule, we get:

U@L AT B; limit - ¢(e’) @ o)

By (T-EQ), we obtain ¥.; ®/; A; T'; B; limit - ¢(e’) : 7

Using (T-MEM) rule,

.. (I)en

€k+1 :
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Uopares Uli Popare, Pl A; T; By limit F (M, ¢(e’) : 7)

7. CaseT — PROJECT: e =let <;> = e, iney

Ue; Oe; A; T B; limit - g e) : 7

By Lemma 6.2.1.(7), there is 7} = 7. Ue; Oo; A; T By limit F let () =
eqiney : 7

and U, ; P ; A;Te,; B;limit Feq 0 ¢(77), We,; Pey; A;Te,, 2 2 775 B limit

e Ty

(E— APPPROJECT)

ea = d(v1, -y vn), Ve @y AT, By limit = vy, -+ 0p) 0 @(T, -+, 7)),
e =z v, T — vsep

By Lemma 6.2.1.(6), there is ¢(ry',--- ,7/) = &{(ry, - ,7})

and Vi.(We, ; e, ;A;Te, ; B;limit - v; @ 7))
By (T-EQ), Vi.(Ve, ; P, ; AT, ; B;limit b v; : 7))

Because U, ; ., ; A;T.,, 2 : 7/; B; limit - e : 7

By substitution lemma, we obtain

Ue; s AT B limit - [z — v, -+, Ty — Uplep 0 T

By (T-EQ), U.;®.; A;T; B;limit e’ : 7

Because VUspare, Ye; Pspares Pe; A; T B; limit - (M, e : 7)
And we don’t chanlge M, then M’ = M

Vi € dom(0).(@; ® ; F; T; true; oo = M'(3) : ¥(3))

Thus, Yspare, VL; Popare, PL; A; s By limit - (M, e @ 7)
V=W, O =0 M =M

8. CaseT — LOAD: e = load(eptr, €Has)
Ue; @5 A; T B; limit - load(epr, €tas) : T
By Lemma 6.2.1.(8), ~ (7', Has(I, 7)) =7
and W ;@ AT, 5 B;limit E epe, @ Int(1)

Uenon; Pen s As Ty B limit F eppas : Has(I, 77)

(E — LOAD)
eptr = 1, eHas = fact, and e’ =~ (M (i), fact)

Dy ey 5 A f‘ep” ; B limit F epyy : Int(1)

{i— "1} (i)eHaS; A;f‘eHaS;B; limit - eq,s : Has(I, 7/)
{i — T’};(i)e; A;f‘;B;limit Fe:r (r/,Has(I,7"))
By (T-MEM) rule and Weakening Lemma,

7, <i>e; A; f‘;true; limit - M (4) : 7/

{i— "1} (i)eHaS; A;f‘eHaS;B; limit + fact : Has(I,7")
By (T-TUPLE) rule,

30



{i — T’};(i)e; A;f‘;B;limit Fr (M (i), fact) :» (7', Has(I,7"))
By (T-EQ) rule,

{i— 7'}; ®e; A;T; B;limit H e’ = 7

Because Ugpare, Ue; Pspare, Pe; A; T B limit - (M, e : 7)
And we don’t chanlge M, then M’ = M

Vi € dom(0).(T; & ; F; T; true; oo = M'(3) : ¥(i))

Thus, Uspare, UL; Pspare, PL; A; T B; limit - (M, e @ 7)
V=0, O =, M =M

(E—LOAD1) epwr — epgy
Because ¥spare, ¥e; Popare; Pe; A; T B; limit - (M, load(epir, enas) » (77, Has(I,7')))

then Vi € dom(0).(@; &; @; @; true; oo - M (i) : (i)
Thus, by Lemma 6.2.1.(8) and (T-EQ) rule,

Ue o s Pep 1A Te,, 3 By limit - epe @ Int (1)
= \IJ'SPME, Ve o ;@;pam, Pepr AT, 5 By limit = (M, epe, < Int(1))

/ _ . / —
(\I]spare - \IJSPIIT€7 \IjeHaw (I)spare - (I)SPGT€7 (I)eHas)

By induction, we obtain W, &, AT ; B;limit e Int(l) (P, 2
(b ) ptr ptr P P
Yand W, WL BB AT, s Bslimit B (M, el : Tnt(D))

spare’ * eptr ) - spare’ = eptr
/ . !/ . . . - Timi Il
:> \]?Spa’l‘eu \I]eHas7 \Ijeptr 9 (I)sparea (I)eHasa (I)epcr ) A? I‘EPUA 9 B7 hmlt }_ (M b eptr

Int(I))

(Here, Vi € dom(W').(2; & ; @; @; true; oo b M (i) : U'(3))))
We still have ey, s Peyy; As ey By limit F epp,s : Has(I, 77)

€Has ) €Has )
Given C = V¥,; ®; A;T'; B; limit and C = Cpyy, CHes and O]’Dtr 2 Cpir, by the

split subset lemma, we can find a C,,,.,Cy,, = Vi; ®,; A;T'; B limit = C" 2 C
so that C%,s 2 Cras. We then use weakening to show Cly, . - emqs : Has(I, 7).
Then using the (T-LOAD) rule, we have:

s @75 A; T By limit = load(epy,, enas) (77, Has(I, 7))

By (T-EQ), we obtain Wi; ®,; A;T'; B; limit - load(e},,, €Has) : 7

BY (T-MEM) rule,

Vspares Vi; Pspare, P A; T Bs limit = (M, load (el €Has) © T)

(E—LOAD2) eHas — €jas

Because Wspare, Ve; Popare; Pe; A; T B; limit - (M, load(vptr, ef,s) (7', Has(Z, 7))
then Vi € dom(V).(2; &; @; @; true; oo - M(i) : W(i))

Thus, by Lemma 6.2.1.(8) and (T-EQ) rule,

v Do s A Tepae s By limit Foegy, . - Has(I,77)

€Has ) €Has > €Has
= Virer Yera 5 Poparer Perras 3 A5 Lep,. 5 By limit = (M, epas : Has(l, 7))
(\Ijlspu,re = \Ijsparea \Ilvptr 5 (I)Ispare = (I)sparea (b’Uptr )
By induction, we obtain W, ;®{ AT, ;B;limit F ey, : Has(I,7')
(Perras 2 P )

and W’ LS 4 o AT ; B;limit & (M, e}y, : Has(I,7"))

spare’ spare’ ~ €Has €Has )
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= \IJspareu v
Has(1,7"))

S
(Here, Vi € dom(V').(2; ® ; @; &; true; oo = M (i) : U'(3))))
We still have W, 5@, . s ATy, 5 Bs limit - vpee : Int ()

Given C' = U,; ®.; A;T'; B; limit and C = Cpr, CHes and Cly, 2 CHas, by

the split subset lemma, we can find a Cp,., Cy,, = Wi; @03 AT By limit = C7 D
C so that C’I’m D Cpr. We then use weakening to show Cl’m F vper - Int(1).
Then using the (T-LOAD) rule, we have:

U@L AT B; limit - load(vptr, €fy,5) (77, Has(I, 7))

By (T-EQ), we obtain ¥.; ®.; A; T'; B; limit F load(vpr, €f1as) © T

BY (T-MEM) rule,

Uspares Uli Popare, o; A; T B; limit F (M7, load (Vptr, €f1as) : T)

! ; (I)sparea o iy - A; FeHas ; B; limit — (MI7 ei—las :

Uptr 7 = €Has Uptr 7 = €Has

9. CaseT — STORE: e = store(epir, €Has; €v)
U,; ®; A; T B; limit - store(epir, €Has, €v) © T
By Lemma 6.2.1.(9), there is 7 = Has(I, 72), and
Weoos Pepers AsTe, s By limit = epye : Int(1)
U, @ AT, 5 B;limit b epas : Has(Z, 1)

1
We s Pe,s ATy s By limit ey 72, @; A F 7 itype
(E — STORE)
e = store(i, fact, v), and

D3 Depers As Ty s B limit = epe : Int(1)
{i— 11}; (i)ehaS;A; f‘ehas;B;limit F enas : Has(I,7m)

. . 1
D Pey; A;Tey; By limit ey 1 10, (P; A F 7o itype)
{i— 7} (i)e; A; f‘; B; limit F store(epty, eHas, ev) : Has(I, 72)
e/ = fact, by (T-FACT1) rule,
{i— 1} ®e; A; T B; limit - fact : Has(1I,73)
{i — To}; Be; AT B; limit - ¢ : 7
Because Vspare, Ye; Pspare, Pe; A; T B; limit - (M, e : 7)
And M’ =[i = o]M, ¥’ = [i — 1o]U

!

Vi € dom(0).(&; ® ; @; &; true; oo = M’ (i) : ¥'(4))
Thus, Uspare, UL Pspare, PL; A; T B; limit - (M7, e @ 7)
U =i — )V O, =0 M =[i—v]M
(E—STORE1) epy — €l

ptr

Because Uspare, ¥e; Popare, Pe; A;T'; B; limit - (M, store(epir, €Has, €v) : Has(I, 72))
then Vi € dom(¥).(2; &; @; @; true; oo - M(i) : (i)

Thus, by Lemma 6.2.1.(9) and (T-EQ) rule,

Ve i Pepe 1 A5 Te,,, 5 Bs limit F epe, : Int (1)

€ptr ) €Eptr )
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/ .
ptr -

:>I\IJ'SPME, Ve o ;@;pam, e, ;é; Le,,, s B;limit F (M, ept, : Int(1))
(\I]spare = Yspare, Vepasr Ye, (I)spare = Pypares Perass q)ev)
By induction, we obtain W, ;@ AT, ; Bilimit - epy, : Int(I) (@, 2
o, . )
ptr
and W0, U0 5 @opare, Pe,,, 1A Tey, 3 By limit B (M ey, - Int(1))
:> \I/spare; \I/BHasv \Ijéptr I \I/BV; (I)sparev ¢5Has’ (béptr I (bev; A? Feptr 7 B7 hmlt '7 (Mlv €
Int (1))

i
(Here, Vi € dom(¥').(2; ® ; &; F; true; oo = M’ (1) : ¥/ (7))))
We still have U, ; Pe,. s A; T, ; B; limit F enas : Has(I, )
Ve s Peys ATy By limit ey @ 7o
Given C = W; @; A;T; B; limit and C = Cpyr, Cpras, Cp and Cly, 2 Cpey, by
the split subset lemma, we can find a C),,., Cy,., Ch = VL; @L; A;T'; B; limit =

ptro

C’ 2 C so that Cy,, 2 Chas and C;, O C,,. We then use weakening to show
Clyas F €nas : Has(I, 1) and CJ + e, : 72. Then using the (T-STORE) rule, we
have:

U@L A; T B; limit - store(epir, €Has, €v) : Has(I, 72)

By (T-EQ), we obtain ¥.; ®.; A;T'; B; limit I store(eptr, €Has, €v) : T

BY (T-MEM) rule,

Uopares Uli Popare, o; A; T B; limit F (M7, store(epir, €Has, €v) : T)

10. CaseT — FIX: e=fixx:71,.v

W, O AT By limite F fixx : mpv 0 7

By Lemma 6.2.1.(10), there is 7, = 7

and U.; ®.; A;T; B; limite F fixz : .0 : 7
Uo:Po; AT 2 : 7 By limitg Fo: 7

o1}
U, & A;T; B; limite F 7 :type

(E-FIX)

e =[x fixa: v

and We; @ AT 20 7y By limitg Fo s 7

By substitution lemma, we obtain

U,; Op; A;T; B limite F [z — fixz : mpvjo e 7

Thus ¥.; ®.; A;T; B;limitg e’ : 7

We don’t change 1\//[7 then M' = M

Vi € dom(0).(2; & ; @; &; true; oo = M'(7) : ¥(7))
Thus, Uspare, Ul Pspare, PL; A; T B; limit - (M7, e @ 7)
U =W, & =o,; M'=M

11. Case T-UNROLL: e =unroll(eg) U.;P.;A;T; B;limit - unroll(eg) :
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By Lemma 6.2.1.(11), there is ([a — pa : K.glmo)mi - T =7, 7/ = (pa :
K.o)m -+ 7n
and U,; @ A;T; B;limit 7/ 0 K, We; ®; A; T B; limit - eg : 7/

(E -~ UNROLL)

eo = roll[7"](v) ¢ =w

U,; Oe; A; T B; limit - roll[7”](v) : 7/

By Lemma 6.2.1.(12), we know 7" = 7
7'7"oll)

and We; Op; A; T B limit b 701 0 K Ue; @y AT B limit v : ([ — pf :
K-Troll]TrolZ)Tl T

By (T-EQ) rule, Uy; & A; T B;limit F v : (o — pa s Korglmo)71 -+ T

By (T-EQ) rule again, we have U,; ®.; A;T; B; limit - e’ : 7

Because Uopare, Ue; Pspare, Pe; A; T B limit - (M, e : 7)

And we don’t chanlge M, then M’ = M

Vi € dom(0).(T; & ; F; T; true; oo = M'(3) : ¥(i))

Thus, Uspare, Ul; Pspare, PL; A; T By limit - (M’ e @ 7)

W= B =D M= M

"= (B : KTrou)T1 -+ Tn, (80 10 =

12. CaseT —UNPACK: e=unpacka,x =ejines
U.; o A;T; Be; limit - unpacka, z = eyines : 7
By Lemma 6.2.1.(13), there is 75 = 7,
Ue 3 @ey s AT By limit - eq : Ja: K; By
Ue; @eys Ay KTy, 713 B, B limit Foeg : 1o

(E—UNPACK)

e1 = pack[rg,v]as3B : K's7p.11 € = [a— 19,2 — v]ey

Uy ey s As Ty s B limit - pack[rg,v]as36: K';7p.my : Ja: K; B oy

By Lemma 6.2.1.(14), then 71 =71, 75 = B’ and, K' = K,

A8 : K’y =3a: K;B'.my

Ve Py AT Bslimit 79 : K BF [a— 7olTp

Ui Doy s AsTey; B limit v : [ — 7)1

By (T-EQ), Uey; P s Ay Tey; By limit F v : [a — o]y

Because U,,; ®.,; A a: K;Te,,x : 71; B, B'; limit F es : 7o,

by Term Substitution Lemma for «,

[a = 0] (Vey; Pey; A; Doy, 713 By, BY; limit) F [a — 7oles : [a — To]m2

= U.,; Pe,; A;Tey; B, [ — 70)B/; limit, x : [a — 70|71 F [ — 7ples : [a —
7’0]7’2

= U, ; O,; ATy ; By limit, o : [ — 7o) F [ — Tolea @ [a— To]m

by Term Substitution Lemma for v,

Ve @; A; T B; limit - [ — 79, 2 +— v]es : [a — 7]

= U, O; A; T B limit F [ — 79,2 — v]ea : 7

Thus U.; ®.; A;T; B; limit - e’ : 7

By (T-EQ) tule, ¥.; ®¢; A;T; B; limit - e : 7
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Is. -

Because Vspare, Ye; Pspares Pe; A; T B; limit - (M, e : 7)
And we don’t change M, then M’ = M

Vi € dom(0).(@; &; T; &; true; oo = M/ (i) : U(i))

Thus, Uspare, UL; Pspare, PL; A; T B; limit - (M7, e @ 7)
U, =V &, =d;; M'=M

13. CaseT — DISTINGUISH: e = distinguish([y, Iz, e1, e2)

U,; @.; A; T B; limit - distinguish(I7, Iz, eq,e2) : 7

By Lemma 6.2.1.(15), we get ~(Know(I; # I2),Has(I1,71), Has(I2, 72)) = T,
and U, ; D, ; A; T, ; B;limit F ey : Has([y,7)

Ue,; @ey; As Ty By limit - eo @ Has(1Iz, m2)

W @ AT B limit F Ip :int We; @y A; T B limit F I @ int

(E — DISTINGUISH)
Then e; = facty, e3 = facts, e =» (know([; # 1), facty, facts)
From definition, know(I; # I3) = pack[true, -()] as 3o : bool; I1 # I. - ()
Because by (K-TUPLE) ®.; A I true : bool,
0
and by (K-SOME) ®.; A 3a : bool; IT # I». - () :type
by (T-TUPLE) @; ®.; A; T'; B; limit b () : ()
= @;(i)e;A;f‘;B;limit F-O:fa—-0]- 0,
and ;A b [a— -1 # I2)
By (T-PACK) rule,
;D A; f‘; B; limit | pack|true, -()] as Ja : bool; I1 # I5.- () : Ja : bool; I; #
()
Using abbreviations, @; ®.; A; I"; B;limit - know(I; # I) : Know(I; # I)
and U, ; @, ; A; T, ; B;limit - eq : Has(I1,71)
Ue,; @ys As Ty B limit - eg : Has(Io, 72)
By (T-TUPLE) rule , we obtain:

U,; @e; A; T B limit H» (know(I; # I2), facty, facts) i~ (Know(Iy # 1), Has(I1, 71 ), Has(1z, 12))

Thus, ¥.; ®.; A;T; B;limit e’ : 7
Because Ugpare, Ue; Pspare, Pe; A; T B limit - (M, e : 7)
And we don’t change M, then M’ = M

i

Vi € dom(0).(2;® ; @; @; true; oo - M'(3) : W(3))
Thus, Uspare, Ul; Pspare, PL; A; T B; limit - (M, e @ 7)
V=, @ =By M =M

14. CaseT — NEWFUN: e = new_fun(J)

a; <i>e; A; f‘; B;limit - new_fun(J) : 7

By Lemma 6.2.1.(16), then Ja : int — J.Gen(a,0) = 7

and @; (i)e; A; f‘; B; limit - new_fun(J) : Ja : int — J.Gen(a, 0)
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(2~ NEWFUN)
¢/ = pack[F”, fact] as Jar : int — J. Gen(a 0)

By (T-FACT?2) rule, we have &; (e, F7 - fun; A; T; B; limit + fact : Gen(F7,0)
By (K-FUN) rule, ®., F/ +- fun; A - F7/ :int — J
Because ®.; A 0 :int, and ®., F/ +> fun; A, o : int — J - o :int — J
. )

By (K-FUNGEN) rule, ®., F7/ +> fun; A - Gen(a, 0) :type

. )
By (K-SOME) rule, we obtain ®., F/ += fun; A F Ja : int — J.Gen(a, 0) :type
By (T-PACK) rule, we get
@: 0., F’ R fun;A;f;B;limit - pack[F7, fact] as Ja : int — J.Gen(a,0) :

Ja : int — J.Gen(a, 0)

Thus, @; ®,, F/ . fun; A;f; B;limit - ¢’ : 3o : int — J.Gen(c, 0)

By (T-EQ) rule, @; ®., F/ R fun; A; f‘; B;limit -e' : 7
Because Ugpare, Ue; Pspare, Pe; A; T B limit - (M, e : 7)
We don’t change M, then M’ = M

/

Vi € dom(0).(2; ® ; @; @; true; oo - M/ (i) : W(i))

Now @/, Q ®,, U/ = U,; from (T-NEWFUN) we know F is fresh.
Thus, Uspare, UL; Pspare, PL; A; T B; limit - (M7, e @ 1)

15. CaseT — DEFINEFUN: e = define_fun(eg, 7).
U,; @.; A; T B; limit - define_fun(eg, 74) : 7
By Lemma 6.2.1.(17), then ~(Gen(7s, [ +1),Eq(7¢I, 75), InDomain(I, 75)) =

and Ue; @c; AT B; limit F eg : Gen(7y, )

We; @c; AT By limit - 74 :int — J

W, O AT By limit -7, 0 J

(E ~ DEFINEFUN)

eo = fact, then z; (I)e,’?'j . fun; A; T; B; limit - e : Gen(rys,I)
and o; (I)e,Tf N fun; A; 1" B;limit b define_fun(eg, 74) : 7

; (I)e, f|—>fun A; F B;limit - 7 :int — J

Q;@e,ff S fung A T By limit b 7 ¢ J
Now, ¢/ =~ (fact, fact fact) (fun’ D fun)

By (T-FACT?2) rule, o; @e,Tf S fun's A; T; B; limit F fact - Gen(rs,I+1)
By (T-FACTS3) rule, o; (I)e,Tf s fun; A; T; B; limit - fact : Eq(7¢1, 74)

By weakening lemma, &; @e,Tf s fun’; A; T; B; limit - fact : Eq(rr1,7,)

By (T-FACT4) rule, o; (I)e,Tf > fun; A; T'; B; limit F fact : InDomain(Z, Tf)
By weakening lemma, &; @e,Tf Vs fun'; A; 1" B; limit F fact : InDomain(Z, 7¢)
By (T-TUPLE) rule, we obtain &; (I)e, Tf 2 fun’ i A; 1"; B; limit +
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~{fact, fact, fact) :» (Gen(rr,I + 1), Eq(741, 7,), InDomain(I, 77))
By (T-EQ) rule, ; (i)e,Tf R fun’; A;f; B;limit ¢’ : 7

Because ¥gpare, Ve; Pspare, Pe, Tf N fun; A; T By limit - (M, e : 1)
And we don’t change M, then M’ = M

Vi € dom(¥).(2; ci)l @; @; true; oo b M (i) : U (i)

Now @7, D O, 7f O fun; ¥, = U,;
By (T- MEM) Uopare; Uls @spare,fb ;AT B limit B (M7 e’ 2 1)

16. CaseT — DISCARDFUN: e = discard_fun(eg).
U,; O.; A; T B; limit - discard_fun(eq) : 7/

By Lemma 6.2.1.(18), then 7/ = -()

and U,; O ; A; T B; limit F eg : Gen(r, 1)

(E — DISCARD)

eo = fact, then z; (I)eD,T . fun; A; T; B; limit - eq : Gen(r, I)
DBy ey, T 2 fung A; T B; limit - define fun(eg,7q) : T

Now ¢’ = -(), and by (T- TUPLE) rule CF -() ¢ +()

Thus, &; ®e,, T — fun; A; T; B; limit F () : -()

By (T-EQ) rule, we obtain @; ., 7 + fun; A; I'; B; limit b -() : 7
Because VUspare, Ye; Pspares Pe; A; T B; limit - (M, e : 7)
We don’t change M, then M’ = M
!
Vi € dom(0).(T; & ; F; T; true; oo = M (3) : ¥(q))

Now &’ D ®,, V. = U,
Thus, Uspare, UL; Pspare, PL; A; T By limit F (M’ e @ 7)

17. CaseT — INDOMAIN: e = in_.domain(Iy, I2, €1, €2)

Ue; @c; A;T; By limit - in_domain(ly, Iz, eq,€2) : 7

By Lemma 6.2.1.(19), then ~(Know(0 < I1 A I1 < I3),Gen(77,I2)) =7
and U.; ®.; A;T; B;limit - I; :int, ,.;®.; A;T; B;limit F I : int
Ve, @, As T, B; limit F eq : InDomain(Iy, 7y)

Ve, @y As T, B limit F eg 0 Gen(7y, I2)

(E—INDOMAIN)
e1 = facty, eo = facty then

; @el, 7f > fun; A ‘Do, ; B; limit + e; : InDomain(fy, 7¢)
;5 @62,77 5 fung A Te,; B;limit - e : Gen(7ys,I2)

; ‘I)eoan'_)fun A;T.; B;limit F e : 7
e = (know(0 < I) A1 < Ip), fact>

By (T-FACT?2) rule, we get &; <1>60,7'j . fun; A; T'o; B; limit F fact : Gen(7y, I5)
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From definition, we know(0 < I; A I; < I) = pack[true, -()] as Ja : bool; 0 <
Lh NI <y - <>

Because by (K-BOOL) (i)eO,Tf + fun; A I true : bool,

. , 0
and by (K-SOME) &, 75 — fun; A F 3a : bool; 0 < I) AL < L. - () :type
;5 (i)eo,Tf Vs fun; A; Te; B; limit - () : [or — true] - (),
and B+ [a— true](0 < 1 A1 < L)

By (T PACK) rule, we obtain:

; (I)eoan — fun A; FF,?B limit + paCk[true <>} asdo : bOOl’O S Il A Il <
L {): 30 booki0 < L AT < L. )

By using abbreviations, &; (I)eO,Tf MR fun; A; I‘e,B limit - know(0 < I; A
L < IQ) KHOW(O <LhANL < IQ)

By (T TUPLE) rule, we obtain:

@; (I)eO,Tj . fun; A; Te; B; limit F7 (know (0 < 1Al < I), fact) :» (Know(0 <
LN < Ig) Gen(Tf,Ig)>

Then, @; (I)eO,Tj o fun; A; I‘G,B limit F e’ :» (Know(0 < 1AL < I3), Gen(ty, I2))

By (T-EQ) rule, @; @eO,Tf S funy A; Te; B; limit F e
Because ¥gpare, Ye; Popare; Pe; A; T B; limit - (M, e : T)
Here we don’t change M, then M’ = M

li

Vi € dom(¥).(o; ® ;2 @;true; oo - M'(%) : V(7))
Thus, Yspare, VL; Popare, PL; A; s B limit - (M, e = 7)
V=0, =0y M =M

18. CaseT — MAKFEEQ: e = make_eq(To)
@, (i)e; A; f‘; B;limit - make_eq(p) : 7
By Lemma 6.2.1.(20), then Eq(79,70) =7 and ®; A F 19 : K

(E — MAKEEQ)
e’ = fact
By (T-FACT3) rule, o; : ®e; A T B; limit - fact : Eq(70,70)

Then ; (I)e,A FE,B limit - ¢’ Eq(TO,TO)

Thus, @; (I)E,A I‘ B;limit - €’
Because ¥ pare, Ve; Popare, Pe; A, [; B;limit - (M, e : 1)
And we don’t change M, then M’ = M

/

Viedom(\ll).(@;ri);@;@'true'ool—M'( ) U(i ))

Thus, Uspare, ULl; Pspare, PL; A; 1" B;limit - (M’ ¢’ : 7)
V=W, O =0 M =M

19. CaseT — APPLYEQ: e = apply_eq(7¢,e1,¢€2)
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U,; ®.; A; T B; limit - apply_eq(7r, e1,e2) : 7

By Lemma 6.2.1.(21), then 7pm, = 7

and ¥.; &¢; A;T'; B; limit - apply_eq(7y, e1,e2) : ¢

QoAb K—J Qs Ab1: K P Ab 1 K

Ue; @c; AT B limit ey : Eq(7a, 1) Ue; @e; AT B limit - eg : 747,

(E—- APPLYEQ)
e; = fact, es =v,and e’ = v
By (T-FACTS3) rule, &; ®.; A; T; B; limit F e1 : Eq(7e, , 7e, ),
then 7., =7, = 7, and @;(i)e;A;f;B;limit Fe:Tem,
Thus, @; (i)e; A; f‘; B;limit - ey : 747, = O; (i)e; A; f‘e; B;limit - v : 7473
= J; (i)e;A;f‘;B;limit Fe:rm
Because Ugpare, Ue; Pspare, Pe; A; T B limit - (M, e : 7)
And we don’t change M, then M’ = M
!
Vi € dom(0).(T; & ; F; T; true; oo = M'(3) : ¥(i))
By (T-MEM) rule, ¥opare, UL; @spare, PL; A; T B; limit - (M, e’ = 1)
UV =W, & =d,; M'=M

20. CaseT — CASE: e = case(b,eq)
U,; O; A; T B; limit - case(b, eq) : 7
1ifb

By Lemma 6.2.1.(22), then 7 =7, (i = 9if b )
and U.; O ; A; T B; limit F e : Union(b, 71, 72)

(E—-CASE)
eo = union(my, 77, 75,v), € =wv
U,; ®.; A; T B; limit - union(ry, 74, 75, v) : Union(b, 71, 72)
By Lemma 6.2.1.(23), then 7 = 7], 2 = 75, 7 = b and
Ue; @; A; T Bs limit - 71« K, U,; @p; A; T B; limit - 74« K
.. . lifTb
. -A-T B Col (i
Ue; @e; AT Bslimit o s ) (1= 2if -, )
. C1ifb
. -A-T B Pt (i
Thus, U.; @.; A;T; B;limit F e’ : 7] (i = 2if b )

By (T-EQ) rule, ¥ ; ®.; A;T; B;limit - e’ : 7

Because VUspare, Ve; Pspares Pe; A; T B limit - (M, e : 7)

And we don’t chan/ge M, then M’ = M

Vi € dom(0).(@; ® ; F; T; true; oo = M'(3) : ¥(3))

By (T-MEM) rule, ¥gpare, UL; Pspare, PL; A; T B; limit - (M’ e = 1)
\I]fe:\IJe; (I)/e:(I)e; M =M

21. CaseT — COERCE: e = coerce(eg)
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U,; ®.; A; T B; limity F coerce(eq) : 7

By Lemma 6.2.1.(24), then there is 7/ = 7
U,; @.; A;T; B; limity F coerce(eq) : 7/
and Uo; @ AsT; By Io b eg: 7/

(E—-COERCE)

eg=v,e =v

Because Ue; ®o; A;T: B Io beg: 7/, then We; Oo; AsT; Bs o Fov s 7/
By Limit-Change Lemma, W; ®.; A; T'; B; limity F o : 7/

By (T-EQ) rule, ¥; ®.; A;T; B; limity F e’ : 7

Because Uspare, Ve; Pspares Pe; A; T B limit - (M, e : 7)

And we don’t chan/ge M, then M’ = M

Vi € dom(0).(&; ® ; @; F; true; oo - M'(i) : U(i))

By (T-MEM) rule, ¥gpare, Ul; @spare, PL; A; T B; limit - (M’ e = 7)
U =W, & =0,; M' =M

22. All cases under the congruence evaluation lemma are similar.
We already proved some cases in (TUPLE), (LOAD), and (STORE).

6.3 Progress

Rephrase the type equivalence rules as parallel reduction rules:
(4) O:BFr=>171

®;BtT1,=T) OBk, =1

(B) ®; B+ (A\a: K.7)7q = [a — 14]7]
I =
D) e
() B+ By =B,

(I),BFB1:>BQ

(F) ®; B+ Eq(m1,72) = Eq(12,71)

Vi (®;BbF 1= 7)

(@) O, BFTlr,...,m) = TI[m,...,7}]
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6.3.1 LEMMA [SINGLE-PARALLEL-STEP CONFLUENCE FOR

TYPES]
IfCrr, = m, and Ct+ 7, = 7, then there is some 74 so that C + 7, = 74 and
CH Te = Td-
Proof by induction on the sum of the sizes of the derivations of 7, = 7, and
T = Te.

1. case 7, 24> 7. Then 7, = 7, so choose 74 = ..

2. case T, £> 7, and 7, £> T.. The proof for this is standard.

3. case T, :G> 7, and 7, £> Te. The proof for this is standard.

4. case T, £ 7, and 7, ¢ T.. The proof for this is standard.

5. case 7, = Eq(Ta1,Ta2) £ 7 = Eq(Ta2,Ta1). I 74 £ Te, then choose
Ta = T = Te. U 7, = Eq(7a1,7Ta2) ¢ Te = Eq(7e1,Te2), then choose
7a = Eq(7e2, Te1)-

6. case Ta = Iy B2 1 = I, and 74 = I, 2 7. = I,. Then I, = I, = I.., so pick
79 = 1,.

7. case 7, = By 2 7, = By and 7, = By % 7. = B,. Then B, = B, = B.,
so pick 74 = B

K C . C . . .
8. case 7, = F* I, = 7, = 6(ip). If 74 = 7c = (i), then i = 4., so choose

G .. )
Ta =1 = Te. If 7, = F5I, 2 7, = FEI., then i, = I, = I., so choose
T4 = Tp.

The other cases are either impossible, or are symmetric to one of the cases
above.

6.3.2 LEMMA [CONFLUENCE FOR TYPES]

IfCtr, = Ty, and C' F 7, = T., then there is some 74 so that C' F 7, = 74 and
C + 7, = 74. Standard proof by tiling single parallel steps to fill in the area
between 7, = 73, and 7, = Te.

6.3.3 CORROLARY [CONFLUENCE FOR EQUIVALENT TYPES]

If C+ 7, = 7, then there is some 74 so that C' + 7 =S ryand CF 10 = 7y
Proof by induction on the derivation of C - 7, = 7.
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6.3.4 LEMMA [SHAPE PRESERVATION]

To prove progress, we must first say something about how values are typed.
These are the values:

v=14|b|Aa: K;B.w|pack[r,v]asJa : K;B.m
|roll[(pa : Komg)7i -+ - o] (0) | Az o 7 elimit o | qﬁ(?) | union(b, 71, 72, v) | fact

For these values, there are type checking rules that give the values the fol-
lowing types:

T=T o limst Ty <?>|VO¢ZK;B.T

|3 : K; B | (pee s Kor)11 -+ 7 | Int (1) | Bool(B) | Union(B, 71, 72)

|Has(I, 7) | Gen(r,I) | Eq(m1, 72) | InDomain(Z, 7)

In addition, there is the (T-EQ) rule, which can also give a value a type. Call
the 12 different categories of types listed above the 12 value shapes. If 7 = 7/,
and 7 has a value shape, then 7/ has the same value shape (proof by case analysis
on 7 = 7’). Combining this with confluence, we conclude that if C' + 7, = 7,

and 7, and 7. have value shapes, there is some 74 so that C' F 7, = 74 and
Ctr. = 74, and 74 has the same shape as 7, and 7., which implies that 7, and
T. have the same shape.

6.3.5 LEMMA [CANONICAL FORMS]
Suppose v is a closed, well-typed expression: C' v : 7 forsome 7, C = U; ®; &; &; B; limit.

limi limi
1. IfClov:m ¢ﬂ>n72,thenv:)\m:ﬁ ¢ﬂ>ne

2. CFuv:{(r,...7n), then v = (v1,...,0,).

3. IfCFv:Va: K;B.1, then v = Aa : K; B.vg.

4. f CFv:3a: K;B.ma, then v = pack[ry, vp] as Ja : K; B.1o.

5. W CFwv: (pa: Komo)my -+ Tn, then v = roll[(pa : K.79)m1 - - 7] (v0).
6. If CFwv:Int(]), then v =1.

7. If C+ v : Bool(B), then v = b.

8. If C'+ v : Union(b, 71, 72), then v = union(b, 71, 72, vg).
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9. f C+ov:Has(I,7) or CFov: Gen(r,I) or C+uv:Eq(r,m)or Ckuv:
InDomain(/, 7), then v = fact.

Proof:
1. Only two type checking rules can prove C' v : 1 ¢ bimt To: (T-EQ) and
(T-ABS).
b, limit

For (T-EQ) rule, there is some 7/ = 71 "= 79. By shape preservation,

¢, limit . .
7' =1 "—  75. Use induction.

By (T-ABS) rule, we know v = Az : 7y L

Jimat . .
~— e is an abstraction.

2. The similar proof for the other cases.

6.3.6 THEOREM[PROGRESS]

If e is a closed, well-typed expression, (C I e : 7 for some 7 and C' = ¥; &; &; &; B; limit),
then either e is a value or else there is some e’ for e — €’. Prove by induction
on the derivation of C e : 7.

Proof :

First, if e = E[eg] where eq is not a value, then by inspection of the type
checking rules, Wo; ®¢; &; &; Bo; limitg - eg : 70, so by induction, ey — ef, so
e = Eleg] — Elef]. Second, the (T-EQ) case is an easy induction. For all other
cases where e is not a value:

l.e==x
It will not happen, because e is closed.
C1,Co = VU; &; A; T B; limite

¢,limit ¢
Citviirg, — 1 Cobuvy:T,

(limite = limity = oo) or (B  limit; < limit¢)

630
or (limitc = oo, limity =1, ®;A b1 :tybpe)

2. e = vy vg, where (T—TAPP)

C1,Catviva:Ty
Jima
By canonical forms, v1 = Az : 7, Pilimits €o, so e steps by (E-APPABS).
Chtuv :Va: K;B.1y
CkHrn: K

- B
3. e = v1Ta, where (T — TAPP) gml[g[:;in

By canonical forms, v1 = Aa : K; B.v, so e steps by (E-TAPPABS).

CiFv:3a: K;Bm C1,Co 1o

Co,a:K,x:1,BFey:m

K,

4. e = unpack a, x = vy in e, where (T-UNPACK) Oy CoFmpacka =i e,
By canonical forms, v; = pack[r,v]asJa : K; B.79, so e steps by (E-
UNPACK).
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Cl,CQFh:int Cl,CQFIQSiDt

. . Cy F vy : InDomain(Iy,7¢) Co b v : Gen(ry, I
5. e = in_domain([y, I, v1,v2), where (T—INDOM AIN) OO doman(T Ta T 00 (fKnOW(OSIl/\Il<I2),GCT]:(Tf

By canonical forms, v; = fact and vy = fact, so e steps by (E-DOMAIN).

6. The pattern in the previous cases is pretty clear: the type checking rule im-
plies that any subexpression values have a canonical form, which then al-
lows e to step. The cases for e; op ea, —e, case(b, €), unroll(e), apply_eq(T, e1, e2),
discard_fun(e), define_fun(e, 7), distinguish(I1, Iz, e1, €2), and in_domain(Iy, I, e1, €2)
follow exactly the same pattern.

7. e = new_fun(K), e = make_eq(7), e = coerce(v), e = fixx : 7.v: these
always step, so we don’t even need to look at the type checking rules.

8. e=let(x1,...,Tn) = vginep, where (T—PROJECT) CabvarlT) Cpmirteymy

Ca,CbHet<;>:va inep:ry

By canonical forms, v, = ¢{v1,...,v,), so e steps by (E-APPPROJECT).

. Cabv1:Bool(B) Cy,Bres:it  Cy,—Bheg:
9. e = ifvy then ey else ez, where (T—IF E) =22 ;;ébk)ifvlbthenz ey

By canonical forms, v; = b, so e steps by (E-IF1) or (E-IF2).

C=V;9;A;T";Bc; 1

ChB:bool C,Ble :r C,-Bles:
10. e = if B then e, else e5, where (T—IFB) et N 2 7

Since no type variables are in scope, B cannot contain any type variables,
which means that C - B = b for some b, so e steps by (E-IFB1) or
(E-IFB2).

11. e = load(vptr, Vias), where (T'— LOAD) C?I'C_;E;O:;’éi 21)?['3")”??711{{288((1[ 77'_))>
By canonical forms, vptr = iptr, and vpes = fact. By inversion, Cq b ipy, :
Int(iper) and Co = C4,ipes — T F fact : Has(ipqs, 7). Together, these
imply ipir = thas. Since ipqs — 7 € ¥ and memory M is well-typed, M (7)
exists, so e steps by (E-LOAD).

C=0C1,C,C3 =V;9; AT By oo
Co b vpas : Has(I,71) CsbF oy
1
F o Int (1 Frooit
12. e = store(Uptr , UHas, Vv ), where (I'—STORE) “ c%iitrc(vpi SHB vv?:Ha:(—? TXpe

By canonical forms, vpy, = ipy, and vges = fact, so e steps by (E-
STORE).

7 Strong Normalization

This section proves that well-typed terms in a limited environment eventually

step to a value: if U; ®; @; @;true;i b e : 7, then there is some v so that e — v.
The proof is by induction on the limit ¢, the maximum nesting depth of let

and unpack expressions, and the size of e. Define the depth as follows:
depth(z) =0
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depth(Az : 7 2, e) 0

depth(fix z.v) =

depth(let 21, -+ , 2, = €1 inez) = max(depth(ey), 1 + depth(esz))
depth(unpacka x = ey inez) = max(depth(eq), 1 + depth(es))

For all other expressions, the depth is the maximum depth of any of the im-
mediate subexpressions: depth(e; ez) = max(depth(e;), depth(ez)), depth(pack[r, €] asJa :
K; B.19) = depth(e), and so on.

Lemma 0: depth(v) = 0. Proof by induction on the structure of v. The only

value that has a non-value expression inside it is Ax : 7 2, e, which has depth
0 by definition.

Lemma 1: depth([z — wv]e) < depth(e). Easy proof by induction on the
structure of e.

Lemma 2: [z — e]v is a value. Easy proof by induction on the structure of

7.1 Main Lemma: single-step size reduction

If U;:9;0;0;true;i - e : 7, and e — ¢, (suppose e — €’ using the main
evaluation rules)

then one of these three must be true:

1. ¢/ = coerce(e”) and @' < i, U';®';; &;true;i’ Fe” : 7

2. U ' ; @ true; i F e’ 7, and depth(e’) < depth(e)

3. U o & true;i F €' : 7, and depth(e’) = depth(e), and size(e’) <
size(e)

Proof :

l.e=(ax:7 2L €1)v2

and e’ = coerce([x — vs]e1), and €’ = [z — va]ey

By Lemma 6.2.1.(2) and (T-EQ) rule, we know

U &; &5; &; true; limite - (Az : 7 &, e1)vs : T, (I = limity),
Uy @15 @5 @5 true; limity Feq @7 4, Tp, and (limite > limity)
Wy ®y; @; ; true; limite F vg @ 7

By Limit-Change Lemma, Vq; ®9; &; &; true; limity - v : 74
By Term Substitution Lemma, we obtain:

U; &; &; &; true; limit f [z — va]er 1 7y

U; ®; ; &; true; limitf - e” 1 1y,

Now MainLemma (1) will be true.

2.e= (\x : 7 idhe e1)ve won't type-check, because if limit; = oo, then
limite = oo.

3. e = coerce(v)

e =v

By Lemma 6.2.1.(24) and (T-EQ) rule, we know
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U; &; &; &; true; limitq F coerce(v) : 7
and V; ¢; o; @ true; b F v : 7
Because limity; = ¢, then ¢ > I

Now MainLemma (1) will be true.

4. e=letxy, - ,x, =erines (ex = P{vy, -+ ,vp))

e =[xy — v, Ty — Vy)en

In Preservation Lemma we have proved, ¥; ®; &; &; true; i - e’ : 7
From lemma 1, we know depth([z1 — v, , 2, — vy]e2) < eg

And depth(let z1,-- - ,z, = e1inez) = max(depth(e;), 1 + depth(es)),
so depth(e’) < depth(let 1, -+, 2, = erines)
Now MainLemma (2) will be true.

5. e = unpack o, x = ey iney

e = [aw 19,7 — v]ez

In Preservation Lemma we have proved, ¥; ®; @; &; true; ¢ - e’ : 7
From lemma 1, we know depth([ac — 79,z — v]es) < es

And depth(unpack o, x = e in e2) = max(depth(e; ), 1 + depth(es)),
so depth(e’) < depth(unpack o, z = e ineg)

Now MainLemma (2) will be true.

6.

size(load(s, fact)) = 1 + size(i) + size(fact) > size(» (M (%), fact)) = 1
size(store(i, fact, v)) = 1 + size(i) + size(fact) + size(v) > size(fact) = 1
size((Aa : K; B.v)T) = 1 + size(v) > size(v) =1

size(if e; then eg else eg) = 1+size(e)+size(eq)+size(es) > size(ez) or size(ez)
size(unroll(roll[7](v))) = 1 + 1 + size(v) > size(v)

size(fixx : 7.v) = 1 + size(v) > size([z — fixz : Twjv) =1 (By Lemma 2)
size(case(b, union(b, 71, 72,v))) = 1+1+size(b )+Slze(v)+81ze( ) > size(v) =1
size(in-domain(Iy, Iz, fact, fact)) = 1+size(Iy )+size(Iz)+size(fact)+size(fact) >

size(e') =1
size(distinguish(I, Iz, fact, fact)) = size(I1 )+size(l2)+size(fact)+size(fact) >
size(e’) =1

size(make_eq(7)) > size(fact) = 1

size(apply_eq(, fact, v)) > size(v) = 1
size(new_fun(K)) > size(e’) =1
size(discard_fun(fact)) > size(-()) =
size(define_fun(fact, 7)) > size(%fact fact, fact)) =1

7.2 Theorem: strong normalization

If U;®; 0; @;true;i F e : 7, then e must step to a value in a finite sequence of
7ero or more steps e — e; — - -- — e, — v. (Notation: e — v).
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Proof :

By induction on i. We assume theorem is true for all i’ < 4

For ¢’ = i by induction on depth(e). We assume theorem is true for all i’ = 4,
and depth(e’) < depth(e)

For ¢ = 4, and depth(e’) = depth(e) by induction on size(e). We assume
theorem is true for all i’ = ¢, depth(e’) = depth(e), and size(e’) < size(e).

&1

le=(Ax:7 5 e1)vg

In Main Lemma case 1, we prove ¥; ®; &: &: true; Io Fe” : 7, and Ir < i

By induction, we know ¢’ must step to a value in a finite sequence of zero
or more steps.

If €” is not a value, then we apply (E-COERCEL) to e’ = coerce(e”);

If ¢ is a value, then we apply (E-COERCE) to e’ = coerce(e”) , we will get
a value.

So e’ must step to a value in a finite sequence of one or more steps.

And e must step to a value in a finite sequence of two or more steps.

2. e = coerce(v)

U, ®; &, s true; o H e’ : 7, and Is < d

By induction, we know ¢’ must step to a value in a finite sequence of zero
or more steps.

Thus, e must step to a value in a finite sequence of one or more steps.

3.e=letwy, - ,x, =erines (e1 = d(v1, - ,vp))

4. e = unpacka,xr = ejines

In these two cases, depth(e’) < depth(e), then by induction, e’ must step to
a value in a finite sequence of zero or more steps.

Thus, e must step to a value in a finite sequence of one or more steps.

. #,limit
5.e=i|bl|Ax:7 — eo|Aa: K;B.w|fact
They are values. Thus e must step to a value in a finite sequence of zero.

6. If e is any expression in Main Lemma case 6, then depth(e’) < depth(e),
and size(e’) < size(e).

By induction, we know ¢’ must step to a value in a finite sequence of zero
or more steps.

Thus, e must step to a value in a finite sequence of one or more steps.

7. In the above cases, we only use the main evaluation rules, now we will
discuss about the congruence rules.

For example:

e = store(ey, ez, €3)

If ey is not value, by (E-STORE1) rule Ll

store(e1,ez2,e3)—store(e],ez,e3)’
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and size(e1) < size(e), by induction, e; must step to a value in a finite
sequence of zero or more steps.
Then e = store(eq, ea, €3) must step to store(v, ea, e3) in a finite steps.

If e5 is not value, by (E-STORE2) rule c2—ep

store(vy,ez,es)—store(vy,el,e3)’

and size(ez) < size(e), by induction, e; must step to a value in a finite
sequence of zero or more steps.
Then e = store(vr, ea, e3) must step to store(vy, va, e3) in a finite steps.

If e3 is not value, by (E-STORE3) rule ca—es

store(vy,v2,e3)—store(vy,vz,e})?

and size(es) < size(e), by induction, ez must step to a value in a finite
sequence of zero or more steps.

Then e = store(v, va, e3) must step to store(vi, ve,v3) in a finite steps.

For e = store(v, v2,v3), in case 6 we have prove it must step to a value in a
finite sequence of one or more steps.

Thus, we know e = store(eq, ea, €3) must step to a value in a finite sequence
of one or more steps.

For the other cases, the proof is similar.
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