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Abstract

We considershared memory systemsin which asyndronous processesooperate with ead other
by communicating via shareddata objects, such as counters, queues,stadks, and priority queues.
The common approad to implementing suc sharedobjects is basedon locking: To perform an
operation on a shared object, a processobtains a lock, accesseghe object, and then releases
the lock. Locking, howewer, has sewral drawbadks, including corvoying, priority inversion, and
deadlacks. Furthermore, lock-basedimplementations are not fault-tolerant: if a processcrashes
while holding a lock, other processesan end up waiting forever for the lock.

Wait-fr ee linearizable implementations were conceived to overcome most of the above draw-
badks of locking. A wait-free implemertation guaraneesthat if a processrepeatedly takes steps,
then its operation on the implemented data object will eventually complete, regardless of whether
other processesre slow, or fast, or have crashed.

In this thesis, we rst presen an e cien t wait-free linearizable implementation of a class of
object types, called closal and closabletypes, and then prove time and spacelower bounds on
wait-free linearizable implemertations of another classof object types, called perturbabletypes.

We preser a wait-free linearizable implementation of n-processclosedand closabletypes
(such as swap fetch&add, fetch&multiply, and fetch&, where is any of the boolean
operations and, or, or complemeni) using registersthat support load-link (LL) and store-
conditional (SC) as baseobjects.

The time complexity of the implementation grows linearly with cortention, but is never
more than O(log?n). We beliewe that this is the rst implemertation of a classof types(as
opposedto a speci ¢ type) to achieve a sub-linear time complexity.

We prove linear time and spacelower bounds on the wait-free linearizable implementations
of n-processperturbable types (such as increment fetch&add, modulo k counter, LL/SC
bit, k-valued compare&swap (for any k  n), single-writer snapshoj that use resettable
consensusand historyless objects (such as registersthat support read and write) as base
objects.

This improves on some previously known ( pﬁ) spacecomplexity lower bounds. It also
shaws the near spaceoptimality of someknown wait-free linearizable implementations.
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| had three piecesof limestone on my desk,

but | wasterried to nd that they required to be dusted daily,
when the furniture of my mind was all undusted still,

and threw them out the window in disgust.

Henry David Thoreau
Walden

But often, in the world's most crowded streets,
But often, in the din of strife,

There risesan unspealable desire

After the knowledge of our buried life;

A thirst to spendour re and restlessforce

In tracking out our true, original course;

A longing to inquire

Into the mystery of this heart which beats
Sowild, sodeepin us - to know

Whence our livescomeand where they go.

Matthew Arnold
The Buried Life

We shall not ceasefrom exploration
And the end of all our exploring

Will beto arrive where we started
And know the place for the rst time.

T.S. Eliot
Little Gidding
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Chapter 1

Intro duction

1.1 Background

In an age of pervasive in uence of the Internet on every aspect of the global society, the role of
distributed computation is greater than ever. With vast numbers of computers connected over
the Internet, algorithms that e cien tly syndironize concurrert accesse$o shareddata resources
by widely dispersedcomputerswill beincreasinglyimportant. This thesisstudies sudc algorithms
in the more modest setting of shared memory systems.

A widely acceptedmethod of syndchronizing concurrernt accesse®f a data resourceis by the
useof locks A processthat wants to accessthe data resource rst acquiresthe lock; when the
processhas completed using the data resource,it releasesthe lock. Sincethere is at most one
processholding the lock at any time, this approad enforcessequetial, exclusive accessto the
data resource. With this approad of lock-basal synchionization, a processP hasto wait for the
processQ that currently holds the lock to releasethe lock. The progressof P therefore depends
on the speedof Q. Furthermore, if Q crasheswhile holding the lock, P has no way of making
progress.

In this thesis, we study wait-free synchmonization. In contrast to lock-based syndronization,
wait-free syndhronization allows any processP to accessa data resourcewithout waiting for any
other processto perform any action. Consequetly, the progressof P is completely independent
of the progressof any other process. Even if all other processedave crashed,P can still make
progress.

We explain below the model of computation, the basic concepts,and the terminology.

1.1.1 Shared Memory System

We considera shared memory system where n processesommunicate through shared memory.
The systemis asynchionous There is no global clock that governs the speed of the processesn
the system. Therefore, a processmay be arbitrarily fast, or slow, in taking stepsto either access
sharedmemory, or perform local computation.

Shard registers in the memory support concurrert accessby n processes.An operation on
a sharedregister is atomic, i.e. the operation appearsto take e ect at oneinstant in time, even



though in reality it occupiesa time interval, and may therefore overlap with other operations on
the sameregister.

A sharedregister supports readand write operations. In addition, dependingon the architec-
ture, it may support somesyndironization instructions, sud astest& set, fetch&add, compare& swap,
LL (load-link) and SC (store-conditional). !

1.1.2 Shared Objects and their Implemen tation

In a sharedmemory system, processesieedto accessshareddata structures, les and databases,
either in the courseof their computation, or asa meansof communicating and syndironizing with
other processesClearly, suth shared objects are essetial in sud a system.

Sharedobjects include registers(which are usually implemented in hardware) and shareddata
structures, sudch as queues,stads, courters, heaps, les, databases(which must be implemened
in software). The type of a shared object O speci es O's behavior when operations are applied
sequetiially (without overlap) to O. Examplesof typesare: register supporting read and write;
register supporting compare&swap, read and write; queue;and courter.

The following are someexamplesof software implemenations of shared objects: implemert-
ing a shared queue, or a shared counter, using shared registers that support read write and
compare&swap; implementing a sharedregister that supports read, write and compare& swap,
using shared registers that support read, write, LL and SC. The object being implemented is
called the implementad object. The shared objects used in the implementation are called base
objects.

1.1.3 Lock-based, Wait-free, and Non blo cking Implemen tation

The common approacd to implemening shareddata objects is basedon locking: To perform an
operation on a sharedobject, a processobtains a lock, accesseshe object, and then releaseshe
lock. Locking, howewer, has seweral drawbadks, including corvoying (a desdeduled processthat
holds a lock causesother processego wait), priority inversion (a low priority processholds a
lock neededby a high priority process,and the low priority processis preempted by a medium
priority process),and deadlocks (ead of two processeswaits for a lock currently held by the
other). Locking also limits parallelism: even when operations update disjoint parts of the data
structure, they are applied sequetially, one after the other. Finally, lock-basedimplementations
are not fault-tolerant: if a processcrasheswhile holding a lock, other processesan end up waiting
forever for the lock.

Wait-fr ee implementations were conceived to overcomemost of the above drawbadks of locking
[Lam77, Her9]1]. A wait-free implementation guaranteesthat if a processrepeatedly takes steps,
then its operation on the implemented data structure will evertually complete, regardless of
whether other processesre slow, fast, or have crashed. By de nition, wait-free implementations
are free of corvoying, priority inversion, deadlocks, and are also resilient to processcrashes. A
wealer form of implementation, known as nonblacking implementation [Lam77], guaraneesthat
if a processP repeatedly takes steps,then the operation of some process(not necessarilyP) will

1These instructions are de ned in Section 2.2.



eventually complete. Thus, nonblocking implementations guarartee that the system as a whole
makes progress,but admit starvation of individual processes.

The locking and the lock-free (nonblocking/w ait-free) approadies o er dierent trade-os:
while lock-based implementations are susceptible to delays and lack fault-tolerance, lock-free
implemenrtations tend to have higher latenciesin practice. While lock-basedimplementations are
in widespreadusein all computer systems,lock-free implementations hold great promise for the
future.

1.1.4 Linearizabilit vy

Whether implementations are lock-basedor lock-free, they must ensurethat concurrernt operations
are linearizable i.e. they appear to take e ect in some serial order (no operation may seethe
\partial e ects" of another operation) [HW90]. Locking achieves this correctnesscondition by
explicitly serializing accesse$o the data structure. Herlihy proved a fundamertal result that this
correctnesscondition can also be achieved in wait-free implemenations [Her91]. Speci cally, he
preseried a universal construction|an algorithm that transforms the sequetial implementation
of any data structure into a wait-free implementation that multiple processesan concurrertly
access.

1.1.5 Deterministic and Randomized Implemen tation

In a deterministic implementation of a sharedobject, the next step that a processtakesis deter-
mined ertirely by the current state of the system. On the other hand, in a randomizel implemen-
tation of a sharedobject, the next step of a processmay additionally depend on the outcome of
a random evert, sud asa coin toss.

1.2 Contributions of the Thesis

This thesis consistsof two parts. In Part One, we presert an e cien t wait-free implementation

of a class of object types; In Part Two, we prove time and spacelower bounds on wait-free
implementations of another classof object types. (A preliminary version of Part One appearsin

[CJT98]. Part Two was rst publishedin a preliminary versionin [JTT96], and subsequefly in a
journal [JTTO0O].) The following is a brief summary of our results. (In the following subsections,
we provide detailed descriptions of our cortributions and their signi cance.)

We identify a classof object typesthat we call closal types Closedtypesinclude sewral
useful synchronization types,suc asswapand fetch&add We presen a wait-free algorithm
that e cien tly implements any closedtype, with a polylogarithmic worst-casetime com-
plexity. We beliewe that oursis the rst wait-free algorithm that implements a classof types
(as opposedto algorithms that implement a speci ¢ type) to achieve a sub-linear worst-case
time complexity.

We identify a classof object typesthat we call perturbable types Perturbable typesinclude
seweral well-known types,suc asfetch&add LL/SC bit and compare&swap We prove a lin-
ear lower bound on both the spaceand time complexity of any wait-free implemertation of

3



a perturbable type, where such an implementation usesonly hisE)orerss objects and consen-
susobjects. Our result improveson somepreviously known ( ~ n) spacecomplexity lower
bounds. It also shows the near space-optimality of someknown wait-free implementations.

1.2.1 A Polylog Time Wait-F ree Construction for Closed Ob jects

In this section, we state our rst result in detail. The designof wait-free implementations is intel-
lectually complex becauseof the needto simultaneously satisfy linearizability and wait-freedom.
Thus, it takesa great deal of e ort to designan e cien t wait-free implementation of ewvery type
of useful sharedobject. To addressthis di cult y, Herlihy proposedthe notion of a universal con-
struction, which we brie y describe below [Her91]. Universal constructions have sincereceived a
lot of researd attention [ADT95, AMTT97 , AM95a, AM95b, AD96, Bar93, Her88, Her91, Her93
IR94, JT92, M0oi97b, Plo89, ST95, TSP92].

An n-process universal construction is an algorithm that takes as parameter the transition
function of any type,? and has the following interesting property: if the parameter is bound to
the transition function of any type T, the algorithm becomesa wait-free implemertation of a
type T object that can be accessedconcurrertly by n processegHer91]. Thus, oncewe have an
e cien t universalconstruction U, any type of sharedobject canbe e cien tly implemented simply
by passingthe right parameterto U.

Unfortunately, the worst-casetime complexity of every existing n-processuniversal construc-
tion is ( n). In fact, for a fairly large classof universal constructions, namely, oblivious universal
constructions® ( n) is a lower bound on the worst-casetime complexity: to complete a single
operation on any shared object implemented using any oblivious universal construction, in the
worst casea processmust perform ( n) local computation [Jay98a].

Sinceuniversalconstructionswith sub-lineartime complexity do not seempossible,it is natural
to seeka sub-linear time \semi-universal" construction that can implemen a large classof types
(as opposedto all types). We presert such a construction in this thesis. Our cortribution is
described in the next subsection.

1.2.1.1 Our Contribution

We present a construction that implements a large class of types, which we call closal types
Informally, a type is closedif, for every pair (op® op®§ of operations of the type, there is another
operation op of the type such that executingophasthe samee ect on the state asexecutingop®fol-
lowed by op® For example, the type supporting write and fetch&add operations is closedbecause
(1) fetch&add(a) and fetch&addb) conmbine to fetch&adda + b), (2) write(a) and fetch&addb)
conmbine to write(a + b), and (3) for any operation op, op and write(b) conbine to write(b). We
will give many more examplesof closedtypesin Chapter 3. The highlight of our construction is
that it hasa polylogarithmic worst-casetime complexity and is alsoadaptive, as described below.

2For each state s and operation op, the transition function de nes the response and the new state that result
from applying opin state s.

3Roughly speaking, a universal construction is oblivious if it does not exploit the structure of the transition
function that its parameter is bound to (by, for instance, providing di erent implementations for dierent classes
of transition functions).



Let O be a shared object implemented using our construction. The contention (on O) at
time t is the number of operations executing on O at time t. Let op denote an execution of an
operation on O. The contention experienced by op is the maximum contention during the interval
in which op executed. If n is the maximum number of processeshat the construction is designed
for and n; is the contention experiencedby op, our construction guaranteesthat op terminates
in O(min(n¢;log? n)) steps. Thus, when cortention is low, the time complexity dependsonly on
the actual number n¢ of processesorntending simultaneously, rather than the maximum number
n of processeghat the construction is designedto handle. (Such constructions where the time
complexity dependson contention, and not on n, are known as adaptive constructions [ADT95].)
Furthermore, at all levels of cortention, the time complexity is boundedby a small value, namely,
O(log?n).

Jayanti characterized a classof typesand proved a lower bound of (log n) on the worst-case
time complexity of any implementation of atypefrom that class[Jay98b]. That class,it turns out,
corntains someclosedtypes. It follows that the worst-casetime complexity of O(log? n) achieved
by our construction is within a logarithmic factor of the optimal.

To the best of our knowledge,if we considerconstructions that canimplement a classof types
(as opposedto constructions that implement one specic type), this is the rst time that the
linear time barrier has beenbroken for the worst-casetime complexity.

1.2.1.2 Hardw are supp ort

Our construction assumeghat LL and SC operations can be performedon sharedmemory words.*
Real madhines do not directly support LL and SC operations, but this is not a problem because
there are constart time implementations [Moi97a, JP03] of LL/SC operations from hardware op-
erations supported by modern architectures, speci cally the compare&swap operation supported
by UltraSPARC [WG] and Itanium [Int02] and the \realistic LL/SC" operations (weak LL/SC

operations, with spurious failures) supported by POWER4 [TDF * 01], MIPS [Sys03 and Alpha
[Sit92)).

1.2.2 Time and Space Lower Bounds for Non blocking Implemen tations

In this section, we state our secondresult in detail. Nonblocking and wait-free implementations of
shared objects have beenthe subject of much researtr. While there have beenseeral results on
when sudh implemertations are feasibleand when they are not, results establishingtheir intrinsic
time and spacerequiremerts are relatively scarce,especially for randomized implementations. In
this thesis, we presen a technique by which one can obtain a linear lower bound on the space
complexity of seweral randomizednonblocking implemenrtations. The technique alsoyields a linear
lower bound on the time complexity of seweral deterministic nonblocking implemenrtations.

Speci cally, our results are asfollows. Let | be any randomized nonblocking n-processimple-
mentation of any object in setA from any combination of objectsin setB, whereA = fincrement,
fetch&add, modulo k counter (for any k  2n), LL/SC bit, k-valued compare&swap (for any
k n), single-writer snapshog, and B = fresettableconsensug[ fhistorylessobjectsg. (Roughly

4Since closedtypesinclude someuniversal types(see Example 5 of Section 2.3), a construction such as ours that
implements closedtypeswill necessarilyrequire support for universal instructions, such asLL and SC.
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speaking, an object is historylessif ead of its operations either doesnot a ect the state of the ob-
ject or overwrites the previously applied operations. Examplesinclude registers, test& set objects,
and swapregisters.) The spacecomplexity of | is at leastn 1. Moreover, if | is deterministic,
both its time and spacecomplexity are at leastn 1. Theselower bounds hold ewen if objects
usedin the implementation are of unbounded size.

Some of our lower bounds improve known Iowers)ounds, while others are completely new.
In particular, Fich, Herlihy & Shavit proved a ( ~ n) space complexity lower bound for a
randomized nonblocking n-processimplementation of binary consensusfrom historyless objects
[FHS93 FHS9§. Using this result, they shavedthat any randomizednonblocking n-processmple-
m%tation of compare&swap, or fetch&add, or boundead-counter from historyless objects requires
( " n) instancesof sud objects. Our results on compare&swap, fetch&add, and bounded-counter
are stronger in two ways: (i) we shav that at leastn 1 objects are necessaryand (ii) we show
that n 1 objects are neededewen if the implementation is free to use resettableconsensusob-
jects, besidesthe historyless objects allowed by [FHS93 FHS98. On the other hand, our lower
bound technique appliesonly to implementations of \m ultiple-use" objects in which ead process
can accessthe implemented object many times. In cortrast, the technique of Fich, Herlihy, and
Shavit applies even to implementations of \single-use" objects. Thus, our proof technique %oes
not (and cannot) improve on the main result of Fich, Herlihy & Shavit, namely, their ( = n)
spacecomplexity lower bound for a randomized nonblocking n-processimplemerntation of binary
consensus.

Our result also implies that the following deterministic implementations in the literature are
almost space-optimal.

1. Afek et al. give two wait-free implementations of a single writer snapshotobject consisting
of n segmets, ead one written by a dierent process: one from unboundel registers and
one from boundal registers [AWW93]. The one that usesunbounded registersis of space
complexity n. We prove a lower bound of n 1.

2. Aspnes gives a wait-free implementation of an n-processbounded-counter from a single
instance of a single writer snapshotobject [Asp9(.. Combined with the above result of Afek
et al., this implies that bounded-courer can be implemented from n unbounded registers.
We prove that at leastn 1 registers are necessarywhen the bounded-courter is a modulo
k courter, wherek 2n.

In both casesabove, the lower bound of n 1 is particularly appealing becauseit appliesto
even randomized nonblocking implementations while the upper bound of n holds for deterministic
wait-free implementations.

In fact, the lower bounds proved here (and the lower boundsin [FHS93 FHS98]) apply not just
to nonblocking implementations, but to any implementation satisfying a weaker progresscondition
called solo-termination, de ned in [FHS98. Roughly speaking, a deterministic implementation
is solo-terminating if at every con guration C in a system execution the following holds for all
processes: if p runs alone from C, p's operation on the implemented object will evertually
complete. For a randomized implementation to be consideredsolo-terminating we require that
for all C and p, if p runs alone from C there is at least one sequenceof outcomesfor p's coin
tossesthat will enablep to completeits operation on the implemented object.
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It is well-known that a wait-free implementation is also nonblocking. It is clear that a non-
blocking implementation is also solo-terminating. Thus, the lower boundsthat we prove here for
solo-terminating implementations apply alsoto nonblocking and wait-free implementations.

There is a large body of researt on algorithms for syncironous parallel computers (such
as the PRAM model, the mesh, perfect shue and hypercube architectures) that has resulted
in many algorithms whosetime complexity is polylogarithmic in the number of processors. In
contrast, for the asyndironous model of computing, wait-free algorithms of polylog complexity are
rare ([Cha96, Aum97] and the algorithm in Part One of this thesis ([CJT98]) are somenotable
exceptions). In fact, our lower bound implies that for deterministic wait-free implemenrtations
of many common objects from certain base objects, there are no algorithms of sub-linear time
complexity, let alone polylog complexity.

Our proof technique for the lower bounds is general in that we have successfullyapplied
it to implementations of a variety of objects. The technique is also interesting because(i) it
simultaneously yields a lower bound on time and spacecomplexities of implementations, (ii) the
lower bound on spacecomplexity holds even for randomized implementations, and (iii) the lower
bounds apply not just to nonblocking or wait-free implementations, but to any implementation
satisfying the weaker solo-termination progresscondition.

1.3 Organization of the Thesis

The model of computation is preseried in Chapter 2.

Part One of this thesis consistsof three chapters: Chapter 3 preseris an unboundedimplemen-
tation of closedobjects that requires unbounded shared memory. Chapter 4 preseris a bounded
implemenrtation, basedon the unboundedimplemenation. Chapter 5 describesthe enhancemen
to the boundedimplemertation that is neededto make its time complexity contention-sensitive.

Part Two of the thesisis in Chapter 6, where we prove the lower bounds on nonblocking and
wait-free implementations of perturbable objects.



Chapter 2

Mo del

In this chapter, we de ne the model of computation and the sharedobject typesthat we encourter
in this thesis.

2.1 Object Type

An object type T is a tuple (OP;RES;Q; state; resp), Where OP is a set of operations, RES is a
set of responses,Q is a setof states, saate : Q OP ! Q is astate transition function, and resp :
Q OP ! RES is aresponsefunction. Informally, if sae( ;op) = Cand resp( ;0P) = res,
applying operation op to an object in state causesthe object to move to state %and return the
responseres. ( state; resp) IS known asthe sequential speci ¢ ation of type T.

2.2 Common Object Types

We provide the de nitions of somecommon object typesbelow.

2.2.1 Test&Set

A test&set object O is a bit that supports two operations: test&set and reset The operation
test&set setsthe state to 1, and returns the old state of O. The operation resetsetsthe state to
0, and returns ack

2.2.2 Swap

A swapobject O is a register that supports read and swap The operation read has the standard
semartics. We now de ne swap(u). Let the old state of O be w, then swap(u) causesthe new
state to becomeu, and returns w.

2.2.3 Compare&Sw ap

A compare&swap object O is a register that supports read, write, and compare&swap The
operations read and write have the standard semarics. We now de ne compare&swap (u;v). If
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the old state of O is u, then the new state after compare&swap (u; V) is v, and the operation
returns true. If the old state of O is not u, then the state after compare&swap(u; v) is unchanged,
and the operation returns false

2.2.4 Fetch&Add

A fetch&add object O is a register that supports read, write, and fetch&add The operations read
and write have the standard semariics. We now de ne fetch&add (a). If the old state of O is X,
then the new state after fetch&add (a) is x + a, and the operation returns x.

2.2.5 Increment

An incrementobject is a restricted form of a fetch&add object that supports only read, write, and
fetch&add (1).

2.2.6 Fetch&Multiply

A fetch&multiply object O is a register that supports read, write, and fetch&multiply. The oper-
ations read and write have the standard semartics. We now de ne fetch&multiply (a). If the old
state of O is x, then the new state after fetch&multiply (a) isx a, and the operation returns x.

2.2.7 Fetch&

A fetch& object O is a register that supports read, write, and fetch&, where is the logical
and, or, or complement The operations read and write have the standard semartics. Let the old
state of O be x. fetch&and (a) causesthe new state to becomex * a (bit wise conjunction), and
returns x. fetch&or (a) causesthe new state to becomex _ a (bit wise disjunction), and returns x.
fetch&complementcausesthe new state to becomethe bitwise complemern of x, and returns x.

2.2.8 LL, SC, and VL

Our construction for closedobjects (in Part One) usessharedregistersthat support LL, SC, VL,
readand write asbaseobjects. The formal speci cation of such aregisterr is givenin Figure 2.1.
We now describe the behavior of r. The state of r is a pair (value(r), Pset(r)), where value(r)
is the value of the register r, and Pset(r) is a set of processedo be de ned shortly. An update
to value(r) takes place whenewer an operation writes successfullyto r. Thus, it is possiblethat
an update to value(r) doesnot changethe value of r. Pset(r) is the set of processeghat have
executeda LL operation on r sincethe most recent update to value(r).

Supposep; executesLL(r) when value(r)=x, Pset(r) = S. Then, after LL(r), value(r)=x,
Pset(r)=S[ fPg, and x is the value returned.

Supposep; executesVL(r) when value(r)=x, Pset(r) = S. VL(r) doesnot changethe state
of r. VL(r) returns true if P 2 S, and returns false otherwise. Thus, VL(r) indicates whether
value(r) has beenupdated sincep;'s most recert LL(r).

Supposep; executesSC(r;v) when value(r)=x, Pset(r) = S. The operation SC(r;v) suweeds
if P 2 S; otherwise, SC(r; v) fails. (SC(r;v) succeedsf value(r) has not beenupdated sincep;'s



LL(r) SC(r;v) read(r)

Pset(r) := Pset(r) [ fpig if p 2 Pset(r) return value(r)
return value(r) value(r) := v

Pset(r) = ; write(r;v)
VL(r) return true value(r) := v
if pi 2 Pset(r) return true else return false Pset(r) := ;

else return false

Figure 2.1: Speci cation of register r supporting fLL; SC; VL ; read; writeg by processp; (1 i n)

most recert LL(r); SC(r;v) fails otherwise.) If SC(r;v) succeedsthen the new state of r is (v;;),
i.e. the new value of r is v, and Pset(r) is setto ; (becausevalue(r) hasjust beenupdated). A
successfulSC(r; v) returns true. If SC(r;v) fails, then the state of r is unchanged, and SC(r;v)
returns false

A write operation write(r;v), or equivalertly, r := v, changesthe state of r to (v;;), i.e. the
new value of r is v, and Pset(r) is setto ; (becausevalue(r) has just beenupdated). A read
operation on r doesnot changethe state of r, and returns value(r).

2.2.9 Resettable Consensus

We now de ne the typeresettable consensus. The state of O is either ? or a natural number.
O supports three operations: proposev, wherev is a natural number, read, and reset read simply
returns the current state of O, leaving the state unchanged. resetsetsthe state of O to ?, and
returns ack. The behavior of O when proposev is applied dependson the old state of O: If the
old state is ?, the new state becomesv, and v is returned. If the old state is u (some natural
number), then the state is unchanged, and u is returned. (In either case,the value returned is
the rst valueto be proposedafter the most recen reset)
Formally, the type resettable  consensus is (OP; RES; Q; state; resp), Where

OP = fread,reseg[ fproposevjv 2 Ng, whereN is the set of natural numbers
RES = N [ fackg,

Q=N[ fzg

state; resp are as follows:

{ Forallu2 Q, state(u;read)= u, resp(u;read) = u;

{ Forallu2 Q, state(u;resed = ?, resp(u;resed = ack;

{ state(?;proposev) = v, resp(?;proposev) = v,

{ Forall u2 N, state(U; proposev) = U, resp(U;proposev) = u.
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Resettableconsensusvas rst de ned by Herlihy [Her88, Her91], but included only the propose
and resetoperations. We addedthe read operation to make our lower bound result stronger. Our
de nition of resettable consensuss similar to the sticky bit de ned by Plotkin [Plo89].

2.3 Closed and Closable Types

We say that operations op® and op®°combine to op, denoted by opON op®%= op, if for all s2 Q we
have siate (S;0P) = state ( state (S;0P9); 0p%. That is, from any state s, applying op results in the
samestate as [st applying op® and fhen applying op® (There js no constraint on resp(s;0p).)
We note that is assaiative: (opr op) opz=opr (op2  op3). The tKPeT is closd fif,
for all ordered pairs (op®> op®y 2 OP  OP, there exists op2 OP sud that op® opOO:Nop.

We restrict our focus to closed types for which the functions state, resp, and can be
computed in O(1) time, and a state or an operation can be stored in a small constart humber of
madine words.

A type T?= (OPSRES® Q% Jate; Fesp) is @ super type of T = (OP;RES;Q; state; resp) if
OP? OP;RES? RES;Q° Qand,forall (s;op) 2 Q OP,wehave 3 (S;0p) = state (S;0p)
and Pesp(s;op) = resp(S;0p). AtypeT = (OP;RES;Q; state; resp) IS closableif it hasa closed
supertype T%= (OPSRES® Q% 2ue; fesp) Of T. Each operation in OP? OP is called a closing
operation of T.

Notice that wheneer a sharedobject of a closabletype T is desired,onecaninsteadimplemert
a shared object of a closedsuper type of T. Thus, the construction presened in this paper for
closedtypes,is also good for implemerting closabletypes. The following are examplesof closed
or closabletypes (some examplesare taken from [KRS86]):

1. The test&set object is clearly closed.
2. The type supporting swap and read operations is trivially closed.

3. The type supporting fetch&add (F&A), read, and write operations is closed, as veri ed
below:
N
F&A(a) F&A(b) = F&A(a+ b)
N
write(a) F&A (b) = write(a+ b)
For any operation op, op  write(a) = write(a)
For any operation op, op read=read op= op
4. Considerthe type supporting read and all of the operations in the fetch& family, where
is the logical and, or, or complement

We claim that the above type is closable: to closethe type, add the operation closing-
op(a; b;f), where the argumerts a and b are bit vectors (of the samelength as the state)
and f is a boolean. This operation changesthe current state x as follows: if f is false, the
new state is (a” x) _ b; otherwise the new state is (a” X) _ b, where”™ and _ are bitwise
logical operations, and X is the bitwise complemen of x.

11



To seethat this type is closed,we rst obsene that, with respect to the resulting state,
fetch&and, fetch&or, and fetch&complement are all instancesof closing-op(a; b;f ). For ex-
ample, fetch&and(c) = closing-op(c;0; false), where 0 is the vector 00...00. It su ces there-
fore to show that two closing-ops combine to a closing-op. Sincea closing-op consistsof three
componert logical operations: complement (optional, depending on the thirﬂ parameter of
the closing-op), apd, and or, we needto shawv only that closing-oda;b;f) fetch&and(c),
closing-ofa; b;f ) fetch&or(c), closing-ofa; b;f) fetch&complementare closing-ops. This
is indeed the case,as shavn by the following easily veri ed facts:

N
closing-ofga; b;f)  fetch&and(c) = closing-oga” c;b” c;f)
N
closing-ofa; b;f )  fetch&or(c) = closing-oga;b_ c;f)
closing-ofa;b;f)  fetch&complement= closing-opb;a _ b;f)

With thesefacts, we seethat an object that supports read and all of the operations in the
fetch& family is indeed closable.

. The type supporting all of read, swap fetch&add and fetch&multiply . Here again we close
the type by adding the operation closing-op(a; b) which, when applied in state x, changes
the state to ax + b. We note that, with respect to the resulting state, fetch&add and
fetch&multiply are instancesof closing-op(a;b). With this closing-op, the typeis closed,as
veried below:

closing-op(a; b)N closing-op(c;d)= closing-op(ac;bc+ d)
swafga) closing-op(c;d)= swagac+ d)

For any operation op, op swaga) = swagda)

For any operation op, op read= read op= op

. The typewhosestate consistsof a pair of values(x; y), and supports the following operations
(for eadh operation, the state immediately before the operation is assumedto be (X;Y)):
move; changesstate to (x; x), move, changesstate to (y;y), swap changesstate to (y;x),
write 1(z) changesstate to (z;y), write »(z) changesstate to (x; z), write (z; z% changesstate
to (z;z9, and read returns (x; y).

We de ne the following closing-of(l;r), wherethe value of I, andr is either X, Y, (X;Y are
special symbols), or somevalid value v. Let the state of the object beforeclosing-op(l;r) be
(x;¥). Let v beavalid value. Then, the state of the object after closing-op(l;r) is de ned
as follows: (* denotesthat the componert is not de ned.)

the state of the object after closing-op(X; ) is (X; ).

the state of the object after closing-op( ; X) is ( ;X).

the state of the object after closing-op(Y; ) is (y; ).

the state of the object after closing-op( ;Y) is ( ;Vy).

the state of the object after closing-op(v; ) is (v; ).
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the state of the object after closing-op( ;V) is ( ;V).

It is easyto verify that all the operations, sudh as moves;write, are instancesof closing-
op(l;r). The rules for combining two closing-ops are:

closing-op(e;f)N closing-op(X; ) =closing-op(e; ).
closing-op(e;f)  closing-op( ; X) =closing-op( ;e).
closing-op(e;f)  closing-op(Y; ) =closing-op(f; ).
closing-op(e;f)  closing-op( ;Y) =closing-op( ;f).

closing-op(e;f)  closing-op(v; ) =closing-op(v; ).

Zz Z2 Z2 2

closing-op(e;f)  closing-op( ;Vv) =closing-op( ;V).
Therefore, our type is closable. Unlik e previous examples,this type is universal [Her91]. 1

Thus, there is a lot of variety among closed and closable types: there are comnutativ e,
overwriting, non-comrrutativ e and non-overwriting, and universaltypes. Further, asthe examples
have shown, this classincludes many commonly used syndironization objects. Our construction
implemerts all of thesein polylog time.

2.4 Historyless Types

Let op( ) denote siae ( ;0p). The following de nitions are from Fich et al [FHS98. An operation
opistrivial if its application doesnot a ect the state; that is, for all states , op( ) = . Operation
op’overwrites operation opif applying opand then op®results in the samestate assimply applying
op® more precisely for all states , op{op( )) = op{ ). A typeis historylessif all its nontrivial
operations overwrite one another. A test&set object, and a register that supports read, write and
swap are examplesof historylesstypes.

Prop osition 1 For a historylesstype, the following statementsare true:

1. For all states , nontrivial operations opx and nite sequen@sopc 1 op; of operations,
op(opc 1( opu( ) ) = ope( ).

2. For all states and nite sequen@sopcopc 1  opy of trivial operations,
op(opc 1( op( ) ) =

Pro of By a simple induction on the length of the operation sequence. 2

YUniversal typesare de ned in Section 2.7.
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2.5 Implemen tation

A randomizal implementation is speci ed by the following elemers:

the type and the initial state of the implemented object O (the initial state of O is a state
of its type).

a set of randomizal accessprocedures apply (pj;op;0), for 1 i n and op 2 OP, where
OP is the set of operations assaiated with the type of O.

The accessprocedure apply (p;i; op;O) speci es how p; should executethe operation op on O
in terms of operations on Ogy;:::;On. The value returned by the procedureis deemedto be
the responsefrom O. We call Oy;:::; Oy the base objects of the implementation. The space

and has a distinguished input variable op-list;. This variable is an in nite sequenceof operations
opy; opp; : ;- where ead op is an operation supported by O. 2 Each p; performs the following
actions repeatedly forever. obtain the next operation op from op-list; and execute the access
procedureapply (pi; op;O) until it returns.

Let coinsp ace be a non-empty countable set of all possibleoutcomesof a coin toss, where
the probability of ead outcome in the set is non-zero, and the sum of the probabilities of all
outcomesis one. The state of p; consists of a pointer to the operation op in op-list; that p;
is currently executing on O, its program counter (i.e. the Line of apply (pi;op;O) that it is
executing), and the values of p;i's local registers (as speci ed by apply (pi; op;0)). Processp;
executesapply (pi; op;O) in steps Eacdh step consistsof the following sequenceof actions, all of
which occur together atomically:

pi tossesa coin. (All coin tossesare independert.) Let toss-outome 2 coinsp ace denote
the outcome of this toss.

toss-out@me and p;'s current state uniquely determine an operation oper and a baseobject

O; that oper should be applied to. Accordingly, p; performs somelocal computations, then
applies oper to O;.

O; changesstate and returns a response. The new state of O; and the responseare uniquely
determined by the sequetial speci cation of O;.

2op-list; or a nite pre x of op-list; is the sequenceof operations that p; applieson O. The sequenceof operations
that pi applies on O may be decided by pi dynamically (i.e. it doesnot needto be xed during initialization).
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The responsefrom O;, together with toss-outome and p;'s current state, uniquely determine
the local computations that p; now performs, and the new state of p; after these local
computations. It is possiblefor the procedureapply (pi; op;O) to terminate, returning some
response. In this case,the new state of p; re ects both the fact that the accessprocedure
terminated and the responsereturned by the accessprocedure. Further, p;'s step enabled
from this state correspondsto the rst step of the accesgrocedureapply (pi; op®> O), where
op’is the operation that immediately follows op in op-list;.

Thus, in onestep, a processappliesone operation on a baseobject, and performssomenumber
of local computations.

A deterministic implementation is a special caseof a randomized implementation for which
coinsp ace, the set of possibleoutcomesfor a coin toss, is a singleton set.

A con guration of (pg;:::;pn;O) isatuple ( 1;:::; niremg;:::;remy; 1;:::; m), where jis
a state of pj, rem; isasu x of op-list; (and correspondsto the in nite sequenceof operationsthat
pi is yet to initiate on O), and ; is a state of baseobject O;. We note that the implementation
speci es a unigue initial state for ead baseobject and a unique initial state for ead process
pi. It follows that the initial con guration is uniquely determined by an assignmen of in nite
sequence®f operations to the input variablesop-list; (1 i n). An exeution fragment from
con gur ation Cq of (p1;:::;pn;O) is a nite or in nite sequenceCyp; Cy; Cy;::: of con gurations
sudh that, for all k 0, Cy+1 is the con guration that results when someprocessperforms a step
in con guration Cy. An execution, or arun, is an executionfragmert from an initial con guration.

and ead t; is from coinsp ace. If C isaconguration and = [pj,;t1];[pi,;t2];::: is a schedule,
exec (C; ) denotesthe executionfragment Cg; Cy; Cy;::: whereC = Cpy and eat Cy results from
Cx 1 whenp;, takesa stepin which the outcomeof p;, 's tossis tx. A con guration C is reachable
if there is someinitial con guration Cp and a nite schedule sudh that the con guration at the
end of exec (Cp; ) is C.

An implementation is correct if it hastwo properties|linearizabilit y (safety property) and a
livenessproperty (wait-freedom in Part One, solo-termination in Part Two). Theseproperties are
described next.

2.6 Linearizabilit y

apply (pi; op;0). We say that opis completein E if the procedureapply (pi;op;O) terminates in
E. We say that opis incompletein E if apply (pi; op;O) doesnot terminate in E. An execution

(possibly all) of the incomplete operations in E, suc that:
for every operation op (say) by processp; (say) in S, the operation appearsto take e ect

at someinstant during the execution of apply (p;; op;O) (in other words, operations in S
appear atomic).
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no other operation takese ect.

The order in which the operationsin S take e ect is called the linearization order.

2.7 Wait-freedom

An implementation whose accessproceduresnever terminate is trivially linearizable. Sud an
implemertation, howewer, is not likely to be useful. Thus, in addition to linearizability, imple-
mentations should guarantee certain progressproperties. Wait-fr eedom and nonblackingnessare
the progressconditions that received the most attention recenly [HS93. In this thesis, we presen
only deterministic (and no randomized) wait-free algorithms. Thus, we de ne wait-freedom here
in the restricted context of deterministic algorithms.

An implementation of object O is wait-free if the following holds: Let E be any executionin
which processp; takesin nitely many steps. Then every operation by p; in E is complete.

A type T is universal [Her9]] if it is possibleto implement, wait-freely and deterministically,
an object of any type using only registersthat support read and write, and objects of type T.

2.8 Solo-termination

In Part Two, we consider a progressproperty for a randomized implemertation that is weaker
than wait-freedom and nonblockingness: it is called solo-termination, rst de ned in [FHS9§|.
An implemenrtation has the solo-termination property if for ead reacable con guration C and
eadh processp the following holds: if p runs alone from con guration C, then there is at least
one sequenceof outcomes for p's coin tossesthat will enable p to complete an operation on
the implemented object. More precisely a randomizal implementation of O is solo-terminating
if, for all reachable con gurations C and all processesp;, there is some nite scedule =

probability of ead t; is non-zeroby de nition, there is a non-zeroprobability of p; completing an
operation on O when p; runs alone from C.)

The lower bounds provedin Part Two apply to solo-terminating (and therefore to nonblocking
and wait-free) implementations.

2.9 Notation

For a schedule , | j denotesits length. We say  contains processp if, for somet, [p;t] is in the
sequence . pset ( ) denotesthe setof all processesortained in . If and areany schedules,
denotesthe schedule which is the concatenationof and
If isaset, denotesthe setofall nite sequence®sfelemerns from (including the empty
In our proofsin Part Two, when we considera system (p1;:::;pn;O) (where O is an object

say Co, right at the beginning of the proof by specifying the initial values of the input variables

16



op-listi (1 i n). Sincethe initial con guration is xed, eath scedule 2 (fpi;:::;png
coinspace) uniquely determines the execution exec (Cp; ). Therefore, for brevity, if is a
schedule, we will usethe samesymbol to also denote the execution exec (Cqo; ). From the
context it will be clear whether refersto the schedule or to the execution. If and are
schedulesand S is a set of processe®r a set of baseobjects, We write s |if, forall A2 S,
A is in the samestate at the end of the executions and

2.10 Shared-access and Local Time Complexit y

Let op be a complete operation applied by p; in execution E. The shard-acesstime complexity
of operation op (in E) is the total humber of operations that p; performs on the base objects
(equivalently, the number of steps p; takes) in executing apply (p;; op;O) in E. The local time
complexity of operation op (in E) is the total number of local computations that p; performsin
executing apply (p;; op;O) in E.

The shared-accesstime complexity of an implemertation is the maximum shared-accessime
complexity of an operation, over all complete operations in all executions,. The local time com-
plexity of an implementation is the maximum local time complexity of an operation, over all
complete operations in all executions.

2.11 \Just Completes” and Solo-T ermination Time Complexit y

Let E be any execution fragment of (p1;:::;pn;O), where O is an object implemented using a
randomized implementation. We say processp; just completesan operation on O in E if in its
last stepin E, p; returns from an accessprocedure completing an operation on O.

The solo-termination shared-acesstime complexity of a deterministic implementation of O is

such that (1) is a schedule that cortains only p;, and (2) in exec (C; ), pi completesexactly
one operation on O and, in fact, just completesit.

We note that if the solo-termination shared-accessime complexity of a deterministic imple-
mentation of O, for any deterministic solo-terminating implemertation of O, is at least k, then
the shared-accestime complexity of any deterministic nonblocking (or wait-free) implementation
of O is also at leastk.
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Chapter 3

Un bounded Construction for Closed
Ob jects

3.1 Intro duction

In this Chapter, we presernt a construction for closed objects, using registers that support LL,
SC, read and write asbaseobjects. It deviatesfrom the nal algorithm that we shall presert in
Chapter 5 in two ways:

1. It requiresunboundedsharedmemory. Speci cally, it requiresthat ead processhasa pool
of unbounded number of cells.

2. It is not cortention-sensitive: both its shared-accesgime complexity and its local time
complexity are O(log?n).

We approad our nal algorithm, which requiresonly boundedsharedmemory, and is cortention-
sensitive, in two stages:In Chapter 4, we presert an enhancedversion of the unboundedalgorithm
in this Chapter. It requires only bounded shared memory. Howewer, it is still not contention-
sensitive. Chapter 5 preserns the modi cation that makesour construction contention-sensitive.

3.2 Informal Description of the Construction

This section provides the intuition for how our construction works. We dewelop the ideas, the
data structures, and informally argue the correctnessof the construction.

3.2.1 Binary Tree Preliminaries

Let n be the number of processesn the system. We assumethat n is a power of 2. All trees
consideredin this section are binary trees and are of height at most logn. We say a tree is fully
formed if its height is exactly logn. We use the standard de nition that a tree is complete if
all leaves are at the samelevel and all interior nodes have two children. Below, we describe our
schemeto number the nodesof a tree [Knu73].
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(a) A fully formed tree, (b) Numbering a fully formed tree that is not complete, (c) A non-fully formed tree.

Figure 3.1: Examples of trees

First, we describe the scheme for a complete, fully formed tree. Figure 3.1(a) shavs sud a
tree for n = 4. We assignthe number 1 to the root and number the remaining nodesbreadth- rst.
The number assignedto a node s its position in the tree. Our numbering schemecauseghe leaves
to be at positionsn;n+ 1;:::;2n 1. In particular, the Pth leaf (we considerthe leftmost leaf
to be the Oth leaf) is at position n + P. Also, the parert of a node at position i, wherei 6 1, is
at position bhi=2c, and the left child and the right child of a node at position i are at positions 2i
and 2i + 1, respectively.

The above numbering scheme can be extended to fully formed trees that are not complete.
Figure 3.1(b) preserns sud atree (assumingn = 4). The position of a node in sudc atree is the
number that would be assignedto it if the tree were complete. Thus, the position of the leaf in
the exampletree is 6.

Finally, consider a tree that is not fully formed. For example, if n = 4, the tree in Figure
3.1(c) is not fully formed. In our algorithm, a non-fully-formed tree of height h will grow by
getting a new root, thus becominga sub-tree in a tree of height h+ 1. (Thus, a leaf will always
remain a leaf, asthe tree grows.) Sincethere are multiple ways in which suc a tree can be grown
into a fully formed tree, it is impossibleto determine the positions of the nodeswithout further
information. Howeer, if the position of any one node is given, the positions of others can be
easily determined. For example, if (for the tree in Figure 3.1(c)) the rightmost leaf is givento be
at position 5, we can infer that its parent is at position 2 and the other leaf is at position 4.

3.2.2 How Operations are Represented

We now proceedto describe the shareddata structure that represerts all the operations that have
sofar beenapplied on O, and their linearization order. As a processP invokesan operation op, it
accesseand modi es the data structure, in order to register the fact that op needsto be properly
linearized. Once op has beenlinearized, P can compute the correct responseof O to op. More
than one processmay compete to take stepsto modify the shareddata structure in incompatible
ways. Our construction handlessud race conditions, sothat the resulting data structure remains
always correct.
We now describe our data structure. A cell is a shareddata structure with many elds. A eld

holds such information asan operation, a state of O, or a pointer. Cells are organizedinto binary
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Figure 3.2: A snapshotof data structure

trees. The complete data structure consistsof a sequenceof fully formed trees, and a collection
of non-fully formed trees.

Each processP hasits own pool of unusedcells. As and when P needsa new cell to install
into the data structure, it createssuc a cell from its pool of cells. Figure 3.2 shavs an example
for n = 4. Here TreesA, B and C are fully formed, while TreesD and E are not. The sequence
of fully formed treesis: TreesA, B and C. TreesD and E are not ordered. (The number at a cell
indicates its position in the tree; the letter inside a cell is the operation stored in that cell; and a
black squareinside a cell denotesa nil pointer.)

Recallthat n;n+ 1;:::;2n 1 arethe leaf positions (in a complete, fully formed tree). In our
construction, the leaf at position n+ P of atree, if it exists, is assa@iated exclusivelywith process
P (processesre numberedQ;1;:::;n 1). In particular, if atree hasa cell at position n+ P, that
cell wasintroducedinto the data structure by processP and it storesan operation from process
P. Thus, Tree A (in Figure 3.2) cortains operations from all four processeg§ operation a from
Process0 (at position 4), operation b from Processl, and operations ¢ and d from processe2
and 3, respectively. TreeB cortains only oneoperation | operation e from Process3 (looking at
the shape of this tree, we know that the only leafis at position 7 and hencecortains an operation
from Process3). Tree C cortains two operations | operation f from ProcessO and operation
g from Process2. Tree D is not fully formed (since its height is lessthan logn). In fact, given
that this tree hasonly one cell sofar, it would be normally impossibleto say what the position
of this cell is. Our construction, however, ensuresthat ead tree grows bottom-up | from leaves
to the root. Thus, one can concludethat the lone cell in Tree D will eventually be a leaf (in a
fully formed tree). As already mentioned, our construction also ensuresthat a leaf created by
processP will be at position n+ P of a fully formed tree. Thus, assumingthat the cell in Tree D
was created by Processl, we indicated its position as5 (in a fully formed tree that this cell will
eventually be a part of). TreeE in the gure is alsonot fully formed. It contains one operation
| operation i from Process3.

3.2.3 Linearization Order

In our construction, an operation takese ect the momert it becomesa part of a fully formed tree.
Thus, in our examplein Figure 3.2, operations a through g took e ect, but operationsh andi did
not. All fully formed treesform a total order , accordingto the times their cells at position 1
are formed: at the momert a tree becomesfully formed by getting a cell at position 1, it becomes
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the last tree in . Operations that took e ect are linearized according to the following rules: if
Tree A precedesTree B in , then all operations in Tree A are linearized before any operation
in Tree B. Operations within a tree are linearized in the natural left to right order on the leaves.
Thus, in our example, a;b;c;d;e;f;g is the linearization order. Sincethe two non-fully-formed
trees (TreesD and E) can grow to becomefully formed treesin many ways, it is possiblethat
operation i may precedeh, and be separatedfrom h by other operations, in the nal linearization
order.

3.2.4 Growing Trees Bottom-up

In our construction, when a processP wishesto apply an operation op on the implemented object,
P gets a cell from its private pool of cells, stores op in the cell, and createsa tree out of this
single cell. (Tree D in Figure 3.2 is an example of such a tree: here Processl has just created
a tree out of its operation cell.) P then makesan e ort to grow this (single-celled)tree into a
fully formed tree (of height logn) in which its operation cell will be a leaf at position n+ P. We
already mentioned that P's operation takese ect only after its operation cell becomesa leaf of a
fully formed tree. Sincea processreturns from its operation only after the operation takese ect,
our construction satis es the following property:

Completion Rule : A processP returns from its operation only after its operation cell is
a leaf (at position n + P) of a fully formed tree.

Our construction also ensuresthat a tree always grows bottom-up. Speci cally, the construc-
tion satis es the following property:

Bottom-up Rule : If Cisacellin atree, then the subtreerooted at C doesnot subsequetly
change.

For example, considerTree E in Figure 3.2. The parent of the cell containing operation i has
no left child. By the bottom-up rule, this cell will never get a left child in the future.

It is immediate from the bottom-up rule that a fully formed tree never subsequetly changes:
there won't be any addition or removal of cells from a fully formed tree. This fact implies that
our linearization order respects operation precedenceas we argue now. Considertwo operations
op and op? such that op precedesop’ (i.e., op returns before op? is invoked). By the completion
rule, when op®is invoked, op is already a leaf of a fully formed tree. Sincefully formed trees never
subsequetly change, op’ becomesa leaf in a later tree. As a result, by our linearization rule, op
is linearized before op® as required.

3.2.5 How a Pro cess Mak es Progress

To understand how processesmake progress, let us consider a speci ¢ example: suppose that
Process0 invokesthe operation j and runs alone from the con guration depicted in Figure 3.2.
(In Figures 3.3(a)-3.3(c), we will depict the sequenceof changesto the con guration. Sincethe
three fully formed trees are a part of all of these con gurations, we will not repeat them in these
gures.) Process0 createsa (single-celled)tree cortaining its operation cell (Figure 3.3(a)). The
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(a) Process 0 creates an operation cell for j, (b) Process 0 creates a cell whose left and right children are j and h,
(c) Process O creates a cell at position 1. j has now taken effect.

Figure 3.3: Example of a processmaking progress

next goal of Process0 is to make this operation cell a leaf (at position n+ P = n) of a fully formed
tree; i.e., to get this cell a parent (at position b(n+ P)=2c = n=2), then a grandparent (at position

b(n+ P)=4c = n=4), then a parent for the grandparert and soon, until its operation cell haslogn

ancestors. Thus, the immediate subgoalis to get a parent for its operation cell (containing the

operation j). Sincethe parent will be a cell at position b(n+ P)=2c, which in our exampleis 2, the

parent can potentially have two children: oneat position 4 and another at position 5. Therefore,
Process0 cheds if there is already an unparented cell at position 5 and nds the operation cell
containing h. Soit createsa cell whoseleft and right children are the operation cells containing

j and h, respectively (Figure 3.3(b)). Process0 then proceedsto get a parernt (at position 1) for

this new cell. Sincea cell at position 1 can potentially have cells at positions 2 and 3 asits left

and right children, it cheds if there is an unparented cell at position 3. Sincethere is suc a cell,
it createsa cell at position 1 as shavn in Figure 3.3(c). At this point, the operation j of Process
0 hastaken e ect. So have the operations h and i of processesl and 3: the steps of Process0
have helped them take e ect aswell.

The above example also roughly suggestswhy our shared-acces&nd local time complexity
has a logarithmic, rather than linear, dependenceon n.

To understand certain intricacies of our construction, let us consideranother example: a run,
again starting from the con guration in Figure 3.2, in which the stepsof Process0 and Processl
interleave. (We will depict the sequenceof changesto the con guration in Figures 3.4(a)-3.4(f).)
Speci cally, the run is asfollows:

Processl1, which has already announcedits operation h, proceedsto get a parent for its
operation cell. This parent canpotentially have a cell at position 4 asits left child; howewer,
Processl doesnot nd an unparented cell at position 4. Soit createsa cell C whoseleft
child is nil and right child is the operation cell containing h (seeFigure 3.4(a)).

Process0 announcesa new operation j (Figure 3.4(b)).

Process0 proceedsto get a parent for its operation cell. Sincethis parent can potertially
have a cell at position 5 asits right child, it looks for an unparented cell at position 5. Since
there is no such cell, it createsa cell C°whoseright child is nil and left child is its operation
cell (seeFigure 3.4(c)).
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(a) Process 1 creates a parent for h, (b) Process 0 creates an operation cell for j,

-

(c) Process 0's attempt to install C' into global structure fails, (d) Since process 0 cannot create a parent for j, it gets a parent for C,

(e) Process 0 gets a parent for j, (f) Process 0 gets a grandparent for j. Operation j has now taken effect.

Figure 3.4: Another example of a processmaking progress
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Figure 3.5: The lists for the treesin Figure 3.2

Notice that Cell C? like Cell C, is a cell at position 2. If we make it possiblefor Process
0 to install cell C%into the data structure, there will be two unparented cells at position 2.
Our construction doesnot permit this. Speci cally, our construction satis es the following
invariant:

At Most One Orphan Rule: There is at most one unparented cell in any non-root
position at any time.

Accordingly, the attempt of ProcessO0 to install C%into the data structure (at position 2)
will fail.

SupposeProcess0 is the only processalive. Clearly, becauseof \A t most one orphan rule”
and \b ottom-up rule" (described earlier), Process0 will not be able to get a parent for its
operation cell until C gets a parent. So ProcessO gets a parent for C, ewven though its
operation cell is not a descendan of C (seeFigure 3.4(d)).

Process0 then gets a parent for its operation cell (Figure 3.4(e)) and then a grandparert
(Figure 3.4(f)). At this point, its operation j hastaken e ect.

3.3 The Data Structure

We present our unbounded construction for closedobjects in Figures 3.6 to 3.9. In this section,
we give a concrete description of the data structure used by our algorithm, and state the rules
that our algorithm respects when manipulating the data structure.

As already explained, the principal data structure maintained by our algorithm is a sequence
of trees. With the passageof time, this sequencegrows without bound. The sequenceof trees at
a point in a run is represened using 2n 1 singly linked lists (we will usethe sequenceof trees
in Figure 3.2 asour running example). The lists are denoted by List [1]; List [2]; ;List[2n 1].
List [Ist] consistsof all cellsat position Ist in the sequenceof trees. Figure 3.5 depicts the lists for
the treesin Figure 3.2. The parent-child relationship within ead tree is presened by including
appropriate left child and right child pointers betweencellsin di erent lists. For example, Figure
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3.5 depicts these pointers corresponding to Tree C in Figure 3.2. (To keepthe gure uncluttered,
the left child and right child pointers corresponding to the remaining trees are not shaown.)

We call List [1] the root list, List [Ist], wherelst is betweenn and 2n 1, aleaf list, and List [lst],
where Ist is between2 and n 1, a non-root interior list. A cell in the root list is called a root
cell. A cellin aleaf list is called a leaf cell. A cellin a non-root interior list is called a non-root
interior cell.

Notice that, if c is a cell in List [Ist], either ¢ has no left child or c's left child is a cell in
List [2 Ist]. Similarly, either ¢ hasno right child or c's right child is a cell in List [2 Ist + 1].

3.3.1 The Representation of a List
3.3.1.1 The Fields of a Cell

The various elds of a cell in a list are as follows:

The LC, RC, and Parent elds of a cell point to the left child, right child, and parent of
that cell. (If a cell hasno left child, right child or parert, the corresponding eld has?).

The Next eld points to the next cell in the samelist. (If a cell is the last onein a list, its
Next eld has?).

The Op eld of acelly cortains a singleoperation that results from combining the operations
at the leavesof the subtrﬁe rﬂote,q at y. For example,the Op eld of the rst cellin Liﬂ[l]
contains the operationa b ¢ d. The Op eld of the rst cellin List[3] contains ¢  d,
and the Op eld of the rst cell in List[4] contains a.

The Lop eld of a cell y contains a single operation that results from conbining the opera-
tions at the leaves of the left subtree of y (if y has no left child, then y's L.op eld hasthe
value ?). For example,the Lop eld of the rst cellin List[1] contains a b, the Lop eld
of the rst cell in List[3] contains ¢, and the Lop eld of the rst cellin List[4] contains ?.

The State eld of a cell y is used for recording the state that results from applying all
operations at the leavesto the left of y, in the natural left-to-right order, to the implemented
object in the initial state.! (Leavesto the left of y are all the leaves, in all trees, that are to
the left of the leftmost leaf descendanh of y.) For example, the State eld of the third cell
in List[3] cortains the state that results from applying the operations a;b;c;d;e;f , in that
order.

Finally, eat cell has a Ready eld that holds a boolean value. A value of false indicates
that the cell is not yet ready to have a parent, while a value of true indicates that the cell
is ready to have a parent. As will be clear later, this eld helpsthe algorithm ensurethat
a cell becomesa \full- edged" member of its list beforeits parent becomesa full- edged
member of the parent-list.

1The initial state of the implemented object is speci ed in the implementation.
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3.3.1.2 The Head Variables

Asscciated with eadh List [Ist], 1 Ist 2n 1, there is a sharedvariable Head[Ist] that intends
to point to the last cell in that list.2 Sincea cell cis rst appendedto List [Ist] and only later is
Head[lIst] updated to point to c, there is a small window of time during which Head[lst] points
not to the last cell in the list, but to the cell previousto the last.

Initially , ead List [Ist] has a singledummy cell, that we call anchor,s;, and Head[Ist] points to
this cell. (SeeLines 1-4 of the initialization section of the algorithm in Figure 3.6.)

3.3.2 Stabilit y and Order Prop erties

Our algorithm ensuresthat the elds of a cell are stable: oncea eld is assigneda non-? value, it
remainsunchangedforever. The algorithm alsoensuresthat eventsimo difying a eld, appending
a cell to a list, modifying a Head variable|o ccurin a particular order. The stability and the order
properties, which we state below, are crucial to the correctnessof the algorithm.

Let cbeacellin List[lst], 1 Ist 2n 1. The valuesin the following elds of ¢ remain
unchanged from the time when ¢ rst becomesa cell in List[Ist]: ¢! LC,c! RC,c! Op,
c! Lop.

The order in which the remaining elds of a cell are updated is slightly di erent depending
on whether the cell is in the root list (i.e., List [1]), a leaf list, or a non-root interior list. Below,
we therefore considerthese casesseparately

3.3.2.1 Stabilit y and Order Prop erties for a Non-ro ot Interior Cell
Order of Events

Let d beacell (other than the rst cell)in List[Ist], 2 Ist n 1,cbed'simmediate predecessor
(i.e., ¢! Next points to d), and e be d's parent (in List [bist=2c]). Then, the appending of d to
List [Ist], the appending of e to List [bst=2c], and the processingof d's elds must have occurred
in the following order:

Head|lst] points to ¢, and c is the last cell in List [Ist].
d is appendedto List [Ist], i.e., ¢! Next getsthe value d.

d becomesready, i.e., d! Ready is assignedtrue.

R

e is appendedto List [blst=2c]. At this point, e! LC ore! RC, whichewer is appropriate,
holds the value d.

5. d! Parentis assignedthe value e.
6. Head[lst] is updated to point to d, and at this point d is the last cell in List [Ist].

7. e becomesready.

2Even though this variable points to the tail of a list, it is called Head to maintain consistencywith established
usage.
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8. d! Stateis assigneda non-? value.

The above order is preseried here becauseit is crucial to our proof of correctness. (Where
no explicit ordering betweenthe updating of two elds in the data structure is implied by the
above order, there may or may not be an ordering constraint. Our formal proof will reveal all
such ordering constraints.)

Stabilit y of elds

Considerthe point t in time when a cell d is appendedto acellcin List[Ist], 2 Ist n 1(i.e.,
at time t, ¢! Nextis assignedd). The stability properties are stated with respect to time t as
follows:

(S1.) The valuesofd! LC andd! RC will never subsequeily change (from their valueswhen
d is appendedto the list).

This property capturesthe fact that treesgrow bottom-up: From the time that dis appended
to the list, no nodeswill be addedto, or removed from the subtreerooted at d (this subtree
consistsof d, its children, their children and soon).

(S2.) When d is appendedto the list, d! Op holds the operation that combinesthe Op elds of
the left child and the right child of d. The valueofd! Op will never subsequetly change.
It followsthat that d! Op always holdsthe operation obtained by combining the operations
at the leaf descendats of d.

(S3.) When d is appendedto the list, d! Lop holds the operation in the Op eld of the left child
of d. The valueof d! Lop will never subsequetly change.
It follows that d! Lop always holds the operation obtained by combining the operations
at the leaf descendats of the left child of d.

(S4.) When d is appendedto the list, d! Parent has?. The value of this eld changesat most
oncein the future.

(S5.) When d is appendedto the list, d! Next has?. The value of this eld changesat most
oncein the future.

(S6.) When d is appendedto the list, d ! Ready has false The value of this eld changesat
most oncein the future (to true).

(S7.) When d is appendedto the list, d! State has?. The value of this eld changesat most
oncein the future.
3.3.2.2 Stabilit y and Order Prop erties for a Leaf Cell

If disacellin aleaflist, i.e., in List [Ist], wherelst is betweenn and 2n 1, then the stability and
order properties are the sameas above with one change: items (2) and (3) are interchanged in
the order. Thus, whend is appended,d! Ready hastrue and this value will never subsequetly
change.
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3.3.2.3 Stabilit y and Order Prop erties for a Root Cell

Let d be a cell in the root list and, as before, let ¢ be d's immediate predecessoiin List[1] (in
this case,there is no g, the parent of d, becausea cell in the root list doesnot have a paren).
The stability properties of the elds of d are the sameasbefore (exceptthat d! Parent remains
unchangedfrom its value of ?). The order of ewverts is now: items (1), (2), (3), (8), (6). Thus,
d! Stateis assigneda non-? value before Head[1] is updated to point to d.

3.3.3 Facts about the HeadVariables

A cell d in List [Ist] has a parent if there is a cell e in List [bist=2c] such that e! LC ore! RC
hasthe value d. Notice that during the interval lasting from when e is appendedto List [blst=2c]
to whend's Parent eld is assignede, d's parent eld has? ewventhough, by our de nition, d has
a parent. A cellis an orphanif it hasno parent. We say a cell hasa ready parent if it hasa parent
whoseready eld hastrue. Similarly, a ready orphan is an orphan whoseready eld hastrue.

The following property states certain facts about the Head variables. We don't prove it here,
but it follows easily from the order of events stated above. (This order of events is enforced by
our algorithm.)

(P1.) This property is stated in three parts.

1. Forany List[Ist], 1 Ist 2n 1, we have:
(a) Head[lst] is never ?, and whene\er the value of Head[lst] changesfrom c to d, we
havec! Next= d.
(b) Head][lst] points either to the last cell or the cell immediately beforethe last cell
in List [Ist].
2. For any non-root list List [Ist], 2 Ist 2n 1, we have:
(a) If Head[lst] points to a cell ¢, then c and every cell beforec in List [Ist] hasa parert
in List [blst=2c].
(b) If acell cin List [Ist] has a ready parert, then Head][lst] points to c or a cell after
cin List [Ist].
3. For the root list (i.e., List [1]), the following holds: If Head[1] points to a cell ¢, then
the state eld of c and the state eld of every cell beforec in List[1] hasa non-? value.

3.3.4 Denition of Correct State

For any cell c in a fully formed tree, the operation sequen@ preceding c is is the sequenceof
operations at the leaves(in that tree and all precedingtrees) that are to the left of the left-most
leaf descendah of c. For example,for the cell at position 3 of Tree C of Figure 3.2, this sequence
is a;b;c;d;e;f. As another example, for the cell at position 3 of Tree A, this sequences a;b.

c. We de ne the correct state for cell ¢ as the state that results from applying the operations
op1; OP2; i s opKNin thﬁt or%:‘r. More precisely the correct state for cis g (initialst  ate ; op),
whereop= opp O Oop.
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A crucial aspect of the proof of correctnessof our algorithm is to show that, for ead cell c,
the algorithm writes into c's state eld the correct state for c.

3.4 How the Algorithm W orks

In this section, we describe how the various proceduresconstituting the algorithm work together.
We arguethe correctnessof ead procedureby top-down reasoning: if procedureA calls procedure
B, we argue that A satis es its stated properties on the premisethat B satis es its properties,
and later justify the premise. The presenation is informal and intended to provide an intuitiv e
understanding of the algorithm. A rigorous proof of correctnessis provided in the next section.

3.4.1 How apply Works

A processP applies an operation op on the implemerted object by executing the procedure
apply (P; op;0). We arguethe correctnessof the responsereturned by apply on the premisethat
promote and percolateState satisfy certain properties, stated informally as follows:

(P2.) If cell cin a non-root list List [Ist] is ready, then an execution of promote(Ist) ensuresthat
¢ has a ready parert.

(P3.) If cis aready cell in the root list that has? in its state eld, an execution of promote(1)
ensuresthat (1) c's state eld holds the correct state for ¢, and (2) Head[1] points to ¢ or
beyond.

(P4.) If cisacellin List [Ist] and the state eld of c's root-ancestor hasthe correct state, then an
execution of percolateState (c;lst) ensuresthat the correct state for c is written into c's
state eld.

When a processP calls apply (P;op;0), it rst executesannouncegop;P). During this pro-
cedure,P grabs a fresh cell, opcell, from its private pool of cells, storesop in the operation eld,
marks the cell ready, and appends opcell to the end of P's leaf list, namely, List[n + P]. 3 P
then calls promote(n + P) which, by Property P2 stated above, results in opcell getting a ready
parent. P then calls promote(b(n + P)=2c), then promote(b(n + P)=4c), and soon, sothat opcell
gets a ready grandparert, a ready parernt to grandparert, and so on. Ultimately, after logn sud
calls, opcell hasa ready ancestorc in the root list, i.e., List [1]. P then calls promote(1) which, by
Property P3, ensuresthat c's state eld holdsthe correct state for c. P then calls percolateState
which, by Property P4, ensuresthat the state eld of opcell holds the correct state. P appliesits
operation opto this state, and returns the resulting responseasthe implementation's responseto

op.

3The use of LL,SC in Lines 3,4 of announceop;P) can in fact be replaced with write. However, the use of LL,
SC here allows for a cleaner proof of correctness.
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initialization

8i;1 i 2n-1:anchor : cell
1. for i := 1to 2n-1:
2. anchor; ! Next:= ?;Head]i] ;= anchor;
3. anchor; ! State:= initialst ate
4, anchory! Op:=?
end initialization
apply (P : integer ; op: op; O) returns res
1. opcell ;= announce(op;P)
2. for i ;= Oto logn
3. promote (b(n+ P)=2'c)
4, percolateState (opcell; n+ P)
5. return  resp(opcell ! State; op)
end apply
promote (Ist : integer )
1. if Ist=1
2. head := LL(Head|Ist])
3. newell := head! Next
4. if newell = ? return
5. if newell! Ready= falsereturn
6. newell ! State:= gtgte(head! State head! Op)
7. SC(Head[lst]; newell)
8. return
9. append(blst=2c)

10. promote (bist=2c)
11. append(blst=2c)
end promote

Figure 3.6: Unbounded construction for closedobject O (Figures 3.6 to 3.9)
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18.
19.
20.
21.
22.
23.
24,

25.

append(lst : integer )
head := Head]lst]
newell := LL(head! Next)
if newell = ?
(Ic, lop) := readyOrphan(2 Ist)
(rc, rop) = readyOrphan(2 Ist+ 1)
if Ic6 ?)or (rcé ?)
¢ := combine(lc;lop;rc; rop)
SC(head! Next; )
newell := head! Next
if newell = ? return

Ichild := newell ! LC
if Ichild 6 ?
if LL(Ichild! Parent) = ?
SC(child ! Parent, newell)
Ichead := LL(Head[2*Ist])
if Ichead! Next= Ichild
SC(Head[2*Ist], Ichild)

rchild := newell ! RC
if rchild 6 ?
if LL(rchild! Parent) = ?
SC(rchild ! Parent; newell)
rchead := LL(Head2*Ist+1])
if rchead! Next= rchild
SC(Head[2*Ist+1], rchild)

newell ! Ready := true
end append

Figure 3.7: Unbounded construction for closedobject O (Figures 3.6 to 3.9)
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readyOrphan(Ist : integer ) returns ( cell ;op)
head := Head][lst]
newell := head! Next
if newell=? return (?;7?)
if newell! Ready= falsereturn (?;?)
return (newell, newell ! Op)

end readyOrphan

announce(op : op; P : integer ) returns cell
allocate a new cell ¢ and initialize it asfollows:
c! Parent:= ?,c! Next:= ?,c! State:= ?
c! LC.=7?,c! RC =7,
c! Op:=opc! Lop:=7?,c! Ready:= true
head := Head[n+ P]
if LL(head! Next) = ?
SC(head! Next, c)
return c
end announce

Figure 3.8: Unbounded construction for closedobject O (Figures 3.6 to 3.9)
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combine(lc : cell ; lop: op; rc: cell ; rop: op) returns cell
allocate a new cell ¢ and initialize it asfollows:
c! Parent:= ?,c! Next:= ?,c! State:= ?
c! LC: =l c! RC:= rc, N
c! Lop:=lopc! Op:=(lop rop)
c! Ready .= false
return c
end combine

percolateState (c: cell ;Ist : integer )

if Ist = 1 return

p:=c! Parent

percolateState (p; bist=2c)

if Ist=2 bst=2c

c! State:= p! State

elsec! State:= gigte(p! State p! Lop)

end percolateState

Figure 3.9: Unbounded construction for closedobject O (Figures 3.6 to 3.9)
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3.4.2 How promote Works on a Non-ro ot List

We now arguethat promote(lst), Ist > 1, satis es Property P2 on the premisethat the following
two properties are true.

(P5.) At the time that a cell cin List [Ist] becomesa ready orphan, supposethat the head of the
parent list (i.e., Head[bist=2c]) points to cell d. Then, the parent that c will getin the future
will be within two cellsfrom d (i.e., if eand f are the cellsthat will immediately follow d,
then oneof e and f will be c's parent).

(P6.) At atime that acell cin List [Ist] is a ready orphan, supposethat Head[bist=2c] points to a
cell d. Then, an execution of appendblst=2c) ensuresthat d has a ready cell immediately
following it.

To verify that promote satis es Property P2, supposethat cell ¢ in a non-root list List [Ist] is
ready beforean execution of promote(lst). Our aim is to show that after promote(lst) terminates,
c hasa ready parent. Let t be the time whenc rst becomesa ready orphan. Let Head[blst=2c]
point to cell d at time t. Clearly, c's parent cannot be d or any cell precedingd in List [bist=2c].

The execution of promote(Ist) beginswith appendblst=2c) (on Line 9 of promote). By Prop-
erty P6, when appendterminates, d has a ready cell e immediately following it. If eis c's parert,
then we have Property P2.

Supposethat e is not c's parent. After the recursive call to promote(blst=2c) on Line 10,
Head[bist=2c] points to e or beyond (we denote this fact by (@)), asargued below. If bist=2c > 1,
Line 10 ensures,by an inductiv e application of Property P2, that e has a ready parert; then, by
Property P1(2b), Head[bist=2c] points to e or beyond. If bist=2c = 1, the recursive call on Line 10
ensures,by Property P3, that Head[bist=2c] points to e or beyond.

Let t9be the time when Head[blst=2c] rst points to e. By the order of everts, e s the last cell
in List [bist=2c] at t°% We note that t%is a time beforethe execution of appendblst=2c) on Line 11
of promote (by (@)), and that at t° cin List [Ist] is a ready orphan (becausee is not c's paren),
Head[bist=2c] points to cell e We now apply Property P6 to this execution of appendblst=2c).
Thus, when appendblst=2c) on Line 11 terminates, e hasa ready cell f immediately following it.
By Property P5, f is c's parent and so, we have Property P2.

3.4.3 How promote Works on a Root List

To verify that promote(1) satis es Property P3, supposethat c is a ready cell in List[1] that has
? in its state eld. By the conjunction of Property P1(1b) and P1(3), Head[1] points to the cell b
immediately beforec. Thus, when promote(1) is executed, head is assignedb (Line 2), newell is
assignedc (Line 3), and newell is found to be non-? and ready (Lines 4 and 5). Then, b's state
eld holds a non-? value s (by Property P1(3)) and s operation eld combines the operations
at the leaves of b. Assuming that s is correct for b, it is obvious that s%= gtate(S;b! Op) is
correct for c¢. Line 6 writes slinto c's state eld. If the SCon Line 7 succeedsHead[1] points to c;
otherwise someother processmust have already updated Head[1] to ¢. Hence,we have Property
P3.
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3.4.4 How appendW orks

A leaflist, i.e., List[n+ P](0 P n 1), growswhenprocessP executesannounceop;P) and
appendsits operation cell to the list. An interior list List [Ist] (1 Ist n 1), onthe other hand,
grows when a processP executesappend/Ist). Roughly speaking, this procedure nds the \end"
of List [Ist] and appendsthere a cell that becomesthe parent to ready orphansin List [2 Ist] and
List[2 Ist + 1].

We now describe informally how processP executesappendlst). P reads Head[Ist] and
obtains a pointer to either the last or the previous-to-last cell in List [Ist] (Line 1). To distinguish
betweenthe two casesP inspectsthe next eld of head (Line 2). If there is a cell next to head, P
proceedsto help it (Line 11 onwards). Otherwise P looks at the child lists, namely, List [2 Ist]
and List[2 Ist + 1], to ched if they have ready orphans (Lines 4 and 5). If so, P attempts
to create a parernt for these ready orphans by combining the information in the ready orphans
in a new cell (Lines 6 and 7), and then attempting to append the new cell to the end of the
List [Ist] (Line 8). Its attempt may fail if someother processhas already appendeda cell to head.
Regardlessof whether it succeededn appending newell or someoneelsesucceededn appending
someother cell, P obtains a pointer to the cell next to head (Line 9). If no cell exists there, it
meansthat there was nothing to appendto head, and soP returns from the procedure(Line 10).
Otherwise, newell is a cell next to head, and P proceedsto notify newell's children of the fact
that they now have a parent. It setsthe parent eld of newell's left child to newell (Lines 12-14)
and, since newell's left child is now parented, updates Head[2 Ist] to point to newell ! LC
(Line 15-17). P noti es newell's right child similarly (Lines 18-24). Once newell's children have
beennoti ed, newell is allowed to have a parent. To re ect this fact, P setsnewell's ready eld
to true (Line 25).

Properties P5 and P6 follow easily from the way the append procedureis designed. Their
proofs, howewer, are long and tedious becauseof the needto addressmany cases.Sowe deferrig-
orous proofsto the next sectionand, in the following, only informally describe why the properties
hold.

3.44.1 Why Prop erty P5 Holds

We now explain why Property P5 holds. Supposethat Head[bist=2c] points to a cell d at the time
t when a cell c becomesa ready orphan in List [Ist]. Let b be the cell whosenext eld points to
c. By the conjunction of Property P1(1b) and P1(2a), H eadlst] points to b at time t. Let e and
f be the two cells that immediately follow d, at someinstant of time after t. To verify P5, we
shaw that either e or f is C's parent. (Clearly, c's parent cannot be d or any cell precedingd.) It
su ces to shaw that, if e is not c's parent, then f is.

Supposethat eis not c's parent. We claim that at any time after t, and beforef is appended
next to e, H eadlst] points to b (We denotethis claim by (*)). This claim is true for the following
reason: By the order of ewerts, if H eadlst] points beyond b, then c already hasa parent. Howe\er,
by assumption, ¢ doesnot have a parernt beforef is appendednext to e. Thus, claim (*) holds.

Consider the execution A of appendbist=2c) that will append f next to e. A must have
obtained e when it read Head[bist=2c] on Line 1. This implies that A performedLine 1 after time
t (because,at time t, Head[blst=2c] was pointing to d, not €). By claim (*), when Lines 4 and 5
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are performed by A, the ready orphan c in List [Ist] will be noticed by combine (called in Line
7 of append), and will becomecell f 's child. Thus, cell f appendednext to e will be c's parert.
Hence,we have Property P5.

3.4.4.2 Why Prop erty P6 Holds

To understand why Property P6 holds, supposethat at time t List [Ist] has a ready orphan ¢ and
Head[bist=2c] points to d. Consider an execution A of appendbist=2c) that beginsafter time t.
When A reads Head[blst=2c] on Line 1, there are three possibilities for what it obtains: (1) it
obtains d, (2) it obtains a cell e immediately following d, or (3) it obtains a cell f that follows d,
but not immediately following d. Let us rst considerthe last two cases. By Property P1(2a),
the cell that Head[blst=2c] points to and ewery precedingcell has a parent. Further, by the order
of events, a non-root cell must be ready beforeit has a parent. Therefore, in Case (3), f and
ewvery cell precedingf hasa parent and is ready. In particular, it follows that the cellimmediately
following d is ready. Similarly, in Case(2), the cell e (which immediately follows d) has a parent
and is ready. This establishesProperty P6 for cases(2) and (3).

Let us now considerCase(1): when A readsHead[bist=2c] on Line 1, it obtains d (so head gets
the value d). Then, when A performs LL(d ! Next) on Line 2, there are two sub-cases:(a) it
obtains ?, or (b) it obtains a non-? pointer e. In Subcase(b), when A ewvertually executesLine
25,e! Readyis setto true, thus satisfying Property P6.

In Subcase(a), A proceedsto executelines 4-10. When A executesLines 4 and 5, ¢ may or
may not be an orphan. Considerthe casethat A nds cto beaready orphan in List [Ist]. In this
case,the if-condition on Line 6 holds true, and so A executesLines 7 and 8. If the SC on Line 8
succeedsthe readingof d! Next (Line 9) clearly returns a non-? e and, subsequetly, on Line
25 e's ready eld is setto true, thus satisfying P6. If the SC on Line 8 fails, then some other
processQ must have performed a successfulSC, betweenthe times when A executedLines 2 and
8, that appendeda cell e next to d. On Line 9, A's reading of d! Next returns that cell e and,
subsequetly, on Line 25 €'s ready eld is set to true, thus satisfying P6. This leaves just one
caseto consider: on Lines 4 and 5, A doesnot nd cto beaready orphan in List [Ist]. This case
implies that, when A performs Lines 4 and 5, Head[Ist] already points to ¢ or beyond (otherwise
A would nd cto be aready orphan). It follows, by Property P1(2a), that ¢ hasa parert p (in
List [bIst=2c]). Sincec was an orphan at time t (when Head[bist=2c] pointed to d), it follows that
p is after d. In particular, it follows that d! Nextis non-?. This implies that, when A reads
d! Nexton Line 9, it obtains a non-? cell e. Subsequetly, on Line 25, A setse's ready eld to
true, thus satisfying P6.

3.45 How percolateState W orks

To verify that percolateState satis es Property P4, let ¢ be a cell in List [Ist] and suppose
that the state eld of c's root-ancestorr holds the correct state. We argue that after executing
percolateState (c;lIst), ¢ holds the correct state. If Ist = 1, we have ¢ = r. Thus, P4 trivially

holds. Otherwise let d be c's parert (Line 2). By induction, the recursive call on Line 3 ensures
that d holdsthe correct state. If cis the left child of d, then by the de nition of correct state, the
correct state for c is the sameasfor d. This obsenation justies Lines 4 and 5. If c is the right
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child of d, then by the de nition of correct state, the correct state for c is obtained by applying
the operations in the left subtree of d to the state in d. This is donein Line 5.

3.5 Pro of of Correctness

We presern now a proof of correctnessof our closedobject construction. In Section3.5.1,we prove
that when apply (P; op;O) completes,the operation cell that represers op has a root ancestorin
the sequenceof trees. Thus, op hasindeedtaken e ect. In Section 3.5.2, we prove that the value
returned by apply (P; op;O) is consistert with the intended linearization order on the operations,
asrepresened by the sequenceof trees.

3.5.1 Pro of of Progress
3.5.1.1 Reachable Cell

We rst show that the elds of a cell are stable i.e. oncesuc a eld holds a non-trivial value, that
value never changes. More speci cally, for any cellc,c! LC,c! RC,c! Lop,andc! Op
are unchangedthroughout a run. Further, oncec! Nextandc! Parent hold a non-? valued,
then they hold the value d forever. Finally, oncec! Ready becomestr ue, it stays tr ue forever.
(The stability of ¢! State is proved in Lemma 28(b).)

Lemma 1 Let c be a cell returned either by announceto Line 1 of apply, or by combine to Line
7 of append

(@) The valueof ¢! LC is unchangel.

(b) The valueof ¢! RC is unchangel.

(c) The valueof c! Lop is unchangd.

(d) The valueof ¢! Op is unchangel.

(e) Letc! Next=d, d6 ?, at time t. Then at any time t%suchthat t® t; c! Next= d.
(f) Letc! Parent=d, d6 ?, attime t. Then at any time t%suchthatt® t; c! Parent= d.
() Letc! Ready= true, at time t. Then at any time t%suchthat t° t; ¢! Ready= true.

Pro of

(@),(b) c! LC andc! RC are assignedvaluesonly once: in Line 1 of announceor Line 1 of

combine. This obsenation implies Lemmas1(a) and 1(b).

(¢),(d) ¢! Lopandc! Op are assignedvaluesonly once: in Line 1 of announceor Line 1 of

combine. This obsenation implies Lemmas1(c) and 1(d).

(e)We rst note that ¢! Next is assignedthe value ?, only during the initialization of ¢ in

announce and combine, and nowhere else. There are only two placeswhere c ! Next can

take on a non-? value: Line 4 of announce and Line 8 of append If processP executesa

successfulSC(c! Next;d), d6& ?, in Line 4 of announce then P must have previously executed

LL(c! Next) in Line 3, with ? asthe LL operation's return value. This implies Lemma 1(e).
If processP executesa successfulSC(c! Next;d), dé ?, in Line 8 of append, then P must

have previously executedLL(c ! Next) in Line 2, with ? asthe LL operation's return value

(Line 3). This implies Lemma 1(e).
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(f)We rst note that ¢! Parent is assignedthe value ?, only during the initialization of c in
announce and combine, and nowhere else. There are only two placeswherec! Parent cantake
on a non-? value: Lines 14, 21 of append If processP executesa successfulSC(c! Parent;d),
d6& ?,in Line 14 (resp. 21) of append then P must have previously executedLL(c! Parent)
in Line 13 (resp. 20), with ? asthe LL operation's return value. This implies Lemma 1(f).
(g)This follows from the fact that c! Ready is assignedfalse only during the initialization of ¢
in combine, and nowhere else.

2

Lemma 2 Let c be any cell. There is at most one cell b suchthat b! Next = c.

Pro of There are only two placeswhereb ! Next (for someb) can be assignedthe value c:
Line 4 of announce Line 8 of append In both of these places, processP initializes a new cell
c and executesSC(b! Next;c). Given any cell c, at most one processexecutesthe operation
SC(b! Next;c) (for someb); further, this processexecutesthe operation onceonly. Hence,there
is at most one cell b such that b! Next = c.
2
At any time t, if a cell c can be reached by the chain of N ext pointers, starting at anchor g,
then we say that cis reachableat position Ist at time t. By de nition, anchorg is not reachable.
Formally,

Denition 1 Letcheacell,b 1 Ist 2n 1. cis readable at position Ist at time t if and only
if, at time t:

anchorit !' Next = c, or
9 a reachablecell b at position Ist suchthat b! Next = c.

By Lemma 1(c), if c is reachable at time t, then c is reachable at all times after t. We now
considerall the cells that are ewvertually readable at position Ist in a run, and use List [Ist] to
denote the sequenceof such eventually readiable cells. Formally,

Notation 1 Letlst;1 Ist 2n 1, be a position. Let List [Ist] denotethe list
[List [Ist](0); List [Ist](1); List [Ist](2); ], wher 8k;k O, List [Ist](k) is de ned as follows:

List [Ist](0) = anchorg;.

8k;k 1, if List[Istj(k 1) is de ned, and at sometime t, List [Ist](k 1)! Next=c;c6
?, then de ne List [Ist](k) = c. Otherwise, List [Ist](k) is unde ned.

The next Lemma assertsthat the cellsin the 2n 1 lists, List [Ist];1 Ist 2n 1, are all
distinct.

Lemma 3 Letlst;Ist®be suchthat 1 Ist;Ist® 2n 1. Leti;j besuchthati 0;j 0. Then,
(List [Ist](i) = List [Ist9()) ) ((Ist= Ist9~ (i = j)).
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Pro of This Lemma follows from Lemma 2.
2

Notation 2 If cis reachableat Ist, then the position of ¢, denoteal by podc), is de ned to be Ist.
By Lemma 3, pog ) is well-de ned.
De nition 2 Let c be reachable.

If pog(c) = 1, cis root reachable.
If pog(c) > 1, cis non-root reachable.
If pogc) n, cis leaf reachable.

If pog(c) < n, cis non-leaf reachable.

3.5.1.2 Head

Denition 3 We saythat c is head at position Ist at time t if and only if Headlst] = c at t.
We say that ¢ has beenhead at position Ist at time t if and only if 9t%t° t, suchthat cis
head at Ist at time t°

We note that \c hasbeenheadat t" says nothing about whether c is head at t. We will now
show, in Lemma 5(a), that the initial value of Head]lst] is List [Ist](0). The sequenceof values
that have beensuccessfullywritten to Headlst] at time t is:

List [Ist](1); List [Ist](2); ;List [Ist](k), for somek 0. As a preliminary step, the next Lemma
relates any two successie valuesof H ead]lst].

Lemma 4 Letk 0. Supmseat sometime t Head]lst] = List [Ist9(k).* Let c be the rst value
that is suaessfuly written to Headlst] after t. Let t° be the time ¢ is suaessfuly written to
Headlst]. Then,

c= List [Istq(k + 1).
At time  suchthat t0 List [Ist9(k) ! Next = List [Ist9(k + 1).

Pro of Headlst] canbewritten to in three places: Line 7 of promote, Lines 17,24 0f append In
all theseplaces,H eadlst] changesvalue from b, the value of H eadlst] returned by the immediately
precedingLL( H eadlst]) (Line 2 of promote, Lines 15,220f append), to c= b! Next through a
successfulSC(H eadlst]; ¢). Further, by Line 4 of promote, Lines 12,16 of append Lines 19,23 of
append we haveb! Next=c6 ?. By Lemma 1(c), onceb! Next = cholds,b! Next=c
at all subsequen times. This implies our Lemma.

2

4Lemma 5(a) shows that Ist = Ist®.
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In Lemma 5(b),(d),(f ), we encounter the rst instancesof invariants in any run, expressedas
implications () ). Consider Lemma 5(b), which hasthe form:
(c hasbeenhead)*(c is not head)) (d hasbeenhead).

The interpretation of this implication is: In any run, at any time t, if (c has beenhead at t)
and (c is not head at t), then (d has beenhead at t). Thus, both sidesof the implication () )
have an implicit quali cation concerningtime: They both concernthe state of the cells, or other
data objects, at a commoninstant in time.

Lemma 5(d) says that if a cell c is head, then c is either anchors; or reachable. Lemma 5(e)
saysthat ¢! Next is reachable.

Lemma 5

(@) The initial value of Headlst] is List [Ist](0). The segquene of valuesthat havebeen suaessfuly
written to Headlst] at time t is:

List [Ist](1); List [Ist](2); ;List [Ist](k), for somek O.

(b) (List [Ist](i) hasbeen head)* (List [Ist](i) is not head) ) (List [Ist](i + 1) hasbeen head).

(c) Letk 1. Atthetime List [Ist](k) is suaessfuly written to H eadlst], List [Ist](k) is reachable.
(d) (cis head at Ist)) (c= anchorg) _ (c is reachableat Ist).

(e) Let c= Headlst]! Next, then c is reachableat Ist.

(f) (cishead at Ist)™ (c! Next= ?)" (dis reachableat Ist) ) (d hasbeen head at Ist)

Pro of
(&) We note that at initialization, Headlst] = anchor;g = List [Ist](0). This statemert is a
corollary of Lemma 4.
(b) This follows immediately from Part(a).
(c) The proof proceedshy induction on k, and usesLemma 4. The Induction Step proceeds
as follows: Supposethat List [Ist](k 1) is reachable (Induction Hypothesis). Then, at the time
List [Ist](k) is successfullywritten to H eadlst], List [Ist](k 1)! Next = List [Ist](k) (by Lemma
4). Thus, by De nition 1, List [Ist](k) is reachable.
(d) This is a re-statemert of Part(c).
(e) Wenote that H eadlst] is headat Ist. By Part(d), we have (H eadlst] = anchor|s;) _(H eadlst]
is reachable at Ist). In either case,c= Headlst]! Next is reachable at Ist.
(f) By Part(a), there existsa k sud that ¢ = List [Ist](k). Since(c! Next= ?)" (disreacable
at Ist), we have d = List [Ist](m), for somem such that k m 1. By Part(a), d hasbeenhead
at Ist.

2

Lemma 6 Letb! Next= c. (cisreachableatIst) ) (bhasbeen head at Ist).

Pro of From the algorithm, b! Next is assignedthe value c in either Line 4 of announce
or Line 8 of append In both these places, a process rst executeshead:= Headlst9 for some
Ist® (Line 2 of announce, Line 1 of append), and then changesthe value of head! N ext from
? to c through a successfulSC(head ! Next;c). After the successfulSC(head ! Next;c),
Headlst9 ! Next = c¢. By Lemma 5(e), c is reachable at Ist® Hence, Ist® = Ist. Since
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Headlst]! Next=candb! Next= c, Headlst] = b(Lemma 2). In other words, b has been
head at Ist. This completesour proof.
2
Lemma 6 implies that, if bis headand b! Next= cattimet,thenc! Next=? att. In
other words, there is at most one reathable cell beyond the head.

3.5.1.3 Ancestor and Descendant

De nition 4 Let c be reachable. We say that c is ready if and only if ¢! Ready= tr ue.

Notation 3 Let ¢ be non-leaf reachable. ¢ = parent(d) denotes(d 8 ?)”" (¢! LC = d_
c! RC=4d)

We note that ¢ = parent(d) says nothing about the valueof d! Parent. It is possiblethat,
at time t, c= parent(d) andd! Parent= ?.

De nition 5 Let ¢ be reachable.
We say that c is an ancestorof d if and only if:

{ c=4d or
{ c= parent(d), or
{ 9a suchthat a is an ancestor of d, and c = parent(a).

We say that c is a root ancestorof d if and only if:

{ cis an ancestor of d, and
{ pos(c) = 1.
We say that d is a descendan of c if and only if ¢ is an ancestor of d.

We say that d is a leaf descendan of c if and only if:

{ dis a desendant of c, and
{ pog(d) n.

We note that, by de nition, cis an ancestor,aswell asa descendah of c.

3.5.1.4 Precedence Relations

In this Section, we prove certain precedencerelations among the key events of a cell and its
parent. Theserelations form the basisof all subsequeh proofs. We provide here an informal and
incomplete statemert of the result that we aim to prove:

Let ¢, d be evertually readhable. Let c = parent(d). Then, the following list speci es
the order in which ewerts happen:
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d becomesreachable.
d becomesready.
c becomesreacthable.
d becomeshead.

a s~ D PE

¢ becomesready.

(If dis leaf reachable, then 1. and 2. above are concurrer, i.e. d becomesready at
the sametime it becomesreacable.)

Lemmas8 to 11 are the rigorous formulations of this informal statemer.
Lemma 7 says that if ¢ = parent(d) at time t, then d is reachable and ready at t. Further,
pog(c) and pog(d) occupy the appropriate parent and child positionsin the binary tree.

Lemma 7 Let c be non-leaf reachable.
(@ c! LC=d6 ?) (disreachable)”(pogd) =2 pogc))” (dis ready).
(b) c! RC=d6 ? ) (disreachable)”(pogd) =2 podc)+ )" (dis ready).

Proof (a) c! LC is assignedthe value d in combine (d, *, *, *), called in Line 7 of append
(Ist). Further, (d; ) is the value returned by readyOrphan (2 Ist) (Line 4 of append (Ist)). In
readyOrphan (2 Ist), head= Head2 Ist] (Line 1). d= head! Next (Line 2),d! Ready=
true (Line 4). Therefore, d is reachable at 2 Ist (by Lemma 5(e)). Sincec is reachable, some
processP executeda successfulSC(head! Next;c) in Line 8 of append When P executedLine
1 of append head= Headlst]. Therefore,c= head! Next isreadtableat Ist (by Lemma 5(e)).
Thus, pog(c) = Ist, and poqd) = 2 Ist= 2 podc). Finally, dis ready, sinced! Ready= true.
(b) Similar to the proof of part (a).
2

Lemma 8 says that evert 1 (d becomesreactable) and event 2 (d becomesready) precede

event 3 (c becomesreatable).

Lemma 8 Let ¢ be non-leaf reachable.c = parent(d) ) (d is reachable)” (d is ready).

Pro of This follows immediately from Lemma 7.

Lemma 9 says that event 3 (c becomesreadhable) precedesevent 4 (d becomeshead).
Lemma 9 Letd be non-root reachable. (d hasbeen head)) 9 reachablec suchthat c = parent(d).

Pro of d becomesheadin either Line 17 or Line 24 of append Considerthe caseof Line 17. (The
caseof Line 24 is analogous.) Let P bethe processthat executeda successfuSC(H ead2 Ist];d),
whered = Ichild, in Line 17, thus causingd to becomehead. We note that during P's execution
of append Ichild = newcell I LC (Line 11), newcell = head! Next (Line 2 or 9), head =
Headlst] (Line 1). Let cin our Lemma be newcell. Then, by Lemma 5(e), c is reachable. By
Notation 3, c= parent(d) sincec! LC = Ichild = d. This completesthe proof.

2
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Lemma 10 says that event 2 (d becomesready) precedesevert 4 (d becomeshead). Lemma
10 applies not only to non-root reachable d (as indicated by the informal statemert given at the
beginning of this section), but alsoto root reacable d.

Lemma 10 Letd be suchthat 8Ist;1 Ist 2n 1;d 6 anchors. (d hasbeenhead) ) (dis
ready).

Pro of Since8Ist;1 Ist 2n 1;d 6 anchorg, and d hasbeenhead,d is readhable (by Lemma
5(d)). If dis non-root reachable, Lemma 10 is an immediate corollary of Lemmas8 and 9.
Consider the casein which d is root reachable. d becomesH eadl] through a successful
SC(H eadl];d) in Line 7 of promote (1). Further, d! Ready= true (Line 5). Hence,d is ready.
2
Lemma 11 says that evert 4 (d becomeshead) precedesevent 5 (c becomesready).

Lemma 11 Letc be non-leaf reachable. Then, (cis ready)* (c = parent(d)) ) (d hasbeen head).

Pro of Considerthe caseof c! LC = d. (The caseof c! RC = dis analogous.) ¢ becomes
ready through processP executing Line 25 of append Further, sincelchild=c! LC =d6& ?
(Lines 11,12), P executesLine 15 before executing Line 25. At the time t when P executesLine
15, ¢ = parent(d) holds true. By Lemma 8, (c = parent(d)) ) (d is reathable). Let x be suc
that x! Next = d. By Lemma 6, x hasbeenhead at pogd) at time t.

If x is not headat t, then, by Lemma 5(b), d hasbeenheadat t. Therefore our Lemma holds
in this case.

Supposex is head at t. Sincelchild = d (Line 11), P obsenesthat Ichead! Next = Ichild
in Line 16, and executesSC(H eadpog(d)]; d) in Line 17. If the SC operation returns tr ue, then
d has been head when P completesLine 17, hencealso when P completesLine 25. If the SC
operation returns false then by Lemma 5(a), d has beenhead when P beginsexecuting Line 17.
In either case,d has beenheadwhen P executesLine 25. This completesthe proof.

2

By Lemma 10, event 2 (c becomesready) precedesevert 4 (c becomeshead). By Lemma 11,
event 4 (d becomeshead) precedesevernt 5 (¢ becomesready). Combining thesetwo results, we
have the next Lemma: (d becomeshead) precedes(c becomeshead).

Lemma 12 Let c be non-leaf reachable. (¢ has been head)" (c = parent(d)) ) (d hasbeen head).

Pro of By Lemma 10, (c has beenhead) ) (c is ready). By Lemma 11, (c is ready)*(c =
parent(d)) ) (d hasbeenhead). Thus, our Lemma holds.
2

3.5.1.5 Uniqueness of Parent

The next Lemma assertsthe uniquenessof reathable cell b sudh that b= parent(d).

Lemma 13 Let b;c be non-leaf reachable. (b= parent(d))  (c = parent(d)) ) (b= c).
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Pro of For contradiction, assumeb 6 c. By Lemma7, pogb) = podc). Let b= List [pogb)](k);c =
List [pog(b)](1). Without lossof generality, let k < |. Let P bethe processthat executesa success-
ful SC(head! Next;c) in Line 8 of append Let t be the time P executesLine 1 of this append
Thus, at t, Headpogb)] = List [pogb)](I 1). Sincek < I, bhasbeenheadat t. By Lemma 12,
sinceb= parent(d), d hasbeenheadat t.

¢ = parent(d) implies that when P executesreadyOrphan (pog(d)) in Line 4 or 5 of append
at sometime after t , (d; ) is returned. This in turn implies that when P executesreadyOrphan
(pog(d)), head= Headpogd)] in Line 1, and head! Next = din Line 2. In other words, d has
not beenheadwhen P executesLine 1 of readyOrphan (pog(d)). Thus, d hasnot beenheadat t.
This cortradiction provesthat b= c.

2
Lemma 14 assertsthat, if d has beenhead, then:

there is a unique ¢ suc that ¢ = parent(d) (uniquenessis proved in Lemma 13),

c is readhable (this corresponds to evernt 3 (c becomesreadable) preceding evert 4 (d
becomeshead)in the informal statemert at the beginning of the previous section),

d! Parent holds the proper value c.

Lemma 14 Let d be non-root reachable. (d has been head)) 9 unique non-leaf reachablec such
that (c = parent(d)) » (d! Parent = c).

Pro of By Lemmas?9, (d has beenhead)) 9 reacable ¢ suc that ¢ = parent(d). We now
shaw that c is non-leaf. By Lemma 7, sinced is non-root reacable, and pog(d) = 2 pogc), we
concludethat c is non-leafreachable. By Lemma 13, such a c is unique. It remainsto prove that
(d hasbeenhead)) (d! Parent= c).

We considerthe caseofc! LC = d. (The caseofc! RC = dis analogous.) Supposethat d
becomesheadby processP executinga successfuSC(H eadpodqd)]; d) in Line 17 of append This
impliesthat Ichild = d (Line 17). In Line 11,Ichild = newcell ! LC. By Lemmal3,newcell = c.
We note that P executesLine 13 before executing Line 17 (or 24, in the caseof ¢! RC = d).
If Ichild! Parent=d! Parent= ? (Line 13),then P executesSC(d! Parent;c) (Line 14).
If the SC operation returns true, then d! Parent = c after P executesLine 14. Our Lemma is
thus proved.

Howewer, if either d! Parent 6 ? (Line 13) or the SC operation in Line 14 returns false,
thend! Parent 6 ? beforeP executesLine 15. d! Parent is assigneda non-? value only
through someprocessP © executing a successfulSC(d! Parent; newcell) in Line 14 of append
However, when P2 executesLine 11,d = newcell ! LC. By Lemma 13, newcell = c. Therefore,
the non-? value assignedby P°to d! Parent is c. This completesthe proof.

2

3.5.1.6 Prop erties of append

Lemma 15 says the following: Supposethat the head at the child position Ist is b, and the head
at the parent position bist=2c is ¢ at time t. Supposefurther that at somesubsequeh time t° b
is no longer head. Then, List [blst=2c] must have grown beyond c at t°

45



Lemma 15 LetlIst > 1. Supmseat time t, Headlst] = b, Headblst=2c] = c. Then, (b hasheen
head)* (bis not head)) (c! Nexté ?).

Pro of For cortradiction, supposethat at time t% (b has beenhead)* (b is not head)*(c !
Next = ?). By Lemma 5(a), t°> t. By Lemma 5(b), there exists a reacdable d sudc that
b! Next = d, and d has beenhead at t® By Lemma 9, there exists a reachable a suc that
a = parent(d) at t® Sincecis head,c! Next= ?, and a is reacdable at pog(c) = bist=2c at t°
we concludethat a hasbeenheadat t (Lemma 5(f)). Sincec is headat both t and t% a hasbeen
head at t. By Lemma 12, (a has beenhead)* (a = parent(d)) ) (d hasbeenhead) at t. This
contradicts the assumptionthat bis headat t. Our Lemma is thus proved by this cortradiction.
2
Lemma 16 is the key Lemma regarding the property of append It says the following: Let t
be any time before the invocation of appendblst=2c). Supposethat at time t, the head at the
child position Ist is b, the head at the parent position bist=2c is ¢, and b! Next is ready. Then,
after appendbist=2c) terminates, c! Next is ready. We note that ¢! N ext could have become
ready before the invocation of appendbist=2c). Our Lemma allows for such a possibility.

Lemma 16 Suppsethat at time t before processP invokesappendblst=2c), Headlst] = b;b!
Next = d6 ?;dis ready, Headbist=2c] = ¢. Then, at any time after append bl st=2c) terminates,
9 reachablee suchthat (c! Next= e)” (eis ready).

Pro of We note that c is headat t. If at any time during the execution of appendblst=2c) c is
not head, then by Lemma 5(b), 9 reachable e such that (c! Next = €), and e has beenhead.
By Lemma 10, e is ready. Our Lemma is then proved.

We now considerthe casewhere c is head throughout the execution of appendblst=2c). Con-
sider processP executing appendblst=2c). In Line 1, head= Headbist=2c] = c.

Case 1 Suppose9 reacable e such that ¢! Next= e6 ? in Line 2.

We note that in this Case,Line 25 is always executed. Further, newcell = e (Line 2). This
implies that, at the time P completesLines 25,,e! Ready= true. By Lemma 1(e), our Lemma
holds.

Case 2 Supposec! Next= ? in Line 2.

ConsiderP executingreadyOrphan (Ist) (Line 4 or 5 of append). Let t°bethe time P executes
Line 1 of readyOrphan (Ist).

Case 2a SupposeH eadlst] 6 bat t°

By Lemma 15, since (b has beenhead)* (b is not head) at t° we havec! Next 6 ? at t°
Therefore, there exists a reachable e suc that newcell = ¢! Next= e6 ? in Line 9 of append
This implies that P always executesLine 25. By the argument usedin Casel, at the time P
completesLines 25,e! Ready= true. Hence,our Lemma holds.

Case 2b SupposeH eadlst] = bat t°

By the premiseof our Lemma, in Lines 1-4 of readyOrphan (Ist), newcell = b! Next=d6
?;newcell ! Ready= true. Further, readyOrphan (Ist) returns (b; ) to Lines 4 or 5 of append
P then executesSC(c! Next; ) in Line 8 of append Whether the SC operation returns true or
falsg newcell = ¢! Next 6 ? whenP executesLine 9. By the argumert usedin Case2a, our
Lemma holds in this case,too.

2
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3.5.1.7 Prop erties of promote

In this section, we prove the key property of promote. Lemma 17 concernsthe property of
promote(1). It assertsthat if a cell is ready before promote(1), then it has been head after
promote(1).

Lemma 17 Letr be root reachableand ready before the invocation of promote(1). Then, after
promote(1) terminates, r has been head.

Pro of Let s be root reachable or anchory, such that s! Next = r. By Lemma 6, sincer is
reachable, s has beenhead before processP invokes promote(1). Supposethat at sometime t
during P's execution of promote(1), Head1] 6 s. By Lemma 5(b), r hasbeenheadat t. Thus,
our Lemma holds.

We now considerthe casewhere H eadl] = s throughout the execution of promote(1). This
implies that head = Head1] = s (Line 2 of promote(1)). Sincenewcell = s! Next=r 6 ?
(Line 3), newcell ! Ready= r ! Ready= true (Line 5), P executesSC(Headl];r) in Line
7. Whether the SC operation returns true or false Headl] 6 s after P's execution of Line
7 (Lemma 4). This contradicts the assumption that Head1] = s throughout the execution of
promote(1). The proof is now complete.

2

Lemma 18 assertsthat if a cell d is ready before promote (pog(d)) (for any pogd)), then d
has beenhead after promote (pog(d)) completes. Further, if d is non-root reachable, then d has
a ready parent after promote (pog(d)) completes.

Lemma 18 Let d be reachableand ready before the invocation of promote (pos(d)). Then, after
promote (pog(d)) terminates,

(a) d hasbeen head,

(b) if d is non-root reachable,9 non-leaf reachablec suchthat c = parent(d) * (c is ready).

Pro of The proofis by induction oni;0 i logn, suchthat 2 pogd) 2*1 1.(Ifi=0,
d is root reachable. If i = logn, d is leaf reachable.)
Induction Basis i= 0.

This Lemmafor i = 0 is identical to Lemma 17.

Induction Step  SupposelLemma 18 holds for all d such that 1 pogd) 2' 1, where
1 i logn. We now showv that Lemma 18 holds for d such that 21 pogd) 2*1 1.

Let a besuch that a! Next = d. Let tg be the earliesttime when d is reachable and ready.
By Lemma 6, sinced is readable, a has beenhead at tg. We now show that a is head at tp.
Supposea is not head at tg. By Lemma 5(b), d hasbeenhead at ty. By Lemma 10, d becomes
ready befored becomeshead. Therefore, d becomeshead after to. This cortradiction provesthat
ais headat tg.

We note that d is non-root reachable. Let Headbpogd)=2c] = e at tg. As shown above,
Headpogd)] = a, a! Next = d;d! Ready= true at to. By assumption, tg is a time before
processP invokes promote(pog(d)). In promote(pogd)), P invokes appendbpogd)=2c) in Line
9 after tg. By Lemma 16, after P completesappendbpog(d)=2c) in Line 9, there is a reachable
f such that (e! Next = f) and (f is ready). P next invokes promote(bpogd)=2c) in Line 10.
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Applying the Induction Hypothesis, we obsene that: Sincef is reathable and ready before P
invokes promote(bpogd)=2c) in Line 10,f hasbeenheadwhenP completespromote(bpos(d)=2c)
in Line 10. Let t; be the earliesttime when H eadbpogd)=2c] = f .

Case 1 ais not headat t;.

We note that a is head at tg, and is not head at t;. By Lemma 5(b), d hasbeenheadat t;.
Thus, part (a) of our Lemma holds. By Lemma 9, there exists a reachable x at bpogd)=2c sud
that x = parent(d) at t;. Sincet; is the earliesttime whenH eadbpogd)=2c] = f,f | Next= ?
at t;. By Lemma5(f), x hasbeenheadat t;. By Lemma 10, x is ready at t;. Thus, x is non-leaf
reachable, x = parent(d) and x is ready at t;. Hence,part (b) of our Lemma holds.

Case 2 ais headat t;.

In this case,Headbpogd)=2c] = f;Headpoqd)] = a;a! Next = d;d! Ready= true at
t1. t1 isatime beforeP invokesappendbpogd)=2c) in Line 11. By Lemma 16, whenP completes
appendbpogd)=2c) in Line 11, there exists a reachable g such that (f ! Next = g) and (g is
ready).

Let PO be the processthat executesthe successfulSC(f ! Next;g) in Line 8 of append
Prior to Line 8, P? executesreadyOrphan(pos(d)) in Lines 4,5 of append Let be any time
when P is executing readyOrphan(pos(d)). We note that f | Next = ? at . Suppose
Headpogd)] 6 aat . Lett in Lemma 15 be t;. Since (a has beenhead)* (a is not head)
at , weconcludethat f ! Next6 ? at (Lemma 15). This cortradiction provesthat at any
time when P%is executing readyOrphan(pos(d)), H eadpos(d)] = a. Hence,as P °executesLine
1 of readyOrphan(podqd)), head = a. Finally, readyOrphan(pogd)) returns (d;d! Op) to Line
4, or 5 of append bpogd)=2c). This in turn implies that in combine (called in Line 7 of append),
(g!' LC =d)_(g! RC = d). In other words, g = parent(d). As was proved above, when P
completesLine 11 of promote(pogd)), g is ready. So, g is non-leaf reachable, g = parent(d), and
g is ready. Part(b) of our Lemma is thus proved.

By Lemma 11, d has beenhead when P completespromote(pos(d)). Thus, part (a) of our
Lemma holds.

2

3.5.1.8 Prop erties of apply

We are now in a position to prove (in Lemma 21) the crucial property of apply that we need. In
Lemma 19, we prove the property of apply , assumingthat opcel is reachable and ready, after
Line 1 of apply completes. In Lemma 20, we prove that this assumptionindeed holds. Thus, in
Lemma 21, the property of apply holds without any assumption.

Lemma 19 assertsthe following: Assume that opcel is readable and ready after Line 1
of apply completes. Then, after the for loop in Lines 2-3 completes, at ead of the logn + 1
positions along the path from opcel to the root, there is a unique ancestorof opcel. Thus, opcel
has logn + 1 ancestors(including opcel itself, and a cell at the root position). Further, eath
ancestorof opcel (including opcel itself) has beenhead.

Lemma 19 Consider processP exeuting apply (P; op;O). Suppmsethat whenP completesLine
1, opcel is reachableand ready. Then, after P exits the for loop in Lines 2-3, 8i;0 i logn,
9 a reachablea;, suchthat:
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aj is a unique ancestor of opcel at position b(n + P)=2'c,
a; hasbeen head,

8i < logn;aj! Parent= aj:;.

ag = opcel.

Pro of By De nition 5 opcel is an ancestorof opcel at position n + P. Let ap = opcel. If a;
is an ancestorof opcel, then aj.1 = parent(a;) is (by De nition 5) an ancestorof opcel too. By
Lemma 18, we have:

(*) 80 i logn: Let a; bereacableat b(n+ P)=2'c and ready beforethe invocation
of promote (b(n + P)=2'c). Then, after promote (b(n + P)=2'c) terminates,

a hasbeenhead,

8i < logn; 9a;+; sud that a;;+1 is reachable at b(n + P)=2i+l c, ready, and aj+; =
parent(a;).

We note that ag isreachable at n+ P, and ready beforethe for loopin Lines 2,3 of apply (P; op;0)
begins. In the for loop, P executespromote (b(n + P)=2'c), 8i such that 0 i logn.

By logn + 1 applications of (*) above, we get: 8i;0 i logn : 9 reacable a; suc that a
is an ancestorof opcel at b(n + P)=2'c, and a; has beenhead.

By Lemma 13, there exists at most one ancestor of opcel at b(n + P)=2/c, for any given i.
This provesthe uniquenessof a; as stated in our Lemma.

Let i < logn. By Lemma 14, a; hasbeenheadimplies that a; ! Parent = aj; .

2

Lemma 20 proves that the assumption in Lemma 19 indeed holds. The inductive proof of

Lemma 20 usesLemma 19.

Lemma 20 Consider processP exeuting apply (P;op;0). When P completesLine 1, opcel is
reachableand ready, and opcel ! Op= op.

Pro of The proof is by induction on the successie invocations of apply (P, *, O) by P in a run.
Induction Basis Considerthe rst invocation of apply (P, *, O) by P. Let P invoke apply (P; op;0).
In Line 2 of announceg(op;P) (called in Line 1 of apply (P;op;0)), head = Headn + P] =
anchor,+p. We note that during initialization, anchor,+.p ! Next:= ?, and that the only way
anchorp+p ! Next can be assigneda new value is when P executesSC(head! Next; ) in
Line 4 of announce Therefore the SC operation in Line 4 returns true, and opcel is reatable
when P completesannounce(op;P). By Line 1 of announce(op;P), we have opcel | Ready =
true;opcel ! Op= op. Thus, our Lemma holds.
Induction Step The induction hypothesisis that Lemma 20 holds for all previousinvocations of
apply (P,*, O) by P. We now prove that Lemma 20 holds with respect to the current invocation.
Let the invocation of apply (P, *, O) by P that immediately precedesthe current invoca-
tion, apply (P;op:0), be apply (P;op®0). Let c® = opcel, the value returned in Line 1 of
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apply (P;op® 0). By Lemma 19, c® has been head when P completes apply (P; op® O). Let t
be the time when P executesLine 3 of announce(op;P) (called in Line 1 of apply (P;op;0)).
Sincethe only way c®! N ext can be assigneda non-? value is by processP executinga success-
ful SC(head! Next; ) in Line 4 of announce c®! Next = ? at t. This in turn implies that c°
is head at t, and hencealso at the time P executesLine 2 of announceg(op;P). HenceP executes
SC(head! Next;opcel) in Line 4 of announcgop;P). Further, the SC operation returns true.
This implies that opcel is reactable after P completesLine 1 of apply (P;op;O). By Line 1 of
announce(op;P), opcel is ready, and opcel ! Op= op. The proof is now complete.

2

Lemma 21 is the key result in this section. It is the statemert of Lemma 19, without the
assumptionthat when P completesLine 1, opcel is reachable and ready.

Lemma 21 Consider process P executing apply (P; op;0). After P exits the for loop in Lines
2-3,8i;0 i logn, 9 areachablea;, suchthat:

a; is a unique ancestor of opcel at position b(n + P)=2/c,
a hasbeen head,

8i < logn;aj! Parent= aj;.

ag = opcel.

Pro of This Lemma s a corollary of Lemmas 19 and 20.

3.5.2 Pro of of Linearizabilit vy

The objective of this section is to prove that our algorithm is linearizable. As a rst step, we
de ne formally the notion of linearizability .

De nition 6 Consider a run R.
inv ocations (R) denotesthe set of invocations of apply in R.
leafCells (R) denotesthe set of leaf reachablecells in R.

An invocation of apply (P;op;0) in R is complete if the procedure apply (P;op;0O) termi-
natesin R.

De nition 7 The run R is linearizable if there exists a sgquene, invocSeqR), of invocations
in invocations (R), suchthat:

each invocation in inv ocations (R) appears at most once in invocSeR).

each completeinvocation in inv ocations (R) appears exactly once in invocSeqR).
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Let invocations apply (P; op;0), apply (P%op®0) ke in invocSeqR). If procedure
apply (P; op;0) terminates before procedure apply (P2 op® O) begins, then invocation
apply (P; op;0) precedes invocation apply (P op® O) in invocSeqR).

Let R%be a run in which the invocations in invocSeqR) are applied sequentially (without
overlap) to O. Supmse that procedure apply (P;op;O) returns x in R. Then, procedure
apply (P;op;0) returns x in R

3.5.2.1 Functions invoca and leaf
De nition 8 We de ne a function invoca: leafCells (R) ! invocations (R) thus:

invoca(c) = (apply (P; op;0)) if and only if announcecalled in Line 1 of apply (P; op;0O)
produces a leaf reachablecell cin R

Since eah leaf reachable cell produced in announce is a new cell, invoca is well-de ned.
Further, sinceead invocation producesat most one leaf reachable cell, invoca is one-to-one. Let
inv ocationsWithCells  (R) denote the range of invoca.

De nition 9 We de ne a function leaf. invocationsWithCells (R)! leafCells (R) thus:
leaf(apply (P; op;0))= c if and only if invoca(c) = (apply (P; op;0)).

Sinceinvoca is one-to-one,leaf is well-de ned.
We note that leaf(apply (P;op;0)) is the cell returned by announce(op;P) calledin Line 1 of
apply (P; op;0).

Lemma 22 Let c= leaf(apply (P;op;0)). Then,c! Op= op.

Pro of This is an immediate corollary of Lemma 20.

3.5.2.2 Leaf Sequence
Notation 4
[X1;X2;x3; ] denotesa sequen® whoseith elementis x;.

Let 1 bea nite seuene, and ; be a sgquene. Then, ; > denotesthe concatenation
of ;and ».

denotesthe empty sequene.

We de ne the leaf segquen@ of a reachable cell ¢, denoted by leafSay(c), to be the sequenceof
the leaf descendats of c, in the left-to-right order. Formally,
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Denition 10 Let c be ? or a reachablecell. We de ne the leaf sequenceof ¢, denotal by
leafSey(c), to be a sqguene of leaf reachablecells satisfying the following:

(@) If c= ?, then leafSe(c) = ;

(b) If cis leaf reachable,then leafSey(c) = [c];

(c) If cis non-leaf reachable,then leafSey(c) = leafSey(c! LC) leafSey(c! RC).

By Lemma 7, if c is non-leafreachable,then c! LC (and ¢! RC) is either ? or reacable.
Thus, (c) in the above de nition is well-de ned.
2

Let R bearun. We de ne the leaf sequene of R, denoted by leafSey(R), to be the concate-
nation of the leaf sequence®f the root readable cellsin R.

De nition 11 Let R be a run. Recall that List [1] = [ro;r1;r2; ], wher ro = anchory, and
8i>0r; 1! Next=r;.

De ne the leaf sequenceof R, denotal by leafSegy(R), as follows: leafSey(R)=le afSey(r 1)
leafSay(ro) leafSeay(rs)

Thus, leafSedR) is the sequenceof leaf cells of the root reachable cellsin a run R, in the
left-to-right order.

De nition 12 Let c be a reachablecell in a run R. The prior leaf sequenceof ¢, denotal by
priorL eafSey(c), is de ned to be the sequene of leaf reachablecells suchthat leafSey(c) is a
pre x of leafSey(R).

Let c beareadtable cellin arun R. By De nitions 10, 11, and Lemma 21, leafSey(c) occupies
a unique position in leafSe(R). is therefore well-de ned in the above De nition.

We note that priorL eafSey(c) is the sequenceof leaf reachable cells (in the left-to-right order)
up to, but excluding, the left-most leaf descendan of c.

3.5.2.3 Invocation Sequence

De nition 13 LetleafSe(R) = [c1;C2;¢3; ] De ne theinvocation sequenceof R, invocSeqR) =
[invoca(c,);invoca(cy); .

The next three Lemmasare important in our proof of linearizability.
Lemma 23 Each invocation in inv ocations (R) appears at most once in invocSeqR).

Pro of Eacdh invocation producesat most one leaf reachable cell c. By Lemma 21, ¢ has at
most one root ancestor. Thus, ¢ appearsat most oncein leafSe(R). Therefore, ead invocation

appearsat most oncein invocSeqR).
2

Lemma 24 Eachcompleteinvocation in inv ocations (R) appears exactly once in invocSeqR).
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Pro of Eadh completeinvocation producesexactly oneleaf reacdhable cell c. By Lemma 21, c has
exactly oneroot ancestor. Thus, ¢ appearsexactly oncein leafSey(R). Therefore, ead complete
invocation appearsexactly oncein invocSeqR).

2

Lemma 25 Let invocations apply (P; op;0), apply (P%op® O) bein invocSeqR). If procedure
apply (P; op;0) terminates before procedure apply (P2 op® O) begins, then invocation
apply (P; op;0) precedesinvocation apply (P op® O) in invocSeqR).

Pro of LetList [1]= [ro;r1; ]. By Lemma2l,leaf(apply (P; op;0O)) hasaroot ancestorr; before
apply (P; op;0) terminates. By Lemma 7, and from the algorithm, leaf(apply (P % op® O)) has a
root ancestorr; after apply (P%op” 0) begins. Thus,i < j. Hence,leaf(apply (P; op;0)) precedes
leaf(apply (P% op® 0)) in leafSey(R). As a result, apply (P;op;0) precedesapply (P op® 0) in
invocSeqR).

2

3.5.2.4 Operation Sequence

De nition 14 Let c be reachable.

Let leafSay(c) be [c1;Co;¢C3; ;ck]. We de ne the operation sequenceof ¢, opSeqc) =
[ct! Op;cz! Opiez! Op; ;o! Op]

Let priorL eafSey(c) be [c1;Co;c3; ;c]. We de ne the prior operation sequenceof c,
priorOpSeqc) = [c;! Op;c! Op;cs! Op; ;! Opl

Thus, opSe(c) is the sequencef operationsin the Op elds of the cellsof leafSey(c). priorOpSey(c)
is the sequenceof operations in the Op elds of the cells of priorL eafSey(c).

3.5.25 Op Field of a Cell

We dene 4, (S;[0p1;0pm:; ;0pc]) to be the state of the object O after applying successiely
the operations op;; opp; 0p3;  ;opk to O in state s. Formally,

De nition 15 Let op™ be the set of seqguene@s of one or more operations. De ne 4, : Q
OP* I Q asfollows:

Let s2 Q be a state. Letop2 OP; 2 OP™*. Then,

state (S;[0P]) = state (S; 0P).
state (S; [op]) = state ( state (S; );0P).

We note that gwentwo sequence®foperations 1; 2, site( state (S 1)7 2) = stae (S5 1 2)-

Recallthat op®  op®= opif, for any state s, applying operation opto the implemenrted object
Q in state s resultsin the sanP\FstateﬁsappNing rst op‘;\lthen og’%o O,\jn state s. We note that

is assa:iativg. Thus, ((opr  op) ops) om=op ((op op@) o).

We dene  on a non-trivial sequenceoﬁl operations, such that  (Jopi;op;  ;0pk]) is the
operation that results from combining, using , the operations op;; op;  ;0pc. Formally,
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enition 16 Let [opy;0op; ;opc] be a non-trivial sequene of operations. De ne
([opr;0p2;  ;0p¢]) asfollows:

It k = 1, " (lopu]) = opy,
ifk> 1, (opiop:  opd)= (( ((op op)" ops) " op).

N .
By the property of we have: Let s be any state. Let be a non-trivial sequenceof
operations. Then, swate(S; () = stae(S: ) N
Lemma 26 says that ¢! Op is the operation that results from conbining, using , the
operations of the leaf descendats of c.

U
Lemma 26 Letc bereachable.Then,c! Op= (opSeqc)).

Pro of We proceedby induction.

nduction Basis Let cbeleafreacable. Then, opSeqc) = [c! Op]. Our Lemma holds, since
([op]) = op, by de nition.

Induction Step Let c be non-leaf readhable. Supposethat (c! LC 6 ?)" (c! RC 6 ?).

(Other casesare similar.)

c! Op = (c! LC! Op)O (c! RC! Op)
= ] (opSeq(c! LC))O (opSeqc! RCQC))
= ] (opSeqc! LC) opSeqc! RQ))
. (opSeq(c))

2
Lemma27is the immediate conﬁequencf Lemma 26, which saysthat ¢! Opisthe operation
that results from conbining, using , the operations of the leaf descendats of c.

Lemma 27 Lets be any state. Let ¢ be reachable. Then, siawe(S;C! Op) =  giae (S 0pSe((C)).

_ . : . u
Pro of This is an immediate corollary of Lemma 26, and the obsenation that g (s; ()) =

state (S7 )
2

3.5.2.6 State Field of a Cell

Lemma 28 says that any non-? value in ¢ ! State is the state that results from applying
the operations in prior OpSeq(c) to the implemented object in the initial state. Furthermore,
c! State is stable, i.e. onceit holds a non-? value, such a value will never change.

Lemma 28 Let c be reachable.
(@ If c! State 6 ?, then
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c! State = e (initialst ate , prior OpSeqc)).

(b) Letc! State = d, d6 ?, at time t. Then at any time t®suchthat t® t; ¢! State = d.

Pro of

Induction Basis Let c be root reachable. Let List[1] = [ro;ri;r2; ]. Let ¢ = rj;i

ri ! State canbeassigneda non-? valueonly in Line 6 of promote(1). From Line 3, head = r;
Thus, the non-? value of rj ! State is gae(rj 1! State;r; 1! Op). Sincerg! State
anchory ! State =initialst ate,rg! Op= ?, then by a simple induction on i, we have:

e e

If c! State=r;j! State 6 ?, then

c! State = ge(initialst ate;[ri! Op;ra! Op; ;ri 1! Op))

Recall that
leafSe(R) = leafSey(r1) leafSey(ry) leafSey(ri 1) leafSey(r;)

Thus, prior OpSeq(c) = opSeqr1) opSeqro) opSeqri 1). Therefore,

c! State

state ( state (initialst ate ;rq ! Op);[r2! Op;rs! Op; ;ri 1! Op))
= state ( state (initialst — ate ;opSeq(ri));[r2! Op;ra! Op; ;ri 1! Op])(Lemma 27)
= state ( state (iNitialst — ate ;opSeqri) opSedrz));[rs! Op;ra! Op; ;ri 1! Op])
= suate(initialst ate ;opSeqri) opSedrz)) opSeqri 1))

= state (iNitialst  ate ; prior OpSeq(c))

This provespart (a). It is easyto seethat ro! State = anchory! State =initialst ate is
stable. By a simple induction on the index i, we seethat 8i, r; ! State is alsostable. Thus, part
(b) holds.

Induction Step Let c be non-root reachable.

The Induction Hypothesisis that Lemma 28 holds for c! Parent. ¢! State can be
assigneda non-? value only in Line 5 or 6 of percolateState ,andonly if p! State 6 ?, where
p=c! Parent. By Lemma 21, when a processis executing percolateState ,p= c! Parent
implies that p= parent(c) i.e. p! LC =corp! RC=c
Case 1l p! LC =c

In this Case,prior OpSeqc) = prior OpSeqp). By Line 5 of percolateState ,if c! State 6
?, then

c! State p! State
state (INitialst — ate ; prior OpSeq(p)) (Induction Hypothesis)

state (INitialst — ate ; prior OpSe((c))
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Case 2 p! RC=c

In this Case, prior OpSeqc) = priorOpSeqp) opSeqp! LC). Sincelop=Ic! Opin
announce we havep! Lop=p! LC ! Op. By Line 6 of percolateState ,if c! State 6 ?,
then

c! State = gae(p! State;p! Lop)
= state ( state (INitialst — ate ; prior OpSeqp));p! Lop) (Induction Hypothesis)
= state ( state (initialst  ate ;prior OpSeq(p));p! LC ! Op)
= state ( state (initialst ate ; prior OpSeq(p));opSeq(p! LC)) (Lemma27)
= guate (initialst — ate ;prior OpSeqp) opSeqp! LC))
= guate (initialst  ate ; prior OpSeq(c))

This completesthe proof of part (a). By Induction Hypothesis,c! Parent! State is stable.
It follows immediately that ¢! State is alsostable. This proves part (b).
2
Lemma 29 says that when a root reacable cell has beenhead, its State eld holds a non-?
value.

Lemma 29 LetList[1]= [ro;r1; ]. 8i;i O, (rj hasheen head)) (rj! State 6 ?).

Pro of
Induction Basis i= 0.

At initialization, rg = anchor; is head,andrg! State 6 ?. Thus, our Lemma holds.
Induction Step SupposelLemma 29 holds for r; 1.

We now prove that (rj hasbeenhead)) (rj ! State 6 ?). If r; hasbeenhead, then some
processP has executeda successfulSC(H eadl1];ri) in Line 7 of promote(1). When P executes
Line 6 , newcell = rj, and head= r; ; (Lines 2,3). Thus, r; ; has beenhead when P executes
Line 2. By the Induction Hypothesis,r; ;! State 8 ?. Asaresult, rj! State = ggawe(rj 1!
State;ri 1! Op) 6 ? (Line 6). This completesthe proof.

2

Lemma 30 says that after percolateState (opcel, n+ P) terminates, opcel's State eld holds
a non-? value. By Lemma 28, we therefore have the following: after percolateState (opcel,
n+ P) terminates, opcel ! State holds the state that results from applying the operations in
prior OpSeqopcel) (which is the sequenceof operations of the leaf reachable cells to the left of
opcel) to the implemented object in the initial state.

Lemma 30 After percolateState (opcel, n+P) in Line 4 of apply terminates, opcel ! State 6
?.
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Pro of By Lemma 21, before processP begins percolateState , 8i;0 i logn 1;a; !
Parent = a1, whereag = opcel;aj+1 = parent(a;); aogn is root readable. This implies that
evertually P makes the recursive call percolateState (ajogn;1). Further, by Lemma 21, ajogn
has beenhead.

By Lemma29,a,4, ! State 8 ?. In Lines 5,6 of percolateState ,(p! State 6 ?)) (c!
State 6 ?);i.e. (aj+1 ! State 6 ?)) (a ! State 6 ?). Hence,aegn ! State 6 ? implies
that 8i;0 i logn 1,a ! State 6 ? when percolateState (opcel, n+P) terminates. In
particular, opcel ! State = ag! State 6 ?.

2

3.5.2.7 Linearizabilit vy

Lemma 31(c) assertsthat apply (P; op;O) returns a responsethat is the sameasthe responsethat
apply (P; op;O) would have obtained if the invocations of the run R were applied sequetially, in
the order speci ed in the invocation sequencejnv ocSeq(R). This is a crucial result, and a short
step from nally proving linearizability. Theorem 1 provides the full argumert for linearizability.

Lemma 31 LetR bearun. LetleafSe(R) = [c1;¢C; ] Then,

(@) invocSeqR) = [apply ( ;1! Op;O);apply ( ;c2! Op;0); 1,
(b) 8i;i=1;2; :after Line 4 of apply ( ;¢i! Op;0),

¢ ! State = ,e(initialst ate;[ci! Op;cx! Op; ;¢ 1! Op]),
(c) 8i;i=12 :apply( ;¢! Op;O) returns

resp( state (iNitialst ate ;[c; ! Op;c;! Op; ;¢ 1! Op]);c! Op).

Pro of

(@) Let invocSeqR) = [apply ( ;0p1;O);apply ( ;0p2;O); 1. Thus, ¢i=leaf (apply ( ;op;O)).
By Lemma22,0p = ¢! Op.

(b) opSeqR) = [c1! Op;ce! Op; ;¢ 1! Op;g! Op; ] Therefore, prior OpSeqc) =
[ct! Op;c! Op; ;¢ 1! Op]. By Lemmas30 and 28, after Line 4 of apply ( ;ci! Op;0),

c ! State = . (initialst ate ;prior OpSeq(ci))
state (INitialst — ate ;[c;! Op;c;! Op;, ;¢ 1! Op])

(c) This follows immediately from part (b) of this Lemma.

3.5.3 Summary

Theorem 1 The closal object construction shownin Figures 3.6 to 3.9 is linearizable and wait-
free.

Pro of The closedobject construction is wait-free, by inspection of the algorithm.
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Considerarun R. By Lemmas23, 24and 25, invocSeqR) satis es the rst three requiremerts
of De nition 7.

Consider a run R%in which the invocations in invocSeqR) are applied sequetially to the
implemerted object, initialized to initialst ate . Let procedure apply (P;op;0O) return x in R.
Then, by Lemma 31(a),(c), apply (P;op;0) returns x in R% Thus, invocSeqR) satis es the
last requiremert of De nition 7. Therefore R is linearizable. SinceR is an arbitrary run, our
construction is linearizable.

2

Theorem 2 The shard-aaess time complexity and local time complexity of the closel object
construction shownin Figures 3.6 to 3.9 are both O(log?n).

Pro of
We make the following obsenations:

1. A call to readyOrphan, announce or combine results in O(1) accessedo shared objects
and O(1) local steps.

2. A call to append(st) results in O(1) shared-memorystepsand O(1) local steps.

3. When the recursionin the promote procedureis eliminated, a call to promote results in at
most 2 logn callsto append thus giving riseto O(log n) shared-memorystepsand O(log n)
local steps.

4. A call to percolateState (c; Ist), or release (c;Ist; ) resultsin O(logn) shared-memory
stepsand O(log n) local steps.

5. apply makesonecall to announce 1+ logn callsto promote, onecall to percolateState
and one call to release . Therefore, a call to apply results in O(log?n) shared-memory
stepsand O(log? n) local steps.

Thus, both the shared-accessime complexity and local time complexity of the closedobject

construction are O(log? n).
2
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Chapter 4

Bounded Construction for Closed
Ob jects

4.1 General Principles

In the construction preseried in Chapter 3, ead time a processP invokes either announce or
combine, it allocatesa new cell from its private pool of cells. Thus, eat processrequiresa pool
of unbounded number of cells. We now describe the general approac that we have taken in
modifying the unbounded construction, in order to bound the total number of cells required.

First, we recall that oncea cell c becomeshead, any further changesto the elds of c comein
one of two ways:

processeghat installed the leaf descendats of c write to ¢! State during their execution
of percolateState

processedry to write to ¢! N ext during their execution of combine or announce

We provide ewery cell ¢ with two additional elds: ¢! Freeand c! Retired to indicate
whether such changesto the elds of ¢ may still happen.

¢! Free= true indicatesthat all the leafdescendats of c have completedtheir percolateState
Thus, cwill nolongerbeaccessedy any processexecutingpercolateState . ¢! Retired= true
indicates that ¢ hasbeenhead, but is no longer head. Thus,c! N ext points to somecell d, and
d has beenhead. We say that a cell cis invalid if both c! Freeandc! Retiredhold true.
The elds of aninvalid cell no longer holds any useful information. Our aim is to recycle invalid
cells. A recycledcell is said to bein a new incarnation.

There is no guarantee that an invalid cell ¢ is no longer accessediy processes.Sincec !
Free= true meansthat all the leaf descendais of ¢ have completed their percolateState , we
know that no processwill accessan invalid ¢ during percolateState . Howewer, it is possible,for
example, for a processP to accessan invalid ¢ during Line 2 of readyOrphan: SupposeP reads
head:= cin Line 1 when c is head. If P waits until c is invalid before executing Line 2, then P
accessesn invalid c.
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Therefore, we needto ensurethat, whenewer an invalid c is accessedthe algorithm behaves
in exactly the sameway, whether ¢ has beenrecycled (so that c is in a new incarnation, and its
elds hold indeterminate values) or not. In other words, the contents of an invalid ¢ must not
a ect the correctnessof the algorithm. Furthermore, if ¢ has beenrecycled, then the corntents of
¢ must be protected from any changeby the processeshat intend to accessan old incarnation of
C.

Toadievethis, we rst obsenethe following: If acell cisaccessedby aprocessP in procedures
other than percolateState , then the following is true:

P rst readsH eadlst], for somelst, and setshead := H eadlst]. P then follows somepointers,
starting from head, to readh c. Either head= c;head! Next = c;head! Next! LC = ¢, or
head! Next! RC=rc

Supposethat initially P had executedhead:= LL(H eadlst]), instead of head := H ead]lst].
Further supposethat P executesVL(H eadlst]) at sometime t when c is invalid. We can prove
that at t, Headlst] no longer equals head. Thus, the VL operation returns false Hence, if
P executesVL(H eadlst]) immediately after reading values from c, and discards such values if
VL(H eadlst]) returns false then valuesfrom an invalid cell c will never be usedby P. If, on the
other hand, VL(H eadlst]) returns true, then the valuesread are indeed from a valid c. In this
case,P proceedswith the stepsof the construction in Chapter 3.

We therefore require that every read operation on ¢ be precededby a LL(H eadlst]), and
followed by a VL(Headlst]). If the VL operation returns false then P abandonsany further
operation on ¢, as no useful work remains to be done on c. On the other hand, if the VL
operation returns true, then P is assuredthat it has read valuesfrom a valid c. In this case,it
proceedswith the normal execution. By this medanism, we ensurethat the contents of an invalid
¢ (which are indeterminate) do not a ect the correctnessof our algorithm.

After reading from a valid ¢, P may want to write to c. We require that any write to ¢
obsenes certain rules. For example, considerthe casewhere P wants to write X to ¢! Parent.
We require that P rst executesparent :=LL( ¢! Parent). P then executesVL(H eadlst]), to
be surethat the value parent indeed camefrom a valid c. P then cheds to seeif parent= ?. If
parent 8 ?, P doesnothing. If parent = ?, P executesSC(c! Parent;x).

We note that when P executesSC(c! Parent;x), c may beinvalid. If cis invalid, then the
SC operation must fail. This is true for the following reason: Before P executesthe SC operation,
P has executedthe LL operation when cis valid, andc! Parent= ?. c! Parent must have
held a non-? value, before c becomesinvalid. Hence,when P executesthe SC operation (at a
time when c is invalid), the SC operation must fail.

This ensuresthat the contents of an invalid ¢ are not changedby P. Thus, if ¢ has been
recycled, the contents of the current incarnation of ¢ are not corrupted.

In summary, we useVL( H eadlst]) to ensurethat either the valuesread from c are from a valid
¢, or further operations on c¢ are abandoned. Furthermore, we ensurethat there is no successful
write operations on an invalid c. With these mecanisms, an invalid cell can be safely recycled.

As we shall prove, our boundedimplementation requiresonly 3n(3n + logn) cells.
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4.2 Bounded Space Complexit y* (BSC*) Implemen tation

We incorporate the changesoutlined in the previous section into the unbounded construction
preseried in Chapter 3 to obtain the algorithm (which we call the Bounded SpaceComplexity*
(BSC*) implementation) in Figures4.1to 4.5. BSC* di ers from the nal boundedimplemerta-
tion that we desirein only one particular: In BSC*, announce and combine always return new
cells. Thus, with BSC*, even though invalid cells can be safely recycled, no attempt is made to
recyclethem. At a later section, we will preseri the nal boundedimplementation, which we call
the Bounded SpaceComplexity (BSC) implemertation. In BSC, announce and combine return
either a new cell or a recycled, invalid cell. Thus, invalid cells are recycledin BSC.
The purposeof BSC* is to serwe asa conveniert tool in proving the correctnessof BSC.

4.2.1 release procedure

The only major di erence between BSC* and the unbounded construction in Chapter 3 is the
addition of the procedurerelease . We explain belowv how it works.

ProcessP executesrelease (opcel;n + P; left) (Line 6 of apply) after it has completed
percolateState . Thus, P executesrelease after it has written the appropriate value into
opcel ! State. The purposeof release is to signalto the cellsalong the path from opcel to its
root ancestorw that P has completedits percolateState

Recall that eat cellc hasa eld c! Free c! Free= true indicates that all the leaf
descendats of ¢ have completedtheir percolateState . In addition to ¢! Free c hastwo more
elds: ¢! LDoneandc! RDone c! LD one= trueindicatesthat eitherc! LC = ? or all
the leaf descendats of c! LC have completedtheir percolateState . Likewise,c! RDone=
tr ue indicates that either c! RC = ? or all the leaf descendats of c! RC have completed
their percolateState

For any cellc, if c! LC 6 ?, then there is exactly one leaf descendan | of c! LC that
representsc! LC. We alsosay that the processthat installed | representsc! LC. The process
that represerts ¢! LC is responsible for setting ¢! LD oneto true. Similarly, if c! RC 6 ?,
then there is exactly one leaf descendahr of c! RC that representsc! RC. The processthat
installed r representsc! RC, and is responsiblefor setting c! RDoneto true.

Supposethat d is an ancestorof P's opcel, and P representis d! LC. In this case,P will
executeLine 4 of release . After P setsd! LD oneto true (Line 4), it checksd! RDone(Line
5). If d! RDone = true, then P executesSC(d! Free;true) (Line 6). If the SC operation
succeedsthen P represens d, and P executesascend. In ascend, if d is a left child of e, then P
represents e! LC, and makesa recursive call release (e; ;left). Likewise,if dis aright child of
e, then P represerts e! RC, and makes a recursive call release (e; ;right). Thus, the unique
processthat executesa successfulSC(d! Free;true) represerts d to d's parent e.

If after P setsd! LD oneto true (Line 4), it nds that d! RDone=false then P returns
from release . Likewise,if P executesa SC(d ! Free;true) that returns false then then P
returns from release . Thus, P beginsat opcel at the leaf position, and proceedsup the path
from opcel to the root w, asfar asP is able to represen the cells along the path.

We obsene the following: If P hasnot begunrelease , then for all cellsd alongthe path from
opcel to the root w, d! Free=false Furthermore, let c beany cell. if c! Free=true, then
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all the leaf descendats of ¢ have completed their percolateState

4.3 Pro of of Correctness of BSC*

Our rst objective is to prove that BSC* is linearizable, and wait-free. More speci cally, we want
to shawv that Theorems 1 and 2 in Chapter 3 hold with respect to BSC*. Our proofs of these
Theoremsfollow exactly the structure of their proofsin Chapter 3. Howewer, the many changes
madeto the algorithm in Chapter 3 (in particular, the insertion of many instructions of the form
if not VL(*) return ), require that the proofsbe carefully examined,to verify that the argumerts
still hold.

We re-prove here Lemmas1 to 17 with respect to BSC*. The proofs are essefially the same
as those presenried in Chapter 3, with certain non-trivial di erences. In particular, the proofs of
Lemmas 11, 14, 16, and 17 with respect to BSC* shaw signi cant di erence from their proofsin
Chapter 3.

The proofsin Chapter 3 of Lemmas18to 31, and Theorems1 and 2 (with obvious, and minor
changes)are easily seenas applicable to BSC*. We therefore omit re-proving them here. Sinceall
the Lemmasin Chapter 3 hold with respect to BSC*, we conclude, by Theorem 1 (with respect
to BSC*), that BSC* is linearizable and wait-free.

Lemma 1 Let c be a cell returned either by announceto Line 1 of apply, or by combine to Line
7 of append

(@) The valueof ¢! LC is unchangel.

(b) The valueof ¢! RC is unchangel.

(c) The valueof c! Lop is unchangd.

(d) The valueof c! Op is unchangel.

(e) Letc! Next=d, d6 ?, at time t. Then at any time t%suchthatt® t; ¢! Next= d.
(f) Letc! Parent=d, d6 ?, at time t. Then at any time t%suchthatt® t; c! Parent= d.
(g) Letc! Ready= true, at time t. Then at any time t%suchthat t° t; ¢! Ready= true.

Pro of

(@),(b) c! LC andc! RC are assignedvaluesonly once: in Line 1 of announceor Line 1 of

combine. This obsenation implies Lemmas1(a) and 1(b).

(€),(d) c! Lopandc! Op are assignedvaluesonly once: in Line 1 of announceor Line 1 of

combine. This obsenation implies Lemmas1(c) and 1(d).

(e)We rst note that ¢! Next is assignedthe value ?, only during the initialization of ¢ in

announce and combine, and nowhere else. There are only two placeswhere c ! Next can

take on a non-? value: Line 4 of announce and Line 9 of append If processP executesa

successfulSC(c! Next;d), d6 ?, in Line 4 of announce then P must have previously executed

LL(c! Next) in Line 3, with ? asthe LL operation's return value. This implies Lemma 1(e).
If processP executesa successfulSC(c! Next;d), d6 ?, in Line 9 of append, then P must

have previously executedLL(c ! Next) in Line 2, with ? asthe LL operation's return value

(Line 3). This implies Lemma 1(e).

(f)We rst note that ¢! Parent is assignedthe value ?, only during the initialization of c in

announce and combine, and nowhere else. There are only two placeswherec! Parent cantake
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on a non-? value: Lines 21, 35 of append If processP executesa successfulSC(c! Parent;d),
d6& ?,in Line 21 (resp. 35) of append then P must have previously executedLL(c! Parent)
in Line 20 (resp. 34), with ? asthe LL operation's return value. This implies Lemma 1(f).
(g)This follows from the fact that c! Ready is assignedfalse only during the initialization of ¢
in combine, and nowhere else.

2

Lemma 2 Let c be any cell. There is at most one cell b suchthat b! Next = c.

Pro of There are only two placeswhereb ! Next (for someb) can be assignedthe value c:
Line 4 of announce Line 9 of append In both of these places, processP initializes a new cell
c and executesSC(b! Next;c). Given any cell ¢, at most one processexecutesthe operation
SC(b! Next;c) (for someb); further, this processexecutesthe operation onceonly. Hence,there
is at most one cell bsuch that b! Next = c.

2

Lemma 3 Letlst;Ist®be suchthat 1 Ist;Ist® 2n 1. Leti;j besuchthati 0;j 0. Then,
(List [Ist](i) = List [Ist9()) ) ((Ist= Ist9~ (i = j)).

Pro of This Lemma follows from Lemma 2.
2

Lemma 4 Letk 0. Supmseat sometime t Head]lst] = List [Ist9(k).} Let c be the rst value
that is suaessfuly written to Headlst] after t. Let t° be the time ¢ is suaessfuly written to
Headlst]. Then,

c= List [Istq(k + 1).
At time  suchthat t0 List [Ist9(k) ! Next = List [Ist9(k + 1).

Pro of Headlst] canbewritten to in three places:Line 11 of promote, Lines 27,410f append In
all theseplaces,H eadlst] changesvaluefrom b, the value of H eadlst] returned by the immediately
precedingLL( H eadlst]) (Line 2 of promote, Lines 22,36 of append), to c= b! Next through a
successfulSC(H eadlst]; ¢). Further, by Line 4 of promote, Lines 17,26 of append Lines 31,40 of
append we have b! Next=c6 ?. By Lemma 1(c), onceb! Next = cholds,b! Next=c
at all subsequen times. This implies our Lemma.

2

Lemma 5(a) shows that Ist = Ist°
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initialization
8i;1 i 2n-1:anchor : cell

for i ;= 1to 2n-1:
anchor; ! Next:= ?;anchor; ! Free:= true;
anchor; | Retired := false Headi] := anchor,
anchor; ! State:= initialst ate
anchory! Op:=?
end initialization

apply (P : integer ; op: op; O) returns res
opcell := announce(op;P)
for i := Oto logn
promote (b(n+ P)=2/c)
percolateState (opcell; n+ P)
release (opcell; n+ P; left)
return  resp(opcell ! State; op)
end apply

promote (Ist : integer )
if Ist=1
head := LL(Head[Ist])
newell := head! Next
if newell = ? return
if newell! Ready= falsereturn
newstate:= gtate (head! State; head! Op)
newellstate ;= LL(newall ! State)
if not VL(Head[lst]) return
if newelistate = ?
SC(hewell ! State newstate
if SC(Head]lst]; newell)
head! Retired := true
return
append(blst=2c)
promote (bist=2c)
append(blst=2c)
end promote

Figure 4.1: BSC* construction for closedobject O (Figures 4.1to 4.5)
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15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.

append(lst : integer )
head := LL(Head]lst])
newell := LL(head! Next)
if not VL(Head[lst]) return
if newell = ?
(Ic, lop) := readyOrphan(2 Ist)
(rc, rop) := readyOrphan(2 Ist+ 1)
if Icé ?)or (rcé ?)
¢ := combine(lc; lop; rc; rop)
result:= SC(head! Next; ¢)

if not result
c! Free:= true, ¢! Retired ;= true
newell ;= head! Next

if not VL(Head[lst]) return
if newell = ? return

Ichild := newell ! LC

if not VL(Head[lst]) return

if Ichild 6 ?
Icparent := LL(Ichild! Parent)
if not VL(Head[lst]) return
if Icparent = ?

SC(child ! Parent, newell)
Ichead := LL(Head[2*Ist])
Icnewell := Ichead! Next
if not VL(Head[2*Ist]) go to L
if not VL(Head[lst]) return
if lcnewell = Ichild

if SC(Head[2*Ist], Ichild)

Ichead! Retired := true
(continue on next Figure)

Figure 4.2: BSC* construction for closedobject O (Figures 4.1to 4.5)
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append(lst : integer )
(continued from previous Figure)

29.L rchild := newell! RC
30. if not VL(Headlst]) return
31. if rchild 6 ?

32. rcparent ;= LL(rchild! Parent)
33. if not VL(Head[lst]) return

34. if rcparent = ?

35. SC(rchild ! Parent; newell)
36. rchead := LL(Head2*Ist+1])
37. rcnewell := rchead! Next

38. if not VL(Head[2*Ist+1]) go to M
39. if not VL(Head[lst]) return

40. if rcnewell = rchild

41. if SC(Head[2*Ist+1], rchild)
42. rchead! Retired := true

43M ready:= LL(newell ! Ready)

44, if not VL(Head[lst]) return

45, if ready = false

46. SC(hewell ! Ready, true)
end append

Figure 4.3: BSC* construction for closedobject O (Figures 4.1to 4.5)
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readyOrphan(Ist : integer ) returns ( cell ;op)
head := LL(Head]lst])
newell := head! Next
if newell=? return (?;7?)
if newell! Ready= falsereturn (?;?)
newop:= newell ! Op
if not VL(Head[lst]) return
return (newell, newop
end readyOrphan

(7:7)

NogahkownNE

announce(op : op; P : integer ) returns cell
1. allocate a new cell ¢ and initialize it as follows:

c! Parent:= ?,c! Next:=?,c! State.=?
c! LC.=7?,c! RC =7,
c! Op:=opc! Lop:=7?,c! Ready:= true
c! LDone := false c! RDone:= true, c! Free:= falsg c!
2 head := Head[n+ P]
3. if LL(head! Next) = ?
4, SC(head! Next, c)
5 return c

end announce

combine(lc : cell ; lop: op; rc: cell ; rop: op) returns
1. allocate a new cell ¢ and initialize it as follows:
c! Parent:=7?,c! Next:=7?,c! State.=?
c! LC:=lc,c! RC:= rc,
c! Lop:=lop c! Op:=(lop
c! Ready:.= false c!
if lcé ?

c! LDone := false
else ¢! LDone:= true
if rc6 ?

c! RDone = false
else ¢! RDone := true

2. return c
end combine

rop)

Free ;= false ¢! Retired := false

Retired := false

cell

Figure 4.4: BSC* construction for closedobject O (Figures 4.1to 4.5)
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Lemma 5

(a) Theinitial value of H eadlst] is List [Ist](0). The seguene of valuesthat havebeen suaessfuly
written to Headlst] at time t is:

List [Ist](1); List [Ist](2); ;List [Ist](k), for somek O.

(b) (List [Ist](i) hasbeen head)™ (List [Ist](i) is not head) ) (List [Ist](i + 1) hasbeen head).

(c) Letk 1. Atthetime List [Ist](k) is suaessfuly written to H eadlst], List [Ist](k) is reachable.
(d) (cis head at Ist)) (c= anchorg) _ (c is reachableat Ist).

(e) Let c= Headlst]! Next, then c is reachableat Ist.

(f) (cishead at Ist)™ (c! Next= ?)” (dis reachableat Ist) ) (d hasbeen head at Ist)

Pro of
(a) We note that at initialization, Headlst] = anchor, = List [Ist](0). This statemert is a
corollary of Lemma 4.
(b) This follows immediately from Part(a).
(c) The proof proceedsby induction on k, and usesLemma 4. The Induction Step proceeds
as follows: Supposethat List [Ist](k 1) is reachable (Induction Hypothesis). Then, at the time
List [Ist](k) is successfullywritten to Headlst], List [Ist}(k 1)! Next = List [Ist](k) (by Lemma
4). Thus, by De nition 1, List [Ist](k) is readhable.
(d) This is a re-statemert of Part(c).
(e) Wenote that H eadlst] is headat Ist. By Part(d), we have (H eadlst] = anchorg)_(H eadlst]
is reachable at Ist). In either case,c= Headlst]! Next is reachable at |st.
(f) By Part(a), there existsa k sud that ¢ = List [Ist](k). Since(c! Next= ?)" (disreadtable
at Ist), we have d = List [Ist](m), for somem such that k m 1. By Part(a), d hasbeenhead
at Ist.

2

Lemma 6 Letb! Next= c. (cisreachableatIst) ) (bhasbeen head at Ist).

Pro of From the algorithm, b! Next is assignedthe value c in either Line 4 of announce
or Line 9 of append In both these places, a process rst executeshead:= HeadlstY for some
Ist® (Line 2 of announce, Line 1 of append), and then changesthe value of head! Next from
? to c through a successfulSC(head ! Next;c). After the successfulSC(head ! N ext;c),
Headlstq ! Next = c¢. By Lemma 5(e), c is reachable at Ist® Hence, Ist® = Ist. Since
Headlst]! Next=candb! Next= c, Headlst] = b(Lemma 2). In other words, b has been
head at Ist. This completesour proof.

2

Lemma 7 Let c be non-leaf reachable.
(@ c! LC=d6 ? ) (disreachable)™(poqdd) =2 pogc)” (dis ready).
(b)yc! RC=d6 ? ) (disreachable)(posd) =2 pogc)+ 1) (dis ready).

Proof (a) c! LC is assignedthe value d in combine (d, *, *, *), called in Line 8 of append

(Ist). Further, (d; ) is the value returned by readyOrphan (2 Ist) (Line 5 of append (Ist)). In
readyOrphan (2 Ist), head= Head2 Ist] (Line 1). d= head! Next (Line 2),d! Ready=
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percolateState (c: cell ;lIst : integer )

if Ist = 1 return

p:= c! Parent

percolateState (p; bist=2c)

if Ist= 2 bist=2c

c! State:= p! State

elsec! State:= gtate(p! State p! Lop)

end percolateState

ok wphrE

release (c: cell ;lIst: integer ; dir : fleft; rightg)

1. p:=c! Parent

2. LL(c! Free)

3. if dir = left

4. c! LDone := true

5. if c! RDone

6. if SC(c! Free, true)

7. ascend (p, Ist)

8. elsec! RDone:= true

9. if c! LDone

10. if SC(c! Free, true)

11. ascend (p, Ist)
end release

ascend(c : cell ;lIst : integer )

1. if Ist =1 return

2. if Ist= 2 bist=2c

3. release (c, bist=2c, left)

4. else release (c, bst=2c, right)
end ascend

Figure 4.5: BSC* construction for closedobject O (Figures 4.1to 4.5)
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true (Line 4). Therefore, d is reachable at 2 Ist (by Lemma 5(e)). Sincec is reathable, some
processP executeda successfulSC(head! Next;c) in Line 9 of append When P executedLine
1 of append head= Head]lst]. Therefore,c= head! N ext isreadcableat Ist (by Lemma5(e)).
Thus, pog(c) = Ist, and poqd) = 2 Ist = 2 podgc). Finally, d is ready, sinced! Ready= true.
(b) Similar to the proof of part (a).

2

Lemma 8 Let ¢ be non-leaf reachable.c = parent(d) ) (d is reachable)” (d is ready).

Pro of This follows immediately from Lemma 7.
2

Lemma 9 Letd be non-root reachable. (d hasbeen head)) 9 reachablec suchthat c = parent(d).

Pro of d becomesheadin either Line 27 or Line 41 of append Considerthe caseof Line 27. (The
caseof Line 41is analogous.)Let P bethe processthat executeda successfuSC(H ead2 Ist];d),
whered = Ichild, in Line 27, thus causingd to becomehead. We note that during P's execution
of append Ichild = newcell ! LC (Line 15), newcell = head! Next (Line 2 or 12), head =
Headlst] (Line 1). Let cin our Lemma be newcell. Then, by Lemma 5(e), c is reachable. By
Notation 3, c= parent(d) sincec! LC = Ichild = d. This completesthe proof.

2

Lemma 10 Letd be suchthat 8Ist;1 Ist 2n 1;d 6 anchors. (d hasbeenhead) ) (dis
ready).

Pro of Since8Ist;1 Ist 2n 1;d 6 anchorg, and d hasbeenhead,d is readable (by Lemma
5(d)). If dis non-root reachable, Lemma 10 is an immediate corollary of Lemmas8 and 9.
Consider the casein which d is root reachable. d becomesH eadl] through a successful
SC(Headl];d) in Line 11 of promote (1). Further, d! Ready = true (Line 5). Hence,d is
ready.
2

Lemma 11 Letc be non-leaf reachable. Then, (cis ready)* (c = parent(d)) ) (d hasbeen head).

Pro of Considerthe caseofc! LC = d. (The caseofc! RC = disanalogous.)cbecomegeady
through processP executing a successfulSC(c! Ready;true) in Line 46 of append Further,
sincelchild=c! LC = d#6 ? (Lines 15,17), P executesLine 22 before executing Line 46. At
the time t whenP executesLine 22,c = parent(d) holdstrue. By Lemma8, (c = parent(d)) ) (d
is reachable). Let d = List [pogd)](k). Let x = List [pogd)](k 1). By Lemma 6, x has been
head at pog(d) at time t.

If x is not headat t, then, by Lemma 5(b), d hasbeenheadat t. Therefore our Lemma holds
in this case.Supposex is headat t. In Line 23 of append, Icnewcell = x ! Next = d.

In Line 24, if VL(Headpodqd)]) returns false, then d has beenhead (by Lemma 5(b)) when
P executesLine 24. The proof is donein this case.Supposethe VL operation in Line 24 returns
true. Sincelchild = d (Line 15), P obsenesthat Icnewcell = Ichild in Line 26, and executes
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SC(Headpogqd)]; d) in Line 27. If the SC operation returns tr ue, then d has beenhead when P
completesLine 27, hencealsowhen P completesLine 46. If the SC operation returns false then
by Lemma 5(a), d has beenhead when P begins executing Line 27. In either case,d has been
head when P executesLine 46. This completesthe proof. 2

Lemma 12 Let c be non-leaf reachable. (¢ has been head)" (c = parent(d)) ) (d hashbeen head).

Pro of By Lemma 10, (c has beenhead) ) (c is ready). By Lemma 11, (c is ready)*(c =
parent(d)) ) (d hasbeenhead). Thus, our Lemma holds.
2

Lemma 13 Let b;c be non-leaf reachable. (b= parent(d))  (c = parent(d)) ) (b= c).

Pro of For contradiction, assumeb 6 c. By Lemma7, pogb) = pogc). Let b= List [pogb)](k);c =
List [pog(b)](1). Without lossof generality, let k < |I. Let P bethe processthat executesa success
ful SC(head! Next;c) in Line 9 of append Let t be the time P executesLine 1 of this append
Thus, at t, Headpogb)] = List [pogb)](I 1). Sincek < |, bhasbeenheadat t. By Lemma 12,
sinceb= parent(d), d hasbeenheadat t.
¢ = parent(d) implies that when P executesreadyOrphan (pog(d)) in Line 5 or 6 of append
at sometime after t , (d; ) is returned. This in turn implies that when P executesreadyOrphan
(pog(d)), head= Headpogd)] in Line 1, and head! Next = din Line 2. In other words, d has
not beenheadwhen P executesLine 1 of readyOrphan (pog(d)). Thus, d hasnot beenheadat t.
This cortradiction provesthat b= c.
2

Lemma 14 Let d be non-root reachable. (d has been head)) 9 unique non-leaf reachablec such
that (c = parent(d)) » (d! Parent = c).

Pro of By Lemmas?9, (d has beenhead)) 9 reacable ¢ such that ¢ = parent(d). We now
show that c is non-leaf. By Lemma 7, sinced is non-root reachable, and pogd) = 2 pogc), we
concludethat c is non-leafreachable. By Lemma 13, such a c is unique. It remainsto prove that
(d hasbeenhead)) (d! Parent= c).

We considerthe caseof c! LC = d. (The caseof c! RC = d is analogous.) Supposethat
d becomeshead by processP executing a successfulSC(H eadpoqd)];d) in Line 27 of append
This implies that Ichild = d (Line 26). In Line 15, Ichild = newcell ! LC. By Lemma 13,
newcell = c. We note that P executesLine 20 before executing Line 27 (or 41, in the caseof
c! RC = d). Further, Icparent = Ichild! Parent= d! Parentin Line 20. If Icparent = ?
(Line 20), then P executesSC(d! Parent;c) (Line 21). If the SC operation returns tr ue, then
d! Parent = c after P executesLine 21. Our Lemma is thus proved.

Howewer, if either d! Parent 6 ? (Line 20) or the SC operation in Line 21 returns false,
thend! Parent 6§ ? beforeP executesLine 22. d! Parent is assigneda non-? value only
through someprocessP © executing a successfulSC(d! Parent; newcell) in Line 21 of append
However, when P2 executesLine 15,d = newcell ! LC. By Lemma 13, newcell = c. Therefore,
the non-? value assignedby P°to d! Parent is c. This completesthe proof. 2
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Lemma 15 LetlIst > 1. Supmseat time t, Headlst] = b, Headblst=2c] = c. Then, (b hasheen
head)* (bis not head)) (c! Nexté ?).

Pro of For cortradiction, supposethat at time t% (b has beenhead)* (b is not head)*(c !
Next = ?). By Lemma 5(a), t°> t. By Lemma 5(b), there exists a reacdable d sudc that
b! Next = d, and d has beenhead at t® By Lemma 9, there exists a reachable a suc that
a = parent(d) at t® Sincecis head,c! Next= ?, and a is reacdable at pog(c) = bist=2c at t°
we concludethat a hasbeenheadat t (Lemma 5(f)). Sincec is headat both t and t% a hasbeen
head at t. By Lemma 12, (a has beenhead)* (a = parent(d)) ) (d hasbeenhead) at t. This
contradicts the assumptionthat bis headat t. Our Lemma is thus proved by this cortradiction.
2

Lemma 16 Suppsethat at time t before processP invokesappendbist=2c), Headlst] = b;b!
Next= d6 ?;disready, Headbst=2c] = c. Then, at any time after append blst=2c) terminates,
9 reachablee suchthat (c! Next= e)” (eis ready).

Pro of We note that c is headat t. If at any time during the execution of appendblst=2c) c is
not head, then by Lemma 5(b), 9 reachable e such that (c! Next = €), and e has beenhead.
By Lemma 10, e is ready. Our Lemma is then proved.

We now considerthe casewhere c is head throughout the execution of appendbist=2c). This
implies that VL(H eadbist=2c]) in Lines 3,13,16,19,25,30,339,44 always return true. Consider
processP executing appendbist=2c). In Line 1, head= Headhist=2c] = c.

Case 1 Suppose9 reachable e such that ¢! Next= e6 ? in Line 2.

Since VL( H eadblst=2c]) always returns tr ue, Line 45 is always executed. newcell = e (Line
2), ready = e! Ready (Line 43). We note that for any non-leaf reachable g, the only place
g! Readyis changed,after g's initialization in combine, is a successfulSC operation in Line 46
of append This implies that, at the time P completesLines 45,46,e! Ready= true. Hence
our Lemma holds.

Case 2 Supposec! Next= ? in Line 2.

ConsiderP executingreadyOrphan (Ist) (Line 5 or 6 of append). Let t°bethe time P executes
Line 1 of readyOrphan (Ist).

Case 2a SupposeH eadlst] 6 bat t°

By Lemma 15, since (b has beenhead)* (b is not head) at t® we havec! Next 6 ? at
t9 Therefore, there exists a reachable e suc that newcell = ¢! Next = e 6 ? in Line 12 of
append This implies that P always executesLine 45. Further, ready= e! Ready ((Line 43).
By the argument usedin Casel, at the time P completesLines 45,46,e! Ready= true. Hence,
our Lemma holds.

Case 2b SupposeH eadlst] = bat t°

By the premiseof our Lemma, in Lines 1-4 of readyOrphan (Ist), newcell = b! Next=d6
?:newcell ! Ready= true. If VL(H eadlst]) returns falsein Line 6 of readyOrphan (Ist), then
(b hasbeenhead)* (bis not head) when P executesLine 6. By an analogousargumert to the one
usedin Case2a, our Lemmaholds. If VL( H eadlst]) returns true in Line 6, then readyOrphan (Ist)
returns (b; ). P then executesSC(c! Next; ) in Line 9 of append Whether the SC operation
returns true or false ¢! Next 6 ? when P executesLine 12. newcell = ¢! Next 6 ? (Line
12). By the argumert usedin CaseZ2a, our Lemma holds in this case,too. 2
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Lemma 17 Letr be root reachableand ready before the invocation of promote(1). Then, after
promote(1) terminates, r has been head.

Pro of Let s beroot reachable or anchorq, suchthat s! Next = r. Thus,if r = List [1](k), then
s = List[1](k 1). By Lemma 6, sincer is reachable, s has beenhead before processP invokes
promote(1). Supposethat at sometime t during P's execution of promote(1), Headl] 6 s. By
Lemma 5(b), r hasbeenheadat t. Thus, our Lemma holds.

We now considerthe casewhere H ead1l] = s throughout the execution of promote(1). This
implies that head = Headl] = s and VL(Head1]) in Line 8 returns true. Since newcell =
s! Next=r 6 ? (Line 4), newcell ! Ready = r ! Ready = true (Line 5), P executes
SC(Head1];r) in Line 11. Whether the SC operation returns tr ue or false, Head1] 6 s after P's
execution of Line 11 (Lemma 4). This corntradicts the assumptionthat Head1l] = s throughout
the execution of promote(1). The proof is now complete. 2

As we explained earlier, Lemmas 18 to 31 hold with respect to BSC* aswell. Consequetly,
we have the following Theorems,which are the counterparts of Theorems1 and 2 with respect to
the BSC* construction:

Theorem 3 The BSC* construction shownin Figures 4.1 to 4.5 is linearizable and wait-free.

Theorem 4 The shard-acesstime complexity and local time complexity of the BSC* construc-
tion shownin Figures4.1 to 4.5 are both O(log? n).

4.4 Prop erties of BSC*

In this section, we prove certain properties of BSC* that will be usefulin proving the correctness
of the BSC implemertation.

441 Invalid Cells

We usetwo elds, Freeand Retir ed, in a cell c to indicate whether c is available for recycling.
We rst de ne an invalid cell as a cell whoseFree and Retir ed elds are both true. Thus, an
invalid cell is ready to be recycled.

De nition 17 A reachablecell cis invalid if andonly if c! Free= true” c! Retired= true.
c is valid if and only if c is not invalid.

The next Lemma says that onceFree and Retir ed hold the value tr ue, they hold that value
forever. Hence,oncea cell is invalid, it remainsinvalid forever.

Lemma 32 Let c be reachable.

(@) (c! Free= true at time t)) (8t%t° t:c! Free= true at time t9.

(b) (c! Retired= true at time t)) (8t%t° t:c! Retired= true at time t9.
(b) (cis invalid at time t)) (8t%t% t:cis invalid at time t9.
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Pro of Let c be any cell. The only times whenc! Free:= falseor c! Retired:= false
are executed are during initialization (when anchor; is initialized), or when c is initialized in
announce or combine. Hence,oncec! Free= true, or c! Retired = true; holds, it holds
forever. Therefore, our Lemma holds. 2
4.4.2 Prop erties of c! Free

Recall that ¢! Free= true indicates that all the leaf descendais of ¢ have completed their
percolateState . In this section, we prove various useful propertiesof c! Free

Lemma 33

In release (c;pogc); ), if cis a left child of c! Parent, then the next recursive call to
release (if made)is release (c! Parent;pogc! Parent);left).

In release (c;podc); ), if cis aright child of c! Parent, then the next recursive call to
release (if made)is release (c! Parent;posc! Parent);right).

Pro of This follows immediately from Lines 2,3,4 of ascend. 2
Lemma 34 (c! Freg) (c! LDone)” (c! RDone

Proof c! Freeissetto truein either Line 6 or 10 of release . This Lemma is a consequence
of Lines 4-6, 8-10 of release . 2

Lemma 35 Let c be non-leaf reachable.
If c! LC = ?,thenc! LD one= true, and release (c;pogc);left) is neverinvoked.
If c! RC=7?,thenc! RDone= true, and release (c;pogc);right) is never invoked.

Proof If c! LC = ?, then by Line 1 of combine, c! LD one = true. In Line 5 of apply,
release (d;pog(d);left), whered is leaf reachable, is invoked by processP. All further release 's
executed by P are recursively invoked within this release (d;pog(d);left). By Lemma 33, if
release (c;pogc);left) is ewver invoked, then ¢! LC 6 ?. Hence,release (c;pogc);left) is
never invoked.

The caseof c! RC = ? is analogous. 2

Lemma 36 Let c be non-leaf reachable. Supmse that the following statementshold:
(c! LC 6 ?)) 9aunique invocation of release (c;pogc);left).
(c! RC 6 ?)) 9auniqueinvocation of release (c;pogc);right).

Then, the following statementshold:
(@) In any invocation of release (c;podc); ), cis valid whenLine 4 or 8 is exeuted.
(b) Letc! Free= true at time t. Any execution of SC(c! Free;true) after t returns false
(c) ¢! Free= true eventualy.

(d)
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If cis a left child, then there exists a unique invocation of release (c! Parent;pogc!
Parent);left).

If cis aright child, then there exists a unique invocation of release (c! Parent; pogc!
Parent); right).

(e) Letp=c! Parent. Then,

(p! Freg) (p! LC =72 _p! LC! Free™(p! RC=? _p! RC! Fres:
Pro of We obsene the following:

c! LC67? c! RCE®6 ? (Line 7 of append).

Ifc! LC = ?,thenc! LD one= true, andnorelease (c;podc);left) isinvoked (Lemma
35).

If ¢! LC 6 ?, then exactly one release (c;podc);left) is invoked (premise of this
Lemma). Further, ¢! LD one= false beforeany release (c;podc);left) is invoked.

If c! RC = ?,thenc! RDone = true, and no release (c;pogc);right) is invoked
(Lemma 35).

If c! RC 6 ?, then exactly one release (c;podc);right) is invoked (premise of this
Lemma). Further, c! RDone= false beforeany release (c;podc); right) is invoked.

(@) We assumethat c! LC 6 ?,andc! RC 6 ?. (It is easyto seehow our proof can be
adapted in the other cases.)c! LDone=c! RDone= falseon c's initialization. ¢! LD one
(c! RDoneresp.) can becometrue only when Line 4 (Line 8 resp.) of release (c;pogc);left)
( release (c;pog(c);right) resp.) is executed. Let P (P°resp.) be the processthat invokes the
release (c;pogc);left) ( release (c;pogc);right) resp.). By Lemma34,sincec! LD one=false
immediately before P executesLine 4, c! Free=falsewhen P executesLine 4. By De nition
17, c is valid when P executesLine 4. Similarly, c! Free="false when P 9 executesLine 8. By
De nition 17, cis valid when P ° executesLine 8. This proves Lemma 36(a).

(b) Sincec! Free=falsewhen P executesLine 4, thereforec! Free=falsewhen P executes
Line 2. Consequetly, P executesLL(c ! Free in Line 2 beforeany SC(c ! Free;true)
is executed. Likewise P? executesLL(c ! Free in Line 2 beforeany SC(c! Free:true) is
executed. Only P, P9may executeSC(c! Free;tr ue) (Lines 6 and 10). Therefore, the rst SC
operation (if one exists) returns true, and the secondSC operation (if one exists) returns false
This provesLemma 36(b).

(c) If c! RDone= true when P executesLine 5, then c! Free= true when P completesthe
SC operation in Line 6. If c! RDone= falsewhen P executesLine 5, then P °will subsequetly
executeLine 8, setting c! RDoneto true. Then POwill successfullyexecuteSC(c! Free;tr ue)
in Line 10. Hence,c! Free= true eventually. This provesLemma 36(c).

(d) Let c be a left child. The unique process,P or PC that executesa successfulSC(c !
Free;tr ue) proceedsto call release (c! Parent;pos(c! Parent);left). No other processwill
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ewver invoke release (c! Parent;pogc! Parent);left). An analogousargumert holds for the
casewhen c is a right child. This completesthe proof of Lemma 36(d).
(e) Let p= c! Parent. Supposep! LC =c p! Free= trueimpliesthat p! LDone=
true. This in turn implies that release (p;po9p);left) has beeninvoked. This further implies
that c! Free= true. This provesLemma 36(e).

2

Lemma 37 Let c be leaf reachable. Then,

(&) In any invocation of release (c;podc); ), cis valid whenLine 4 or 8 is exeuted.

(b) Letc! Free= true at time t. Any execution of SC(c! Free;true) after t returns false
(c) ¢! Free= true eventualy.

(d)

If cis a left child, then there exists a unique invocation of release (c! Parent;pogc !
Parent);left).

If cis aright child, then there exists a unique invocation of release (c! Parent; podc!
Parent); right).

(e) Letp=c! Parent. Then,
(p! Freg) (p! LC =72 _p! LC! Free™(p! RC=? _p! RC! Fres:

Proof ¢! RDone= true;c! LD one=false during c'sinitialization in announce There exists
exactly oneinvocation of release (c;pogc);left), calledin Line 5 of apply . This is analogousto
the casein Lemma 36, where c is non-leaf reachable, with ¢! LC 6 ?,andc! RC = ?. The
proof of Lemma 36 applies here too. 2

Lemma 38 Let ¢ be non-leaf reachable. Then,
(c! LC 6 ?)) 9 unique invocation of release (c;pogc);left).
(c! RC6 ?)) 9 unique invocation of release (c;pogc);right).

Proof Dene level(c) = | suc that 2 pos(c) < 2'*1. Thus, a root cell is at level 0, and
a leaf cell is at level logn. Let level(c) = |I. We prove inductiv ely that Lemma 38 holds for all
descendats of c at level logn  1;logn 2; ;l.
Induction Basis Applying Lemma 37(d) to the leaf descendais (at level logn) of ¢, Lemma
38 holds for all descendats of c at level logn 1.
Induction Step Applying Lemma 36(d) to the descendats of ¢ at level k, Lemma 38 holds for
all descendats of c at level k 1.

2

Lemma 39 Let c be reachable. Then, the following statementshold:

(@) In any invocation of release (c;podc); ), cis valid whenLine 4 or 8 is executed.
(b) Letc! Free= true at time t. Any execution of SC(c! Free;true) after t returns false
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(c) ¢! Free= true eventualy.
(d) Letp=c! Parent. Then,

(p! Freg) (p! LC =72 _p! LC! Free™(p! RC=? _p! RC! Fres:

Pro of If cis leaf reachable, then Lemma 37 holds. Lemma 37(a), (b), (c), (e) are identical with
Lemma 39(a), (b), (c), (d).
If cis non-leafreacable, then Lemma 38 implies that Lemma 36 is applicable. Lemma 36(a),
(b), (c), (e) are identical with Lemma 39(a), (b), (c), (d).
2

Lemma 40 Let g be a leaf desendantof c. Then,c! Free) g! Free

Pro of By Lemma 39(d), for any non-leaf reachablec, if c! Free thenc! LC = ? _c!
LC! Freec! RC=7? _ ¢! RC! Free Repeatedapplication of Lemma 39(d) yields our
Lemma. 2

Lemma 41 Let c be reachable,and be accessé at time t by a processexeuting percolateState
Then c is valid at t.

Pro of Let reachable c be accessedy someprocessP executing percolateState (opcel;n+ P).
Then, c is an ancestorof opcel, i.e. opcel is a leaf descendan of c. Let | be the interval during
which P is executing percolateState (opcel;n+ P). Sinceopcel ! Freecanbecometr ue only
when P executesrelease (opcel;n + P;left), opcel ! Free=false throughout the interval |.
By Lemma 40, c! Free =falsethroughout |. Thus, c is valid throughout I. Our Lemma is
therefore proved. 2

Lemma 42 Let c be reachable.
(c! Free=true)) (c! Parent hasbeenhead).

Pro of Let cbereadcable. c! Free=falseduring the initialization of cin announceof combine.
The only placeswherec! Freebecomestr ue are Lines 6 and 10 of release .

SupposeP executesSC(c! Free;true) in Line 6 or 10 of release . We note that when P
executesrelease , P has completed the for loop in Lines 2 to 3 of apply. By Lemma 21, if
p=c! Parent, then p= parent(c), i.e. (p! LC =c)_(p! RC = c). Thus,cis an ancestor
of opcel. (By De nition 5, this includesthe possibility that ¢ = opcel.) c! Parent is therefore
also an ancestor of opcel. By lemma 21, every ancestor of opcel has beenhead. Therefore,
c! Parent hasbeenhead. 2

4.4.3 Prop erties of ¢! Retired

Recall that ¢! Retired = true indicates that ¢ has beenhead, but is no longer head. Thus,
c! Next points to somecell d, and d has been head. We prove various useful properties of
c! Retiredin this section.

e



Lemma 43 Let c be reachable.
(c! Retired= true)) (c hasbeenhead)” (cis not head)

Pro of Let c bereathable. ¢! Retir ed =false during the initialization of ¢ in announce or
combine. The only placeswherec! Retir ed becomedr ue are Line 12 of promote, Lines 28 and
42 of append In all theseplaces,processP executesc! Retired:= trueonly if P has rst read
Headlst] = ¢, and then executeda successfulSC(H eadlst];c! Next). (Specically, P reads
H eadlst] in Line 2 of promote, Lines 22 and 36 of append P executesthe successfulSC in Line
11 of promote, Lines 27 and 41 of append) Hence,if c! Retired = true, then (c has been
head)* (c is not head). 2

Lemma 44 Let c be a reachablecell. If (c hasbeen head)™ (c is not head), then:
(a) thereis exactlyone execution of ¢!  Retir ed:= tr ue, and no execution of SC(c! Retired; ),
(b) ¢! Retired= true eventualy,

Pro of During c's initialization, ¢! Retired =false If P executesc! Retired = true
in Line 11 of append then c is not reachable. Thus, the only placeswhere, for a reacable c,
c! Retired:= true is executedare: Line 12 of promote, Lines 28 and 42 of append In ead
case,P rst executeshead :=LL( Headl]) (Line 2 of promote, Lines 22 and 36 of append). P
then executesa successfulSC(Headl];head! Next) (Line 11 of promote, Lines 27 and 41 of
append). Finally, P executeshead! Retired:= true (Line 12 of promote, Lines 28 and 42 of
append).

Since (c hasbeenhead)* (c is not head), there has beena successfulSC(Head ];c! Next).
Thus, there is exactly one execution of head! Retired = true. Lemma 44(a), (b) therefore
follow. 2

4.4.4 Preliminary Lemmas

The Lemmasin this section concernthe behavior of a VL or SC operation on an invalid cell c,
given certain conditions that relate the VL or SC operation to the immediately precedingLL
operation on c. Theseresults are the foundation for the Lemmas on reading from, and writing
to, invalid cellsin the next two sections.

Lemma 45 SuppseprocessP rst exeutesheadcel :=LL (H eadlst]), then exeeutesVL( H eadlst])
at a later time t. Let c be either headcel;headcel ! Next;headcel ! Next ! LC, or
headcel ! Next! RC. If cis invalid at sometime before t, then VL(Headlst]) at t returns
false

Pro of By Lemma 32, sincec is invalid at sometime beforet, cis invalid at t.

(a) Let c = headcel. Supposethat VL( H eadlst]) at t returns tr ue. This impliesthat H eadlst] =
headcel = catt. Thus, cis headat t. As obsened, cis invalid at t. Therefore,c! Retired=
true at t. By Lemma 43, c is not head at t. This cortradiction completesthe proof.

(b) Let c = headcel ! Next. Supposethat VL(H eadlst]) at t returns true. This implies that
H eadlst] = headcel at t. By Lemma 5(a), c hasnot beenheadat t. As obsened, c is invalid at
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t. Therefore,c! Retired= true att. By Lemma 43, ¢ has beenheadat t. This contradiction
completesthe proof.
(c) Let c= headcel ! Next! LC. Supposethat VL(H eadlst]) at t returns tr ue. This implies
that Headlst] = headcel att. Let d = headcel ! Next. Thus,d! LC = c. By Notation 3,
d = parent(c). d hasnot beenheadat t. cis invalid at t. Thus, (c! Retired= true)” (c!
Free= true) at t. By Lemma43,c hasbeenheadatt. By Lemmal4,c! Parent= datt. By
Lemma42,c! Parent = d hasbeenheadat t. This cortradicts the conclusionthat d has not
beenheadat t. This completesthe proof.
(d) Let c= headcel ! Next! RC. The proof is analogousto the proof of part (c).

2

Lemma 46 Let c be reachable. Supmse P exeutesLL(c! Next) whenc is valid, and the LL
operation returns ? . If P nextaccesses! N ext by exeuting SC(c! Next; ) whencis invalid,
then the SC operation returns false

Pro of This Lemmais an immediate consequencef the following Claims:
(@ If c! Next=d6 ? attimet,then8t® t;c! Next= dattime t°
(b) (cisinvalid)) c! Nexté ?.

Claim (a) is Lemma 1(a). We now prove Claim (b). Supposec is invalid. By de nition,
c! Retired= true: By Lemma 43, (c has beenhead)*(c is not head). By Lemma 5(b), 5(d),
c! Next6& ?. Thus, Claim (b) holds. 2

Lemma 47 Let c be reachable. SupmseP exeutesLL(c! Parent) whencis valid, and the LL
operation returns ?. If P next accessesc! Parent by exeuting SC(c! Parent; ) whenc is
invalid, then the SC operation returns false

Pro of This Lemmais an immediate consequencef the following Claims:
(@ If c! Parent=d6 ? attimet, then8t° t;c! Parent= d at time t°
(b) (cisinvalid)) c! Parenté ?.
Claim (a) is Lemma 1(d). We now prove Claim (b). Supposec is invalid. By Lemma 43, ¢
hasbeenhead. By Lemma14,c! Parent6 ?. Thus, Claim (b) holds. 2

Lemma 48 Let c be reachable. SuppseP exeutesLL(c! Ready) whenc is valid, and the LL
operation returns false If P next accessesc! Ready by executing SC(c! Ready, ) whenc is
invalid, then the SC operation returns false

Pro of This Lemmais an immediate consequencef the following Claims:
(@) If ¢! Ready= true at time t, then 8t% t;c! Ready= true at time t°
(b) (cisinvalid)) c! Ready= true.
Claim (a) is Lemma 1(e). We now prove Claim (b). Supposec is invalid. By Lemma 43, (c
has beenhead). By Lemma 10, c is ready. Thus, Claim (b) holds. 2

Lemma 49 Let c be root reachable. SupmpseP executesLL(c! State) whenc is valid, and the
LL operation returns ?. If P next accessesc! State by executing SC(c! State; ) whenc is
invalid, then the SC operation returns false
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Pro of This Lemmais an immediate consequencef the following Claims:
(@) If c! State=d6 ? attimet, then 8t° t;c! State = d at time t°
(b) (cisinvalid)) c! State6 ?.

We now prove Claim (a). Let c beroot reachable. The only placewherec! State cantakeon
anon-? valueisin Line 10 of promote. If processP executesa successfuSC(c! State;d);d6 ?,
in Line 10 of of promote, then P must have previously executedLL(c! State) in Line 7, with
? asthe LL operation's return value. This provesClaim (a).

We now prove Claim (b). Supposec is invalid. By Lemma 43, ¢ has beenhead. By Lemma
29,c! State 6 ?. Thus, Claim (b) holds. 2

445 Reading from Invalid Cells

In this section, our aim is to show that if all invalid cells hold indeterminate values(i.e. all useful
valuesthat sud a cell held when it was valid have beenlost), the BSC* implementation would
still function correctly. This clearly meansthat processP hasto know whether the valuesthat
it read camefrom a valid or invalid cell. If such valuescamefrom an invalid cell, then they are
unreliable, and P must discard them.

In the Lemmasthat follow, we show, procedureby procedure,that all the componert proce-
dures (including apply would still function correctly, even if all invalid cells hold indeterminate
values. This is a crucial property of BSC* that permits recycling of invalid cells.

Lemma 50 Suppmsethe following condition holds:

8 process P ;8c;t such that c is reachableand invalid at t: if while P is exeuting
readyOrphan, P readsfrom any eld in c at t, then the valuereturned to P is indeter-
minate (i.e. arbitrary). (If P readsfrom c while executing any other procedure, then ¢
returns the correct valueto P.)

Then, our construction remains correct.

Pro of In readyOrphan, P executeshead:=LL( Headlst]) in Line 1, and VL(H eadlst]) in Line
6. P readsvaluesfrom head in Line 2, newcell = head! Next in Lines 4 and 5. P doesnot
write to any sharedobjects (namely, H ead ] and reacable cells) in readyOrphan.

Supposethat when P readsfrom ¢ = head in Line 2, cis invalid. Then, P's readyOrphan
returns with (?;7?) in either Line 3,4, or 6. (This is because,if P doesnot return in Line 3
or 4, then P executesVL(H eadlst]) in Line 6. By Lemma 45, this VL operation returns false
Thus, P returns with (?;?) in Line 6.) Even though the valuesin the various elds of c that are
returned to P are indeterminate, they do not a ect the correctnessof our construction.

Supposenow that when P readsfrom ¢ = head! Next in Line 4, cis invalid. Then, P's
readyOrphan returns with (?;?) in either Line 4 or 6. (The argument hereis analogousto the
one usedfor ¢ = head)

Suppose nally that when P readsfrom ¢ = head! Next in Line 5, cisinvalid. Then, P's
readyOrphan returns with (?;?) in Line 6.

Our Lemma is thus proved. 2

80



Lemma 51 Supmsethe following condition holds:

8 process P ;8c;t such that c is reachableand invalid at t: if while P is exeuting
combineg, P readsfrom any eld in cat t, thenthe valuereturned to P is indeterminate
(i.e. arbitrary). (If P readsfrom c while executing any other procedure, then ¢ returns
the correct valueto P.)

Then, our construction remains correct.
Pro of This is trivially true, sinceP readsfrom no reatable cell in combine. 2
Lemma 52 Supmsethe following condition holds:

8 process P ;8c;t such that c is reachableand invalid at t: if while P is exeuting
append P readsfrom any eld in c at t, then the valuereturned to P is indeterminate
(i.e. arbitrary). (If P readsfrom c while executing any other procedure, then c returns
the correct valueto P.)

Then, our construction remains correct.

Pro of The proof is similar in principle to the proof of Lemma 50. We examine the various seg-
mernts of appendwherereacable cellsare read, and prove that the correctnessof our construction
is not a ected by the condition stated in our Lemma.
Segment 1. Lines 1-3

P executeshead:= LL (Headlst]). P readsfrom headin Line 2. If headis invalid, P returns
at Line 3 (by Lemma 45).
Segment 2: Lines 4-11

Lines 5-6: Lemma 50 applies.

Line 8: Lemma 51 applies.

P doesnot read from reacable cellsin other Lines.
Segment 3: Lines 12-14

P readsfrom headin Line 12. If headis invalid, P returns at Line 13.
Segment 4: Lines 15-16

P readsfrom head! Next in Line 15. If head! Next isinvalid, P returns at Line 16.
Segment 5: Lines 17-21

P readsfrom head! Next! LC in Line 18.If head! Next! LC isinvalid, P returns at
Line 19.
Segment 6: Lines 22-28

P executeslchead:=LL( Head2 Ist]) in Line 22. P then readsfrom Icheadin Line 23. If
Icheadis invalid, P goesto Line 29, without making any further useof the value, Icnewcell, read
from Ichead (Line 23).
Segment 7: Lines 29-42

This segmen is analogousto Lines 15-28.
Segment 8: Lines 43-46

P readsfrom head! Nextin Line 43. If head! Next isinvalid, then P returns at Line 44.

2
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Lemma 53 Supmsethe following condition holds:

8 process P ;8c;t suchthat c is reachableand invalid at t: if while P is exeuting
promote, P readsfromany eld in cat t, thenthe valuereturned to P is indeterminate
(i.e. arbitrary). (If P readsfrom c while executing any other procedure, then c returns
the correct valueto P.)

Then, our construction remains correct.

Pro of
Segment 1. Lines 1-13

P rst executeshead :=LL( Headlst]) in Line 1. P readsfrom head in Line 3. If head
is invalid at this point, then P either returns at Line 4, Line 5, or reads from head (Line 6),
head! Next (Line 7), and then returns at Line 8. In all of these cases,P executesno SC or
write operation on any sharedobiject.

P readsfrom head! Nextin Line 5. If head! Next isinvalid at this point, then P returns
at either Line 5 or Line 8.

P readsfrom headin Line 6. If head is invalid at this point, then P returns at Line 8.

P readsfrom head! Nextin Line 7. If head! Next isinvalid at this point, then P returns
at Line 8.
Segment 2: Lines 14-16

Lines 14, 16: Lemma 52 applies.

Line 15: Since promote(lst) recursesto promote(l), Segmemn 1 serwes as the basis of an
inductiv e proof.

2

Lemma 54 Supmsethe following condition holds:

8 process P ;8c;t suchthat c is reachableand invalid at t: if while P is exeuting
announce P reads from any eld in c at t, then the value returned to P is indeter-
minate (i.e. arbitrary). (If P readsfrom c while executing any other procedure, then ¢
returns the correct valueto P.)

Then, our construction remains correct.

Pro of P executeshead:= Headn + P]in Line 2. Let c= head P readsfrom c at time t in
Line 3. We now prove that cis valid at t.

A new cell c becomegeadable at position n+ P in only oneway: when P executesannounce,
from Line 1 of apply. By Lemma 19, when this apply terminates, ¢ has becomehead. When
P next executesannounce c is head when P executesLine 3 of announce at t (since at this
point c! Next = ?). Now supposec is invalid at t. By Lemma 43, c is not head at t. This
contradiction provesthat cisvalid at t. SinceP doesnot read from any invalid cell whenexecuting
announce, our Lemma holds. 2

Lemma 55 Supmsethe following condition holds:
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8 process P ;8c;t such that c is reachableand invalid at t: if while P is exeuting
percolateState , P reads from any eld in c at t, then the value returned to P is
indeterminate (i.e. arbitrary). (If P readsfrom c while executing any other procedure,
then c returns the correct valueto P.)

Then, our construction remains correct.
Pro of This is an immediate consequencef Lemma 41. 2
Lemma 56 Supmsethe following condition holds:

8 process P ;8c;t suchthat c is reachableand invalid at t: if while P is exeuting
release , P readsfromany eld in cat t, then the valuereturned to P is indeterminate
(i.e. arbitrary). (If P readsfrom c while executing any other procedure, then c returns
the correct valueto P.)

Then, our construction remains correct.

Pro of In release (c;pogc); ), cis the only reachable cell accessedy P. (We do not consider
the recursive call to release from ascend(p;pog(c)).) By Lemma 39(a), the only placeswhere P
might read an invalid c are Lines 5 and 9. SupposeP readsc! RDone (Line 5) at time t, and
cisinvalid at t. If c! RDone=false P returns from release . If c! RDone=true, c executes
SC(c! Free;true) in Line 6. Sincecisinvalid att,c! Free= trueatt. By Lemma 39(b), the
SC operation in Line 6 returns false Thus, the valuesin c after t do not a ect the correctness
of our construction. The remaining caseis that, when P readsc! LD one (Line 9), cis invalid.
An analogousargumert su ces here. Our Lemma is therefore proved. 2

Lemma 57 Suppmsethe following condition holds:

8 process P ;8c;t such that c is reachableand invalid at t: if while P is exeuting
apply, P readsfrom any eld in c at t, then the value returned to P is indeterminate
(i.e. arbitrary). (If P readsfrom c while executing any other procedure, then c returns
the correct valueto P.)

Then, our construction remains correct.

Pro of

Line 1: Lemma 54 applies.

Line 2-3: Lemma 53 applies.

Line 4: Lemma 55 applies.

Line 5: Lemma 56 applies.

Line 6: We note that when P readsopcel ! State in Line 6, opcel is head. Thus, by Lemma
43, opcel is valid.

Hence,our Lemma holds. 2
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Lemma 58 Suppmse that the valuesin the invalid reachablecells are indeterminate. Our con-
struction remains correct.

Pro of This Lemma is a concisere-statemert of Lemma 57. 2
Denition 18 8i;1 i 2n 1

anchor; is called an anchor.
anchor; is invalid if and only if (anchor; ! Retired= true)~ (anchori ! Free= true).

anchor; is valid if and only if anchor; is not invalid.

Lemma 59 Suppse that the valuesin an invalid anchor are indeterminate. Our construction
remains correct.

Pro of No processaccessean anchor from percolateState or release , or from Line 6 of apply .
The argumerts usedto prove Lemma 58 provesthis Lemma. 2

4.4.6 Writing to Invalid Cells

In this section, our objective is to show that no processwill ever write successfullyto an invalid
cell. (A processmay executea SC operation on an invalid cell. Howewer, such an operation is
bound to fail.) Thus, the contents of an invalid cell are protected from being corrupted by the
write and SC operations of any process.

In the Lemmasthat follow, we show, procedure by procedure, that all the componert pro-
cedures(including apply ) prevent processedrom writing successfullyto an invalid cell. This is
another crucial property of BSC* that permits recycling of invalid cells.

Lemma 60 8 processP ;8c;t suchthat cis reachableandinvalid at t: While executing announce,
P does not suaessfuly write to any eld in c at t.

Pro of The only placewhere P writes to a reachable cell is in Line 4. By the sameargumert as
that usedin the proof of Lemma 54, head is valid at the time when P executesLine 4. Thus our
Lemma holds. 2

Lemma 61 8 processP ;8c;t suchthat cis reachableandinvalid at t: While executing readyOrphan,
P does not suaessfuly write to any eld in c at t.

Pro of P doesnot write to any sharedobject in readyOrphan. 2

Lemma 62 8 processP ;8c;t suchthat c is reachableand invalid at t: While exeuting combine,
P does not suaessfuly write to any eld in c at t.

Pro of P doesnot write to any sharedobject in combine. 2

84



Lemma 63 8 processP ;8c;t suchthat cis reachableand invalid at t: While exesuting append
P does not suaessfuly write to any eld in c at t.

Pro of

Lines 5-6: Lemma 61 applies.

Line 8: Lemma 62 applies.

Line 10: P has executednewcell :=LL( head! Next) in Line 2 at time t. In Line 3, P
executed VL( H eadlst]), which returns true. By Lemma 45, head = Headlst] is valid at t.
By Line 4, newcell = ?. Lemma 46 is applicable. Thus, if head is invalid when P executes
SC(head! Next;c) in Line 10, the SC operation returns false

Line 11: Supposec executesLine 11, writing to cell c. By Line 10 and the fact that the SC
operation in Line 10 returns false c is not reacable.

Line 21: P hasexecutedLL(Ichild! Parent) in Line 18at time t. By Line 19, Ichild is valid
at t. By Line 20, the LL operation in Line 18 returns ?. By Lemma 47, if Ichild is valid when P
executesLine 21, then the SC operation returns false

Line 27: P writes to Head2 Ist], which is not a cell.

Line 28: P writes to Ichild ! Retired. By Lemma 44(a), Ichead! Retir ed =false when P
beginsLine 28. Thus, Icheadis valid when P beginsLine 28. 2

Lines 35,41,42:similar to Lines 21,27,28.

Line 46: P hasexecutedLL(newcell ! Ready) in Line 43 at time t. By Line 44, newcell is
valid at t. By Line 45, the LL operation in Line 43 returns false By Lemma 48, if newcell is
invalid when P executesLine 46, the SC operation returns false

2

Lemma 64 8 processP ;8c;t suchthat c is reachableand invalid at t: While exeuting promote,
P doces not suaessfuly write to any eld in c at t.

Pro of

Line 10: We note that newcell is root readable. P has executed LL(newcell ! State) in
Line 7 at time t. By Line 8, newcell is valid at t. By Line 9, the LL operation in Line 7 returns
?. By Lemma 49, if newcell is invalid when P executesLine 10, then the SC operation returns
false

Line 11: P writes to H eadlst], which is not a cell.

Line 12: P writes to head! Retired. By Lemma 44(a), head! Retired= false when P
beginsLine 12. Thus, head is valid when P beginsLine 12.

Lines 14,16: Lemma 63 applies.

Line 15: Sincepromote(Ist) recursesto promote(1), Lines 1-13 sene asthe basisof an induc-
tive proof.

2

Lemma 65 8 processP ;8c;t suchthat cis reachableandinvalid at t: While executing percolateState
P doces not suaessfuly write to any eld in c at t.

Pro of This is an immediate consequencef Lemma 41. 2
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Lemma 66 8 processP ;8c;t suchthat c is reachableand invalid at t: While executing release ,
P does not suaessfuly write to any eld in c at t.

Pro of By Lemma 39(a), we needto consideronly Lines 6 and 10.
Line 6: P executesSC(c! Free;true) in Line 6 at time t. Supposec is invalid at t. Thus,
c! Free= trueatt. By Lemma 39(b), the SC operation in Line 6 returns false
Line 10: analogousto Line 6.
2

Lemma 67 8 processP ;8c;t suchthat c is reachableand invalid at t: While executing apply ,
P does not suaessfuly write to any eld in c at t.

Pro of
Line 1: Lemma 60 applies.
Line 2-3: Lemma 64 applies.
Line 4. Lemma 65 applies.
Line 5: Lemma 66 applies.

Lemma 68 No processwrites suaessfuly to any invalid, reachablecell.
Pro of This Lemma is a concisere-statemert of Lemma 67. 2
Lemma 69 No processwrites suaessfuly to any invalid anchor.

Pro of No processaccessean anchor from percolateState or release , or from Line 6 of apply .
The argumert usedto prove Lemma 68 provesthis Lemma. 2

Lemma 70 (anchor; is no longer head)) (anchor; is valid eventualy).

Pro of We note that anchor; ! Free= tr ue during initialization, and at all times subsequetly.
The sameargumert that provesLemma 44(b) provesthat anchor; ! Retir ed= tr ue evertually.
Thus, anchor; is invalid evertually. 2

4.5 Bounded Space Complexit y (BSC) Implemen tation

The Bounded SpaceComplexity (BSC) implementation is the BSC* construction as presered in
Figures 4.1to 4.5, with the modi cation givenin Figures4.6 and 4.7. We note, in particular, the
following change:

in announceand combine, replace\allo cate a new cell ¢* with \allo cate an unusedor
invalid cell c:=selectCell() "

Thus, in cortrast to BSC*, invalid cells are returned by the selectCell procedureto either
announce or combine in BSC. Invalid cells are therefore recycledin BSC.
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initialization

1. constart := 3n+ logn
2. 8 processP:
3. A = P'spoolof3 2cells
(2 cellsof P's are usedas anchors)

4, Z = 2 anchors from P's pool of cells
5. B;V;l =

end initialization

selectCell () returns cell
1. ifjAj=0
2. Z=V[B
3. A=
4. if jA] >
5. choosed 2 A
6. A=A fdg,Zz:=Z][ fdg
7. return d
8. else
9. for i ;= 1;2;3:
10. if jZj> 0
11. choosec?2 Z
12. Z=7Z fcg
13. if (c! Free)™ (c! Retired)
14. | =1 fcg
15. elseV = V] fcg

16. choosed 2 A
17. A=A fdgB :=B][ fdg
18. return d

end selectCell

replace (c: cell )
1. A=A] fcg
2. if jAj >
3. Z=7Z fcg
4, elseB =B fcg
end replace

Figure 4.6: Selectinga valid cell
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announce and combine
1(new version). allocate an unusedor invalid cell c := selectCell () ...

append(lst : integer )
11(newversion). c! Free:= true, c! Retired := true, replace (c)

Figure 4.7: Modifying BSC* to get BSC implementation

45.1 selectCell and replace procedures

We now describe the selectCell and replace procedures. We note that these are local proce-
dures, i.e. they accessno sharedregister. These proceduresmanagethe bounded private pool of
cellssothat a usablecell is always available to be returned by selectCell to either announceor
combine.

Supposethat at any time at most cellsare valid. (The existenceof such a will be proved
later.) We provide ead processwith a private pool of 3 cells,initially divided into two sets: A is
the set of usablecellsthat are ready to be returned by selectCell . selectCell always returns
a cell from A. Z is the set of usedcells. A cell in Z may be valid or invalid.

During initialization, A holds all 3 new cells, and Z is the empty set. As long asjAj > ,
ead cell c 2 A that selectCell returns is moved from A to Z (Lines 4 to 7).

At the point whenjAj= (andjZj= 2 ), eat cellc2 A that selectCell returns is moved
from A to B (Lines 16to 18). At the sametime, with ead execution of selectCell , three cells
in Z are examined asto whether they are valid or invalid (Lines 9 to 15). Valid cells are moved
from Z to V; invalid cells are moved from Z to |.

Thus, when jAj reacheszero, all 2 cellsin Z have beenexamined, and moved to either V or
I. Sincethere are at most valid cellsat any time, there are at least invalid cellsin |, ready to
be recycled.

At this point, | (the set of invalid cells) becomesthe new A (Line 3), and V [ B becomes
the new Z (Line 2). The cyclesrepeats at this point: selectCell returns cells from the new A,
which holds at least cellsthat are ready to be recycled.

replace iscalledby Line 11of append whena cellthat waspreviously returned by selectCell
fails to becomereadiable. In this case,the cell is returned to A, from either Z or B, depending
on the action taken by the previous selectCell
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4.6 Pro of of Correctness of BSC

46.1 Provisional Correctness Pro of

In this section, we give a provisional correctnessproof: Supposethat selectCell indeed always
returns an unused or invalid cell, then the BSC implementation is linearizable and wait-free.
Proving this requiresthe properties of BSC*, proved in the previous sections,concerningreading
from, and writing to, invalid cells. Furthermore, an important property (Lemma 71) needsto be
proved, before we can assertthe provisional correctnessof BSC.

Notation 5 Let cl) denotethe ith incarnation of the cell c.

In the following, Icnewcell = c{) (for example) meansthat the value in Icnewcell is c, and
that the incarnation of cell c that causedlcnewcell to hold the value c is the ith incarnation.

Lemma 71 Consider the BSC construction.

Supmse that when process P executes Line 26 of append, Icnewcell = c(;lchild = d0),
Then,
(c=d) (=])
Supmse that when process P executes Line 40 of append, rcnewcell = ¢(;rchild = d0),
Then,
(c=d) (=])
Pro of

(a) Let t bethe time processP executesLine 23. SinceP executesLine 26, both VL operations
in Lines 24 and 25 return tr ue. By Line 24, Icnewcell = c{) isvalid at t (by Lemma 45). By Line
25, Ichild = d0) is valid at t (by Lemma 45).
Supposec = d. Sincethe incarnation c{) pointed to by Icnewcell is valid at a time when the
incarnation cU) pointed to by Ichild is alsovalid, we havei = j.
(b) analogousto part (a).
2

Theorem 5 Assuming the correctnessof selectCell , the BSC construction is linearizable and
wait-free.

Pro of By Lemmas58 and 59, oncea cell (either a reachable cell or an anchor) c is invalid, the
contents of the elds in ¢ are no longer neededfor our BSC* construction to function correctly.
Supposec is recycled, as speci ed in the BSC construction. By Lemmas68 and 69, the corntent’s
in ¢ in any of its new incarnations are not corrupted by processeghat would have accessed in
its old, invalid incarnation in the BSC* construction.

Finally, pointers to distinct cellsin the BSC* construction may point to di erent incarnations
of the samecell in the BSC construction. There are only two placeswhere this feature may cause
problem: Lines 26 and 40 of append By Lemma 71, if Icnewcell = Ichild in Line 26 (lik ewisewith
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the caseof rcnewcell = rchild in Line 40), then Icnewcell and Ichild (likewisewith rcnewcell
and rchild) point to not only the samecell, but the sameincarnation of the samecell.

Thus, even though Line 26 (likewisewith Line 40) only chedks whether Icnewcell = Ichild,
Icnewcell = Ichild in Line 26 implies that both Icnewcell and Ichild point to the sameincar-
nation of the samecell. The ched in Line 26 in the BSC construction is therefore identical in
function to the ched in Line 26 in the BSC* construction. With this fact, we concludethat the
BSC construction presenesthe correctnessof the BSC* construction. The BSC construction is
therefore linearizable and wait-free (by Theorem 3). 2

4.6.2 Bounding the Num ber of Valid Cells

Given a processP, a bound exists on the number of cellsthat are from P's pool, and valid (thus,
not available for recycling) at any instant in time. This is obviously an important bound for the
purposeof recycling cells. In this section, we prove this bound.

Lemma 72 Let c be a reachablecell or an anchor. Either c is head forever, or c is invalid
eventualy.

Pro of
Case 1 cis an andor.
Lemma 70 applies.
Case 2 cis readable.
Supposec is not forever head. By Lemma 39(c), c! Free= true ewertually. By Lemma
44(b), c! Retir ed= true evertually. Hence,c is invalid evertually.
2

Lemma 73 At any time t, there are at most (3n + logn) reachablecells and anchors that are
from processP's pool of cells, and valid.

Pro of Let c be a reachable cell or an anchor from P's pool of cells.

Counting P's valid cells that are head

We note that pos(c) = b(n + P)=2'c, where0 i logn. Thus, at most logn + 1 cellsmay be
head (and therefore valid) at t, and from P's pool.

Counting P's valid cells that are not head

By Lemma 72, for any cell c that is from P's pool, valid at t, but not head at t, there is some
processQ that is executing apply , such that Q will be setting either ¢! Retiredorc! Free
to tr ue during the apply .

We examinethe placeswherec! Retired:= trueandc! Free:= true occur.

(a) Line 11 of append c is neither reachable, nor an anchor in this case.

(b) Line 12 of promote, Lines 28 and 42 of append Each processmay have at most one
pending operation (in any one of theseLines). Thus, ead processcan be responsible for at most
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onecell that is from P's pool, valid at t, but not headat t. This accourts for a total of at most
n cells.

(c) In release :

Each processQ can hold up at most logn + 1 cells (in positions b(n + Q)=2'c, where 0 i
logn). Each of thesecellsis waiting for Q to completerelease to becomeinvalid.

However, we are focusing on P's cells, i.e. cells that occupy positions b(n + P)=2/c, where
0 i logn. If (n+ P)=2'c, where0 i logn, has a leaf descendah position n + Q, then
Q can hold up onecell of P's in position b(n + P)=2ic. For ead position b(n + P)=2c, there are
n=(2'°9" 1) leaf descendan positions. Each sud leaf descendan position n + Q, corresponds to
one processQ that may hold up onecell of P's in position b(n + P)=2'c.

The total number of P's cells that can be held up in position b(n + P)=2'c becausesome
processhas not completedrelease (has not setFree eld to true) is

the number of leaf descendan positions of b(n + P)=2'¢
— r]:(Zlogn i)

The total number of P's cells that can be held up becausesome processhas not completed
release (hasnot setFree eld to true) is

sum of the numbers of leaf descendan positions of b(n + P)=2'c;0 i logn
= n(@+2t+22+ 2 lognmy
= 2n 1

The total number of P's cellsthat are valid at t, but not head at t, is therefore at most the

sum of the numbersfrom (b), and(c), n+2n 1=3n 1.
Sincethe number of P's cellsthat are head (hencevalid) at t is at most logn + 1, the total
number of reachable cellsand anchors that are from P's pool and valid at t is at most 3n + logn.
2

4.6.3 Prop erties of selectCell

In this section, we prove that the selectCell procedure indeed always returns a cell that is
suitable for use,i.e. it returns either an unusedcell or an invalid cell.

Lemma 74 Supmseat time t:
P exeutesLine 4 of selectCell ,
Al
1Zj+ jAj= 3.

Let t; > t be the earliest time after t when:
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P exeuteslLine 1 of selectCell ,
JAj=0

Then, when P next executes Line 4 (i.e. when P executes Line 4 for the rst time after tq),
Al GiZj+jAj= 3.

Pro of Let ty, wheret, t, bethe earliesttime t when (a) P executesLine 4, and (b) jA] =
Sinceduring the time interval [t; t»], every cell that isremoved from A is addedto Z, jZj+ jAj = 3
at to.

During the interval [tp;t1], all cellsin A at to becomereadcable, and eath such readchable
cell is moved from A to B. Thus, jBj= at t;.

SincejZj+ jAj= 3 atty, wehavejZj= 2 att,. There are at least3 executionsof the f or
loop in Lines 9-15in [ty;t1]. No cellsare addedto Z in [ty;t1]. Thus, every cell cin Z hasbeen
examinedin [tp;t1]. If cis valid, cis moved from Z to V. If cis invalid, c is moved from Z to I.
Thus,jVj+jlj= 2 att;. Hence,jVj+ jlj+ jBj= 3 at tj.

By Lemma 73, there are at most valid cells (hence, at least invalid cells)in Z at t,. By
Lemma 32(c), a cell that is invalid at t, remainsinvalid throughout [ty;t1]. Thus,jlj at t.

When P completes Line 3 for the rst time after t1, Z = V[ B;A = |. Hence, jA]j

JZj+ JAj = [Vi+ B+ jlj=3.
2

Lemma 75 If jAj = 0 whenP exeutesLine 1 of selectCell , then whenP next executes Line
4,JA]  GiZj+Aj= 3.

Pro of This Lemma is proved by induction, using Lemma 74.
Induction Basis ConsiderP's rst invocation of selectCell

jAj=3 2 ,1Zj = 2 (A; Z are asassignedduring initialization), when P executesLine 4.
Therefore Lemma 75 holds for the rst time when (a)P executesLine 1, (b)jAj = 0 (by Lemma
74).
Induction Step Supposethat Lemma 75 holds for the ith time when (a)P executesLine 1,
(b)jAj = 0. Then, by Lemma 74, Lemma 75 holds for the (i + 1)th time when (a)P executesLine
1, (b)jAj = 0.

2

Lemma 76 selectCell alwaysreturns either an unused cell or an invalid reachablecell.

Pro of Supposethat selectCell returns d. Then, d wasin A. Consider the assignmemn of
A during the initialization, and in Line 3 of selectCell . Sincel contains only invalid cells, A
contains only invalid cellsafter Line 3 of selectCell is executed. Thus, d is either an unusedcell
or an invalid reachable cell.

By Lemma 75, when P executesLines 5, 16 of selectCell to choosed 2 A, A 6 ;. Thus,
selectCell always returns a cell. Hence,our Lemma holds. 2
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4.6.4 Correctness of the BSC Implemen tation

Given the provisional correctness,and the correctnessof selectCell , we readh an immediate
conclusionthat BSC is linearizable and correct.

Howewer, we needto further specify the details of implementing the data structuresin selectCell
in order to concludethat the local time complexity of selectCell is O(1).

We note that the operations performed on P's local sets S, whereS may be A;B;Z;V, or |,
are (a)choose an elemen c from set S, and move ¢ from S to S° (b)Z := V [ B (Line 2), (c)
A = | (Line 3).

To achieve O(1) local time complexity for eat execution of selectCell and replace , we use
the following implementation:

A setS, where S may be B;V, or |, is implemented as an array of size 3 , with a variable
size(S) that indicates the index of the last elemen in S. We always remove or add the last
elemert of the array.

There are six arrays: Bo;B1;Vo; V1;lo;11, and two ags: ZFlag;, and AFlag. A;B;Z;V; and
| are implemented as follows:

When ZFlag= i(i = 0;1), Z is the combination of arrays V; and B; (in that order); V is the
array V1 i; B isthe array B; . When AFlag=i(1= 0;1), A isthe array |;; | isthe array 11 ;.

InLine 2,Z ;= V[ B isimplemented by ZFlag:= 1 ZFlag. In Line 3, A := | isimplemented
by AFlag:= 1 AFlag.

With this implemenrtation, we have:

Lemma 77 The local time complexity of a call to either selectCell or replace is O(1).

Theorem 6 (a)The BSC construction is linearizable and wait-free.

(b)The shard-aaesstime complexity and the local time complexity of the BSC construction are
both O(log? n).

(c)The BSC construction requires 3n(3n + logn) shard cells and 2n 1 shared pointers to cells.

Pro of
(a) By Lemma 76, selectCell is correct. By Theorem 5, the BSC construction is linearizable
and wait-free.
(b) By Theorem 4 and Lemma 77.
(c) Each processhas a pool of 3(3n + logn) cells. Thus, there are 3n(3n + logn) sharedcellsin
total. In addition, there are 2n 1 sharedpointers to cells: Headlst];1 Ist 2n 1.

2
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Chapter 5

Contention-Sensitiv e Implemen tation

5.1 General Principles

Our objective is to enhancethe BSC implementation, so that when there are few concurrernt
invocations, a processcan complete an invocation of apply quickly. Our generalapproad is as
follows: We introduce log? n new node positions to the binary tree de ned in Chapter 3. These
are the middle children of positions 1,2, k; ;Iog2 n. They are numbered 2.5;4:5; ;2k +
:5: ;2 log?n + :5 respectively. We note that these new positions are closer than the leaf
positionsn;n+ 1, ;2n 1 areto the root.

Concurrent processesompete for the right to install their operation cells at one of thesenew
node positions, and then traverseup from that position to the root position. A processthat has
its operation cell installed as a middle child is able to avoid traversingthe full length of the path
leading from a leaf to the root.

Let op be an invocation of apply . Recall that we de ned the contention experienced by op,
denoted by n¢, as the maximum number of concurrert invocations during the interval of op's
execution. When P is the only processexecuting an invocation of apply , P installs its operation
cell at the middle child position of the root, thus fully exploiting the bene t of no contention.

In order to gain the right to install its operation cell at a middle child position (which is close
to the root), processP executesthe getToken procedure. 1 Each of the middle child positions
2k + :5 hasa corresponding tokenk. If P getstokenk, then P installs its operation cell at position
2k + :5. If P fails to get any of the log® n tokens,then P proceedsto executeits apply asspeci ed
by BSC. In other words, P installs its operation cell at position n + P, and traverseup to the
root position.

We will show that if P getstoken m, then the contention experiencedby P's invocation is at
leastm, i.e. n  m. Furthermore, if P getstoken m, the time complexity of P's invocation of
apply is dominated by the time takento executegetToken (i.e. the time takento get the token),
which equalsO(m). Sincem n¢;m  log? n, we achieve a time complexity of O(min(n¢; log? n)).

1The idea of processesompeting for tokensthat signify possessiorof a node closeto the root was rst intro duced
by Afek, Dauber, and Touitou [ADT95].

94



type integer * = f1; 1.5; 2; 2.5; 3; 3.5; 4, 45, ¢

initialization
8i;1 i 2n-1:anchor : cell
8j;1 j log®n:anchory.s : cell

=

for i := 1to 2n-1:
2. anchor; ! Next:= ?;anchor; ! Free:= true;
anchor; ! Retired := false Head[i] := anchor,

3. forj:= 1to log®n:

4, i=2 j+5

5. anchor; ! Next:= ?;anchor; ! Free:= true;
anchori | Retired := false Headi] := anchor,

6. anchor; ! State:= initialst ate

7. anchory! Op:=?
end initialization

apply (P : integer ; op: op; O) returns res
Ist := getToken(P)
opcell := announce(op;lst)
for i := O0to bloglstc
promote (bist=2'c)
percolateState (opcell; Ist)
respnse= resp(opcell ! State; op)
release (opcell; Ist; middle)
if Ist6 n+P
tokenystpe == 0
return resmnse
end apply

©CoeNOGO WD

=
o

Figure 5.1: Contention-sensitive construction for closedobject O (Figures 5.1to 5.9)
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promote (Ist : integer *)
if lst=1
head := LL(Head[Ist])
newell := head! Next
if newell = ? return
if newell! Ready= falsereturn
newstate:= gtate (head! State; head! Op)
newellstate ;= LL(newell ! State)
if not VL(Head[lst]) return
if newelistate = ?
10. SC(newell ! State newstate
11. if SC(Head]lst]; newell)
12. head! Retired := true
13. return
14. append(blst=2c)
15. promote (bist=2c)
16. append(blst=2c)
end promote

©CoNOGORWDNE

Figure 5.2: Contention-sensitive construction for closedobject O (Figures 5.1to 5.9)
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16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.

append(Ist : integer *)
head := LL(Head]lst])
newell := LL(head! Next)
if not VL(Head[lst]) return
if newell = ?
(Ic, lop) := readyOrphan(2 Ist)
(mc, mop) := readyOrphan(2 Ist+ :5)
(rc, rop) := readyOrphan(2 Ist+ 1)
if Icé ?)or (mc6 ?)or (rc6 ?)
¢ := combine(lc; lop; mc; mop; rc; rop)

result:= SC(head! Next; ¢)
if not result
c! Free:= true, c! Retired := true, replace (¢
newell := head! Next

if not VL(Head[lst]) return
if newell = ? return

Ichild := newell ! LC

if not VL(Head[lst]) return

if Ichild 6 ?
Icparent := LL(Ichild! Parent)
if not VL(Head[lst]) return
if Icparent = ?

SC(child ! Parent, newell)
Ichead := LL(Head[2*Ist])
Icnewell := Ichead! Next
if not VL(Head[2*Ist]) go to K
if not VL(Head[lst]) return
if lcnewell = Ichild

if SC(Head[2*Ist], Ichild)

Ichead! Retired := true
(continue on next Figure)

Figure 5.3: Contention-sensitive construction for closedobject O (Figures 5.1to 5.9)
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append(Ist : integer *)
(continued from previous Figure)

30.K mchild := newell ! MC
31. if not VL(Headlst]) return
32. if mchild & ?

33. mcparent ;= LL(mchild! Parent)
34. if not VL(Head[lst]) return

35. if mcparent = ?

36. SC(mchild! Parent; newell)
37. mched := LL(Head[2*Ist+ .5])
38. mcnewell := mchead! Next
39. if not VL(Head[2*Ist+ .5]) go to L
40. if not VL(Head[lst]) return

41. if mcnewell = mchild

42. if SC(Head[2*Ist+ .5], mchild)
43. mchead! Retired := true

44 rchild ;= newell! RC
45, if not VL(Head[lst]) return
46. if rchild 6 ?

47. rcparent ;= LL(rchild! Parent)
48. if not VL(Head[lst]) return

49. if rcparent = ?

50. SC(rchild ! Parent; newell)
51. rchead := LL(Head2*Ist+1])
52. rcnewell := rchead! Next

53. if not VL(Head[2*Ist+1]) go to M
54, if not VL(Head[lst]) return

55. if rcnewell = rchild

56. if SC(Head[2*Ist+1], rchild)
57. rchead! Retired := true

58.M ready:= LL(newll ! Ready)

59. if not VL(Headlst]) return

60. if ready = false

61. SC(newell | Ready, true)
end append

Figure 5.4: Contention-sensitive construction for closedobject O (Figures 5.1to 5.9)

98



ONoOORr~WNE

readyOrphan(Ist : integer *) returns ( cell ;op)
if (Ist= 2 bist=2c+ :5)and (Ist> 1+ 2 log?n) return (?;?)
head := LL(Head][lst])
newell := head! Next
if newell=? return (?;7?)
if newell! Ready= falsereturn (?;?)
newop:= newell ! Op
if not VL(Head[Ist]) return (?;?)
return (newell, newop
end readyOrphan

announce(op : op; Ist : integer *) returns cell
allocate an unusedor invalid cell c:= selectCell () and initialize it asfollows:
c! Parent:= ?,c! Next:= ?,c! State:=?
c! LC:=?,c! MC:=7?,c! RC:= 7,
c! Op:=opc! Lop:=7?,c! Mop:=7?,c! Ready:= true
c! LDone:= true, c! MDone := false ¢! RDone:= true,
c! Free:= falsg c! Retired := false
head := Head[lst]
if LL(head! Next) = ?
SC(head! Next, c)
return c
end announce

Figure 5.5: Contention-sensitive construction for closedobject O (Figures 5.1to 5.9)
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combine(lc : cell ; lop: op; mc: cell ; mop:op;rc: cell ;rop:op)returns cell
1. allocate an unusedor invalid cell c:= selectCell () and initialize it asfollows:
c! Parent:= ?,c! Next:=?,c! State:= ?
c! LC:=lc,c! MC:=mc,c! RC:= rc,
c! Lop:= lop, N
c! Mop:=lop mo
c! Op:=(c! Mop) rop
c! Ready:= false ¢! Free:= falsg c! Retired := false
if lcé ?
c! LDone := false
else c! LDone:= true
if mcé ?
c! MDone ;= false
else c! MDone ;= true
if rcé ?
c! RDone = false
else c! RDone = true
2. return c
end combine

percolateState (c : cell ;lst : integer ™)
if Ist = 1 return
p:=c! Parent
percolateState (p; bist=2c)
if Ist=2 bst=2c
c! State:= p! State return
if Ist=2 bst=2c+ :5
c! State:= gtate(p! Statg p! Lop), return
c! State:= giate(p! State;p! Mop), return
end percolateState

ONoO~WNPE

Figure 5.6: Contention-sensitive construction for closedobject O (Figures 5.1to 5.9)
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release (c: cell ;lst : integer *;dir : fleft; middle; rightg)

1. p:=c! Parent

2. LL(c! Free)

3. if dir = left

4, c! LDone := true

5. if c! MDone and c! RDone
6. if SC(c! Free, true)

7. ascend (p, Ist)

8. return

9. if dir = middle

10. c! MDone = true

11. if c! LDoneand ¢! RDone
12. if SC(c! Free, true)

13. ascend (p, Ist)

14. return

15. c! RDone = true

16. if ¢! LDoneand c! MDone
17. if SC(c! Free, true)

18. ascend (p, Ist)
19. return
end release

ascend(c : cell ;lst : integer ™)

1. if Ist =1 return

2. if Ist= 2 bist=2c

3. release (c, bist=2c, left), return

4, if Ist= 2 bhist=2c+ 5

5. release (c, bist=2c, middle), return

6. release (c, blst=2c, right), return
end ascend

Figure 5.7: Contention-sensitive construction for closedobject O (Figures 5.1to 5.9)
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5.2 The Implemen tation

We highlight some noteworthy aspects of our contention-sensitive implemertation, which we
preser in Figures5.1to 5.9.

(1). In addition to the possible node positions as speci ed by a binary tree of height logn
(seeFigure 3.1(a)), we have log? n new node positions: 2j + :5,forj = 1:2;  ;log®n. A node at
position 2} + :5is the middle child of the node at position j.

(2). In the new construction, ead cell in List[Ist];1 Ist log?n, hasthree children: a left
child and a right child asin the original construction, and a middle child, which is either ? or a
cellin list 2 Ist+ :5. The middle child, if presen, is a leaf.

(3). In the BSC construction, when a processP invokesapply (P; op;O), it storesopin a cell
¢, installs c (as a leaf) in the List[n + P] (which belongsexclusiwely to P), and works towards
making c a part of a fully formed tree (i.e., until ¢ haslogn ancestors).

In the new construction, when P invokes apply (P;op;0), it rst executesthe getToken pro-
cedure(Figure 5.8). SupposeP succeedsn getting atokenm. It storesopin a cell ¢, and installs
c (as a leaf) in List[2m + :5]. P then works towards getting c a parent in List{m], a grandparert
in List[bm=2c] and soon, until ¢ hasan ancestorin List[1]. Then, P computesthe responseto its
operation, and releasesoken m. P's getToken takes O(m) time and the rest of the work takes
O(log? m) time. We will showv that m  n¢ (n. is the cortention experiencedby P's invocation).
Further, m log®n. Thus, the time complexity of our construction is O(min(n¢; log? n)).

If P doesnot succeedin getting a token, then n  log?n + 1. In this case,P performs its
operation asin the BSC construction, by installing an operation cell in List{n + P] and working
towards the root from there. In this case,the total time spert is O(log?n). Sincen, log?n+ 1,
we have the desired O(min(n;log? n)) time complexity bound.

(4). We enhancethe append procedure so that, when attempting to append a new cell ¢
to List[Ist];1  Ist log?n, in addition to parerting any ready orphans in List[2 Ist] and
List[2 Ist + 1], c will alsoadopt asits middle child any ready orphan in List[2 Ist + :5].

(5). Ead cell c hasthree elds that record operations: The Lop eld recordsthe operation
of c's left child. The M op eld recordsthe operation that results from combining the operations
of c's left and middle children. The Op eld recordsthe operation that results from combining
the operations of c's left, middle, and right children. Lop and Mop elds are useful in the
percolateState procedure,when computing the State elds of c's children, given the State eld
of c. Let s be the value in the State eld of c. Then, the State eld of c's left child iss. The
State eld of c's middle child is the state that results from applying c's Lop to the implemented
object in state s. The State eld of c's right child is the state that results from applying c's M op
to the implemented object in state s.

5.3 Pro of of Correctness

With the exception of getToken, presered in Figure 5.8. the proof of linearizability and wait-
freedom of BSC in Chapter 4 carries over to our construction, with obvious minor changes. We
therefore prove only the relevant properties of getToken here.
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getToken(P : pr ocesses) returns integer *

1. for i := 1to log®n
2 if LL(token) =0
3. if SC(tokeny, 1)
4 return 2 i+ :5
5 return n+P
end getToken

Figure 5.8: Contention-sensitive construction for closedobijects: getToken (Figures 5.1to 5.9)

5.3.1 Pro of of Token Scheme

In getToken, processP tries to win a token token; by executing the for loop in Lines 1 to 4
with index i. P iterates the for loop with indexi = 1;2; :log®n. In ead iteration, P executes
LL(token;) in Line 2. If token; = 0in Line 2, then no processhas yet won token;. In this case,
P executesSC(token;; 1) in Line 3. If the SC operation returns tr ue, then P has won token;.
Clearly, at most one processcan win any token;. If P wins token;, then P's getToken returns
2i + :5, the middle child position that P is now ertitled to install its opcel, by virtue of P's having
won token;. If P did not win any of token;;1 i Iogzn, then P's getToken returns n + P,
which is the leaf position that, in all precedingalgorithms, P installs its opcel.

Let token; be the token that P haswon in getToken. Then, P releasestoken; in Line 9 of
apply , by setting token; to 0, just beforeapply terminates.

We say that P missestoken; if when P executesthe for loop with i = k, P either nds
tokeng = 1in Line 2, or its SC operation in Line 3 returns false Formally,

De nition 19

We say that P missestokeny if and only if 8k;1 k log?n 1: if processP begins Line
1 of getToken with indexi = k + 1.

If processP exeutesLine 5 of getToken, then we say that P missestoken,y,z .
Notation 6

Let tE ke the time P begins Line 1 of getToken with index i = k (if P ever does so).

Let tP

1+log?n

ke the time P begins Line 5 of getToken with index i = k (if P ever does so).

Let processP miss tokeny, whee 1k log?n. Then, tf,, is wel-de ned. Let|f denote
the time interval [t7;tF,;].
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initialization
constart := 8nloglogn
8 processP:
A = P'spoolof3 3cells
(3 cellsof P's are usedas anchors)
Z = 3 andhors from P's pool of cells
B;V;l =
end initialization

selectCell () returns cell
if jJAj=0
Z=V[B
A=
if jAj >
choosed 2 A
A=A fdg,Zz:=Z][ fdg
return d
else
for i ;= 1;2;3:
if jZj> 0
choosec?2 Z
Z=7Z fcg
if (c! Free)™ (c! Retired)
| =1 fcg
elseV = V] fcg
choosed 2 A
A=A fdgB :=B][ fdg
return d
end selectCell

replace (c: cell )
A=A fcg
if JA] >
Z=7Z fcg
elseB =B fcg
end replace

Figure 5.9: Contention-sensitive construction for closedobjects: (Figures 5.1to 5.9)
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Informally, if P missestokeny, then [tP;tl'f+l] is an interval within which P executed the
for loop with i = k. In other words, P tries and fails to gain tokeny during [t{;tF,;]. During
P = [th;t,,], P tries and fails to gain tokens;tokeny; ;token.

Deniton 20 8k;1 k log?n, if processP exeutes a suaessful SC(tokeny; 1) in Line 3 of
getToken, then we say that P wins token.

Our objective is to prove Lemma 79, which assertsthat if P wins tokeny+; , then there must
be at leastk invocations that are concurrert with P's invocation. Lemma 78is a technical Lemma
that leadseasilyto Lemma 79.

Lemma 78 assertsthe following: Supposethat P missestokeny. Then, there is an in-
stant in time [ during the interval 17 (an interval during which P tries and fails to gain
tokeny;token,;  ;tokeny) sud that at kp, there are k distinct active processesgad having
won one of the following k tokens: tokenj;tokeny; ;token.

Lemma 78 Let processP misstoken,, whee 1 k log?n. Then, there existsa time [ 2 17
suchthat 8j; 1 j k:9 processQ; suchthat:

Q; is active, i.e. exeeuting apply , at [,

Qj wins token; .

Pro of We proceedby induction on k.
Induction Basis k= 1.
In this case,P missestoken;, We needto provethat 9 I 2 17 = [t};t5];9Q, sud that:

Q: is active at [,
Q1wins token;.

Since P missestokeny, there exists a time [ 2 IP = [t7;t5] when token; = 1. Let Q; be
the last processto executea successfulSC(tokens; 1) in Line 3 of getToken before {. Thus, Q1
wins token;, and Q; is active at | .

Induction Step The Induction Hypothesisis that Lemma 78 holdsfor k;1 k m. We now
prove that Lemma 78 holds for k = m + 1.

Let processP misstokenm+1, where2 m+ 1 Iogzn. Since P missestokenm+1, there
exists a time °2 [th . ;tP 5] when tokeny+1 = 1. Let Qu+1 be the last processto execute
a successfulSC(tokeny+1 ;1) in Line 3 of getToken before © Thus, Qm+1 wins tokenm+1, and
Qm+1 is activeat ©

Since Qm+1 Wwins tokenm+1, Qm+1 missestokeny,. By the Induction Hypothesis,there exists

n?"‘” 2 In?””l = [t(fm+1 ;thq";f], satisfying Lemma 78. Since P missestokenm+1, P misses
tokenm. By the Induction Hypothesis, there exists F 2 IF = [t];tP,;], satisfying Lemma 78.
Let P, = max( P; @),

We now proceedto prove that [, satis es Lemma 78.

Claim 1 [, 2 1qs = [tTithe]:
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Pro of of Claim Wehavet? P P, tP,, <tP,,, @™ < 0< P Sincett P<
th o mmt < tP L, wehavet? max (P et ) <thL, . ie. P 2 [titP 1.

m
2
We needto dene Q;;8j; 1 ] m + 1, for the purposeof Lemma 78. Qmn+1 has been
dened above. If P, = F, then welet Q1;Q2; ;Qm bethe m processeghat are active at
P, and are guararteed to exist by the Induction Hypothesis (as stated above) applied to P . If
P = r?”‘” , then we let Q1;Q2; ;Qm bethe m processeghat are active at r%’“*l , and are
guararteed to exist by the Induction Hypothesisapplied to Qm+1 -
Clam 2 8j;1 j m;9Q; suchthat:
Qj is activeat F,q,
Q; wins token;.
Pro of of Claim  This is an immediate consequencef our choiceof Q1;Q2; ;Qm.
2
Claim 3 Qp.1 is activeat P, .
Proof of Clam If P,, = &™' then our Claim is obvious. Suppose P,, = P, ie.

n?m” < E. We must show that Qn+1 is active at n'i. We note that Q+1 is active throughout
the interval [ 2™ ; 9. Since 8" < P < © Quy isactiveat o
2
By Claims 1, 2, 3, and the fact that Qm+; wins tokenm+1, Lemma 78 holds for k = m + 1.
This complete the proof of Lemma 78.
2

Lemma 79 Letk besuchthat k 0. Suppmsethat processP wins tokenyg+; . Then, P's invoca-
tion is concurrent with at least k invocations.

Pro of SinceP wins tokeng+;, P has previously missedtoken,. By Lemma 78, there exists a
time P 2 1P suchthat 8;;1 | k:9 processQ; sud that:

Q; is active, i.e. executing apply , at kp,
Qj wins token; .

We note that, by Notation 6, P is active, i.e. executingapply , at 7. Since8j; 1 | k: Q;
wins token;, we know that Q1;Q2; ;Qx, and P are k + 1 distinct processes.Furthermore, as
we just obsened, all k + 1 processesare active at kP. Hence, P's invocation is concurrert with
at least k invocations, i.e. the invocations by Q1;Q2; ;Qk, at kp. This completesour proof.

2
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5.3.2 Bounding the Num ber of Valid Cells

Given a processP, a bound exists on the number of cellsthat are from P's pool, and valid (thus,
not available for recycling) at any instant in time. This is obviously an important bound for the
purposeof recycling cells. In this section, we prove this bound.

Lemma 80 Supmsethat n  16. At any time t, there are at most 8nloglogn reachablecells
and anchorsthat are from processP's pool of cells, and valid.

Pro of Let c be a reachable cell or an anchor from P's pool of cells.

Counting P's valid cells that are head
Case 1

c is allocated during an invocation of apply when P wins a token.
We have pog(c) = i, or posc) = 2i + :5, wherel i log®n. Thus, at most 2log?n such
cellsmay be head (and therefore valid) at t, and from P's pool.

Case 2

c is allocated during an invocation of apply when P doesnot win any token.
We have pogc) = b(n + P)=2'c, where0 i logn. Thus, at mostlogn + 1 suc cells may
be head (and therefore valid) at t, and from P's pool.

Hence,the total number of P's cellsthat are head (and therefore valid) at t is 2log?n + logn (we
omit onecell, becauseof the double courting of the root position). Sincewe assumethat n 16,
we haven log?n > logn. Hence,2log?n + logn  3n.

Counting P's valid cells that are not head

By Lemma 72, for any cell c that is from P's pool, valid at t, but not head at t, there is some
processQ that is executing apply , such that Q will be setting either ¢! Retiredorc! Free
to tr ue during the apply .

We examinethe placeswherec! Retired:= trueandc! Free:= true occur.

(a) Line 12 of append c is neither reachable, nor an anchor in this case.

(b) Line 12 of promote, Lines 29 and 43 of append Each processmay have at most one
pending operation (in any one of theseLines). Thus, ead processcan be responsible for at most
onecell that is from P's pool, valid at t, but not headat t. This accourts for a total of at most
n cells.

() In release :

Each processQ can hold up either (a) at most logn + 1 cellsin positions b(n + Q)=2'c, where
0 i logn, or (b) at most loglog?n cells along the path from a middle child position to the
root position. Each of thesecellsis waiting for Q to complete release to becomeinvalid.

Howewer, we are focusingon P's cellsc:
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Case 1

Consider cells ¢ suc that either pog(c) = i, or posc) = 2i + :5, wherel i log?n. Among
these cells, only cells ¢ such that pos(c) = i, wherel i log?n, can be waiting for Q to
complete release to becomeinvalid. Each processQ can hold up cellsin at most loglog?n of
theselog? n positions. Thus, the total number of valid cells waiting for Q to completerelease is
nloglog?n = 2nloglogn

Case 2

We consider P's cells ¢ that occupy positions b(n + P)=2'c, where 0 i logn, suc that
pos(c) > log?n. In other words, we exclude all positions from 1 to log?n. Therefore, we are
consideringcellsthat occupy positionsb(n + P)=2ic, where0 i w, w= logn loglog’n 1.

If c occupiessud a position, then, the argumert usedin Lemma73applieshere. If b(n+ P)=2'c,
where0 i w, hasa leaf descendah position n + Q, then Q can hold up one cell of P's in
position b(n + P)=2'c. For ead position b(n + P)=2'c, there are n=(2'°9" 1) |eaf descendan
positions. Each sud leaf descendah position h + Q, correspondsto one processQ that may hold
up one cell of P's in position b(n + P)=2c.

The total number of P's cells that can be held up in position b(n + P)=2'c becausesome
processhas not completedrelease (has not setFree eld to true) is

the number of leaf descendah positions of b(n + P)=2'¢
- n=(2Iogn i)

The total number of P's cells that can be held up becausesome processhas not completed
release (has not setFree eld to true) is

sum of the numbers of leaf descendan positions of b(n + P)=2'c;0 i w
sum of the numbers of leaf descendan positions of b(n + P)=2'c;0 i logn
- n(1+21+22+ 2I0gn)
= 2n 1

The total number of P's cellsthat are valid at t, but not head at t, is therefore at most the sum
of the numbersfrom (b), and (c), n+ (2n 1)+ 2nloglogn 5nloglogn.

Sincethe number of P's cellsthat are head (hencevalid) at t is at most 3n, the total number
of reachable cellsand andhors that are from P's pool and valid at t is at most 3n + 5nloglogn
8nloglogn.
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5.3.3 Pro of of Correctness

We are now in a position to prove the following Theorem that summarizesall the important
properties of our contention-sensitive construction.

Theorem 7 (a)The contention-sensitive construction is linearizable and wait-free.

(b)The shared-aacess time complexity and the local time complexity of the contention-sensitive
construction are both O(min (n¢; log? n)).

(c)The contention-sensitive construction requires 24n2loglogn shared cells, 2n + log®n shared
pointers to cells, and log? n shared bits.

Pro of

(a) Wait-freedom is easily seenfrom the algorithm. The proof of Theorem 6(a), which asserts
that the BSC construction is linearizable, carries over, with easymodi cations, to the corntention-
sensitive implementation.

(b) ConsiderprocessP executing apply . SupposeP succeedsn getting tokeny,. It storesopin a
cell ¢, andinstalls c (asaleaf) in Listf2m+ :5]. P then works towards getting ¢ a parent in List[m],
a grandparert in List[bm=2c] and soon, until ¢ hasan ancestorin List[1]. Then, P computesthe
responseto its operation, and releasestokeny,. P's getToken takes O(m) time and the rest of
the work takes O(log? m) time. By Lemma 79, P's operation is concurrert with at leastm 1
invocations. In other words, m  n¢, where n¢ is the contention experiencedby P's invocation.
Further, m log®n. Thus, the time complexity of our construction is O(min(n¢; log?n)).

If P doesnot succeedn getting a token, then, by Lemma 78, n¢ Iog2 n+ 1. In this case,P
installs an operation cell in List{n + P] and working towards the root from there. The total time
spert is O(log?n). Sincene log?n + 1, we have the desired O(min(n¢;log?n)) time complexity
in this case,too.

(c) By Lemma 80, we seethat setting = 8nloglogn in selectCell resultsin a selectCell that
always returns a unusedor invalid cell. Thus, our contention-sensitive implementation requiresa
total of 3n(8nloglogn) = 24n2loglogn sharedcells.

In addition, the log®n new middle child positions require log? n additional sharedpointers to
cells. Hence, a total of 2n + log® n sharedpointers to cells are needed.

Finally, there are log?n tokens, token; tokeny; ;tokeny,q2,. Each token is a shared bit.
Thus, we have part(c).

2

In conclusion, we have preseried, in Figures 5.1 to 5.9, a contention-sensitive, wait-free,
linearizable construction for closed objects, with time complexity of O(min(n¢;log?n)), and
O(n?loglogn) sharedmemory requiremert.
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Part 11

Lower Bounds for Non blo cking
Implemen tations
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Chapter 6

Time and Space Lower Bounds for
Non blo cking Implemen tations

6.1 The Lower Bound

This sectionhasthree parts. Section6.1.1illustrates the main ideasof our lower bound technique
for the special caseof implementing an incremert object. Our lower bound applies not just to
implemenrtations of the incremert object, but to implementations of a large classof objects, which
we call perturbable objects. Section 6.1.2 de nes the classof perturbable objects. Section 6.1.3
provesthe lower bound for any implementation of any perturbable object.

6.1.1 The Intuition

Toillustrate the main ideasof the lower bound proof, we provide below a proof sketch for a simple
caseof the full result. Consider any deterministic implemertation of an incremernt object O,

complexity of the implemertation areat leastn 1. (The full result is more generalin three ways:
it appliesto randomizedimplementations; it appliesto implementations of any perturbable object,
not just the incremert object; and it applies even if base objects include resettable consensus
objects and any historyless objects.)

Consider Scenario0 in which p, initiates a read operation on O and runs alone. We claim that
pn accessesomebaseobject, before completing this read operation on O. For a proof, suppose
the claim is false. Then, p, cannot distinguish Scenario0 from Scenario0°in which someprocess
completesan incremert operation on O before p, starts taking steps. Yet, correctnessrequires
Pn's read operation to return dierent valuesin ScenariosO and 0° This cortradiction implies
the claim. Let B; denotethe rst baseobject that p, accesses.

To force p, to accessa secondbase object, the idea is to sthedule other processesbefore
scheduling pn, in sud a way that they render the information in B of little value to p,. Conse-
quertly, later when p, runs and accesse®1, it will not learn enoughto determine the response
to its read operation on O; thus, p, is forced to accessa secondbaseobject. The details are as
follows. Let Scenariol depict an executionin which processe®ther than p, take stepsuntil some
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processsa pi,, writes B1.1 If p, runs after Scenariol, it accesses; becauseuntil accessing3,

this scenariois indistinguishable to p, from Scenario0. More signi cantly, we shav below that,

when running after Scenariol, p, accessesomebaseobject, besidesB;, before completing its

rst read operation on O. To seethis, consideranother scenario,Scenariol® which is the sameas
Scenariol with the following exception: just beforep;, writes B1, someprocessp, other than p;,

and p, completesmany incremert operations on O, and after this p;, takesa step and writes B.

Clearly, B1's value is the sameat the end of Scenariosl and 1° Now extend ead of Scenarios
1 and 1%by letting p, take steps. If p, accessesnly By, it is clear that the two scenarioswould

be indistinguishable to p,. Yet, sincemany more incremerts operations completedin Scenario1°
than in Scenariol, p,'s read operation on O must return dierent valuesin the two scenarios.
It follows that, in Scenariol (and in Scenario19, p, must accessa secondbase object before
completing its read operation on O. Let B, denote this baseobject.

To force p, to accessa third baseobject, we repeat the above trick and render the information
in B, of little value to p,. Specically, consider Scenario2 consisting of the following three
execution fragmerts, taking placein that order: (i) the pre x of Scenariol (described above) up
to, but excluding the write of B1 by pi,, (ii) the stepsof processesther than p;; and p, until
someprocess,s& pi,, writes B, and (iii) the write of By by p;,. If p, wereto run after Scenario
2, it accesse81 and B, becauseuntil accessingB», this scenariois indistinguishable to p, from
Scenariol. We claim that p, accessesomebaseobject, besidesB; and B,, before completing
its rst read operation on O. The justi cation is asin the previous paragraph: if the claim is
false, pn cannot distinguish Scenario2 from Scenario2® where Scenario2?is similar to Scenario
2 exceptthat someprocessp, other than p;,, pi,, and p, completesmany incremert operations
on O just beforethe write stepsof p;, and p;, on B, and B, respectively. This is a cortradiction
sincepn's read operation on O must return di erent valuesin Scenarios2 and 2°

Repeating the above argumert, we construct successiely Scenarios3;:::;n 2 with the
property that, if p, runs alone after Scenariok, it accesseat least k + 1 distinct base objects
before completing its rst read operation on O. The lower bound of n 1 on the spaceand
shared-accessime complexity of the implementation is immediate from the existenceof Scenario
n 2. (We cannot proceedany further than Scenarion 2 becauseprocessesother than pp

render B; useless.This technique of using up one new processfor ead additional shared object
to berendereduselessjn the context of spacecomplexity lower bounds, wasusedearlier by Burns
and Lynch [BL93].

We turn the above ideas into a rigorous inductive proof in Section 6.1.3. To understand
the correspondencebetweenthat proof and the above informal argumert, note that Scenario2

described above has three parts: a sdedule involving p1;:::;pn 1, followed by the write steps
of pi, and p;; (on objects B, and B4, respectively), followed by the steps of only p,. More
generally, if we extendedthe argumert to Scenarios3, 4, :::, Scenariok would consist of three

1t is possiblethat such an execution doesnot exist. To not obscurethe basicintuition, we addressthis possibility
only in the formal proof, preserted in Section 6.1.3.
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Pn. Roughly speaking, thesethree parts of Scenariok® correspond to the schedules, , and ,
respectively, in De nition 1 in Section 6.1.2, and to the schedules ¢, , and , respectively,
of the proof in Section 6.1.3. We caution the readerthat this correspondenceis not exact, but is
closeenoughto help the reader understand how the formal proof works.

6.1.2 Perturbable Types
The key property of the incremernt object exploited in the above proof is the following: it is
possibleto create a new scenario,by scheduling the steps of someprocessp, immediately before

the older one. Below we state an abstract version of this property (which su ces for our proof
technique to work), and call any type that hasthis property a perturbable type.

De nition 21 Type T is perturbable for n processes, for initial state s if for every
linearizable and solo-terminating randomizeal implementation of an object O of type T, initialized

to s and shared by processesps;:::; pn, there exists an assignmentof operation sequen@sto input
variablesoplisty; : : : ; oplist, suchthat the following statement holds:
If , ,and are any schalulesthat satisfy the following four conditions,

{ pset()  fpuiiiipn 19
{ pset() is a proper subsetof fp;;:::;pn 10 and each processappears at most once in

{ pset() =fpng

{ In , Pn's rst operation on O just completesand returns someresmnseres.
then, for somep, 2 fpi;:::;pn 19 pset() , thereis a schelule 2 (fpig coinspace)
such that, in , either pn's rst operation on O dces not complete or it returns a respnse

di er ent from res.

The key feature of a perturbable type can be informally explained as follows: Consider a
perturbable object O in a con guration C, with somepending operations by processe®ther than
pi. Let p; bethe only procesdo take stepsfrom C. Processp; how invokesoperation opand obtains
a responsex. x may be any of sewral values, depending on the unknown linearization order of
the operations. Howewer, the fact that O is perturbable implies that there exists a sequences of
operations, such that: Let C°be the con guration that results from C, when the operations in S
are executed sequetially to completion. (This de nition of C%is only approximately true.) Let
pi be the only processto take stepsfrom C°. Processp; now invokes operation op and obtains a
responsey. Then, y must necessarilybe dierent from x, even though both x and y cannot be
determined fully, due to the uncertain linearization orders.
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There are schedules ¢, «, « sud that the following conditions hold:

1. «; k2 (fpyyp2;iii;pn 19 coinspace) and ¢ 2 (fph,g coinspace) . That is,
and  do not contain p, and ¢ contains no processother than py.

2. k= jpset( k)j = k. That is, k distinct processedake onestepead in .

3.In k k «k,» pn accesseexactly k distinct baseobjects and p,'s rst operation on O has
either not completed or just completed.

4. Let Sk bethe setof baseobjectsthat p, accessen ¢ k k. Let Py = fpy;p2;::i;pn 10
pset( ) and beany schedulein (P, coinspace) . Then, ¢ x s, k k-

Figure 6.1: Statemert Sy

6.1.3 The Main Result

We prove that the spacecomplexity of any randomized solo-terminating implementation and
the shared-accesgime complexity of any deterministic solo-terminating implemenrtation of any
perturbable object, shared by n processesare both at leastn 1 if baseobjects are restricted
to be (any combination of) resettable consensusbjects and historyless objects, suct asregisters,
test&set objects, and swap registers.

Theorem 8 Supmsethat type T is perturbablefor n processesfor someinitial states. Consider
any randomizel implementation of an object of type T, initialized to s and shard by processes
p1;:::;pPn, from resettable consensusobjects and historyless objects. If the implementation is
linearizable and solo-terminating:

1. Its space complexity is at leastn 1.

2. If the implementation is deterministic, its solo-termination shared-acesstime complexity is
atleastn 1.

The crux of the proof liesin the following claim: Forallk,0 k n 1, Statemen Sy, presened
in Figure 6.1, is true. We prove this claim by induction. Below, we let Sy :j denotethe jth part
of Statemert Sy.

Base case: Let o= o= o= ( isthe empty sequence).lt is easyto verify that all of
So:1-4 are true. Hence,we have the basecase.

Induction step: Suppose0 k n 2and Sk istrue. Let ; k; k besodened asto
make Statemert Sy true. Let Sy denote the set of baseobjects that p, accessen ¢ k «, and
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By Sk:3,in k k k, pn'S rst operation on O has either not completed or just completed.
Let 2 (fpng coinspace) besud that, in ¢ x k , pn just completesits rst operation on
O, returning somevalue. Sincethe implementation is solo-terminating, exists.

Claim 4 6 andin g x k , pn accessesa baseobject not in Si.

Proof Supposethe claim is false. Recall that Py = fpi;p2;:::;pn 19 pset( k). Since
jpset( k)j=kandk n 2,Pgisnon-empty. Forall p2 P and 2 (fpjg coinspace) ,we
assertthat ¢ ¢ « pm k k k - This assertionfollows from the facts below: (i) « « p,

k k (sincethe schedules  x and , donotcortain py), (i) k k s, k «k (by Sk:4),
(i) the schedule ¢ contains only pn, and (iv) the only baseobjects accessedy pn in k k «
are the onesin Sy (by our assumptionthat Claim 4 is false).

The above assertion, together with the de nition of , implies that p,'s rst operation on O
completesand returns the sameresponsein ¢ k asin x k k . This contradicts De nition

21 (to seethe cortradiction, substitute ; ; in the de nition with ; «; « , respectively,
and note that the conditions in the de nition hold becauseof the induction hypothesis). Hence,
we have Claim 4. 2

De nition 22 Dene 41, Bk+1, and 41 as follows:

k+1 IS the shortestpre x of suchthat, in  k k k+1, Pn @accessesa baseobject not in
Sk (by Claim 4, 41 exists).

Bk+1 is the unique baseobject not in Sy that p, accessesin k k k k+1 -
k+1 = k k+1-
Claim 5 41 2 (fpng coinspace) .

Pro of Since ¢ and g+ are both from (fp,g coinspace) , we have +1 2 (fpng
coinsp ace) . 2

Claim 6 There exist ¢+1 2 (Px coinspace) and [p,,, ;tk+1] 2 Px coinsp ace such that,
for all 2 ((Pk fpik+1 g) COinSp ace) vk k+1 [pik+1 ;tk+l] By+1 k k+1 [pik+1 ;tk+1]'

Pro of The following obsenation will be usedmany times in the proof:

Obsenation O1: Forall 2 ((Px fpi,, 9 coinspace) , Processp;,,, accessethe same
baseobject and appliesthe sameoperation in the last step of ¢ +1[Pi,,, ;tk+1] @sin the
last step of k k+1 [Piy.y s tkea ]

This obsenation follows from the fact that doesnot cortain p;,,, .

In the following, we pick «+1 and [p;,,, ;tk+1] basedon the type of By+1, and in ead case
prove that our choiceof y+1 and[p;,,, ;tk+1] satis es Claim 6. In the rest of the proof, denotes
an arbitrary sdhedulein ((Px fpi,,, 9 coinspace) .

Casel B+ is a historyless object.
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Subcasela There is somenon-empty schedule 2 (Px coinspace) sud that the last
stepin i is a nontrivial operation on By+; .

Dene +1 and[pi,,, ;tks1] sothat = i1 [Piy,, 5tk ]

By O1, pi,,, performsthe samenontrivial operationon By, in the last stepof « k+1 [Pi,,, s tk+1]
asin the last stepof  k+1[pi,,, ;tk+1]. This, together with Proposition 1, gives Claim 6.
Subcaselb There is no suc

Dene +1 to be and[p;,,, ;tk+1]to be any elemen of P,  coinsp ace.

It follows from the subcasein consideration that no nontrivial operation is performed on

Bk+1 inthelast] i1 [pi.,, ;tk+1]j Stepsof kw41 [Pi,., jtker]landinthelastj g1 [Piy,, ;tke1]]
stepsof  k+1 [Pi,., ;tk+1]. Therefore, by Proposition 1,
k k+1[Piwss stk#1] Bras  k  Bray  k k+#1 [Pigs, s tk+1]. Hence,we have Claim 6.

Case2 B+ is aresettable consensusobject.

Subcase2a There is somenon-empty schedule 2 (Px coinspace) sud that the last
stepin i is aresetoperation on By+1 .

Dene y+1 and [pi,, jtkea] sothat = i1 [Pi., stken ]

By O1, pi,,, performsa reseton By.1 in the last step of ¢ w+1 [Pi,,, ;tk+1]s just asit
doesin the last step of ¢ k+1[pi,., ; tk+1]. Hence,we have Claim 6.

Subcase2b There is no such . Howewer, there is somenon-empty schedule °2 (Py
coinspace) sud that the last stepin  Cis a proposeoperation on By .

Dene 41 to be %and [Pi\., ;tk+1] to be any elemen of P,  coinsp ace.

Let be the state of Bx+; at the end of | k+1. Since Subcase2a is not applicable, it
follows that By+1 is not resetin the last j k41 [Piy,, ;tk+1]] stepsof  k+1[Pi,,, ; tk+1] and
in the last | k+1 [Pi,,, i tk+1] stepsof  k+1 [Pi,, stk+1]- Thus, Bysg's state is  at the
endof y k+1[pi,,  tk+1] and at the endof k41 [pi,,, ;tk+1]. Hence,we have Claim 6.
Subcase2c Neither nor 2exists.

Dene 41 to be and[p;,, ;tk+1]to be any elemen of Py  coinsp ace.

It follows from the subcaseunder consideration that no reset or proposeoperation is per-
formed on By+1 in the last j 41 [pi,,, itk+1]i Stepsof ¢ k+1[Pi,., i tk+1] and in the last
J k+1 [Pi., itk+1]i steps of k+1 [Pi., itk+1]. Therefore, By+q's state at the end of

k k+1 [P, s tk+1] is the sameas its state at the end of ¢ «+1 [pi,,, ;tk+1]. Hence, we
have Claim 6.

This completesthe proof of Claim 6. 2
De nition 23 Let k41 and [pi,,, ;tk+1] beasin Claim 6. Dene 4+ and 41 as follows:

k+1 = k k+1
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k+l = [pik+1 ;tk+l] k
Claim 7 1, k+1 2 (fp;p2;iiiipn 1 coinsp ace) .

Pro of By denition, +1 2 (Px coinspace) and [p;,,,;tk+1] 2 Px coinsp ace, where
Pk =fp;p2;iii;pn 19 pset( k). This, together with Sy : 1, implies the claim. 2

Claim 8 we1j= jpset( we)j= k+ 1

Pro of This claim follows from the de nition of 41 as[pi.,, ;tk+1] k and the following two
facts: (i) j «j = jpset( k)j = k (by Sk : 2), and (i)[ pi,,, ;tk+1] 2 Px  coinsp ace and Py does
not include any processfrom pset (). 2

Claim 9 Let Px+1 = fpa;p2;iii;pn 19 pset( k+1). Let be any schalule from (Py+1
coinsp ace) . Then we have:

1. k+1 [pik+1 ;tk+1] Br+1  k+l [pik+1 ;tk+l]'
2. K+l K+l Bys k+1  k+l-
3. K+l k+1 Sk Kk k S k+l  Kk+l-

Pro of Part (a) of this claim is a rephrasing of Claim 6. The proof of the other two parts of
this claim will use Obsenation O1, stated earlier in the proof of Claim 6.

By construction, pj,,, 62set( ). By de nition of , pset( )\ pset( ) = ;. It followsthat
k+1 [Piv.s s tker] pset( ) k+1 [Piy.; i tk+a]. From this, the fact that ead processin pset ( k)
appearsonly oncein i and | gj = k, we concludethat the sequenceof base objects accessed
and the operations applied in the last k stepsof 41 [pi,,, ;tk+1] « areidentical to the sequence
of base objects accessedand the operations applied in the last k stepsof 1 [Pi,,, i tk+1] k-

This, together with part (a) of the claim, implies part (b).
It follows from the induction hypothesis Sy :4 that ¢ k+1[Pi., tke1] Kk s kK kS
k k+1 [Pic. i tk+1] k. This, together with prior de nitions of y+1 as g k+1 and y+1 as
[Pi.., ;tk+1] &, givespart (c) of the claim. 2

Claim 10

1. Let Sk+1 be the set of base objects that p, accessesin k+1 k+1 k+1- Then, Sy =
Sk[ fBk+rgand jSk+1j= k+ L

2. In k41 k+1 k+1, Pn'S rst operation on O has either not completad or just completead.

Pro of We make the following obsenations: (1) k k p, k+1 k+1 (Sinceneither | nor
k+1 k+1 contains pn), (2) « k s k+1 k+1 (this is part (c) of Claim 9), (3) By de nition
of Sy, Sk is exactly the set of baseobjects that p, accessein ¢ k «, and (4) By de nition of
k+1, N k k k k+1, it isonly in the last step that p, accesses baseobject not in Sy (this
baseobject is By+1 ), and pn's rst operation on O has either not completed or just completed.
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Theseobsenations imply Part (b) of the claim and that Sx+; = Sk[ fBk+1 9. This, together with
jSkj = k (by induction hypothesis),implies jSk+1j = k + 1.

2

We have proved all four parts of Statemert Si.+1: Part 1in Claims 7 and 5, Part 2 in Claim

8, Part 3in Claim 10, and Part 4 follows from parts (b) and (c) of Claim 9 and Claim 7(a). This
completesthe induction step and hence,the proof of Statement Sy, forall0 k n 1.

We now proceedto prove Theorem 8. The rst part of the theorem is immediate from Part

3 of Statemert S, 1. To obtain the secondpart of the theorem, obsene that a deterministic

implemenrtation canbeviewed asarandomizedimplemenrtation for which coinsp ace is a singleton

set. Since Statemert Sy (0 k n 1) is proved for any non-empty countable coinsp ace,

Statement S, 1 is true for any deterministic implementation. By Part 3 of Statement S, 1, in

n1n 1 n 1, Pn accessesm 1 baseobjects and has either not completed or just completed

its rst operation on O. This implies that the solo-termination time complexity is at leastn 1.

Hence,we have the theorem. 2

6.2 Examples of Perturbable Types

We shaw that the following common types of objects are perturbable for n processesmodulo k
counter for any k  2n, incremernt object, fetch&add, k-valued compare&swap for any k  n,
LL/SC bit, and single writer snapshot. It follows from Theorem 8 that the spacecomplexity of
a randomizedimplementation or the shared-accessime complexity of a deterministic implemen-
tation of any of theseobjects from resettable consensusbjects and historyless objects is at least
n 1

6.2.1 Mo dulo Counter and Related Ob jects

A modulo k ocounter supports increment and read operations. The states are
0;1;:::;k 1. The increment operation adds 1 to the state (modulo k) and returns ack. The read
operation returns the state, without a ecting it. The following proposition is immediate from the
linearizability requiremert.

Prop osition 2 Let O be a modulo k counter, initialized to 0. Let E be a nite exeution of
(p1;:::;pn; O) suchthat in the con guration C at the end of E, processp, hasno pending opera-
tion on O. Supmsep, runs alone from C and performs a read operation on O. If the number of
completal incrementsin E is at least v and the sumin E of the number of completad increments
and the number of pending incrementsis at most v then the value returned by the read of p, is
in the range[v; v modk.

Lemma 81 For all k 2n, modulo k counter is perturbable for n processes,for any initial state.
Pro of Without loss of generality, we prove the lemma for initial state 0. Consider any

linearizable and solo-terminating randomizedimplementation of a modulo k counter O, initialized
to 0 and sharedby processe9s;:::;pn. For1 i n 1, let op-list; be anin nite sequenceof
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increment operations, and op-list, be an in nite sequenceof read operations. Let , , and
be any sdedulesthat satisfy the four conditions listed in De nition 21.

schedulesud that there are exactly n more completedincremert operationson O in thanin .
Sincethe implementation is solo-terminating, exists. We now make the following obsenations:

1. If a processcompletesan incremert on O in the lastj j stepsof , thenit hasno pending
incremert on O in . Furthermore, no processcompletesmore than oneincremert on O
in the last ] j stepsof .

This follows from the fact that ead processappearsat most oncein the schedule .
2. For any execution E, let NP(E) denote the number of pending incremert operations on O

in E. The sum of NP( ) and the number of incremerts that completed in the last | |
steps of isat mostn 1.

This follows from Obsenation 1 and the fact that pset ( ) fpi;:i:i;pn 10.
3. The sumof NP( ) and the number of incremerts that completedin the last | stepsof
isat mostn 1.
This alsofollows from Obsenation 1 and the fact that pset ( ) fp;:iii;pn 10.
4. For any execution E, let NC(E) denote the number of completedincremert operations on

OInE. Let NC() =vVv. In the value res, which p,'s rst operation on O (which is
a read) returns, is in the range[v;v+ n 1]modk.

This follows from Proposition 2 and the following two chains of inequalities:
NC( ) NC() =v

NC() + NP()

= NC() + NP( )+
number of incremerts that completedin
the last | | stepsof
v+n 1 (by Obsenation 2)

5. 1n , if pp's rst operation on O completes,it returns a value in the range[v + n;v +
2n  1]modKk.

This follows from Proposition 2 and the following two chains of inequalities:
NC( ) NC( )=v+n

NC( ) +NP( )

= NC( )+ NP( )+
number of incremerts that completedin
the last | | stepsof
(v+n)+(n 1) (by Obsenation 3)
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Sincek 2n, the range[v;v+ n 1]lmodk andthe range[v+ n;v+ 2n 1]modk are disjoint.
This, together with Obsenations 4 and 5, implies Lemma 81. 2

An increment object is a special caseof a modulo k courter, for k = 1 . Sincethe niteness
of k is not usedin the proofs of Proposition 2 or Lemma 81, we have the following result:

Lemma 82 An incrementobject is perturbable for n processes,for any initial state.

A fetch&add object supports the operation fetch&add(v), for any integer v. The states are
integers. The fetch&add(v) operation adds v to the state and returns the previous state. Pro-
ceedinganalogouslyasin the proof of Lemma81, with k = 1 and the operations increment, read
replacedby fetch&add1), fetch&add0), we obtain the following lemma.

Lemma 83 A fetch&add object is perturbable for n processes,for any initial state.

6.2.2 Compare&Sw ap

A k-valued compare&swap object supports the operations read and c&s(u;v), for all u;v 2
f1,2;:::;kg. The statesare 1;2;:::;k. The e ect of c&s(u;Vv) dependson whether or not the
state is u: if the state is u, c&s(u; v) changesthe state to v and returns true; otherwiseit returns
false without a ecting the state. We say a compare&swap operation is suwessfulif it returns
true.

Prop osition 3 Let C be any reachablecon guration of (p1;:::;pn;O), where O is a k-valued
compare&swap object. Suppse that process p, has no pending operations on O in C. For any
w2 f1;2;:::;kg, if p runs alone from C, completing the sequen® of operations read, c&s(1; w),
c&s(2;w), :::; c&s(k;w), then one of the following is true:

1. One of the c&s operations of p; returns true.

2. Someoperation on O that was pending in C is linearized after the read and before the last
c&s operation of p.

Proof Let v be the value returned by the read operation of p;. Supposethat Statemert 1 in
the Proposition is false. Since c&s(v;w), which is one of the n c&s operations that p, performed
following the read, did not return true, somepending operation must have taken e ect after the
read and beforethe c&s(v;w). 2

Prop osition 4 Let C be any reachablecon guration of (p1;:::;pn;O), where O is a k-valud
compare&swap object. Suppse that process p; has no pending operations on O in C. Let
w 2 f1;2;:::;kg and supmse that p, runs alone from C, completing the following sequene of
operations n times: read, c&s(1;w), c&s(2;w), :::; c&s(k;w). Then, at least one of the c&s
operations returns true.

Proof Follows by successie application of Proposition 3 and the obsenation that there can be
at mostn 1 pending operationson O in C. 2
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Lemma 84 For all k n, k-valued compare&swap object is perturbable for n processes,for any
initial state.

Pro of Consider any linearizable and solo-terminating randomized implemenation of a k-
valued compare&swap object O, initialized to any value and sharedby processe®q;:::;pn. For
anyl | k,let j denotethe operation sequencaead; c&s(1;j);c&s(2;j);:::;c&s(k;j). Let
denote the operation sequence § 5::: |, where ™ denotesthe sequence ; repeated m times.
Thus,j jj=k+ landj j=nk(k+1). Foralll i n 1,initialize the input variable op-list;
to the in nite sequence .11, andinitialize op-list,, to the in nite sequenceof read operations.
Let , , and beany sdedulesthat satisfy the four conditions listed in De nition 21.

Let pj be any processin fpq;:::;pn 19 pset(). If p hasany pending operation on O at
the endof , let 92 (fpg coinspace) be sud that p; just completesthat operation in @
Otherwiselet °= . Thus,at the endof © p hasno pending operation on O, and any pending
operations have to be from processesn fp1;:::;pn 19 fpg. Let P fpi;::i;pn 19 fpgbe
the set of processeghat have pending operations on O at the endof  ©

Let Q bethe setof processeghat initiate a new operation on O in the lastj j stepsof 9.
Sincep 2 fpy;:ii;pn 19 pset(), wehaveQ fp1;:::;pn 19 fpg. Furthermore, sinceeath
processappearsat most oncein , if a processhasa pending operation in ~ %then that process
cannot initiate a new operation on O in the last j j stepsof . In other words, P\ Q = ;.
From this and the fact P;Q fp1;:::;pn 19 fpg, wehavejPj+jQj n 2. That is, the sum
of the number of pending operations on O in % and the number of operations on O initiated
in the last j j stepsof O isat mostn 2. Let V be the setof all v such that a c&s(v; )
operation? on O is either pendingin 9 or initiated in the last j j stepsof ©°. From the
above,jVj n 2.

Recall from (the fourth condition in) De nition 21 that res is the value returned by pn's
rst operation on O in . Let w 2 f1;2;:::;ng be such that w 62V and w 6 res. Let

002 (fpg coinspace) be the shortest schedule such that, in  © % we have: (i) p, has no
pending operations, (ii) there are at leastn(k + 1) completed operations on O (by p;) in the last
j % steps,and (iii) the sequenceof n(k + 1) most recert completed operations of p; on O is 1.
The de nition of op-list, and the fact that the implementation is solo-terminating imply that 90
exists. We now make the following obsenations:

1. In  © %the mostrecen n(k+ 1) operations of p; on O includesa suaessfulcompare&swap
operation of the form c&s( ;w). (Let op denote any such operation.)

Proof In 9 9% the mostrecert n(k+ 1) operations of p; on O are the operationsin

W
All of the compare&swap operationsin |, are of the form c&s( ;w) and, by Proposition 4,
at least one of these succeeds. 2

2. Consider any linearization of 9 9. If op®is a successfulcompare&svap operation that
is linearized after op, then op®must be of the form c&s( ;w).

Pro of We prove this assertion by cortradiction. Let op®be the rst successfulcom-
pare&swap operation that is of the form c&s( ;x), for somex 6 w, to be linearized after

2An asterisk in a eld indicates that we do not care what the value of that eld is.
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op. Sinceop is successfuland eat successfulcompare&swap operation that is linearized
after op and before op?is of the form c&s( ;w), the value of the object is w immediately
before op®

There are three casesto consider: (i) op®is an operation from p, that follows op, (i) op®
is an operation which is pendingin  © or (i) op®is an operation which is initiated in
the last j j stepsof 09 |n Case(i), by de nition of %and op, op®is of the form
c&s( ;w), acortradiction. In Cases(ii) and (i), by de nitions of V andw, op®= c&s(v; )
for somev 6 w. Sincethe value of the object is w immediately beforeop?® the fact v 6 w
implies that op®= c&s(v; ) cannot be successfula cortradiction. 2

.In 900 if py's rst operation on O (which is a read operation) completes,it returns a

value di erent from res.

Pro of Sinceop is successfuland is of the form c&s( ;w), the value of O immediately
after op is w. By the previous obsenation, in 000 every successfulcompare&swap
linearized after op is also of the form c&s( ;w).

Therefore,in ~ © 9 if p,'s rst operation on O (which is a read operation) completes,
it returns w. But w, by de nition, is dierent from res. Hence,we have the obsenation. 2

Lemma 84 is immediate from the last obsenation. 2

6.2.3 LL/SC Bit

An n-process load-link store-conditional bit (n-processLL/SC bit) supports the operations LL
and SC(b), for b= 0;1. The statesare pairs (v;S), forallv2 fO;lgand S f1;2;:::;ng. The
operation LL from processp;, when applied in state (v;S), returns v and changesthe state to
(v;SY, whereS®= S| fig. The operation SC(b) from processp;, when applied in state (v;S),
has the following e ect: if i 2 S, the state changesto (b;;) and true is returned; otherwise the
state is not a ected and false is returned. We say an SC operation is suaessfulif it returns true.

LL/SC bit. Suppsethat processp; has no pending operations on O in C. If p; runs alone from
C, completing an LL operation and then an SC(b) operation (for any b2 f0; 1g), then one of the
following is true:

1. The SC(b) operation of p; returns true.

2. Some SC operation on O that was pending in C is linearized after the LL and before the

SC(b) of p.
Proof Follows from the speci cation of n-processLL/SC bit. 2
Prop osition 6 Let C be any reachablecon guration of (p1;:::;pn;O), wher O is an n-process

LL/SC bit. Supmsethat processp, hasno pending operations on O in C. For b2 f0; 1g, supmse
further that p; runs alone from C, completing the following sequen@ of operations n times: LL,
SC(b). Then, at least one of the SC(b) operations returns true.
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Proof Follows by repeated application of Proposition 5 and the obsenation that there can be at
mostn 1 pending operationson O in C. 2

Lemma 85 LL/SC bhit is perturbable for n processes,for any initial state.

Pro of  Considerany linearizable and solo-terminating randomizedimplementation of an LL/SC

sequencd.L, SC(j), LL, SC(j), :::, LL, SC(j) that hasatotal of 2n operations (n LL operations
andn SC(j) operations). Forall1 i n 1, initialize the input variable op-list; to the in nite
sequence o; 1; o; 1, o; 1;:.:andinitialize op-list, to the in nite sequenceof LL operations.
Let , , and beany sdedulesthat satisfy the four conditions listed in De nition 21.

Let pj be any processin fpq;:::;pn 19 pset(). If p hasany pending operation on O at
the endof , let 92 (fpg coinspace) be sud that p; just completesthat operation in @
Otherwise let %= . Thus, at the end of % p; has no pending operation on O, but other
processesnay. Any sud pending operations have to be from processesn fp1;:::;pn 10 fpgQ.

Recall from (the fourth condition in) De nition 21 that resis the value returned by pn's rst
operationon O in . Letw=1 res Let %2 (fpg coinspace) bethe shortestscedule
suchthat, in ~ ° @ we have: (i) p hasno pendingoperations, (ii) there are at least 2n completed
operationson O (by py) in the lastj °} steps,and (iii) the sequenceof 2n most recen operations of
pronOis . The de nition of op-list; and the fact that the implementation is solo-terminating
imply that Cexists. We now make the following obsenations:

1. In 9 9 the most recert 2n operations of p; on O includes a successfulSC(w) operation.
(Let op denote any sud operation.)

Pro of Consider the sequence , of the 2n most recert (alternating LL and SC(w))
operations of p on O. By Proposition 6, at least one of these SC(w) operations succeeds.
2

2. Considerany linearization of 9 % Let op®= SC(v) be any successfuloperation that is
linearized after op. Then v = w.
Pro of If op?is linearized after op, there are three casesto consider: (i) op?is an
operation from p; that follows op, (i) op®is an operation which is pendingin 2 or (iii)
op®is an operation which is initiated in the lastj j stepsof © % In the following we
show that the obsenation holds in all cases.

Case(i): op?is an operation from p; that follows op

Sincep 2 fpi;::i;pn 19 pset(), p hasno stepin the lastj jstepsof © 9% From
this and the de nition of 0 the 2n most recent operations from p, in 9 % are LL,
SC(w), LL, SC(w), :::, LL, SC(w). By de nition, op is one of these2n operations. Thus,
if op®= SC(v) is an SC operation from p, that follows op, then v must equal w.

Cases(ii) and (iii): op%is pendingin  %or op®is initiated in the lastj j stepsof © @

Let pi be the processthat invoked op®= SC(v). Consider the most recert LL operation
from p; that precededop® Let op®denote this operation. We assertthat in both Case(ii)
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and Case(iii), op®completedin . In the next two paragraphswe prove this assertionfor
the two cases.

In Case(ii), sinceop®ispendingin  © op®must have completedin Sincepset ( ° °§ =
fpg and p 6 p; (becauseunlike p;, p has no pending operation in 9, it follows that p;
completed op®in .

In Case(iii), sinceead processappearsat most oncein , if p; initiated op®in the last| |

stepsof 0 9 thenit followsthat p; completedop®in  © % Further, sincepset( © % =

fpgand p 6 pi (becausep 2 fp1;:::;pn 19 pset()), it follows that p; completed op®®
in .

Sinceop did not even beginin , it follows that op®is linearized beforeop. Thus, we have
the following situation: p; applied the LL operation op®and then the SC operation op®

pi's successfulSC operation op is linearized after op®and before op® By the speci cation

of LL/SC bit, op® must return false. This contradicts the premise that op?is successful.
Thus Cases(ii) and (iii) cannot arise. 2

3.In 99 if p,'s rst operation on O (which is an LL operation) completes,it returns a
responsedi erent from res.

Pro of Sinceop = SC(w) is successfulthe value of O immediately after op is w. By
the previous obsenation, in ~ © 9 every successfulSC linearized after op is also of the
form SC(w). Therefore,in  © 9% p,'s rst operation on O (which is an LL operation)
returns w. Sincew = 1 res, we have w 6 res. Hence,we have the obsenation. 2

Lemma 85 is immediate from the last obsenation. 2

6.2.4 Single Writer Snapshot
An n-process single writer binary snapshot object [AWW93, And93] supports the operations

Lemma 86 Single writer binary snapshotobject is perturbable for n processes,for any initial
state.

Pro of Consider any linearizable and solo-terminating randomized implemenation of an n-
processsingle writer binary snapshotobject O, initialized to any value and shared by processes
p1;:ii;pn. FOrl i n 1, let op-list; be anin nite sequenceof alternating write 0 and write
1 operations. Let op-list, be an in nite sequenceof read operations. Let , , and be any
schedulesthat satisfy the four conditions listed in De nition 21.

Recall from (the fourth condition in) De nition 21 that resis the value returned by p,'s rst
operation on O in . Let res = [vi;Vo;:::;vn]. Let p be any processin fpi;:::;pn 10
pset(). Let 2 (fpg coinspace) be the shortest schedule such that, in , p; just com-
pleted writing 1 v,. Sincethe implemertation is solo-terminating, exists. Further, since
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equall . It followsthat res6 [wq;wo;:::;wp]. Hence,we have Lemma 86. 2

6.3 Applications

In Section 6.2, we showed that every typein set A is perturbable for n processesfor any initial
state, where A = fmodulo k courter (for any k 2n), incremert, fetch&add, k-valued com-
pare&swap (for any k  n), LL/SC bit, single-writer snapshog (seeLemmas 81, 82, 83, 84, 85,
and 86). From this and Theorem 8, we have:

Theorem 9 Let A be the set of types de ned alove. Consider any randomizeal implementation

from resettableconsensusobjects and historylessobjects. If the implementation is linearizable and
solo-terminating:

1. Its space complexity is at leastn 1.

2. If the implementation is deterministic, its solo-termination shared-acesstime complexity is
atleastn 1.

The above result does not addressthe complexity of implementing modulo k counter when
k < 2n, or of implementing k-valued compare&swap when k < n. We discussthese casesbelow.
The following corollary is a simple consequencef Lemma 81.

Corollary 1 For all k 1, modulo k counter is perturbable for bk=2c processes,for any initial
state.

From Corollary 1 and Theorem 8, we have:

Corollary 2 For any positive integer k, consider any randomizeal implementation of modulo k

objects and historyless objects. If the implementation is linearizable and solo-terminating:
1. Its space complexity is at least bk=2c 1.

2. If the implementation is deterministic, its solo-termination shared-acesstime complexity is
at least bk=2c 1.

We obsene that the time or spacecomplexity grows monotonically with the number of pro-
cessesharing the implementation. This obsenation, together with Corollary 2, gives:

Theorem 10 For any k  2n, consider any randomizel implementation of modulo k counter,

historyless objects. If the implementation is linearizable and solo-terminating:

1. Its space complexity is at least bk=2c 1.
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2. If the implementation is deterministic, its solo-termination shared-acesstime complexity is
at least bk=2c 1.

Using Lemma 84 and reasoningas above, we have:

Theorem 11 Foranyk n, considerany randomizel implementation of k-valued compare&swap,

historyless objects. If the implementation is linearizable and solo-terminating:
1. Its space complexity is at least k 1.

2. If the implementation is deterministic, its solo-termination shared-acesstime complexity is
at leastk 1.
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