
Dartmouth College

Computer Science

Technical Rep ort 2003-475



On the Complexit y of Implemen ting
Certain Classes of Shared Ob jects

A Thesis
Submitted to the Faculty

in partial ful�llmen t of the requirements for the
degreeof

Doctor of Philosophy
in

Computer Science
by

King Yang Tan
DARTMOUTH COLLEGE
Hanover, New Hampshire

November 15, 2003

Examining Committee:

Prasad Jayanti (Chair)

Scot Drysdale

VassosHadzilacos
(University of Toronto)

SeanSmith

Carol Folt
Dean of Graduate Studies



Abstract

We considersharedmemory systemsin which asynchronous processescooperate with each other
by communicating via shareddata objects, such as counters, queues,stacks, and priorit y queues.
The common approach to implementing such sharedobjects is basedon locking: To perform an
operation on a shared object, a processobtains a lock, accessesthe object, and then releases
the lock. Locking, however, has several drawbacks, including convoying, priorit y inversion, and
deadlocks. Furthermore, lock-based implementations are not fault-tolerant: if a processcrashes
while holding a lock, other processescan end up waiting forever for the lock.

Wait-fr ee linearizable implementations were conceived to overcomemost of the above draw-
backs of locking. A wait-free implementation guaranteesthat if a processrepeatedly takessteps,
then its operation on the implemented data object will eventually complete, regardlessof whether
other processesare slow, or fast, or have crashed.

In this thesis, we �rst present an e�cien t wait-free linearizable implementation of a classof
object types, called closed and closabletypes, and then prove time and spacelower bounds on
wait-free linearizable implementations of another classof object types,called perturbable types.

� We present a wait-free linearizable implementation of n-processclosedand closable types
(such as swap, fetch&add, fetch&multiply , and fetch&�, where � is any of the boolean
operations and, or , or complement) using registers that support load-link (LL) and store-
conditional (SC) as baseobjects.

The time complexity of the implementation grows linearly with contention, but is never
more than O(log2 n). We believe that this is the �rst implementation of a classof types(as
opposedto a speci�c type) to achieve a sub-linear time complexity.

� We prove linear time and spacelower bounds on the wait-free linearizable implementations
of n-processperturbable types (such as increment, fetch&add, modulo k counter, LL/SC
bit, k-valued compare&swap (for any k � n), single-writer snapshot) that use resettable
consensusand historyless objects (such as registers that support r ead and wr ite) as base
objects.

This improves on somepreviously known 
(
p

n) spacecomplexity lower bounds. It also
shows the near spaceoptimalit y of someknown wait-free linearizable implementations.
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I had three piecesof limestone on my desk,
but I was terri�ed to �nd that they required to be dusted daily,
when the furniture of my mind was all undusted still,
and threw them out the window in disgust.

Henry David Thoreau
Walden
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Whenceour livescomeand where they go.

Matthew Arnold
The Buried Life

We shall not ceasefrom exploration
And the end of all our exploring
Will be to arrive where we started
And know the place for the �rst time.

T.S. Eliot
Little Gidding

iv



Con ten ts

Preface ii

1 In tro duction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 SharedMemory System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1.2 SharedObjects and their Implementation . . . . . . . . . . . . . . . . . . . 2
1.1.3 Lock-based,Wait-free, and Nonblocking Implementation . . . . . . . . . . . 2
1.1.4 Linearizabilit y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1.5 Deterministic and RandomizedImplementation . . . . . . . . . . . . . . . . 3

1.2 Contributions of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2.1 A Polylog Time Wait-Free Construction for ClosedObjects . . . . . . . . . 4

1.2.1.1 Our Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2.1.2 Hardware support . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2.2 Time and SpaceLower Bounds for Nonblocking Implementations . . . . . . 5
1.3 Organization of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Mo del 8
2.1 Object Type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Common Object Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Test&Set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2.2 Swap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2.3 Compare&Swap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2.4 Fetch&Add . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2.5 Increment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2.6 Fetch&Multiply . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2.7 Fetch&� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2.8 LL, SC, and VL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2.9 ResettableConsensus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 Closedand ClosableTypes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.4 Historyless Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.5 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.6 Linearizabilit y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.7 Wait-freedom . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

v



2.8 Solo-termination . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.9 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.10 Shared-accessand Local Time Complexity . . . . . . . . . . . . . . . . . . . . . . . 17
2.11 \Just Completes" and Solo-Termination Time Complexity . . . . . . . . . . . . . . 17

I Wait-F ree Construction for Closed Ob jects 18

3 Un bounded Construction for Closed Ob jects 19
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 Informal Description of the Construction . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2.1 Binary Tree Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2.2 How Operations are Represented . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2.3 Linearization Order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.2.4 Growing TreesBottom-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2.5 How a ProcessMakesProgress . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.3 The Data Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.3.1 The Representation of a List . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.3.1.1 The Fields of a Cell . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.3.1.2 The H ead Variables . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.3.2 Stabilit y and Order Properties . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.3.2.1 Stabilit y and Order Properties for a Non-root Interior Cell . . . . 27
3.3.2.2 Stabilit y and Order Properties for a Leaf Cell . . . . . . . . . . . 28
3.3.2.3 Stabilit y and Order Properties for a Root Cell . . . . . . . . . . . 29

3.3.3 Facts about the H ead Variables. . . . . . . . . . . . . . . . . . . . . . . . . 29
3.3.4 De�nition of Correct State . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.4 How the Algorithm Works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.4.1 How apply Works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.4.2 How promote Works on a Non-root List . . . . . . . . . . . . . . . . . . . . 35
3.4.3 How promote Works on a Root List . . . . . . . . . . . . . . . . . . . . . . 35
3.4.4 How append Works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.4.4.1 Why Property P5 Holds . . . . . . . . . . . . . . . . . . . . . . . . 36
3.4.4.2 Why Property P6 Holds . . . . . . . . . . . . . . . . . . . . . . . . 37

3.4.5 How percolateState Works . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.5 Proof of Correctness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.5.1 Proof of Progress . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.5.1.1 Reachable Cell . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.5.1.2 Head . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.5.1.3 Ancestor and Descendant . . . . . . . . . . . . . . . . . . . . . . . 42
3.5.1.4 PrecedenceRelations . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.5.1.5 Uniquenessof Parent . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.5.1.6 Properties of append. . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.5.1.7 Properties of promote . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.5.1.8 Properties of apply . . . . . . . . . . . . . . . . . . . . . . . . . . 48

vi



3.5.2 Proof of Linearizabilit y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.5.2.1 Functions invoca and leaf . . . . . . . . . . . . . . . . . . . . . . . 51
3.5.2.2 Leaf Sequence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.5.2.3 Invocation Sequence. . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.5.2.4 Operation Sequence. . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.5.2.5 Op Field of a Cell . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.5.2.6 State Field of a Cell . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.5.2.7 Linearizabilit y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.5.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4 Bounded Construction for Closed Ob jects 59
4.1 General Principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.2 Bounded SpaceComplexity* (BSC*) Implementation . . . . . . . . . . . . . . . . . 61

4.2.1 release procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
4.3 Proof of Correctnessof BSC* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.4 Properties of BSC* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.4.1 Invalid Cells . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.4.2 Properties of c ! F r ee . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.4.3 Properties of c ! Retir ed . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
4.4.4 Preliminary Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
4.4.5 Reading from Invalid Cells . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.4.6 Writing to Invalid Cells . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.5 Bounded SpaceComplexity (BSC) Implementation . . . . . . . . . . . . . . . . . . 86
4.5.1 selectCell and replace procedures. . . . . . . . . . . . . . . . . . . . . . 88

4.6 Proof of Correctnessof BSC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
4.6.1 Provisional CorrectnessProof . . . . . . . . . . . . . . . . . . . . . . . . . . 89
4.6.2 Bounding the Number of Valid Cells . . . . . . . . . . . . . . . . . . . . . . 90
4.6.3 Properties of selectCell . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
4.6.4 Correctnessof the BSC Implementation . . . . . . . . . . . . . . . . . . . . 93

5 Con ten tion-Sensitiv e Implemen tation 94
5.1 General Principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.2 The Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
5.3 Proof of Correctness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.3.1 Proof of Token Scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
5.3.2 Bounding the Number of Valid Cells . . . . . . . . . . . . . . . . . . . . . . 107
5.3.3 Proof of Correctness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

I I Lower Bounds for Non blo cking Implemen tations 110

6 Time and Space Lower Bounds for Non blo cking Implemen tations 111
6.1 The Lower Bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.1.1 The Intuition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

vii



6.1.2 Perturbable Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
6.1.3 The Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.2 Examples of Perturbable Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
6.2.1 Modulo Counter and Related Objects . . . . . . . . . . . . . . . . . . . . . 118
6.2.2 Compare&Swap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
6.2.3 LL/SC Bit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
6.2.4 Single Writer Snapshot . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

6.3 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

viii



List of Figures

2.1 Speci�cation of register r supporting f LL ; SC; VL ; read; write g by processpi (1 � i � n) . . . . 10

3.1 Examples of trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2 A snapshotof data structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.3 Example of a processmaking progress . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.4 Another exampleof a processmaking progress . . . . . . . . . . . . . . . . . . . . 24
3.5 The lists for the trees in Figure 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.6 Unbounded construction for closedobject O (Figures 3.6 to 3.9) . . . . . . . . . . 31
3.7 Unbounded construction for closedobject O (Figures 3.6 to 3.9) . . . . . . . . . . 32
3.8 Unbounded construction for closedobject O (Figures 3.6 to 3.9) . . . . . . . . . . 33
3.9 Unbounded construction for closedobject O (Figures 3.6 to 3.9) . . . . . . . . . . 34

4.1 BSC* construction for closedobject O (Figures 4.1 to 4.5) . . . . . . . . . . . . . . 64
4.2 BSC* construction for closedobject O (Figures 4.1 to 4.5) . . . . . . . . . . . . . . 65
4.3 BSC* construction for closedobject O (Figures 4.1 to 4.5) . . . . . . . . . . . . . . 66
4.4 BSC* construction for closedobject O (Figures 4.1 to 4.5) . . . . . . . . . . . . . . 67
4.5 BSC* construction for closedobject O (Figures 4.1 to 4.5) . . . . . . . . . . . . . . 69
4.6 Selectinga valid cell . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
4.7 Modifying BSC* to get BSC implementation . . . . . . . . . . . . . . . . . . . . . 88

5.1 Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9) . . . . . 95
5.2 Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9) . . . . . 96
5.3 Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9) . . . . . 97
5.4 Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9) . . . . . 98
5.5 Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9) . . . . . 99
5.6 Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9) . . . . . 100
5.7 Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9) . . . . . 101
5.8 Contention-sensitive construction for closedobjects: getToken (Figures 5.1 to 5.9) 103
5.9 Contention-sensitive construction for closedobjects: (Figures 5.1 to 5.9) . . . . . . 104

6.1 Statement Sk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

ix



Chapter 1

In tro duction

1.1 Background

In an ageof pervasive in
uence of the Internet on every aspect of the global society, the role of
distributed computation is greater than ever. With vast numbers of computers connectedover
the Internet, algorithms that e�cien tly synchronize concurrent accessesto shareddata resources
by widely dispersedcomputerswill be increasingly important. This thesisstudiessuch algorithms
in the more modest setting of sharedmemory systems.

A widely acceptedmethod of synchronizing concurrent accessesof a data resourceis by the
use of locks. A processthat wants to accessthe data resource�rst acquires the lock; when the
processhas completed using the data resource,it releasesthe lock. Since there is at most one
processholding the lock at any time, this approach enforcessequential, exclusive accessto the
data resource.With this approach of lock-based synchronization, a processP has to wait for the
processQ that currently holds the lock to releasethe lock. The progressof P therefore depends
on the speed of Q. Furthermore, if Q crasheswhile holding the lock, P has no way of making
progress.

In this thesis, we study wait-free synchronization. In contrast to lock-basedsynchronization,
wait-free synchronization allows any processP to accessa data resourcewithout waiting for any
other processto perform any action. Consequently, the progressof P is completely independent
of the progressof any other process. Even if all other processeshave crashed,P can still make
progress.

We explain below the model of computation, the basic concepts,and the terminology.

1.1.1 Shared Memory System

We consider a shared memory system, where n processescommunicate through sharedmemory.
The system is asynchronous: There is no global clock that governs the speedof the processesin
the system. Therefore, a processmay be arbitrarily fast, or slow, in taking steps to either access
sharedmemory, or perform local computation.

Shared registers in the memory support concurrent accessby n processes.An operation on
a shared register is atomic, i.e. the operation appears to take e�ect at one instant in time, even
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though in reality it occupiesa time interval, and may therefore overlap with other operations on
the sameregister.

A sharedregister supports r eadand wr ite operations. In addition, depending on the architec-
ture, it may support somesynchronization instructions, such astest&set, fetch&add, compare&swap,
LL (load-link) and SC (store-conditional).1

1.1.2 Shared Ob jects and their Implemen tation

In a sharedmemory system,processesneedto accessshareddata structures, �les and databases,
either in the courseof their computation, or asa meansof communicating and synchronizing with
other processes.Clearly, such shared objects are essential in such a system.

Sharedobjects include registers(which are usually implemented in hardware) and shareddata
structures, such as queues,stacks, counters, heaps,�les, databases(which must be implemented
in software). The type of a shared object O speci�es O's behavior when operations are applied
sequentially (without overlap) to O. Examples of typesare: register supporting r ead and wr ite;
register supporting compare&swap, r ead and wr ite; queue;and counter.

The following are someexamplesof software implementations of sharedobjects: implement-
ing a shared queue, or a shared counter, using shared registers that support r ead, wr ite and
compare&swap; implementing a shared register that supports r ead, wr ite and compare&swap,
using shared registers that support r ead, wr ite , LL and SC. The object being implemented is
called the implemented object. The shared objects used in the implementation are called base
objects.

1.1.3 Lo ck-based, Wait-free, and Non blo cking Implemen tation

The common approach to implementing shareddata objects is basedon locking: To perform an
operation on a sharedobject, a processobtains a lock, accessesthe object, and then releasesthe
lock. Locking, however, has several drawbacks, including convoying (a descheduled processthat
holds a lock causesother processesto wait), priorit y inversion (a low priorit y processholds a
lock neededby a high priorit y process,and the low priorit y processis preempted by a medium
priorit y process), and deadlocks (each of two processeswaits for a lock currently held by the
other). Locking also limits parallelism: even when operations update disjoint parts of the data
structure, they are applied sequentially , one after the other. Finally, lock-basedimplementations
are not fault-tolerant: if a processcrasheswhile holding a lock, other processescan end up waiting
forever for the lock.

Wait-fr ee implementations wereconceived to overcomemost of the above drawbacks of locking
[Lam77, Her91]. A wait-free implementation guarantees that if a processrepeatedly takes steps,
then its operation on the implemented data structure will eventually complete, regardless of
whether other processesare slow, fast, or have crashed. By de�nition, wait-free implementations
are free of convoying, priorit y inversion, deadlocks, and are also resilient to processcrashes. A
weaker form of implementation, known as nonblocking implementation [Lam77], guarantees that
if a processP repeatedly takessteps,then the operation of someprocess(not necessarilyP) will

1These instructions are de�ned in Section 2.2.
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eventually complete. Thus, nonblocking implementations guarantee that the system as a whole
makesprogress,but admit starvation of individual processes.

The locking and the lock-free (nonblocking/w ait-free) approaches o�er di�eren t trade-o�s:
while lock-based implementations are susceptible to delays and lack fault-tolerance, lock-free
implementations tend to have higher latenciesin practice. While lock-basedimplementations are
in widespreaduse in all computer systems,lock-free implementations hold great promise for the
future.

1.1.4 Linearizabilit y

Whether implementations are lock-basedor lock-free, they must ensurethat concurrent operations
are linearizable, i.e. they appear to take e�ect in some serial order (no operation may seethe
\partial e�ects" of another operation) [HW90]. Locking achieves this correctnesscondition by
explicitly serializing accessesto the data structure. Herlihy proved a fundamental result that this
correctnesscondition can also be achieved in wait-free implementations [Her91]. Speci�cally , he
presented a universal construction|an algorithm that transforms the sequential implementation
of any data structure into a wait-free implementation that multiple processescan concurrently
access.

1.1.5 Deterministic and Randomized Implemen tation

In a deterministic implementation of a sharedobject, the next step that a processtakes is deter-
mined entirely by the current state of the system. On the other hand, in a randomized implemen-
tation of a sharedobject, the next step of a processmay additionally depend on the outcome of
a random event, such as a coin toss.

1.2 Con tributions of the Thesis

This thesis consistsof two parts. In Part One, we present an e�cien t wait-free implementation
of a class of object types; In Part Two, we prove time and space lower bounds on wait-free
implementations of another classof object types. (A preliminary version of Part One appears in
[CJT98]. Part Two was �rst published in a preliminary version in [JTT96 ], and subsequently in a
journal [JTT00].) The following is a brief summary of our results. (In the following subsections,
we provide detailed descriptions of our contributions and their signi�cance.)

� We identify a classof object types that we call closed types: Closed types include several
useful synchronization types,such asswapand fetch&add. We present a wait-free algorithm
that e�cien tly implements any closed type, with a polylogarithmic worst-casetime com-
plexity. We believe that ours is the �rst wait-free algorithm that implements a classof types
(as opposedto algorithms that implement a speci�c type) to achieve a sub-linear worst-case
time complexity.

� We identify a classof object typesthat we call perturbable types: Perturbable typesinclude
several well-known types,such asfetch&add, LL/SC bit and compare&swap. We prove a lin-
ear lower bound on both the spaceand time complexity of any wait-free implementation of
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a perturbable type, wheresuch an implementation usesonly historylessobjects and consen-
susobjects. Our result improveson somepreviously known 
(

p
n) spacecomplexity lower

bounds. It also shows the near space-optimality of someknown wait-free implementations.

1.2.1 A Polylog Time Wait-F ree Construction for Closed Ob jects

In this section,we state our �rst result in detail. The designof wait-free implementations is intel-
lectually complex becauseof the needto simultaneously satisfy linearizabilit y and wait-freedom.
Thus, it takes a great deal of e�ort to designan e�cien t wait-free implementation of every type
of useful sharedobject. To addressthis di�cult y, Herlihy proposedthe notion of a universal con-
struction, which we brie
y describe below [Her91]. Universal constructions have sincereceived a
lot of research attention [ADT95, AMTT97 , AM95a, AM95b, AD96, Bar93, Her88, Her91, Her93,
IR94, JT92, Moi97b, Plo89, ST95, TSP92].

An n-process universal construction is an algorithm that takes as parameter the transition
function of any type,2 and has the following interesting property: if the parameter is bound to
the transition function of any type T, the algorithm becomesa wait-free implementation of a
type T object that can be accessedconcurrently by n processes[Her91]. Thus, oncewe have an
e�cien t universalconstruction U, any type of sharedobject can be e�cien tly implemented simply
by passingthe right parameter to U.

Unfortunately, the worst-casetime complexity of every existing n-processuniversal construc-
tion is 
( n). In fact, for a fairly large classof universal constructions, namely, oblivious universal
constructions,3 
( n) is a lower bound on the worst-casetime complexity: to complete a single
operation on any shared object implemented using any oblivious universal construction, in the
worst casea processmust perform 
( n) local computation [Jay98a].

Sinceuniversalconstructionswith sub-linear time complexity do not seempossible,it is natural
to seeka sub-linear time \semi-universal" construction that can implement a large classof types
(as opposed to all types). We present such a construction in this thesis. Our contribution is
described in the next subsection.

1.2.1.1 Our Con tribution

We present a construction that implements a large class of types, which we call closed types.
Informally, a type is closedif, for every pair (op0; op00) of operations of the type, there is another
operation opof the typesuch that executingophasthe samee�ect on the state asexecutingop0 fol-
lowed by op00. For example, the type supporting write and fetch&add operations is closedbecause
(1) fetch&add(a) and fetch&add(b) combine to fetch&add(a + b), (2) write(a) and fetch&add(b)
combine to write(a + b), and (3) for any operation op, op and write(b) combine to write(b). We
will give many more examplesof closedtypes in Chapter 3. The highlight of our construction is
that it hasa polylogarithmic worst-casetime complexity and is alsoadaptive, asdescribed below.

2For each state s and operation op, the transition function de�nes the response and the new state that result
from applying op in state s.

3Roughly speaking, a universal construction is oblivious if it does not exploit the structure of the transition
function that its parameter is bound to (by, for instance, providing di�eren t implementations for di�eren t classes
of transition functions).
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Let O be a shared object implemented using our construction. The contention (on O) at
time t is the number of operations executing on O at time t. Let op denote an execution of an
operation on O. The contention experienced by op is the maximum contention during the interval
in which op executed. If n is the maximum number of processesthat the construction is designed
for and nc is the contention experiencedby op, our construction guarantees that op terminates
in O(min( nc; log2 n)) steps. Thus, when contention is low, the time complexity dependsonly on
the actual number nc of processescontending simultaneously, rather than the maximum number
n of processesthat the construction is designedto handle. (Such constructions where the time
complexity dependson contention, and not on n, are known as adaptiveconstructions [ADT95].)
Furthermore, at all levelsof contention, the time complexity is boundedby a small value, namely,
O(log2 n).

Jayanti characterized a classof typesand proved a lower bound of 
(log n) on the worst-case
time complexity of any implementation of a type from that class[Jay98b]. That class,it turns out,
contains someclosedtypes. It follows that the worst-casetime complexity of O(log2 n) achieved
by our construction is within a logarithmic factor of the optimal.

To the best of our knowledge,if we considerconstructions that can implement a classof types
(as opposed to constructions that implement one speci�c type), this is the �rst time that the
linear time barrier has beenbroken for the worst-casetime complexity.

1.2.1.2 Hardw are supp ort

Our construction assumesthat LL and SCoperationscanbeperformedon sharedmemory words.4

Real machines do not directly support LL and SC operations, but this is not a problem because
there are constant time implementations [Moi97a, JP03] of LL/SC operations from hardware op-
erations supported by modern architectures, speci�cally the compare&swap operation supported
by UltraSPARC [WG] and Itanium [Int02] and the \realistic LL/SC" operations (weak LL/SC
operations, with spurious failures) supported by POWER4 [TDF + 01], MIPS [Sys02] and Alpha
[Sit92]).

1.2.2 Time and Space Lower Bounds for Non blo cking Implemen tations

In this section,we state our secondresult in detail. Nonblocking and wait-free implementations of
sharedobjects have beenthe subject of much research. While there have beenseveral results on
when such implementations are feasibleand when they are not, results establishing their intrinsic
time and spacerequirements are relatively scarce,especially for randomized implementations. In
this thesis, we present a technique by which one can obtain a linear lower bound on the space
complexity of several randomizednonblocking implementations. The technique alsoyields a linear
lower bound on the time complexity of several deterministic nonblocking implementations.

Speci�cally , our results are as follows. Let I be any randomizednonblocking n-processimple-
mentation of any object in set A from any combination of objects in set B , whereA = f increment,
fetch&add, modulo k counter (for any k � 2n), LL/SC bit, k-valued compare&swap (for any
k � n), single-writer snapshotg, and B = f resettableconsensusg [ f historylessobjectsg. (Roughly

4Sinceclosedtypesinclude someuniversal types(seeExample 5 of Section 2.3), a construction such as ours that
implements closed types will necessarily require support for universal instructions, such as LL and SC.
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speaking,an object is historylessif each of its operations either doesnot a�ect the state of the ob-
ject or overwrites the previously applied operations. Examples include registers,test&set objects,
and swapregisters.) The spacecomplexity of I is at least n � 1. Moreover, if I is deterministic,
both its time and spacecomplexity are at least n � 1. These lower bounds hold even if objects
used in the implementation are of unbounded size.

Some of our lower bounds improve known lower bounds, while others are completely new.
In particular, Fich, Herlihy & Shavit proved a 
(

p
n) space complexity lower bound for a

randomized nonblocking n-processimplementation of binary consensusfrom historyless objects
[FHS93, FHS98]. Using this result, they showedthat any randomizednonblocking n-processimple-
mentation of compare&swap, or fetch&add, or bounded-counter from historyless objects requires

(

p
n) instancesof such objects. Our results on compare&swap, fetch&add, and bounded-counter

are stronger in two ways: (i) we show that at least n � 1 objects are necessary, and (ii) we show
that n � 1 objects are neededeven if the implementation is free to use resettableconsensusob-
jects, besidesthe historyless objects allowed by [FHS93, FHS98]. On the other hand, our lower
bound technique applies only to implementations of \m ultiple-use" objects in which each process
can accessthe implemented object many times. In contrast, the technique of Fich, Herlihy, and
Shavit applies even to implementations of \single-use" objects. Thus, our proof technique does
not (and cannot) improve on the main result of Fich, Herlihy & Shavit, namely, their 
(

p
n)

spacecomplexity lower bound for a randomized nonblocking n-processimplementation of binary
consensus.

Our result also implies that the following deterministic implementations in the literature are
almost space-optimal.

1. Afek et al. give two wait-free implementations of a single writer snapshotobject consisting
of n segments, each one written by a di�eren t process: one from unbounded registers and
one from bounded registers [AWW93]. The one that usesunbounded registers is of space
complexity n. We prove a lower bound of n � 1.

2. Aspnes gives a wait-free implementation of an n-processbounded-counter from a single
instanceof a single writer snapshotobject [Asp90]. Combined with the above result of Afek
et al., this implies that bounded-counter can be implemented from n unbounded registers.
We prove that at least n � 1 registers are necessarywhen the bounded-counter is a modulo
k counter, where k � 2n.

In both casesabove, the lower bound of n � 1 is particularly appealing becauseit applies to
even randomizednonblocking implementations while the upper bound of n holds for deterministic
wait-free implementations.

In fact, the lower boundsproved here(and the lower boundsin [FHS93, FHS98]) apply not just
to nonblocking implementations, but to any implementation satisfying a weaker progresscondition
called solo-termination, de�ned in [FHS98]. Roughly speaking, a deterministic implementation
is solo-terminating if at every con�guration C in a system execution the following holds for all
processesp: if p runs alone from C, p's operation on the implemented object will eventually
complete. For a randomized implementation to be consideredsolo-terminating we require that
for all C and p, if p runs alone from C there is at least one sequenceof outcomesfor p's coin
tossesthat will enablep to complete its operation on the implemented object.
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It is well-known that a wait-free implementation is also nonblocking. It is clear that a non-
blocking implementation is also solo-terminating. Thus, the lower bounds that we prove here for
solo-terminating implementations apply also to nonblocking and wait-free implementations.

There is a large body of research on algorithms for synchronous parallel computers (such
as the PRAM model, the mesh, perfect shu�e and hypercube architectures) that has resulted
in many algorithms whose time complexity is polylogarithmic in the number of processors. In
contrast, for the asynchronousmodel of computing, wait-free algorithms of polylog complexity are
rare ([Cha96, Aum97] and the algorithm in Part One of this thesis ([CJT98]) are somenotable
exceptions). In fact, our lower bound implies that for deterministic wait-free implementations
of many common objects from certain baseobjects, there are no algorithms of sub-linear time
complexity, let alone polylog complexity.

Our proof technique for the lower bounds is general in that we have successfullyapplied
it to implementations of a variety of objects. The technique is also interesting because(i) it
simultaneously yields a lower bound on time and spacecomplexities of implementations, (ii) the
lower bound on spacecomplexity holds even for randomized implementations, and (iii) the lower
bounds apply not just to nonblocking or wait-free implementations, but to any implementation
satisfying the weaker solo-termination progresscondition.

1.3 Organization of the Thesis

The model of computation is presented in Chapter 2.
Part One of this thesisconsistsof three chapters: Chapter 3 presents an unboundedimplemen-

tation of closedobjects that requires unbounded sharedmemory. Chapter 4 presents a bounded
implementation, basedon the unbounded implementation. Chapter 5 describesthe enhancement
to the bounded implementation that is neededto make its time complexity contention-sensitive.

Part Two of the thesis is in Chapter 6, where we prove the lower bounds on nonblocking and
wait-free implementations of perturbable objects.
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Chapter 2

Mo del

In this chapter, we de�ne the model of computation and the sharedobject typesthat weencounter
in this thesis.

2.1 Ob ject T yp e

An object type T is a tuple (OP; RES; Q; � state ; � r esp), where OP is a set of operations, RES is a
set of responses,Q is a set of states, � state : Q � OP ! Q is a state transition function, and � r esp :
Q � OP ! RES is a responsefunction. Informally, if � state (� ; op) = � 0 and � r esp(� ; op) = r es,
applying operation op to an object in state � causesthe object to move to state � 0 and return the
responser es. (� state ; � r esp) is known as the sequential speci�c ation of type T.

2.2 Common Ob ject T yp es

We provide the de�nitions of somecommon object typesbelow.

2.2.1 Test&Set

A test&set object O is a bit that supports two operations: test&set and reset. The operation
test&set sets the state to 1, and returns the old state of O. The operation resetsets the state to
0, and returns ack.

2.2.2 Swap

A swapobject O is a register that supports read and swap. The operation read has the standard
semantics. We now de�ne swap(u). Let the old state of O be w, then swap(u) causesthe new
state to becomeu, and returns w.

2.2.3 Compare&Sw ap

A compare&swap object O is a register that supports read, write, and compare&swap. The
operations read and write have the standard semantics. We now de�ne compare&swap (u; v). If
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the old state of O is u, then the new state after compare&swap (u; v) is v, and the operation
returns true. If the old state of O is not u, then the state after compare&swap(u; v) is unchanged,
and the operation returns false.

2.2.4 Fetch&Add

A fetch&add object O is a register that supports read, write, and fetch&add. The operations read
and write have the standard semantics. We now de�ne fetch&add (a). If the old state of O is x,
then the new state after fetch&add (a) is x + a, and the operation returns x.

2.2.5 Incremen t

An increment object is a restricted form of a fetch&add object that supports only read, write, and
fetch&add (1).

2.2.6 Fetch&Multiply

A fetch&multiply object O is a register that supports read, write, and fetch&multiply. The oper-
ations read and write have the standard semantics. We now de�ne fetch&multiply (a). If the old
state of O is x, then the new state after fetch&multiply (a) is x � a, and the operation returns x.

2.2.7 Fetch& �

A fetch&� object O is a register that supports read, write, and fetch&�, where � is the logical
and, or , or complement. The operations read and write have the standard semantics. Let the old
state of O be x. fetch&and (a) causesthe new state to becomex ^ a (bit wise conjunction), and
returns x. fetch&or (a) causesthe new state to becomex _ a (bit wise disjunction), and returns x.
fetch&complementcausesthe new state to becomethe bitwise complement of x, and returns x.

2.2.8 LL, SC, and VL

Our construction for closedobjects (in Part One) usessharedregistersthat support LL, SC, VL,
r eadand wr ite asbaseobjects. The formal speci�cation of such a register r is given in Figure 2.1.
We now describe the behavior of r . The state of r is a pair (value(r ), Pset(r )), where value(r )
is the value of the register r , and Pset(r ) is a set of processesto be de�ned shortly. An update
to value(r ) takes place whenever an operation writes successfullyto r . Thus, it is possiblethat
an update to value(r ) does not change the value of r . Pset(r ) is the set of processesthat have
executeda LL operation on r sincethe most recent update to value(r ).

Supposepi executesLL( r ) when value(r )= x, Pset(r ) = S. Then, after LL( r ), value(r )= x,
Pset(r )= S [ f Pg, and x is the value returned.

Supposepi executesVL( r ) when value(r )= x, Pset(r ) = S. VL( r ) does not change the state
of r . VL( r ) returns true if P 2 S, and returns false otherwise. Thus, VL( r ) indicates whether
value(r ) has beenupdated sincepi 's most recent LL( r ).

Supposepi executesSC(r; v) when value(r )= x, Pset(r ) = S. The operation SC(r; v) succeeds
if P 2 S; otherwise, SC(r; v) fails. (SC(r; v) succeedsif value(r ) has not beenupdated sincepi 's
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LL( r ) SC(r; v) read(r )
Pset(r ) := Pset(r ) [ f pi g if pi 2 Pset(r ) return value(r )
return value(r ) value(r ) := v

Pset(r ) := ; write( r; v)
VL( r ) return true value(r ) := v
if pi 2 Pset(r ) return true else return false Pset(r ) := ;
else return false

Figure 2.1: Speci�cation of register r supporting f LL ; SC; VL ; read; write g by processpi (1 � i � n)

most recent LL( r ); SC(r; v) fails otherwise.) If SC(r; v) succeeds,then the new state of r is (v; ; ),
i.e. the new value of r is v, and Pset(r ) is set to ; (becausevalue(r ) has just beenupdated). A
successfulSC(r; v) returns true. If SC(r; v) fails, then the state of r is unchanged, and SC(r; v)
returns false.

A wr ite operation wr ite(r; v), or equivalently, r := v, changesthe state of r to (v; ; ), i.e. the
new value of r is v, and Pset(r ) is set to ; (becausevalue(r ) has just been updated). A r ead
operation on r doesnot changethe state of r , and returns value(r ).

2.2.9 Resettable Consensus

We now de�ne the type resettable consensus. The state of O is either ? or a natural number.
O supports three operations: proposev, wherev is a natural number, read, and reset. read simply
returns the current state of O, leaving the state unchanged. reset sets the state of O to ? , and
returns ack. The behavior of O when propose v is applied dependson the old state of O: If the
old state is ? , the new state becomesv, and v is returned. If the old state is u (some natural
number), then the state is unchanged, and u is returned. (In either case,the value returned is
the �rst value to be proposedafter the most recent reset.)

Formally, the type resettable consensus is (OP; RES; Q; � state ; � r esp), where

� OP = f read,resetg [ f proposev j v 2 N g, where N is the set of natural numbers

� RES = N [ f ackg,

� Q = N [ f?g

� � state ; � r esp are as follows:

{ For all u 2 Q, � state (u; read) = u, � r esp(u; read) = u;

{ For all u 2 Q, � state (u; reset) = ? , � r esp(u; reset) = ack;

{ � state (? ; proposev) = v, � r esp(? ; proposev) = v;

{ For all u 2 N , � state (u; proposev) = u, � r esp(u; proposev) = u.
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Resettableconsensuswas�rst de�ned by Herlihy [Her88, Her91], but included only the propose
and resetoperations. We addedthe read operation to make our lower bound result stronger. Our
de�nition of resettable consensusis similar to the sticky bit de�ned by Plotkin [Plo89].

2.3 Closed and Closable T yp es

We say that operations op0 and op00combine to op, denoted by op0N
op00= op, if for all s 2 Q we

have � state (s;op) = � state (� state (s;op0); op00). That is, from any state s, applying op results in the
samestate as �rst applying op0 and then applying op00. (There is no constraint on � r esp(s;op).)
We note that

N
is associative: (op1

N
op2)

N
op3 = op1

N
(op2

N
op3). The type T is closed if,

for all ordered pairs (op0; op00) 2 OP � OP, there exists op 2 OP such that op0N
op00= op.

We restrict our focus to closed types for which the functions � state , � r esp, and
N

can be
computed in O(1) time, and a state or an operation can be stored in a small constant number of
machine words.

A type T0 = (OP0; RES0; Q0; � 0
state ; � 0

r esp) is a super type of T = (OP; RES; Q; � state ; � r esp) if
OP0 � OP; RES0 � RES;Q0 � Q and, for all (s;op) 2 Q� OP, we have � 0

state (s;op) = � state (s;op)
and � 0

r esp(s;op) = � r esp(s;op). A type T = (OP; RES; Q; � state ; � r esp) is closableif it has a closed
super type T 0 = (OP0; RES0; Q0; � 0

state ; � 0
r esp) of T. Each operation in OP 0� OP is called a closing

operation of T.
Notice that whenever a sharedobject of a closabletypeT is desired,onecan instead implement

a shared object of a closedsuper type of T. Thus, the construction presented in this paper for
closedtypes, is also good for implementing closabletypes. The following are examplesof closed
or closabletypes(someexamplesare taken from [KRS86]):

1. The test&set object is clearly closed.

2. The type supporting swap and read operations is trivially closed.

3. The type supporting fetch&add (F&A ), read, and write operations is closed, as veri�ed
below:

� F&A (a)
N

F&A (b) = F&A (a + b)

� write(a)
N

F&A (b) = write(a + b)

� For any operation op, op
N

write(a) = write(a)

� For any operation op, op
N

read = read
N

op = op

4. Consider the type supporting read and all of the operations in the fetch&� family, where �
is the logical and, or , or complement.

We claim that the above type is closable: to close the type, add the operation closing-
op(a;b;f ), where the arguments a and b are bit vectors (of the samelength as the state)
and f is a boolean. This operation changesthe current state x as follows: if f is false, the
new state is (a ^ x) _ b; otherwise the new state is (a ^ x) _ b, where ^ and _ are bitwise
logical operations, and x is the bitwise complement of x.
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To seethat this type is closed, we �rst observe that, with respect to the resulting state,
fetch&and, fetch&or , and fetch&complement are all instancesof closing-op(a;b;f ). For ex-
ample, fetch&and(c) = closing-op(c;0; false), where 0 is the vector 00...00. It su�ces there-
fore to show that two closing-opscombine to a closing-op. Sincea closing-opconsistsof three
component logical operations: complement (optional, depending on the third parameter of
the closing-op), and, and or , we need to show only that closing-op(a;b;f )

N
fetch&and(c),

closing-op(a;b;f )
N

fetch&or(c), closing-op(a;b;f )
N

fetch&complementareclosing-ops. This
is indeed the case,as shown by the following easily veri�ed facts:

� closing-op(a;b;f )
N

fetch&and(c) = closing-op(a ^ c;b^ c;f )

� closing-op(a;b;f )
N

fetch&or(c) = closing-op(a;b_ c;f )

� closing-op(a;b;f )
N

fetch&complement= closing-op(b;a _ b;f )

With thesefacts, we seethat an object that supports read and all of the operations in the
fetch&� family is indeed closable.

5. The type supporting all of read, swap, fetch&add and fetch&multiply . Here again we close
the type by adding the operation closing-op(a;b) which, when applied in state x, changes
the state to ax + b. We note that, with respect to the resulting state, fetch&add and
fetch&multiply are instancesof closing-op(a;b). With this closing-op, the type is closed,as
veri�ed below:

� closing-op(a;b)
N

closing-op(c;d)= closing-op(ac;bc+ d)

� swap(a)
N

closing-op(c;d)= swap(ac + d)

� For any operation op, op
N

swap(a) = swap(a)

� For any operation op, op
N

read = read
N

op = op

6. The typewhosestate consistsof a pair of values(x; y), and supports the following operations
(for each operation, the state immediately before the operation is assumedto be (x; y)):
move1 changesstate to (x; x), move2 changesstate to (y; y), swap changesstate to (y; x),
write 1(z) changesstate to (z; y), write 2(z) changesstate to (x; z), write (z; z0) changesstate
to (z; z0), and read returns (x; y).

We de�ne the following closing-op(l ; r ), wherethe value of l , and r is either X , Y , (X ; Y are
special symbols), or somevalid value v. Let the state of the object beforeclosing-op(l ; r ) be
(x; y). Let v be a valid value. Then, the state of the object after closing-op(l ; r ) is de�ned
as follows: (* denotesthat the component is not de�ned.)

� the state of the object after closing-op(X ; � ) is (x; � ).

� the state of the object after closing-op(� ; X ) is (� ; x).

� the state of the object after closing-op(Y; � ) is (y; � ).

� the state of the object after closing-op(� ; Y ) is (� ; y).

� the state of the object after closing-op(v; � ) is (v; � ).
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� the state of the object after closing-op(� ; v) is (� ; v).

It is easyto verify that all the operations, such as move1; wr ite1, are instancesof closing-
op(l ; r ). The rules for combining two closing-ops are:

� closing-op(e;f )
N

closing-op(X ; � ) = closing-op(e;� ).

� closing-op(e;f )
N

closing-op(� ; X ) = closing-op(� ; e).

� closing-op(e;f )
N

closing-op(Y; � ) = closing-op(f ; � ).

� closing-op(e;f )
N

closing-op(� ; Y ) = closing-op(� ; f ).

� closing-op(e;f )
N

closing-op(v; � ) = closing-op(v; � ).

� closing-op(e;f )
N

closing-op(� ; v) = closing-op(� ; v).

Therefore, our type is closable. Unlike previous examples,this type is universal [Her91]. 1

Thus, there is a lot of variety among closed and closable types: there are commutativ e,
overwriting, non-commutativ e and non-overwriting, and universaltypes. Further, asthe examples
have shown, this classincludes many commonly usedsynchronization objects. Our construction
implements all of thesein polylog time.

2.4 Historyless T yp es

Let op(� ) denote� state (� ; op). The following de�nitions are from Fich et al [FHS98]. An operation
op is trivial if its application doesnot a�ect the state; that is, for all states� , op(� ) = � . Operation
op0overwrites operation op if applying opand then op0 results in the samestate assimply applying
op0; more precisely, for all states � , op0(op(� )) = op0(� ). A type is historyless if all its nontrivial
operations overwrite oneanother. A test&set object, and a register that supports read, write and
swap are examplesof historyless types.

Prop osition 1 For a historyless type, the following statementsare true:

1. For all states � , nontrivial operations opk and �nite sequences opk� 1 � � � op1 of operations,
opk (opk� 1(� � � op1(� ) � � �)) = opk(� ).

2. For all states � and �nite sequences opkopk� 1 � � � op1 of trivial operations,
opk (opk� 1(� � � op1(� ) � � �)) = � .

Pro of By a simple induction on the length of the operation sequence. 2

1Univ ersal typesare de�ned in Section 2.7.
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2.5 Implemen tation

A randomized implementation is speci�ed by the following elements:

� the type and the initial state of the implemented object O (the initial state of O is a state
of its type).

� a set of objects O1; : : : ; Om from which O is implemented, their typesand their initial states.

� a setof processesp1; p2; : : : ; pn that may accessO. (For notational convenience,the processes
are named 0; 1; : : : ; n � 1, instead of p1; p2; : : : ; pn , in Part One of this thesis.)

� a set of randomized accessprocedures apply (pi ; op;O), for 1 � i � n and op 2 OP, where
OP is the set of operations associated with the type of O.

The accessprocedureapply (pi ; op;O) speci�es how pi should executethe operation op on O
in terms of operations on O1; : : : ; Om . The value returned by the procedure is deemedto be
the response from O. We call O1; : : : ; Om the base objects of the implementation. The space
complexity of the implementation is m.

We considera systemthat consistsof processesp1; : : : ; pn and an implemented object O that
p1; : : : ; pn may access.We denote such a system by (p1; : : : ; pn ; O). Each pi has a set of states
and has a distinguished input variable op-list i . This variable is an in�nite sequenceof operations
op1; op2; : : : where each opj is an operation supported by O. 2 Each pi performs the following
actions repeatedly forever: obtain the next operation op from op-list i and execute the access
procedureapply (pi ; op;O) until it returns.

Let coinsp ace be a non-empty countable set of all possibleoutcomesof a coin toss, where
the probabilit y of each outcome in the set is non-zero, and the sum of the probabilities of all
outcomes is one. The state of pi consists of a pointer to the operation op in op-list i that pi

is currently executing on O, its program counter (i.e. the Line of apply (pi ; op;O) that it is
executing), and the values of pi 's local registers (as speci�ed by apply (pi ; op;O)). Processpi

executesapply (pi ; op;O) in steps. Each step consistsof the following sequenceof actions, all of
which occur together atomically:

� pi tossesa coin. (All coin tossesare independent.) Let toss-outcome 2 coinsp ace denote
the outcome of this toss.

� toss-outcome and pi 's current state uniquely determine an operation oper and a baseobject
Oj that oper should be applied to. Accordingly, pi performs somelocal computations, then
applies oper to Oj .

� Oj changesstate and returns a response.The new state of Oj and the responseare uniquely
determined by the sequential speci�cation of Oj .

2op-list i or a �nite pre�x of op-list i is the sequenceof operations that pi applies on O. The sequenceof operations
that pi applies on O may be decided by pi dynamically (i.e. it does not need to be �xed during initialization).
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� The responsefrom Oj , together with toss-outcome and pi 's current state, uniquely determine
the local computations that pi now performs, and the new state of pi after these local
computations. It is possiblefor the procedureapply (pi ; op;O) to terminate, returning some
response. In this case,the new state of pi re
ects both the fact that the accessprocedure
terminated and the responsereturned by the accessprocedure. Further, pi 's step enabled
from this state corresponds to the �rst step of the accessprocedureapply (pi ; op0; O), where
op0 is the operation that immediately follows op in op-list i .

Thus, in onestep, a processappliesoneoperation on a baseobject, and performssomenumber
of local computations.

A deterministic implementation is a special caseof a randomized implementation for which
coinsp ace, the set of possibleoutcomesfor a coin toss, is a singleton set.

A con�gur ation of (p1; : : : ; pn ; O) is a tuple (� 1; : : : ; � n ; rem1; : : : ; remn ; � 1; : : : ; � m ), where� i is
a state of pi , remi is a su�x of op-list i (and correspondsto the in�nite sequenceof operations that
pi is yet to initiate on O), and � j is a state of baseobject Oj . We note that the implementation
speci�es a unique initial state for each base object and a unique initial state for each process
pi . It follows that the initial con�guration is uniquely determined by an assignment of in�nite
sequencesof operations to the input variables op-list i (1 � i � n). An execution fragment from
con�gur ation C0 of (p1; : : : ; pn ; O) is a �nite or in�nite sequenceC0; C1; C2; : : : of con�gurations
such that, for all k � 0, Ck+1 is the con�guration that results when someprocessperforms a step
in con�guration Ck . An execution, or a run, is an executionfragment from an initial con�guration.

A schedule is a �nite or an in�nite sequence[pi 1 ; t1]; [pi 2 ; t2]; : : : whereeach pi j is from f p1; : : : ; png
and each t j is from coinsp ace. If C is a con�guration and � = [pi 1 ; t1]; [pi 2 ; t2]; : : : is a schedule,
exec (C; � ) denotesthe execution fragment C0; C1; C2; : : : whereC = C0 and each Ck results from
Ck� 1 when pi k takesa step in which the outcomeof pi k 's toss is tk . A con�guration C is reachable
if there is someinitial con�guration C0 and a �nite schedule � such that the con�guration at the
end of exec (C0; � ) is C.

An implementation is correct if it has two properties|linearizabilit y (safety property) and a
livenessproperty (wait-freedom in Part One, solo-termination in Part Two). Theseproperties are
described next.

2.6 Linearizabilit y

Let O be an implemented object shared by processesp1; : : : ; pn . Consider an execution E of
(p1; : : : ; pn ; O) in which processpi applies operation op on O, i.e., pi invokes the procedure
apply (pi ; op;O). We say that op is complete in E if the procedureapply (pi ; op;O) terminates in
E. We say that op is incomplete in E if apply (pi ; op;O) doesnot terminate in E. An execution
E of (p1; : : : ; pn ; O) is linearizable if there exists a set S of all the complete operations and some
(possibly all) of the incomplete operations in E, such that:

� for every operation op (say) by processpi (say) in S, the operation appears to take e�ect
at some instant during the execution of apply (pi ; op;O) (in other words, operations in S
appear atomic).
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� no other operation takese�ect.

The implementation of O is linearizable if every execution of (p1; : : : ; pn ; O) is linearizable.
The order in which the operations in S take e�ect is called the linearization order.

2.7 Wait-freedom

An implementation whose accessproceduresnever terminate is trivially linearizable. Such an
implementation, however, is not likely to be useful. Thus, in addition to linearizabilit y, imple-
mentations should guarantee certain progressproperties. Wait-fr eedom and nonblockingnessare
the progressconditions that received the most attention recently [HS93]. In this thesis,we present
only deterministic (and no randomized) wait-free algorithms. Thus, we de�ne wait-freedom here
in the restricted context of deterministic algorithms.

An implementation of object O is wait-free if the following holds: Let E be any execution in
which processpi takes in�nitely many steps. Then every operation by pi in E is complete.

A type T is universal [Her91] if it is possibleto implement, wait-freely and deterministically,
an object of any type using only registers that support read and write, and objects of type T.

2.8 Solo-termination

In Part Two, we consider a progressproperty for a randomized implementation that is weaker
than wait-freedom and nonblockingness: it is called solo-termination, �rst de�ned in [FHS98].
An implementation has the solo-termination property if for each reachable con�guration C and
each processp the following holds: if p runs alone from con�guration C, then there is at least
one sequenceof outcomes for p's coin tossesthat will enable p to complete an operation on
the implemented object. More precisely, a randomized implementation of O is solo-terminating
if, for all reachable con�gurations C and all processespi , there is some �nite schedule � =
[pi ; t1]; [pi ; t2]; : : : ; [pi ; tk ] such that pi completesan operation on O during exec (C; � ). (Since the
probabilit y of each t j is non-zeroby de�nition, there is a non-zeroprobabilit y of pi completing an
operation on O when pi runs alone from C.)

The lower boundsproved in Part Two apply to solo-terminating (and therefore to nonblocking
and wait-free) implementations.

2.9 Notation

For a schedule � , j� j denotesits length. We say � contains processp if, for somet, [p; t] is in the
sequence� . pset (� ) denotesthe set of all processescontained in � . If � and � are any schedules,
�� denotesthe schedule which is the concatenation of � and � .

If � is a set, � � denotesthe set of all �nite sequencesof elements from � (including the empty
sequence,denotedby � ). Notice that (f p1; : : : ; png� coinsp ace) � is the set of all �nite schedules.

In our proofs in Part Two, when we consider a system (p1; : : : ; pn ; O) (where O is an object
implemented for processesp1; : : : ; pn ), we �x the initial con�guration of the systemat somevalue,
say C0, right at the beginning of the proof by specifying the initial valuesof the input variables
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op-list i (1 � i � n). Since the initial con�guration is �xed, each schedule � 2 (f p1; : : : ; png �
coinsp ace) � uniquely determines the execution exec (C0; � ). Therefore, for brevity, if � is a
schedule, we will use the same symbol � to also denote the execution exec (C0; � ). From the
context it will be clear whether � refers to the schedule or to the execution. If � and � are
schedulesand S is a set of processesor a set of baseobjects, We write � � S � if, for all A 2 S,
A is in the samestate at the end of the executions� and � .

2.10 Shared-access and Lo cal Time Complexit y

Let op be a complete operation applied by pi in execution E. The shared-accesstime complexity
of operation op (in E) is the total number of operations that pi performs on the base objects
(equivalently, the number of steps pi takes) in executing apply (pi ; op;O) in E. The local time
complexity of operation op (in E) is the total number of local computations that pi performs in
executing apply (pi ; op;O) in E.

The shared-access time complexity of an implementation is the maximum shared-accesstime
complexity of an operation, over all complete operations in all executions,. The local time com-
plexity of an implementation is the maximum local time complexity of an operation, over all
complete operations in all executions.

2.11 \Just Completes" and Solo-T ermination Time Complexit y

Let E be any execution fragment of (p1; : : : ; pn ; O), where O is an object implemented using a
randomized implementation. We say processpi just completes an operation on O in E if in its
last step in E, pi returns from an accessprocedurecompleting an operation on O.

The solo-termination shared-accesstime complexity of a deterministic implementation of O is
the maximum, over all reachable con�gurations C of (p1; : : : ; pn ; O) and all processespi , of j� j
such that (1) � is a schedule that contains only pi , and (2) in exec (C; � ), pi completesexactly
one operation on O and, in fact, just completesit.

We note that if the solo-termination shared-accesstime complexity of a deterministic imple-
mentation of O, for any deterministic solo-terminating implementation of O, is at least k, then
the shared-accesstime complexity of any deterministic nonblocking (or wait-free) implementation
of O is also at least k.
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Part I

Wait-F ree Construction for Closed
Ob jects
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Chapter 3

Un bounded Construction for Closed
Ob jects

3.1 In tro duction

In this Chapter, we present a construction for closed objects, using registers that support LL,
SC, r ead and wr ite as baseobjects. It deviates from the �nal algorithm that we shall present in
Chapter 5 in two ways:

1. It requiresunboundedsharedmemory. Speci�cally , it requires that each processhas a pool
of unbounded number of cells.

2. It is not contention-sensitive: both its shared-accesstime complexity and its local time
complexity are O(log2 n).

Weapproach our �nal algorithm, which requiresonly boundedsharedmemory, and is contention-
sensitive, in two stages:In Chapter 4, wepresent an enhancedversionof the unboundedalgorithm
in this Chapter. It requires only bounded shared memory. However, it is still not contention-
sensitive. Chapter 5 presents the modi�cation that makesour construction contention-sensitive.

3.2 Informal Description of the Construction

This section provides the intuition for how our construction works. We develop the ideas, the
data structures, and informally argue the correctnessof the construction.

3.2.1 Binary Tree Preliminaries

Let n be the number of processesin the system. We assumethat n is a power of 2. All trees
consideredin this section are binary trees and are of height at most logn. We say a tree is ful ly
formed if its height is exactly logn. We use the standard de�nition that a tree is complete if
all leaves are at the samelevel and all interior nodeshave two children. Below, we describe our
schemeto number the nodesof a tree [Knu73].
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(a) A fully formed tree, (b) Numbering a fully formed tree that is not complete, (c) A non-fully formed tree.

Figure 3.1: Examples of trees

First, we describe the scheme for a complete, fully formed tree. Figure 3.1(a) shows such a
tree for n = 4. We assignthe number 1 to the root and number the remaining nodesbreadth-�rst.
The number assignedto a node is its position in the tree. Our numbering schemecausesthe leaves
to be at positions n; n + 1; : : : ; 2n � 1. In particular, the Pth leaf (we consider the leftmost leaf
to be the 0th leaf) is at position n + P. Also, the parent of a node at position i , where i 6= 1, is
at position bi=2c, and the left child and the right child of a node at position i are at positions 2i
and 2i + 1, respectively.

The above numbering scheme can be extended to fully formed trees that are not complete.
Figure 3.1(b) presents such a tree (assumingn = 4). The position of a node in such a tree is the
number that would be assignedto it if the tree were complete. Thus, the position of the leaf in
the example tree is 6.

Finally, consider a tree that is not fully formed. For example, if n = 4, the tree in Figure
3.1(c) is not fully formed. In our algorithm, a non-fully-formed tree of height h will grow by
getting a new root, thus becominga sub-tree in a tree of height h + 1. (Thus, a leaf will always
remain a leaf, as the tree grows.) Sincethere are multiple ways in which such a tree can be grown
into a fully formed tree, it is impossibleto determine the positions of the nodeswithout further
information. However, if the position of any one node is given, the positions of others can be
easily determined. For example, if (for the tree in Figure 3.1(c)) the rightmost leaf is given to be
at position 5, we can infer that its parent is at position 2 and the other leaf is at position 4.

3.2.2 How Op erations are Represen ted

We now proceedto describe the shareddata structure that represents all the operations that have
sofar beenapplied on O, and their linearization order. As a processP invokesan operation op, it
accessesand modi�es the data structure, in order to register the fact that op needsto be properly
linearized. Once op has been linearized, P can compute the correct responseof O to op. More
than one processmay compete to take stepsto modify the shareddata structure in incompatible
ways. Our construction handlessuch raceconditions, so that the resulting data structure remains
always correct.

We now describe our data structure. A cell is a shareddata structure with many �elds. A �eld
holds such information asan operation, a state of O, or a pointer. Cells are organizedinto binary
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Figure 3.2: A snapshotof data structure

trees. The complete data structure consistsof a sequenceof fully formed trees, and a collection
of non-fully formed trees.

Each processP has its own pool of unusedcells. As and when P needsa new cell to install
into the data structure, it createssuch a cell from its pool of cells. Figure 3.2 shows an example
for n = 4. Here TreesA, B and C are fully formed, while TreesD and E are not. The sequence
of fully formed trees is: TreesA, B and C. TreesD and E are not ordered. (The number at a cell
indicates its position in the tree; the letter inside a cell is the operation stored in that cell; and a
black squareinside a cell denotesa nil pointer.)

Recall that n; n + 1; : : : ; 2n � 1 are the leaf positions (in a complete, fully formed tree). In our
construction, the leaf at position n + P of a tree, if it exists, is associated exclusivelywith process
P (processesare numbered0; 1; : : : ; n � 1). In particular, if a tree hasa cell at position n + P, that
cell was introduced into the data structure by processP and it storesan operation from process
P. Thus, Tree A (in Figure 3.2) contains operations from all four processes| operation a from
Process0 (at position 4), operation b from Process1, and operations c and d from processes2
and 3, respectively. TreeB contains only oneoperation | operation e from Process3 (looking at
the shape of this tree, we know that the only leaf is at position 7 and hencecontains an operation
from Process3). Tree C contains two operations | operation f from Process0 and operation
g from Process2. Tree D is not fully formed (since its height is lessthan logn). In fact, given
that this tree has only one cell so far, it would be normally impossibleto say what the position
of this cell is. Our construction, however, ensuresthat each tree grows bottom-up | from leaves
to the root. Thus, one can conclude that the lone cell in Tree D will eventually be a leaf (in a
fully formed tree). As already mentioned, our construction also ensuresthat a leaf created by
processP will be at position n + P of a fully formed tree. Thus, assumingthat the cell in Tree D
was created by Process1, we indicated its position as 5 (in a fully formed tree that this cell will
eventually be a part of). Tree E in the �gure is also not fully formed. It contains one operation
| operation i from Process3.

3.2.3 Linearization Order

In our construction, an operation takese�ect the moment it becomesa part of a fully formed tree.
Thus, in our examplein Figure 3.2, operations a through g took e�ect, but operations h and i did
not. All fully formed trees form a total order 
, according to the times their cells at position 1
are formed: at the moment a tree becomesfully formed by getting a cell at position 1, it becomes
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the last tree in 
. Operations that took e�ect are linearized according to the following rules: if
Tree A precedesTree B in 
, then all operations in Tree A are linearized before any operation
in Tree B. Operations within a tree are linearized in the natural left to right order on the leaves.
Thus, in our example, a;b;c;d;e;f ; g is the linearization order. Since the two non-fully-formed
trees (TreesD and E) can grow to becomefully formed trees in many ways, it is possiblethat
operation i may precedeh, and be separatedfrom h by other operations, in the �nal linearization
order.

3.2.4 Gro wing Trees Bottom-up

In our construction, when a processP wishesto apply an operation opon the implemented object,
P gets a cell from its private pool of cells, stores op in the cell, and createsa tree out of this
single cell. (Tree D in Figure 3.2 is an example of such a tree: here Process1 has just created
a tree out of its operation cell.) P then makes an e�ort to grow this (single-celled) tree into a
fully formed tree (of height logn) in which its operation cell will be a leaf at position n + P. We
already mentioned that P 's operation takese�ect only after its operation cell becomesa leaf of a
fully formed tree. Sincea processreturns from its operation only after the operation takese�ect,
our construction satis�es the following property:

Completion Rule : A processP returns from its operation only after its operation cell is
a leaf (at position n + P) of a fully formed tree.

Our construction also ensuresthat a tree always grows bottom-up. Speci�cally , the construc-
tion satis�es the following property:

Bottom-up Rule : If C is a cell in a tree, then the subtreerooted at C doesnot subsequently
change.

For example,considerTree E in Figure 3.2. The parent of the cell containing operation i has
no left child. By the bottom-up rule, this cell will never get a left child in the future.

It is immediate from the bottom-up rule that a fully formed tree never subsequently changes:
there won't be any addition or removal of cells from a fully formed tree. This fact implies that
our linearization order respects operation precedence,as we argue now. Consider two operations
op and op0 such that op precedesop0 (i.e., op returns before op0 is invoked). By the completion
rule, when op0 is invoked, op is already a leaf of a fully formed tree. Sincefully formed treesnever
subsequently change,op0 becomesa leaf in a later tree. As a result, by our linearization rule, op
is linearized beforeop0, as required.

3.2.5 How a Pro cess Mak es Progress

To understand how processesmake progress, let us consider a speci�c example: suppose that
Process0 invokes the operation j and runs alone from the con�guration depicted in Figure 3.2.
(In Figures 3.3(a)-3.3(c), we will depict the sequenceof changesto the con�guration. Since the
three fully formed trees are a part of all of thesecon�gurations, we will not repeat them in these
�gures.) Process0 createsa (single-celled)tree containing its operation cell (Figure 3.3(a)). The
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(a) Process 0 creates an operation cell for j, (b) Process 0 creates a cell whose left and right children are j and h, 
(c) Process 0 creates a cell at position 1. j has now taken effect.

Figure 3.3: Example of a processmaking progress

next goal of Process0 is to make this operation cell a leaf (at position n + P = n) of a fully formed
tree; i.e., to get this cell a parent (at position b(n + P)=2c = n=2), then a grandparent (at position
b(n + P)=4c = n=4), then a parent for the grandparent and soon, until its operation cell has logn
ancestors. Thus, the immediate subgoal is to get a parent for its operation cell (containing the
operation j ). Sincethe parent will be a cell at position b(n + P)=2c, which in our exampleis 2, the
parent can potentially have two children: one at position 4 and another at position 5. Therefore,
Process0 checks if there is already an unparented cell at position 5 and �nds the operation cell
containing h. So it createsa cell whoseleft and right children are the operation cells containing
j and h, respectively (Figure 3.3(b)). Process0 then proceedsto get a parent (at position 1) for
this new cell. Sincea cell at position 1 can potentially have cells at positions 2 and 3 as its left
and right children, it checks if there is an unparented cell at position 3. Sincethere is such a cell,
it createsa cell at position 1 as shown in Figure 3.3(c). At this point, the operation j of Process
0 has taken e�ect. So have the operations h and i of processes1 and 3: the steps of Process0
have helped them take e�ect as well.

The above example also roughly suggestswhy our shared-accessand local time complexity
has a logarithmic, rather than linear, dependenceon n.

To understand certain intricacies of our construction, let us consideranother example: a run,
again starting from the con�guration in Figure 3.2, in which the stepsof Process0 and Process1
interleave. (We will depict the sequenceof changesto the con�guration in Figures 3.4(a)-3.4(f).)
Speci�cally , the run is as follows:

� Process1, which has already announced its operation h, proceedsto get a parent for its
operation cell. This parent can potentially have a cell at position 4 as its left child; however,
Process1 does not �nd an unparented cell at position 4. So it createsa cell C whoseleft
child is nil and right child is the operation cell containing h (seeFigure 3.4(a)).

� Process0 announcesa new operation j (Figure 3.4(b)).

� Process0 proceedsto get a parent for its operation cell. Since this parent can potentially
have a cell at position 5 as its right child, it looks for an unparented cell at position 5. Since
there is no such cell, it createsa cell C0 whoseright child is nil and left child is its operation
cell (seeFigure 3.4(c)).
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(c) Process 0's attempt to install C' into global structure fails, (d) Since process 0 cannot create a parent for j, it gets a parent for C, 

(e) Process 0 gets a parent for j, (f) Process 0 gets a grandparent for j. Operation j has now taken effect.

Figure 3.4: Another exampleof a processmaking progress
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List[1]

List[2]

List[5] List[6] List[7]List[4]

List[3]

Figure 3.5: The lists for the trees in Figure 3.2

Notice that Cell C0, like Cell C, is a cell at position 2. If we make it possiblefor Process
0 to install cell C0 into the data structure, there will be two unparented cells at position 2.
Our construction doesnot permit this. Speci�cally , our construction satis�es the following
invariant:

A t Most One Orphan Rule : There is at most one unparented cell in any non-root
position at any time.

Accordingly, the attempt of Process0 to install C0 into the data structure (at position 2)
will fail.

� SupposeProcess0 is the only processalive. Clearly, becauseof \A t most one orphan rule"
and \b ottom-up rule" (described earlier), Process0 will not be able to get a parent for its
operation cell until C gets a parent. So Process0 gets a parent for C, even though its
operation cell is not a descendant of C (seeFigure 3.4(d)).

� Process0 then gets a parent for its operation cell (Figure 3.4(e)) and then a grandparent
(Figure 3.4(f)). At this point, its operation j has taken e�ect.

3.3 The Data Structure

We present our unbounded construction for closedobjects in Figures 3.6 to 3.9. In this section,
we give a concrete description of the data structure used by our algorithm, and state the rules
that our algorithm respects when manipulating the data structure.

As already explained, the principal data structure maintained by our algorithm is a sequence
of trees. With the passageof time, this sequencegrows without bound. The sequenceof trees at
a point in a run is represented using 2n � 1 singly linked lists (we will use the sequenceof trees
in Figure 3.2 as our running example). The lists are denoted by List [1]; List [2]; � � � ; List [2n � 1].
List [lst] consistsof all cells at position lst in the sequenceof trees. Figure 3.5 depicts the lists for
the trees in Figure 3.2. The parent-child relationship within each tree is preserved by including
appropriate left child and right child pointers betweencells in di�eren t lists. For example,Figure
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3.5 depicts thesepointers corresponding to Tree C in Figure 3.2. (To keepthe �gure uncluttered,
the left child and right child pointers corresponding to the remaining trees are not shown.)

We call List [1] the root list, List [lst], wherelst is betweenn and 2n � 1, a leaf list, and List [lst],
where lst is between 2 and n � 1, a non-root interior list. A cell in the root list is called a root
cell. A cell in a leaf list is called a leaf cell. A cell in a non-root interior list is called a non-root
interior cell.

Notice that, if c is a cell in List [lst], either c has no left child or c's left child is a cell in
List [2 � lst]. Similarly, either c has no right child or c's right child is a cell in List [2 � lst + 1].

3.3.1 The Represen tation of a List

3.3.1.1 The Fields of a Cell

The various �elds of a cell in a list are as follows:

� The LC , RC, and Parent �elds of a cell point to the left child, right child, and parent of
that cell. (If a cell has no left child, right child or parent, the corresponding �eld has ? ).

� The Next �eld points to the next cell in the samelist. (If a cell is the last one in a list, its
Next �eld has ? ).

� The Op �eld of a cell y contains a singleoperation that results from combining the operations
at the leavesof the subtree rooted at y. For example, the Op �eld of the �rst cell in List[1]
contains the operation a

N
b

N
c

N
d. The Op �eld of the �rst cell in List[3] contains c

N
d,

and the Op �eld of the �rst cell in List[4] contains a.

� The Lop �eld of a cell y contains a single operation that results from combining the opera-
tions at the leaves of the left subtree of y (if y has no left child, then y's Lop �eld has the
value ? ). For example, the Lop �eld of the �rst cell in List[1] contains a

N
b, the Lop �eld

of the �rst cell in List[3] contains c, and the Lop �eld of the �rst cell in List[4] contains ? .

� The State �eld of a cell y is used for recording the state that results from applying all
operations at the leavesto the left of y, in the natural left-to-righ t order, to the implemented
object in the initial state.1 (Leavesto the left of y are all the leaves, in all trees, that are to
the left of the leftmost leaf descendant of y.) For example, the State �eld of the third cell
in List[3] contains the state that results from applying the operations a;b;c;d;e;f , in that
order.

� Finally, each cell has a Ready �eld that holds a boolean value. A value of false indicates
that the cell is not yet ready to have a parent, while a value of true indicates that the cell
is ready to have a parent. As will be clear later, this �eld helps the algorithm ensurethat
a cell becomesa \full-
edged" member of its list before its parent becomesa full-
edged
member of the parent-list.

1The initial state of the implemented object is speci�ed in the implementation.
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3.3.1.2 The H ead Variables

Associated with each List [lst], 1 � lst � 2n � 1, there is a sharedvariable Head[lst] that intends
to point to the last cell in that list. 2 Sincea cell c is �rst appendedto List [lst] and only later is
Head[lst ] updated to point to c, there is a small window of time during which Head[lst] points
not to the last cell in the list, but to the cell previous to the last.

Initially , each List [lst] has a singledummy cell, that we call anchorl st , and Head[lst ] points to
this cell. (SeeLines 1-4 of the initialization section of the algorithm in Figure 3.6.)

3.3.2 Stabilit y and Order Prop erties

Our algorithm ensuresthat the �elds of a cell are stable: oncea �eld is assigneda non-? value, it
remainsunchangedforever. The algorithm alsoensuresthat events|mo difying a �eld, appending
a cell to a list, modifying a Head variable|o ccur in a particular order. The stabilit y and the order
properties, which we state below, are crucial to the correctnessof the algorithm.

Let c be a cell in List [lst], 1 � lst � 2n � 1. The values in the following �elds of c remain
unchanged from the time when c �rst becomesa cell in List [lst]: c ! LC, c ! RC, c ! Op,
c ! Lop.

The order in which the remaining �elds of a cell are updated is slightly di�eren t depending
on whether the cell is in the root list (i.e., List [1]), a leaf list, or a non-root interior list. Below,
we therefore consider thesecasesseparately.

3.3.2.1 Stabilit y and Order Prop erties for a Non-ro ot In terior Cell

Order of Ev ents

Let d bea cell (other than the �rst cell) in List [lst], 2 � lst � n � 1, c bed's immediate predecessor
(i.e., c ! N ext points to d), and e be d's parent (in List [blst=2c]). Then, the appending of d to
List [lst], the appending of e to List [blst=2c], and the processingof d's �elds must have occurred
in the following order:

1. Head[lst ] points to c, and c is the last cell in List [lst].

2. d is appendedto List [lst], i.e., c ! Next gets the value d.

3. d becomesready, i.e., d ! Ready is assignedtrue.

4. e is appendedto List [blst=2c]. At this point, e ! LC or e ! RC, whichever is appropriate,
holds the value d.

5. d ! Parent is assignedthe value e.

6. Head[lst ] is updated to point to d, and at this point d is the last cell in List [lst].

7. e becomesready.

2Even though this variable points to the tail of a list, it is called Head to maintain consistency with established
usage.
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8. d ! State is assigneda non-? value.

The above order is presented here becauseit is crucial to our proof of correctness. (Where
no explicit ordering between the updating of two �elds in the data structure is implied by the
above order, there may or may not be an ordering constraint. Our formal proof will reveal all
such ordering constraints.)

Stabilit y of �elds

Consider the point t in time when a cell d is appendedto a cell c in List [lst], 2 � lst � n � 1 (i.e.,
at time t, c ! Next is assignedd). The stabilit y properties are stated with respect to time t as
follows:

(S1.) The valuesof d ! LC and d ! RC will never subsequently change(from their valueswhen
d is appendedto the list).

This property capturesthe fact that treesgrow bottom-up: From the time that d is appended
to the list, no nodeswill be added to, or removed from the subtree rooted at d (this subtree
consistsof d, its children, their children and so on).

(S2.) When d is appendedto the list, d ! Op holds the operation that combines the Op �elds of
the left child and the right child of d. The value of d ! Op will never subsequently change.

It follows that that d ! Op always holds the operation obtained by combining the operations
at the leaf descendants of d.

(S3.) When d is appendedto the list, d ! Lop holds the operation in the Op �eld of the left child
of d. The value of d ! Lop will never subsequently change.

It follows that d ! Lop always holds the operation obtained by combining the operations
at the leaf descendants of the left child of d.

(S4.) When d is appendedto the list, d ! Parent has ? . The value of this �eld changesat most
oncein the future.

(S5.) When d is appended to the list, d ! Next has ? . The value of this �eld changesat most
oncein the future.

(S6.) When d is appended to the list, d ! Ready has false. The value of this �eld changesat
most oncein the future (to true).

(S7.) When d is appended to the list, d ! State has ? . The value of this �eld changesat most
oncein the future.

3.3.2.2 Stabilit y and Order Prop erties for a Leaf Cell

If d is a cell in a leaf list, i.e., in List [lst], where lst is betweenn and 2n � 1, then the stabilit y and
order properties are the sameas above with one change: items (2) and (3) are interchanged in
the order. Thus, when d is appended,d ! Ready has true and this value will never subsequently
change.
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3.3.2.3 Stabilit y and Order Prop erties for a Ro ot Cell

Let d be a cell in the root list and, as before, let c be d's immediate predecessorin List[1] (in
this case,there is no e, the parent of d, becausea cell in the root list does not have a parent).
The stabilit y properties of the �elds of d are the sameas before(except that d ! Parent remains
unchanged from its value of ? ). The order of events is now: items (1), (2), (3), (8), (6). Thus,
d ! State is assigneda non-? value before Head[1] is updated to point to d.

3.3.3 Facts about the H ead Variables

A cell d in List [lst] has a parent if there is a cell e in List [blst=2c] such that e ! LC or e ! RC
has the value d. Notice that during the interval lasting from when e is appendedto List [blst=2c]
to when d's Parent �eld is assignede, d's parent �eld has ? even though, by our de�nition, d has
a parent. A cell is an orphan if it hasno parent. We say a cell hasa ready parent if it hasa parent
whoseready �eld has true. Similarly, a ready orphan is an orphan whoseready �eld has true.

The following property states certain facts about the Head variables. We don't prove it here,
but it follows easily from the order of events stated above. (This order of events is enforcedby
our algorithm.)

(P1.) This property is stated in three parts.

1. For any List [lst], 1 � lst � 2n � 1, we have:

(a) Head[lst ] is never ? , and whenever the value of Head[lst ] changesfrom c to d, we
have c ! Next = d.

(b) Head[lst ] points either to the last cell or the cell immediately before the last cell
in List [lst].

2. For any non-root list List [lst], 2 � lst � 2n � 1, we have:

(a) If Head[lst] points to a cell c, then c and every cell beforec in List [lst] hasa parent
in List [blst=2c].

(b) If a cell c in List [lst] has a ready parent, then Head[lst] points to c or a cell after
c in List [lst].

3. For the root list (i.e., List [1]), the following holds: If Head[1] points to a cell c, then
the state �eld of c and the state �eld of every cell beforec in List[1] hasa non-? value.

3.3.4 De�nition of Correct State

For any cell c in a fully formed tree, the operation sequence preceding c is is the sequenceof
operations at the leaves (in that tree and all precedingtrees) that are to the left of the left-most
leaf descendant of c. For example, for the cell at position 3 of Tree C of Figure 3.2, this sequence
is a;b;c;d;e;f . As another example, for the cell at position 3 of Tree A, this sequenceis a;b.

For a cell c in a fully formed tree, let op1; op2; : : : ; opk denotethe operation sequencepreceding
c. We de�ne the correct state for cell c as the state that results from applying the operations
op1; op2; : : : ; opk , in that order. More precisely, the correct state for c is � state (initialst ate ; op),
where op = op1

N
op2

N
� � �

N
opk .
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A crucial aspect of the proof of correctnessof our algorithm is to show that, for each cell c,
the algorithm writes into c's state �eld the correct state for c.

3.4 How the Algorithm Works

In this section,we describe how the various proceduresconstituting the algorithm work together.
We arguethe correctnessof each procedureby top-down reasoning: if procedureA calls procedure
B , we argue that A satis�es its stated properties on the premise that B satis�es its properties,
and later justify the premise. The presentation is informal and intended to provide an intuitiv e
understanding of the algorithm. A rigorous proof of correctnessis provided in the next section.

3.4.1 How apply Works

A processP applies an operation op on the implemented object by executing the procedure
apply (P; op;O). We arguethe correctnessof the responsereturned by apply on the premisethat
promote and percolateState satisfy certain properties, stated informally as follows:

(P2.) If cell c in a non-root list List [lst] is ready, then an execution of promote(lst) ensuresthat
c has a ready parent.

(P3.) If c is a ready cell in the root list that has ? in its state �eld, an execution of promote(1)
ensuresthat (1) c's state �eld holds the correct state for c, and (2) Head[1] points to c or
beyond.

(P4.) If c is a cell in List [lst] and the state �eld of c's root-ancestorhas the correct state, then an
execution of percolateState (c; lst) ensuresthat the correct state for c is written into c's
state �eld.

When a processP calls apply (P; op;O), it �rst executesannounce(op;P). During this pro-
cedure,P grabs a fresh cell, opcell, from its private pool of cells, storesop in the operation �eld,
marks the cell ready, and appends opcell to the end of P 's leaf list, namely, List [n + P]. 3 P
then calls promote(n + P) which, by Property P2 stated above, results in opcell getting a ready
parent. P then calls promote(b(n + P)=2c), then promote(b(n + P)=4c), and so on, so that opcell
gets a ready grandparent, a ready parent to grandparent, and so on. Ultimately , after logn such
calls, opcell hasa ready ancestorc in the root list, i.e., List [1]. P then calls promote(1) which, by
Property P3, ensuresthat c's state �eld holds the correct state for c. P then calls percolateState
which, by Property P4, ensuresthat the state �eld of opcell holds the correct state. P applies its
operation op to this state, and returns the resulting responseas the implementation's responseto
op.

3The use of LL,SC in Lines 3,4 of announce(op;P ) can in fact be replaced with write . However, the use of LL,
SC here allows for a cleaner proof of correctness.

30



initialization
8i; 1 � i � 2n-1 : anchori : � cell

1. for i := 1 to 2n-1:
2. anchori ! Next := ? ; Head[i] := anchori
3. anchor1 ! State := initialst ate
4. anchor1 ! Op := ?

end initialization

apply (P : integer ; op : op; O) returns res
1. opcell := announce(op;P)
2. for i := 0 to logn
3. promote (b(n+ P)=2i c)
4. percolateState (opcell; n+ P)
5. return � resp(opcell ! State; op)

end apply

promote (lst : integer )
1. if lst = 1
2. head := LL( Head[lst])
3. newcell := head ! Next
4. if newcell = ? return
5. if newcell ! Ready = false return
6. newcell ! State := � state (head ! State; head ! Op)
7. SC(Head[lst]; newcell)
8. return
9. append(blst=2c)
10. promote (blst=2c)
11. append(blst=2c)

end promote

Figure 3.6: Unbounded construction for closedobject O (Figures 3.6 to 3.9)
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append(lst : integer )
1. head := Head[lst]
2. newcell := LL( head ! Next)
3. if newcell = ?
4. (lc, lop) := readyOrphan(2 � lst)
5. (rc, rop) := readyOrphan(2 � lst + 1)
6. if (lc 6= ? ) or (rc 6= ? )
7. c := combine(lc; lop; rc; rop)
8. SC(head ! Next; c)
9. newcell := head ! Next
10. if newcell = ? return

11. lchild := newcell ! LC
12. if lchild 6= ?
13. if LL( lchild ! Parent) = ?
14. SC(lchild ! Parent, newcell)
15. lchead := LL( Head[2*lst])
16. if lchead ! Next = lchild
17. SC(Head[2*lst], lchild)

18. rchild := newcell ! RC
19. if rchild 6= ?
20. if LL( rchild ! Parent) = ?
21. SC(rchild ! Parent; newcell)
22. rchead := LL( Head[2*lst+1])
23. if rchead ! Next = rchild
24. SC(Head[2*lst+1], rchild)

25. newcell ! Ready := true
end append

Figure 3.7: Unbounded construction for closedobject O (Figures 3.6 to 3.9)
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readyOrphan(lst : integer ) returns ( � cell ; op)
1. head := Head[lst]
2. newcell := head ! Next
3. if newcell = ? return (? ; ? )
4. if newcell ! Ready = false return (? ; ? )
5. return (newcell, newcell ! Op)

end readyOrphan

announce(op : op; P : integer ) returns � cell
1. allocate a new cell c and initialize it as follows:

c ! Parent := ? , c ! Next := ? , c ! State := ?
c ! LC := ? , c ! RC := ? ,
c ! Op := op, c ! Lop := ? , c ! Ready := true

2. head := Head[n+ P]
3. if LL( head ! Next) = ?
4. SC(head ! Next, c)
5. return c

end announce

Figure 3.8: Unbounded construction for closedobject O (Figures 3.6 to 3.9)
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combine(lc : � cell ; lop : op; rc : � cell ; rop : op ) returns � cell
1. allocate a new cell c and initialize it as follows:

c ! Parent := ? , c ! Next := ? , c ! State := ?
c ! LC := lc, c ! RC := rc,
c ! Lop := lop, c ! Op := (lop

N
rop)

c ! Ready := false
2. return c

end combine

percolateState (c : � cell ; lst : integer )
1. if lst = 1 return
2. p := c ! Parent
3. percolateState (p; blst=2c)
4. if lst = 2 � blst=2c
5. c ! State := p ! State
6. else c ! State := � state (p ! State; p ! Lop)

end percolateState

Figure 3.9: Unbounded construction for closedobject O (Figures 3.6 to 3.9)
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3.4.2 How promote Works on a Non-ro ot List

We now argue that promote(lst), lst > 1, satis�es Property P2 on the premisethat the following
two properties are true.

(P5.) At the time that a cell c in List [lst] becomesa ready orphan, supposethat the head of the
parent list (i.e., Head[blst=2c]) points to cell d. Then, the parent that c will get in the future
will be within two cells from d (i.e., if e and f are the cells that will immediately follow d,
then one of e and f will be c's parent).

(P6.) At a time that a cell c in List [lst] is a ready orphan, supposethat Head[blst=2c] points to a
cell d. Then, an execution of append(blst=2c) ensuresthat d has a ready cell immediately
following it.

To verify that promote satis�es Property P2, supposethat cell c in a non-root list List [lst] is
ready beforean execution of promote(lst). Our aim is to show that after promote(lst) terminates,
c has a ready parent. Let t be the time when c �rst becomesa ready orphan. Let Head[blst=2c]
point to cell d at time t. Clearly, c's parent cannot be d or any cell precedingd in List [blst=2c].

The execution of promote(lst) beginswith append(blst=2c) (on Line 9 of promote). By Prop-
erty P6, when appendterminates, d has a ready cell e immediately following it. If e is c's parent,
then we have Property P2.

Suppose that e is not c's parent. After the recursive call to promote(blst=2c) on Line 10,
Head[blst=2c] points to e or beyond (we denote this fact by (@)), as argued below. If blst=2c > 1,
Line 10 ensures,by an inductiv e application of Property P2, that e has a ready parent; then, by
Property P1(2b), Head[blst=2c] points to e or beyond. If blst=2c = 1, the recursive call on Line 10
ensures,by Property P3, that Head[blst=2c] points to e or beyond.

Let t0 be the time when Head[blst=2c] �rst points to e. By the order of events, e is the last cell
in List [blst=2c] at t0. We note that t0 is a time beforethe execution of append(blst=2c) on Line 11
of promote (by (@)), and that at t0, c in List [lst] is a ready orphan (becausee is not c's parent),
Head[blst=2c] points to cell e. We now apply Property P6 to this execution of append(blst=2c).
Thus, when append(blst=2c) on Line 11 terminates, e has a ready cell f immediately following it.
By Property P5, f is c's parent and so, we have Property P2.

3.4.3 How promote Works on a Ro ot List

To verify that promote(1) satis�es Property P3, supposethat c is a ready cell in List[1] that has
? in its state �eld. By the conjunction of Property P1(1b) and P1(3), Head[1] points to the cell b
immediately beforec. Thus, when promote(1) is executed,head is assignedb (Line 2), newcell is
assignedc (Line 3), and newcell is found to be non-? and ready (Lines 4 and 5). Then, b's state
�eld holds a non-? value s (by Property P1(3)) and b's operation �eld combines the operations
at the leaves of b. Assuming that s is correct for b, it is obvious that s0 = � state(s;b ! Op) is
correct for c. Line 6 writes s0 into c's state �eld. If the SC on Line 7 succeeds,Head[1] points to c;
otherwise someother processmust have already updated Head[1] to c. Hence,we have Property
P3.
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3.4.4 How appendWorks

A leaf list, i.e., List [n + P] (0 � P � n � 1), grows when processP executesannounce(op;P) and
appendsits operation cell to the list. An interior list List [lst] (1 � lst � n � 1), on the other hand,
grows when a processP executesappend(lst). Roughly speaking, this procedure�nds the \end"
of List [lst] and appendsthere a cell that becomesthe parent to ready orphans in List [2� lst ] and
List [2 � lst + 1].

We now describe informally how processP executesappend(lst). P reads Head[lst ] and
obtains a pointer to either the last or the previous-to-last cell in List [lst] (Line 1). To distinguish
betweenthe two cases,P inspects the next �eld of head (Line 2). If there is a cell next to head, P
proceedsto help it (Line 11 onwards). Otherwise P looks at the child lists, namely, List [2 � lst]
and List [2 � lst + 1], to check if they have ready orphans (Lines 4 and 5). If so, P attempts
to create a parent for these ready orphans by combining the information in the ready orphans
in a new cell (Lines 6 and 7), and then attempting to append the new cell to the end of the
List [lst] (Line 8). Its attempt may fail if someother processhas already appendeda cell to head.
Regardlessof whether it succeededin appending newcell or someoneelsesucceededin appending
someother cell, P obtains a pointer to the cell next to head (Line 9). If no cell exists there, it
meansthat there was nothing to append to head, and so P returns from the procedure(Line 10).
Otherwise, newcell is a cell next to head, and P proceedsto notify newcell's children of the fact
that they now have a parent. It setsthe parent �eld of newcell's left child to newcell (Lines 12-14)
and, since newcell's left child is now parented, updates Head[2 � lst ] to point to newcell ! LC
(Line 15-17). P noti�es newcell's right child similarly (Lines 18-24). Oncenewcell's children have
beennoti�ed, newcell is allowed to have a parent. To re
ect this fact, P setsnewcell's ready �eld
to true (Line 25).

Properties P5 and P6 follow easily from the way the append procedure is designed. Their
proofs, however, are long and tedious becauseof the needto addressmany cases.Sowe defer rig-
orousproofs to the next sectionand, in the following, only informally describe why the properties
hold.

3.4.4.1 Wh y Prop ert y P5 Holds

We now explain why Property P5 holds. Supposethat Head[blst=2c] points to a cell d at the time
t when a cell c becomesa ready orphan in List [lst]. Let b be the cell whosenext �eld points to
c. By the conjunction of Property P1(1b) and P1(2a), H ead[lst ] points to b at time t. Let e and
f be the two cells that immediately follow d, at someinstant of time after t. To verify P5, we
show that either e or f is c's parent. (Clearly, c's parent cannot be d or any cell precedingd.) It
su�ces to show that, if e is not c's parent, then f is.

Supposethat e is not c's parent. We claim that at any time after t, and beforef is appended
next to e, H ead[lst ] points to b (We denote this claim by (*)). This claim is true for the following
reason:By the order of events, if H ead[lst ] points beyond b, then c already hasa parent. However,
by assumption, c doesnot have a parent before f is appendednext to e. Thus, claim (*) holds.

Consider the execution A of append(blst=2c) that will append f next to e. A must have
obtained e when it read Head[blst=2c] on Line 1. This implies that A performed Line 1 after time
t (because,at time t, Head[blst=2c] was pointing to d, not e). By claim (*), when Lines 4 and 5
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are performed by A , the ready orphan c in List [lst] will be noticed by combine (called in Line
7 of append), and will becomecell f 's child. Thus, cell f appendednext to e will be c's parent.
Hence,we have Property P5.

3.4.4.2 Wh y Prop ert y P6 Holds

To understand why Property P6 holds, supposethat at time t List [lst] has a ready orphan c and
Head[blst=2c] points to d. Consider an execution A of append(blst=2c) that begins after time t.
When A reads Head[blst=2c] on Line 1, there are three possibilities for what it obtains: (1) it
obtains d, (2) it obtains a cell e immediately following d, or (3) it obtains a cell f that follows d,
but not immediately following d. Let us �rst consider the last two cases. By Property P1(2a),
the cell that Head[blst=2c] points to and every precedingcell has a parent. Further, by the order
of events, a non-root cell must be ready before it has a parent. Therefore, in Case (3), f and
every cell precedingf hasa parent and is ready. In particular, it follows that the cell immediately
following d is ready. Similarly, in Case(2), the cell e (which immediately follows d) has a parent
and is ready. This establishesProperty P6 for cases(2) and (3).

Let us now considerCase(1): when A readsHead[blst=2c] on Line 1, it obtains d (so head gets
the value d). Then, when A performs LL( d ! Next) on Line 2, there are two sub-cases:(a) it
obtains ? , or (b) it obtains a non-? pointer e. In Subcase(b), when A eventually executesLine
25, e ! Ready is set to true, thus satisfying Property P6.

In Subcase(a), A proceedsto executeLines 4-10. When A executesLines 4 and 5, c may or
may not be an orphan. Consider the casethat A �nds c to be a ready orphan in List [lst]. In this
case,the if-condition on Line 6 holds true, and so A executesLines 7 and 8. If the SC on Line 8
succeeds,the reading of d ! Next (Line 9) clearly returns a non-? e and, subsequently, on Line
25 e's ready �eld is set to true, thus satisfying P6. If the SC on Line 8 fails, then someother
processQ must have performed a successfulSC, betweenthe times when A executedLines 2 and
8, that appendeda cell e next to d. On Line 9, A 's reading of d ! Next returns that cell e and,
subsequently, on Line 25 e's ready �eld is set to true, thus satisfying P6. This leaves just one
caseto consider: on Lines 4 and 5, A doesnot �nd c to be a ready orphan in List [lst]. This case
implies that, when A performs Lines 4 and 5, Head[lst] already points to c or beyond (otherwise
A would �nd c to be a ready orphan). It follows, by Property P1(2a), that c has a parent p (in
List [blst=2c]). Sincec was an orphan at time t (when Head[blst=2c] pointed to d), it follows that
p is after d. In particular, it follows that d ! Next is non-? . This implies that, when A reads
d ! Next on Line 9, it obtains a non-? cell e. Subsequently, on Line 25, A setse's ready �eld to
true, thus satisfying P6.

3.4.5 How percolateState Works

To verify that percolateState satis�es Property P4, let c be a cell in List [lst] and suppose
that the state �eld of c's root-ancestor r holds the correct state. We argue that after executing
percolateState (c; lst), c holds the correct state. If lst = 1, we have c = r . Thus, P4 trivially
holds. Otherwise let d be c's parent (Line 2). By induction, the recursive call on Line 3 ensures
that d holds the correct state. If c is the left child of d, then by the de�nition of correct state, the
correct state for c is the sameas for d. This observation justi�es Lines 4 and 5. If c is the right
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child of d, then by the de�nition of correct state, the correct state for c is obtained by applying
the operations in the left subtree of d to the state in d. This is done in Line 5.

3.5 Pro of of Correctness

We present now a proof of correctnessof our closedobject construction. In Section3.5.1,we prove
that when apply (P; op;O) completes,the operation cell that represents op has a root ancestorin
the sequenceof trees. Thus, op has indeed taken e�ect. In Section 3.5.2, we prove that the value
returned by apply (P; op;O) is consistent with the intended linearization order on the operations,
as represented by the sequenceof trees.

3.5.1 Pro of of Progress

3.5.1.1 Reachable Cell

We �rst show that the �elds of a cell are stable, i.e. oncesuch a �eld holds a non-trivial value, that
value never changes. More speci�cally , for any cell c, c ! LC , c ! RC, c ! Lop, and c ! Op
are unchangedthroughout a run. Further, oncec ! N ext and c ! Parent hold a non-? value d,
then they hold the value d forever. Finally, oncec ! Ready becomestr ue, it stays tr ue forever.
(The stabilit y of c ! State is proved in Lemma 28(b).)

Lemma 1 Let c be a cell returned either by announceto Line 1 of apply , or by combine to Line
7 of append.
(a) The value of c ! LC is unchanged.
(b) The value of c ! RC is unchanged.
(c) The value of c ! Lop is unchanged.
(d) The value of c ! Op is unchanged.
(e) Let c ! N ext = d, d 6= ? , at time t. Then at any time t 0 such that t0 � t; c ! N ext = d.
(f ) Let c ! Parent = d, d 6= ? , at time t. Then at any time t 0 such that t0 � t; c ! Parent = d.
(g) Let c ! Ready = tr ue, at time t. Then at any time t 0 such that t0 � t; c ! Ready = tr ue.

Pro of
(a),(b) c ! LC and c ! RC are assignedvalues only once: in Line 1 of announce or Line 1 of
combine. This observation implies Lemmas1(a) and 1(b).
(c),(d) c ! Lop and c ! Op are assignedvalues only once: in Line 1 of announce or Line 1 of
combine. This observation implies Lemmas1(c) and 1(d).
(e)We �rst note that c ! N ext is assignedthe value ? , only during the initialization of c in
announce and combine, and nowhere else. There are only two places where c ! N ext can
take on a non-? value: Line 4 of announce, and Line 8 of append. If processP executesa
successfulSC(c ! N ext; d), d 6= ? , in Line 4 of announce, then P must have previously executed
LL( c ! N ext) in Line 3, with ? as the LL operation's return value. This implies Lemma 1(e).

If processP executesa successfulSC(c ! N ext; d), d 6= ? , in Line 8 of append, then P must
have previously executed LL( c ! N ext) in Line 2, with ? as the LL operation's return value
(Line 3). This implies Lemma 1(e).
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(f )We �rst note that c ! Parent is assignedthe value ? , only during the initialization of c in
announceand combine, and nowhere else. There are only two placeswherec ! Parent can take
on a non-? value: Lines 14, 21 of append. If processP executesa successfulSC(c ! Parent; d),
d 6= ? , in Line 14 (resp. 21) of append, then P must have previously executedLL( c ! Parent)
in Line 13 (resp. 20), with ? as the LL operation's return value. This implies Lemma 1(f).
(g)This follows from the fact that c ! Ready is assignedfalse only during the initialization of c
in combine, and nowhere else.

2

Lemma 2 Let c be any cell. There is at most one cell b such that b ! N ext = c.

Pro of There are only two places where b ! N ext (for some b) can be assignedthe value c:
Line 4 of announce, Line 8 of append. In both of these places,processP initializes a new cell
c and executesSC(b ! N ext; c). Given any cell c, at most one processexecutesthe operation
SC(b ! N ext; c) (for someb); further, this processexecutesthe operation onceonly. Hence,there
is at most one cell b such that b ! N ext = c.

2
At any time t, if a cell c can be reached by the chain of N ext pointers, starting at anchor l st ,

then we say that c is reachableat position lst at time t. By de�nition, anchor l st is not reachable.
Formally,

De�nition 1 Let c be a cell, 1 � lst � 2n � 1. c is reachable at position lst at time t if and only
if, at time t:

� anchorl st ! N ext = c, or

� 9 a reachablecell b at position lst such that b ! N ext = c.

By Lemma 1(c), if c is reachable at time t, then c is reachable at all times after t. We now
consider all the cells that are eventually reachable at position lst in a run, and use List [lst] to
denote the sequenceof such eventually reachable cells. Formally,

Notation 1 Let lst; 1 � lst � 2n � 1, be a position. Let List [lst] denote the list
[List [lst](0); List [lst](1); List [lst](2); � � �], where 8k; k � 0, List [lst](k) is de�ned as follows:

� List [lst](0) = anchorl st .

� 8k; k � 1, if List [lst](k � 1) is de�ned, and at sometime t, List [lst](k � 1) ! N ext = c;c 6=
? , then de�ne List [lst](k) = c. Otherwise, List [lst](k) is unde�ned.

The next Lemma assertsthat the cells in the 2n � 1 lists, List [lst]; 1 � lst � 2n � 1, are all
distinct.

Lemma 3 Let lst; lst0 be such that 1 � lst; lst0 � 2n � 1. Let i; j be such that i � 0; j � 0. Then,
(List [lst](i ) = List [lst0](j )) ) (( lst = lst0) ^ (i = j )) .
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Pro of This Lemma follows from Lemma 2.
2

Notation 2 If c is reachableat lst, then the position of c, denoted by pos(c), is de�ned to be lst.

By Lemma 3, pos(� ) is well-de�ned.

De�nition 2 Let c be reachable.

� If pos(c) = 1, c is root reachable.

� If pos(c) > 1, c is non-root reachable.

� If pos(c) � n, c is leaf reachable.

� If pos(c) < n, c is non-leaf reachable.

3.5.1.2 Head

De�nition 3 We say that c is head at position lst at time t if and only if H ead[lst] = c at t.
We say that c has beenhead at position lst at time t if and only if 9t 0; t0 � t , such that c is

head at lst at time t0.

We note that \ c has beenhead at t" says nothing about whether c is head at t. We will now
show, in Lemma 5(a), that the initial value of H ead[lst] is List [lst](0). The sequenceof values
that have beensuccessfullywritten to H ead[lst] at time t is:
List [lst](1); List [lst](2); � � � ; List [lst](k), for somek � 0. As a preliminary step, the next Lemma
relates any two successive valuesof H ead[lst].

Lemma 4 Let k � 0. Supposeat sometime t H ead[lst] = List [lst0](k).4 Let c be the �rst value
that is successfully written to H ead[lst] after t. Let t 0 be the time c is successfully written to
H ead[lst]. Then,

� c = List [lst0](k + 1).

� At time � such that � � t0, List [lst0](k) ! N ext = List [lst0](k + 1).

Pro of H ead[lst] can be written to in three places: Line 7 of promote, Lines 17,24of append. In
all theseplaces,H ead[lst] changesvaluefrom b, the valueof H ead[lst] returned by the immediately
precedingLL( H ead[lst]) (Line 2 of promote, Lines 15,22of append), to c = b ! N ext through a
successfulSC(H ead[lst]; c). Further, by Line 4 of promote, Lines 12,16of append, Lines 19,23of
append, we have b ! N ext = c 6= ? . By Lemma 1(c), onceb ! N ext = c holds, b ! N ext = c
at all subsequent times. This implies our Lemma.

2
4Lemma 5(a) shows that lst = lst0.

40



In Lemma 5(b),(d),(f ), we encounter the �rst instancesof invariants in any run, expressedas
implications () ). Consider Lemma 5(b), which has the form:
(c has beenhead)̂ (c is not head)) (d has beenhead).

The interpretation of this implication is: In any run, at any time t, if (c has beenhead at t)
and (c is not head at t), then (d has been head at t). Thus, both sidesof the implication () )
have an implicit quali�cation concerningtime: They both concernthe state of the cells, or other
data objects, at a common instant in time.

Lemma 5(d) says that if a cell c is head, then c is either anchor l st or reachable. Lemma 5(e)
says that c ! N ext is reachable.

Lemma 5
(a) The initial valueof H ead[lst] is List [lst](0). The sequence of valuesthat havebeen successfully
written to H ead[lst] at time t is:
List [lst](1); List [lst](2); � � � ; List [lst](k), for somek � 0.
(b) (List [lst](i ) has been head)^ (List [lst](i ) is not head) ) (List [lst](i + 1) has been head).
(c) Let k � 1. At the time List [lst](k) is successfully written to H ead[lst], List [lst](k) is reachable.
(d) (c is head at lst)) (c = anchorl st ) _ (c is reachableat lst).
(e) Let c = H ead[lst] ! N ext, then c is reachableat lst.
(f ) (c is head at lst) ^ (c ! N ext = ? ) ^ (d is reachableat lst) ) (d has been head at lst)

Pro of
(a) We note that at initialization, H ead[lst] = anchor l st = List [lst](0). This statement is a
corollary of Lemma 4.
(b) This follows immediately from Part(a).
(c) The proof proceedsby induction on k, and usesLemma 4. The Induction Step proceeds
as follows: Supposethat List [lst](k � 1) is reachable (Induction Hypothesis). Then, at the time
List [lst](k) is successfullywritten to H ead[lst], List [lst](k � 1) ! N ext = List [lst](k) (by Lemma
4). Thus, by De�nition 1, List [lst](k) is reachable.
(d) This is a re-statement of Part(c).
(e) Wenote that H ead[lst] is headat lst. By Part(d), wehave (H ead[lst] = anchor l st )_ (H ead[lst]
is reachable at lst). In either case,c = H ead[lst] ! N ext is reachable at lst.
(f ) By Part(a), there exists a k such that c = List [lst](k). Since(c ! N ext = ? ) ^ (d is reachable
at lst), we have d = List [lst](m), for somem such that k � m � 1. By Part(a), d has beenhead
at lst.

2

Lemma 6 Let b ! N ext = c. (c is reachableat lst) ) (b has been head at lst).

Pro of From the algorithm, b ! N ext is assignedthe value c in either Line 4 of announce,
or Line 8 of append. In both these places, a process�rst executeshead:= H ead[lst 0] for some
lst0 (Line 2 of announce, Line 1 of append), and then changesthe value of head ! N ext from
? to c through a successfulSC(head ! N ext; c). After the successfulSC(head ! N ext; c),
H ead[lst0] ! N ext = c. By Lemma 5(e), c is reachable at lst0. Hence, lst0 = lst. Since
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H ead[lst] ! N ext = c and b ! N ext = c, H ead[lst] = b (Lemma 2). In other words, b has been
head at lst. This completesour proof.

2
Lemma 6 implies that, if b is head and b ! N ext = c at time t, then c ! N ext = ? at t. In

other words, there is at most one reachable cell beyond the head.

3.5.1.3 Ancestor and Descendan t

De�nition 4 Let c be reachable. We say that c is ready if and only if c ! Ready = tr ue.

Notation 3 Let c be non-leaf reachable. c = parent(d) denotes (d 6= ? ) ^ (c ! LC = d _
c ! RC = d)

We note that c = parent(d) says nothing about the value of d ! Parent. It is possiblethat,
at time t, c = parent(d) and d ! Parent = ? .

De�nition 5 Let c be reachable.

� We say that c is an ancestorof d if and only if:

{ c = d, or

{ c = parent(d), or

{ 9a such that a is an ancestor of d, and c = parent(a).

� We say that c is a root ancestorof d if and only if:

{ c is an ancestor of d, and

{ pos(c) = 1.

� We say that d is a descendant of c if and only if c is an ancestor of d.

� We say that d is a leaf descendant of c if and only if:

{ d is a descendant of c, and

{ pos(d) � n.

We note that, by de�nition, c is an ancestor,as well as a descendant, of c.

3.5.1.4 Precedence Relations

In this Section, we prove certain precedencerelations among the key events of a cell and its
parent. Theserelations form the basisof all subsequent proofs. We provide here an informal and
incomplete statement of the result that we aim to prove:

Let c, d be eventually reachable. Let c = parent(d). Then, the following list speci�es
the order in which events happen:
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1. d becomesreachable.

2. d becomesready.

3. c becomesreachable.

4. d becomeshead.

5. c becomesready.

(If d is leaf reachable, then 1. and 2. above are concurrent, i.e. d becomesready at
the sametime it becomesreachable.)

Lemmas8 to 11 are the rigorous formulations of this informal statement.
Lemma 7 says that if c = parent(d) at time t, then d is reachable and ready at t. Further,

pos(c) and pos(d) occupy the appropriate parent and child positions in the binary tree.

Lemma 7 Let c be non-leaf reachable.
(a) c ! LC = d 6= ? ) (d is reachable)^ (pos(d) = 2 � pos(c))^ (d is ready).
(b) c ! RC = d 6= ? ) (d is reachable)^ (pos(d) = 2 � pos(c) + 1)^ (d is ready).

Pro of (a) c ! LC is assignedthe value d in combine (d, *, *, *), called in Line 7 of append
(lst). Further, (d; � ) is the value returned by readyOrphan (2 � lst) (Line 4 of append (lst)). In
readyOrphan (2 � lst), head = H ead[2 � lst] (Line 1). d = head ! N ext (Line 2), d ! Ready =
tr ue (Line 4). Therefore, d is reachable at 2 � lst (by Lemma 5(e)). Since c is reachable, some
processP executeda successfulSC(head ! N ext; c) in Line 8 of append. When P executedLine
1 of append, head= H ead[lst]. Therefore, c = head ! N ext is reachable at lst (by Lemma 5(e)).
Thus, pos(c) = lst, and pos(d) = 2 � lst = 2 � pos(c). Finally, d is ready, sinced ! Ready= tr ue.
(b) Similar to the proof of part (a).

2
Lemma 8 says that event 1 (d becomesreachable) and event 2 (d becomesready) precede

event 3 (c becomesreachable).

Lemma 8 Let c be non-leaf reachable. c = parent(d) ) (d is reachable)^ (d is ready).

Pro of This follows immediately from Lemma 7.
2

Lemma 9 says that event 3 (c becomesreachable) precedesevent 4 (d becomeshead).

Lemma 9 Let d be non-root reachable. (d hasbeen head)) 9 reachablec suchthat c = parent(d).

Pro of d becomesheadin either Line 17 or Line 24 of append. Considerthe caseof Line 17. (The
caseof Line 24 is analogous.)Let P be the processthat executeda successfulSC(H ead[2� lst]; d),
where d = lchil d, in Line 17, thus causingd to becomehead. We note that during P's execution
of append, lchil d = newcell ! LC (Line 11), newcell = head ! N ext (Line 2 or 9), head =
H ead[lst] (Line 1). Let c in our Lemma be newcell . Then, by Lemma 5(e), c is reachable. By
Notation 3, c = parent(d) sincec ! LC = lchil d = d. This completesthe proof.

2
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Lemma 10 says that event 2 (d becomesready) precedesevent 4 (d becomeshead). Lemma
10 applies not only to non-root reachable d (as indicated by the informal statement given at the
beginning of this section), but also to root reachable d.

Lemma 10 Let d be such that 8lst; 1 � lst � 2n � 1; d 6= anchor l st . (d has been head) ) (d is
ready).

Pro of Since8lst; 1 � lst � 2n � 1; d 6= anchorl st , and d hasbeenhead,d is reachable (by Lemma
5(d)). If d is non-root reachable, Lemma 10 is an immediate corollary of Lemmas8 and 9.

Consider the case in which d is root reachable. d becomesH ead[1] through a successful
SC(H ead[1]; d) in Line 7 of promote (1). Further, d ! Ready= tr ue (Line 5). Hence,d is ready.

2
Lemma 11 says that event 4 (d becomeshead) precedesevent 5 (c becomesready).

Lemma 11 Let c be non-leaf reachable.Then, (c is ready)^ (c = parent(d)) ) (d hasbeen head).

Pro of Consider the caseof c ! LC = d. (The caseof c ! RC = d is analogous.) c becomes
ready through processP executing Line 25 of append. Further, since lchil d = c ! LC = d 6= ?
(Lines 11,12), P executesLine 15 beforeexecuting Line 25. At the time t when P executesLine
15, c = parent(d) holds true. By Lemma 8, (c = parent(d)) ) (d is reachable). Let x be such
that x ! N ext = d. By Lemma 6, x has beenhead at pos(d) at time t.

If x is not headat t, then, by Lemma 5(b), d has beenheadat t. Therefore our Lemma holds
in this case.

Supposex is head at t. Since lchil d = d (Line 11), P observes that lchead! N ext = lchil d
in Line 16, and executesSC(H ead[pos(d)]; d) in Line 17. If the SC operation returns tr ue, then
d has been head when P completesLine 17, hencealso when P completesLine 25. If the SC
operation returns false, then by Lemma 5(a), d has beenhead when P beginsexecuting Line 17.
In either case,d has beenhead when P executesLine 25. This completesthe proof.

2
By Lemma 10, event 2 (c becomesready) precedesevent 4 (c becomeshead). By Lemma 11,

event 4 (d becomeshead) precedesevent 5 (c becomesready). Combining these two results, we
have the next Lemma: (d becomeshead) precedes(c becomeshead).

Lemma 12 Let c be non-leaf reachable. (c has been head)^ (c = parent(d)) ) (d has been head).

Pro of By Lemma 10, (c has been head) ) (c is ready). By Lemma 11, (c is ready)^ (c =
parent(d)) ) (d has beenhead). Thus, our Lemma holds.

2

3.5.1.5 Uniqueness of Paren t

The next Lemma assertsthe uniquenessof reachable cell b such that b = parent(d).

Lemma 13 Let b;c be non-leaf reachable. (b = parent(d)) ^ (c = parent(d)) ) (b = c).
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Pro of For contradiction, assumeb 6= c. By Lemma7, pos(b) = pos(c). Let b = List [pos(b)](k); c =
List [pos(b)]( l ). Without lossof generality, let k < l. Let P be the processthat executesa success-
ful SC(head ! N ext; c) in Line 8 of append. Let t be the time P executesLine 1 of this append.
Thus, at t, H ead[pos(b)] = List [pos(b)]( l � 1). Sincek < l, b has beenhead at t. By Lemma 12,
sinceb = parent(d), d has beenhead at t.

c = parent(d) implies that when P executesreadyOrphan (pos(d)) in Line 4 or 5 of append
at sometime after t , (d; � ) is returned. This in turn implies that when P executesreadyOrphan
(pos(d)), head = H ead[pos(d)] in Line 1, and head ! N ext = d in Line 2. In other words, d has
not beenheadwhen P executesLine 1 of readyOrphan (pos(d)). Thus, d has not beenheadat t.
This contradiction proves that b = c.

2
Lemma 14 assertsthat, if d has beenhead, then:

� there is a unique c such that c = parent(d) (uniquenessis proved in Lemma 13),

� c is reachable (this corresponds to event 3 (c becomesreachable) preceding event 4 (d
becomeshead) in the informal statement at the beginning of the previous section),

� d ! Parent holds the proper value c.

Lemma 14 Let d be non-root reachable. (d has been head)) 9 unique non-leaf reachablec such
that (c = parent(d)) ^ (d ! Parent = c).

Pro of By Lemmas 9, (d has been head)) 9 reachable c such that c = parent(d). We now
show that c is non-leaf. By Lemma 7, sinced is non-root reachable, and pos(d) = 2 � pos(c), we
concludethat c is non-leaf reachable. By Lemma 13, such a c is unique. It remains to prove that
(d has beenhead)) (d ! Parent = c).

We considerthe caseof c ! LC = d. (The caseof c ! RC = d is analogous.) Supposethat d
becomesheadby processP executinga successfulSC(H ead[pos(d)]; d) in Line 17 of append. This
implies that lchil d = d (Line 17). In Line 11, lchil d = newcell ! LC . By Lemma13, newcell = c.
We note that P executesLine 13 before executing Line 17 (or 24, in the caseof c ! RC = d).
If lchil d ! Parent = d ! Parent = ? (Line 13), then P executesSC(d ! Parent; c) (Line 14).
If the SC operation returns tr ue, then d ! Parent = c after P executesLine 14. Our Lemma is
thus proved.

However, if either d ! Parent 6= ? (Line 13) or the SC operation in Line 14 returns false,
then d ! Parent 6= ? before P executesLine 15. d ! Parent is assigneda non-? value only
through someprocessP 0 executing a successfulSC(d ! Parent; newcell ) in Line 14 of append.
However, when P 0 executesLine 11, d = newcell ! LC . By Lemma 13, newcell = c. Therefore,
the non-? value assignedby P 0 to d ! Parent is c. This completesthe proof.

2

3.5.1.6 Prop erties of append

Lemma 15 says the following: Supposethat the head at the child position lst is b, and the head
at the parent position blst=2c is c at time t. Supposefurther that at somesubsequent time t 0, b
is no longer head. Then, List [blst=2c] must have grown beyond c at t 0.
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Lemma 15 Let lst > 1. Supposeat time t, H ead[lst] = b, H ead[blst=2c] = c. Then, (b has been
head)^ (b is not head)) (c ! N ext 6= ? ).

Pro of For contradiction, suppose that at time t 0, (b has been head)̂ (b is not head)̂ (c !
N ext = ? ). By Lemma 5(a), t0 > t. By Lemma 5(b), there exists a reachable d such that
b ! N ext = d, and d has been head at t0. By Lemma 9, there exists a reachable a such that
a = parent(d) at t0. Sincec is head, c ! N ext = ? , and a is reachable at pos(c) = blst=2c at t 0,
we concludethat a hasbeenheadat t0 (Lemma 5(f)). Sincec is headat both t and t0, a hasbeen
head at t. By Lemma 12, (a has been head)̂ (a = parent(d)) ) (d has been head) at t. This
contradicts the assumption that b is head at t. Our Lemma is thus proved by this contradiction.

2
Lemma 16 is the key Lemma regarding the property of append. It says the following: Let t

be any time before the invocation of append(blst=2c). Supposethat at time t, the head at the
child position lst is b, the head at the parent position blst=2c is c, and b ! N ext is ready. Then,
after append(blst=2c) terminates, c ! N ext is ready. We note that c ! N ext could have become
ready before the invocation of append(blst=2c). Our Lemma allows for such a possibility.

Lemma 16 Supposethat at time t before processP invokesappend(blst=2c), H ead[lst] = b;b !
N ext = d 6= ? ; d is ready, H ead[blst=2c] = c. Then, at any time after append(blst=2c) terminates,
9 reachablee such that (c ! N ext = e) ^ (e is ready).

Pro of We note that c is head at t. If at any time during the execution of append(blst=2c) c is
not head, then by Lemma 5(b), 9 reachable e such that (c ! N ext = e), and e has beenhead.
By Lemma 10, e is ready. Our Lemma is then proved.

We now considerthe casewhere c is head throughout the execution of append(blst=2c). Con-
sider processP executing append(blst=2c). In Line 1, head = H ead[blst=2c] = c.
Case 1 Suppose9 reachable e such that c ! N ext = e 6= ? in Line 2.

We note that in this Case,Line 25 is always executed. Further, newcell = e (Line 2). This
implies that, at the time P completesLines 25,, e ! Ready = tr ue. By Lemma 1(e), our Lemma
holds.
Case 2 Supposec ! N ext = ? in Line 2.

ConsiderP executingreadyOrphan (lst) (Line 4 or 5 of append). Let t 0be the time P executes
Line 1 of readyOrphan (lst).
Case 2a SupposeH ead[lst] 6= b at t0.

By Lemma 15, since (b has beenhead)̂ (b is not head) at t 0, we have c ! N ext 6= ? at t0.
Therefore, there exists a reachable e such that newcell = c ! N ext = e 6= ? in Line 9 of append.
This implies that P always executesLine 25. By the argument used in Case1, at the time P
completesLines 25, e ! Ready = tr ue. Hence,our Lemma holds.
Case 2b SupposeH ead[lst] = b at t0.

By the premiseof our Lemma, in Lines 1-4 of readyOrphan (lst), newcell = b ! N ext = d 6=
? ; newcell ! Ready = tr ue. Further, readyOrphan (lst) returns (b;� ) to Lines 4 or 5 of append.
P then executesSC(c ! N ext; � ) in Line 8 of append. Whether the SC operation returns true or
false, newcell = c ! N ext 6= ? when P executesLine 9. By the argument used in Case2a, our
Lemma holds in this case,too.

2
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3.5.1.7 Prop erties of promote

In this section, we prove the key property of promote. Lemma 17 concerns the property of
promote(1). It asserts that if a cell is ready before promote(1), then it has been head after
promote(1).

Lemma 17 Let r be root reachableand ready before the invocation of promote(1). Then, after
promote(1) terminates, r has been head.

Pro of Let s be root reachable or anchor1, such that s ! N ext = r . By Lemma 6, since r is
reachable, s has been head before processP invokes promote(1). Supposethat at sometime t
during P's execution of promote(1), H ead[1] 6= s. By Lemma 5(b), r has beenhead at t. Thus,
our Lemma holds.

We now consider the casewhere H ead[1] = s throughout the execution of promote(1). This
implies that head = H ead[1] = s (Line 2 of promote(1)). Since newcell = s ! N ext = r 6= ?
(Line 3), newcell ! Ready = r ! Ready = tr ue (Line 5), P executesSC(H ead[1]; r ) in Line
7. Whether the SC operation returns tr ue or false, H ead[1] 6= s after P 's execution of Line
7 (Lemma 4). This contradicts the assumption that H ead[1] = s throughout the execution of
promote(1). The proof is now complete.

2
Lemma 18 assertsthat if a cell d is ready before promote (pos(d)) (for any pos(d)), then d

has beenhead after promote (pos(d)) completes. Further, if d is non-root reachable, then d has
a ready parent after promote (pos(d)) completes.

Lemma 18 Let d be reachableand ready before the invocation of promote (pos(d)) . Then, after
promote (pos(d)) terminates,
(a) d has been head,
(b) if d is non-root reachable,9 non-leaf reachablec such that c = parent(d) ^ (c is ready).

Pro of The proof is by induction on i; 0 � i � logn, such that 2i � pos(d) � 2i +1 � 1. (If i = 0,
d is root reachable. If i = logn, d is leaf reachable.)
Induction Basis i = 0.

This Lemma for i = 0 is identical to Lemma 17.
Induction Step SupposeLemma 18 holds for all d such that 1 � pos(d) � 2i � 1, where
1 � i � logn. We now show that Lemma 18 holds for d such that 2i � pos(d) � 2i +1 � 1.

Let a be such that a ! N ext = d. Let t0 be the earliest time when d is reachable and ready.
By Lemma 6, since d is reachable, a has been head at t 0. We now show that a is head at t0.
Supposea is not head at t0. By Lemma 5(b), d has beenhead at t0. By Lemma 10, d becomes
ready befored becomeshead. Therefore, d becomesheadafter t 0. This contradiction provesthat
a is head at t0.

We note that d is non-root reachable. Let H ead[bpos(d)=2c] = e at t 0. As shown above,
H ead[pos(d)] = a, a ! N ext = d;d ! Ready = tr ue at t 0. By assumption, t0 is a time before
processP invokes promote(pos(d)). In promote(pos(d)), P invokes append(bpos(d)=2c) in Line
9 after t0. By Lemma 16, after P completesappend(bpos(d)=2c) in Line 9, there is a reachable
f such that (e ! N ext = f ) and (f is ready). P next invokes promote(bpos(d)=2c) in Line 10.
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Applying the Induction Hypothesis, we observe that: Since f is reachable and ready before P
invokespromote(bpos(d)=2c) in Line 10, f hasbeenheadwhen P completespromote(bpos(d)=2c)
in Line 10. Let t1 be the earliest time when H ead[bpos(d)=2c] = f .
Case 1 a is not head at t1.

We note that a is head at t0, and is not head at t1. By Lemma 5(b), d has beenhead at t1.
Thus, part (a) of our Lemma holds. By Lemma 9, there exists a reachable x at bpos(d)=2c such
that x = parent(d) at t1. Sincet1 is the earliest time when H ead[bpos(d)=2c] = f , f ! N ext = ?
at t1. By Lemma 5(f), x has beenheadat t1. By Lemma 10, x is ready at t1. Thus, x is non-leaf
reachable, x = parent(d) and x is ready at t1. Hence,part (b) of our Lemma holds.
Case 2 a is head at t1.

In this case,H ead[bpos(d)=2c] = f ; H ead[pos(d)] = a;a ! N ext = d;d ! Ready = tr ue at
t1. t1 is a time beforeP invokesappend(bpos(d)=2c) in Line 11. By Lemma 16, when P completes
append(bpos(d)=2c) in Line 11, there exists a reachable g such that (f ! N ext = g) and (g is
ready).

Let P0 be the processthat executesthe successfulSC(f ! N ext; g) in Line 8 of append.
Prior to Line 8, P 0 executesreadyOrphan(pos(d)) in Lines 4,5 of append. Let � be any time
when P0 is executing readyOrphan(pos(d)). We note that f ! N ext = ? at � . Suppose
H ead[pos(d)] 6= a at � . Let t in Lemma 15 be t1. Since (a has been head)̂ (a is not head)
at � , we conclude that f ! N ext 6= ? at � (Lemma 15). This contradiction proves that at any
time � when P 0 is executing readyOrphan(pos(d)), H ead[pos(d)] = a. Hence,as P 0 executesLine
1 of readyOrphan(pos(d)), head = a. Finally, readyOrphan(pos(d)) returns (d;d ! Op) to Line
4, or 5 of append(bpos(d)=2c). This in turn implies that in combine (called in Line 7 of append),
(g ! LC = d) _ (g ! RC = d). In other words, g = parent(d). As was proved above, when P
completesLine 11 of promote(pos(d)), g is ready. So, g is non-leaf reachable, g = parent(d), and
g is ready. Part(b) of our Lemma is thus proved.

By Lemma 11, d has been head when P completespromote(pos(d)). Thus, part (a) of our
Lemma holds.

2

3.5.1.8 Prop erties of apply

We are now in a position to prove (in Lemma 21) the crucial property of apply that we need. In
Lemma 19, we prove the property of apply , assumingthat opcell is reachable and ready, after
Line 1 of apply completes. In Lemma 20, we prove that this assumption indeed holds. Thus, in
Lemma 21, the property of apply holds without any assumption.

Lemma 19 asserts the following: Assume that opcell is reachable and ready after Line 1
of apply completes. Then, after the for loop in Lines 2-3 completes, at each of the logn + 1
positions along the path from opcell to the root, there is a unique ancestorof opcell . Thus, opcell
has logn + 1 ancestors(including opcell itself, and a cell at the root position). Further, each
ancestorof opcell (including opcell itself) has beenhead.

Lemma 19 Consider processP executing apply (P; op;O). Supposethat whenP completesLine
1, opcell is reachableand ready. Then, after P exits the for loop in Lines 2-3, 8i; 0 � i � logn,
9 a reachableai , such that:
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� ai is a unique ancestor of opcell at position b(n + P)=2i c,

� ai has been head,

� 8i < logn; ai ! Parent = ai +1 .

� a0 = opcell .

Pro of By De�nition 5 opcell is an ancestor of opcell at position n + P. Let a0 = opcell . If ai

is an ancestorof opcell , then ai +1 = parent(ai ) is (by De�nition 5) an ancestorof opcell too. By
Lemma 18, we have:

(*) 80 � i � logn: Let ai be reachable at b(n+ P)=2i c and ready beforethe invocation
of promote (b(n + P)=2i c). Then, after promote (b(n + P)=2i c) terminates,

� ai has beenhead,

� 8i < logn; 9ai +1 such that ai +1 is reachable at b(n + P)=2i +1 c, ready, and ai +1 =
parent(ai ).

Wenote that a0 is reachableat n+ P, and ready beforethe for loop in Lines2,3of apply (P; op;O)
begins. In the for loop, P executespromote (b(n + P)=2i c), 8i such that 0 � i � logn.

By logn + 1 applications of (*) above, we get: 8i; 0 � i � logn : 9 reachable ai such that ai

is an ancestorof opcell at b(n + P)=2i c, and ai has beenhead.
By Lemma 13, there exists at most one ancestor of opcell at b(n + P)=2i c, for any given i .

This proves the uniquenessof ai as stated in our Lemma.
Let i < logn. By Lemma 14, ai has beenhead implies that ai ! Parent = ai +1 .

2
Lemma 20 proves that the assumption in Lemma 19 indeed holds. The inductiv e proof of

Lemma 20 usesLemma 19.

Lemma 20 Consider processP executing apply (P; op;O). When P completesLine 1, opcell is
reachableand ready, and opcell ! Op = op.

Pro of The proof is by induction on the successive invocations of apply (P, *, O) by P in a run.
Induction Basis Considerthe �rst invocation of apply (P, *, O) by P. Let P invokeapply (P; op;O).
In Line 2 of announce(op;P) (called in Line 1 of apply (P; op;O)), head = H ead[n + P] =
anchorn+ P . We note that during initialization, anchorn+ P ! N ext := ? , and that the only way
anchorn+ P ! N ext can be assigneda new value is when P executesSC(head ! N ext; � ) in
Line 4 of announce. Therefore the SC operation in Line 4 returns true, and opcell is reachable
when P completesannounce(op;P). By Line 1 of announce(op;P), we have opcell ! Ready =
tr ue;opcell ! Op = op. Thus, our Lemma holds.
Induction Step The induction hypothesisis that Lemma 20 holds for all previous invocations of
apply (P,*, O) by P. We now prove that Lemma 20 holds with respect to the current invocation.

Let the invocation of apply (P, *, O) by P that immediately precedesthe current invoca-
tion, apply (P; op;O), be apply (P; op0; O). Let c0 = opcell , the value returned in Line 1 of
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apply (P; op0; O). By Lemma 19, c0 has been head when P completes apply (P; op0; O). Let t
be the time when P executesLine 3 of announce(op;P) (called in Line 1 of apply (P; op;O)).
Sincethe only way c0 ! N ext can be assigneda non-? value is by processP executing a success-
ful SC(head ! N ext; � ) in Line 4 of announce, c0 ! N ext = ? at t. This in turn implies that c0

is head at t, and hencealso at the time P executesLine 2 of announce(op;P). HenceP executes
SC(head ! N ext; opcell ) in Line 4 of announce(op;P). Further, the SC operation returns true.
This implies that opcell is reachable after P completesLine 1 of apply (P; op;O). By Line 1 of
announce(op;P), opcell is ready, and opcell ! Op = op. The proof is now complete.

2
Lemma 21 is the key result in this section. It is the statement of Lemma 19, without the

assumption that when P completesLine 1, opcell is reachable and ready.

Lemma 21 Consider process P executing apply (P; op;O). After P exits the for loop in Lines
2-3, 8i; 0 � i � logn, 9 a reachableai , such that:

� ai is a unique ancestor of opcell at position b(n + P)=2i c,

� ai has been head,

� 8i < logn; ai ! Parent = ai +1 .

� a0 = opcell .

Pro of This Lemma is a corollary of Lemmas19 and 20.
2

3.5.2 Pro of of Linearizabilit y

The objective of this section is to prove that our algorithm is linearizable. As a �rst step, we
de�ne formally the notion of linearizability .

De�nition 6 Consider a run R.

� inv oca tions (R) denotesthe set of invocations of apply in R.

� leafCells (R) denotesthe set of leaf reachablecells in R.

� An invocation of apply (P; op;O) in R is complete if the procedure apply (P; op;O) termi-
nates in R.

De�nition 7 The run R is linearizable if there exists a sequence, inv ocSeq(R), of invocations
in inv oca tions (R), such that:

� each invocation in inv oca tions (R) appears at most once in inv ocSeq(R).

� each complete invocation in inv oca tions (R) appears exactly once in inv ocSeq(R).
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� Let invocations apply (P; op;O), apply (P 0; op0; O) be in inv ocSeq(R). If procedure
apply (P; op;O) terminates before procedure apply (P 0; op0; O) begins, then invocation
apply (P; op;O) precedes invocation apply (P 0; op0; O) in inv ocSeq(R).

� Let R 0 be a run in which the invocations in inv ocSeq(R) are applied sequentially (without
overlap) to O. Suppose that procedure apply (P; op;O) returns x in R. Then, procedure
apply (P; op;O) returns x in R 0.

3.5.2.1 Functions invo ca and leaf

De�nition 8 We de�ne a function invoca: leafCells (R) ! inv oca tions (R) thus:

invoca(c) = (apply (P; op;O)) if and only if announcecalled in Line 1 of apply (P; op;O)
produces a leaf reachablecell c in R

Since each leaf reachable cell produced in announce is a new cell, invoca is well-de�ned.
Further, sinceeach invocation producesat most one leaf reachable cell, invoca is one-to-one. Let
inv oca tionsWithCells (R) denote the range of invoca.

De�nition 9 We de�ne a function leaf: inv oca tionsWithCells (R) ! leafCells (R) thus:

leaf(apply (P; op;O))= c if and only if invoca(c) = (apply (P; op;O)).

Since invoca is one-to-one,leaf is well-de�ned.
We note that leaf(apply (P; op;O)) is the cell returned by announce(op;P) called in Line 1 of

apply (P; op;O).

Lemma 22 Let c = leaf(apply (P; op;O)). Then, c ! Op = op.

Pro of This is an immediate corollary of Lemma 20.
2

3.5.2.2 Leaf Sequence

Notation 4

� [x1; x2; x3; � � �] denotesa sequence whosei th element is x i .

� Let � 1 be a �nite sequence, and � 2 be a sequence. Then, � 1 � � 2 denotesthe concatenation
of � 1 and � 2.

� � denotesthe empty sequence.

We de�ne the leaf sequence of a reachable cell c, denoted by leafSeq(c), to be the sequenceof
the leaf descendants of c, in the left-to-righ t order. Formally,
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De�nition 10 Let c be ? or a reachable cell. We de�ne the leaf sequenceof c, denoted by
leafSeq(c), to be a sequence of leaf reachablecells satisfying the following:
(a) If c = ? , then leafSeq(c) = � ;
(b) If c is leaf reachable,then leafSeq(c) = [c];
(c) If c is non-leaf reachable,then leafSeq(c) = leafSeq(c ! LC ) � leafSeq(c ! RC).

By Lemma 7, if c is non-leaf reachable, then c ! LC (and c ! RC) is either ? or reachable.
Thus, (c) in the above de�nition is well-de�ned.

2
Let R be a run. We de�ne the leaf sequence of R, denoted by leafSeq(R), to be the concate-

nation of the leaf sequencesof the root reachable cells in R.

De�nition 11 Let R be a run. Recall that List [1] = [r 0; r1; r2; � � �], where r 0 = anchor1, and
8i > 0; r i � 1 ! N ext = r i .

De�ne the leaf sequenceof R, denoted by leafSeq(R), as follows: leafSeq(R)=leafSeq(r 1) �
leafSeq(r 2) � leafSeq(r 3) � � � �.

Thus, leafSeq(R) is the sequenceof leaf cells of the root reachable cells in a run R, in the
left-to-righ t order.

De�nition 12 Let c be a reachablecell in a run R. The prior leaf sequenceof c, denoted by
priorL eafSeq(c), is de�ned to be the sequence � of leaf reachablecells such that � � leafSeq(c) is a
pre�x of leafSeq(R).

Let c be a reachable cell in a run R. By De�nitions 10, 11, and Lemma 21, leafSeq(c) occupies
a unique position in leafSeq(R). � is therefore well-de�ned in the above De�nition.

We note that priorL eafSeq(c) is the sequenceof leaf reachable cells (in the left-to-righ t order)
up to, but excluding, the left-most leaf descendant of c.

3.5.2.3 In vocation Sequence

De�nition 13 Let leafSeq(R) = [c1; c2; c3; � � �]. De�ne the invocation sequenceof R, inv ocSeq(R) =
[invoca(c1); invoca(c2); � � �].

The next three Lemmasare important in our proof of linearizabilit y.

Lemma 23 Each invocation in inv oca tions (R) appears at most once in inv ocSeq(R).

Pro of Each invocation produces at most one leaf reachable cell c. By Lemma 21, c has at
most one root ancestor. Thus, c appearsat most once in leafSeq(R). Therefore, each invocation
appearsat most once in inv ocSeq(R).

2

Lemma 24 Each completeinvocation in inv oca tions (R) appears exactly once in inv ocSeq(R).
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Pro of Each complete invocation producesexactly one leaf reachable cell c. By Lemma 21, c has
exactly one root ancestor. Thus, c appearsexactly once in leafSeq(R). Therefore, each complete
invocation appearsexactly oncein inv ocSeq(R).

2

Lemma 25 Let invocations apply (P; op;O), apply (P 0; op0; O) be in inv ocSeq(R). If procedure
apply (P; op;O) terminates before procedure apply (P 0; op0; O) begins, then invocation
apply (P; op;O) precedes invocation apply (P 0; op0; O) in inv ocSeq(R).

Pro of Let List [1] = [r 0; r1; � � �]. By Lemma 21, leaf(apply (P; op;O)) hasa root ancestorr i before
apply (P; op;O) terminates. By Lemma 7, and from the algorithm, leaf(apply (P 0; op0; O)) has a
root ancestorr j after apply (P 0; op0; O) begins. Thus, i < j . Hence,leaf(apply (P; op;O)) precedes
leaf(apply (P 0; op0; O)) in leafSeq(R). As a result, apply (P; op;O) precedesapply (P 0; op0; O) in
inv ocSeq(R).

2

3.5.2.4 Op eration Sequence

De�nition 14 Let c be reachable.

� Let leafSeq(c) be [c1; c2; c3; � � � ; ck ]. We de�ne the operation sequenceof c, opSeq(c) =
[c1 ! Op;c2 ! Op;c3 ! Op; � � � ; ck ! Op].

� Let priorL eafSeq(c) be [c1; c2; c3; � � � ; ck ]. We de�ne the prior operation sequenceof c,
pr ior OpSeq(c) = [c1 ! Op;c2 ! Op;c3 ! Op; � � � ; ck ! Op].

Thus,opSeq(c) is the sequenceof operationsin the Op �elds of the cellsof leafSeq(c). priorOpSeq(c)
is the sequenceof operations in the Op �elds of the cells of priorL eafSeq(c).

3.5.2.5 Op Field of a Cell

We de�ne � �
state (s; [op1; op2; � � � ; opk ]) to be the state of the object O after applying successively

the operations op1; op2; op3; � � � ; opk to O in state s. Formally,

De�nition 15 Let op+ be the set of sequences of one or more operations. De�ne � �
state : Q �

OP+ ! Q as follows:

Let s 2 Q be a state. Let op 2 OP; 
 2 OP + . Then,

� � �
state (s; [op]) = � state (s;op).

� � �
state (s; 
 � [op]) = � state (� �

state (s; 
 ); op).

We note that given two sequencesof operations 
 1; 
 2, � �
state (� �

state (s; 
 1); 
 2) = � �
state (s; 
 1 � 
 2).

Recall that op0N
op00= op if, for any state s, applying operation op to the implemented object

O in state s results in the samestate as applying �rst op0, then op00to O in state s. We note that
N

is associative. Thus, ((op1
N

op2)
N

op3)
N

op4 = op1
N

((op2
N

op3)
N

op4).
We de�ne

U
on a non-trivial sequenceof operations, such that

U
([op1; op2; � � � ; opk ]) is the

operation that results from combining, using
N

, the operations op1; op2; � � � ; opk . Formally,

53



De�nition 16 Let [op1; op2; � � � ; opk ] be a non-trivial sequence of operations. De�ne
U

([op1; op2; � � � ; opk ]) as follows:

� If k = 1,
U

([op1]) = op1,

� If k > 1,
U

([op1; op2; � � � ; opk ]) = (( � � � ((op1
N

op2)
N

op3) � � �
N

opk).

By the property of
N

, we have: Let s be any state. Let � be a non-trivial sequenceof
operations. Then, � state (s;

U
(� )) = � �

state (s; � ).
Lemma 26 says that c ! Op is the operation that results from combining, using

N
, the

operations of the leaf descendants of c.

Lemma 26 Let c be reachable. Then, c ! Op =
U

(opSeq(c)) .

Pro of We proceedby induction.
Induction Basis Let c be leaf reachable. Then, opSeq(c) = [c ! Op]. Our Lemma holds, since
U

([op]) = op, by de�nition.
Induction Step Let c be non-leaf reachable. Supposethat (c ! LC 6= ? ) ^ (c ! RC 6= ? ).
(Other casesare similar.)

c ! Op = (c ! LC ! Op)
O

(c ! RC ! Op)

=
]

(opSeq(c ! LC ))
O ]

(opSeq(c ! RC))

=
]

(opSeq(c ! LC ) � opSeq(c ! RC))

=
]

(opSeq(c))

2
Lemma27is the immediate consequenceof Lemma26, which says that c ! Op is the operation

that results from combining, using
N

, the operations of the leaf descendants of c.

Lemma 27 Let s be any state. Let c be reachable. Then, � state (s; c ! Op) = � �
state (s;opSeq(c)) .

Pro of This is an immediate corollary of Lemma 26, and the observation that � state (s;
U

(� )) =
� �

state (s; � ).
2

3.5.2.6 State Field of a Cell

Lemma 28 says that any non-? value in c ! State is the state that results from applying
the operations in pr ior OpSeq(c) to the implemented object in the initial state. Furthermore,
c ! State is stable, i.e. onceit holds a non-? value, such a value will never change.

Lemma 28 Let c be reachable.
(a) If c ! State 6= ? , then
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c ! State = � �
state (initialst ate , pr ior OpSeq(c)) .

(b) Let c ! State = d, d 6= ? , at time t. Then at any time t 0 such that t0 � t; c ! State = d.

Pro of
Induction Basis Let c be root reachable. Let List [1] = [r 0; r1; r2; � � �]. Let c = r i ; i � 1.
r i ! State can be assigneda non-? value only in Line 6 of promote(1). From Line 3, head= r i � 1.
Thus, the non-? value of r i ! State is � state (r i � 1 ! State; r i � 1 ! Op). Since r 0 ! State =
anchor1 ! State = initialst ate , r 0 ! Op = ? , then by a simple induction on i , we have:

If c ! State = r i ! State 6= ? , then

c ! State = � �
state (initialst ate ; [r 1 ! Op;r 2 ! Op; � � � ; r i � 1 ! Op])

Recall that

leafSeq(R) = leafSeq(r 1) � leafSeq(r 2) � � � � leafSeq(r i � 1) � leafSeq(r i ) � � � �

Thus, pr ior OpSeq(c) = opSeq(r 1) � opSeq(r 2) � � � � opSeq(r i � 1). Therefore,

c ! State = � �
state (� state (initialst ate ; r 1 ! Op); [r 2 ! Op;r 3 ! Op; � � � ; r i � 1 ! Op])

= � �
state (� �

state (initialst ate ; opSeq(r 1)) ; [r 2 ! Op;r 3 ! Op; � � � ; r i � 1 ! Op])(Lemma 27)

= � �
state (� �

state (initialst ate ; opSeq(r 1) � opSeq(r 2)) ; [r 3 ! Op;r 4 ! Op; � � � ; r i � 1 ! Op])

= � �
state (initialst ate ; opSeq(r 1) � opSeq(r 2)) � � � � � opSeq(r i � 1))

= � �
state (initialst ate ; pr ior OpSeq(c))

This provespart (a). It is easyto seethat r 0 ! State = anchor1 ! State = initialst ate is
stable. By a simple induction on the index i , we seethat 8i , r i ! State is alsostable. Thus, part
(b) holds.
Induction Step Let c be non-root reachable.

The Induction Hypothesis is that Lemma 28 holds for c ! Parent. c ! State can be
assigneda non-? value only in Line 5 or 6 of percolateState , and only if p ! State 6= ? , where
p = c ! Parent. By Lemma 21, when a processis executing percolateState , p = c ! Parent
implies that p = parent(c) i.e. p ! LC = c or p ! RC = c.
Case 1 p ! LC = c.

In this Case,pr ior OpSeq(c) = pr ior OpSeq(p). By Line 5 of percolateState , if c ! State 6=
? , then

c ! State = p ! State

= � �
state (initialst ate ; pr ior OpSeq(p)) (Induction Hypothesis)

= � �
state (initialst ate ; pr ior OpSeq(c))
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Case 2 p ! RC = c.
In this Case, pr ior OpSeq(c) = pr ior OpSeq(p) � opSeq(p ! LC ). Since lop = lc ! Op in

announce, we have p ! Lop = p ! LC ! Op. By Line 6 of percolateState , if c ! State 6= ? ,
then

c ! State = � state (p ! State; p ! Lop)

= � state (� �
state (initialst ate ; pr ior OpSeq(p)) ; p ! Lop) (Induction Hypothesis)

= � state (� �
state (initialst ate ; pr ior OpSeq(p)) ; p ! LC ! Op)

= � �
state (� �

state (initialst ate ; pr ior OpSeq(p)) ; opSeq(p ! LC )) (Lemma27)

= � �
state (initialst ate ; pr ior OpSeq(p) � opSeq(p ! LC ))

= � �
state (initialst ate ; pr ior OpSeq(c))

This completesthe proof of part (a). By Induction Hypothesis,c ! Parent ! State is stable.
It follows immediately that c ! State is also stable. This provespart (b).

2
Lemma 29 says that when a root reachable cell has beenhead, its State �eld holds a non-?

value.

Lemma 29 Let List [1] = [r 0; r1; � � �]. 8i; i � 0, (r i has been head)) (r i ! State 6= ? ).

Pro of
Induction Basis i = 0.

At initialization, r 0 = anchor1 is head, and r 0 ! State 6= ? . Thus, our Lemma holds.
Induction Step SupposeLemma 29 holds for r i � 1.

We now prove that (r i has been head)) (r i ! State 6= ? ). If r i has been head, then some
processP has executeda successfulSC(H ead[1]; r i ) in Line 7 of promote(1). When P executes
Line 6 , newcell = r i , and head = r i � 1 (Lines 2,3). Thus, r i � 1 has beenhead when P executes
Line 2. By the Induction Hypothesis,r i � 1 ! State 6= ? . As a result, r i ! State = � state (r i � 1 !
State; r i � 1 ! Op) 6= ? (Line 6). This completesthe proof.

2
Lemma 30 says that after percolateState (opcell , n+ P) terminates, opcell 's State �eld holds

a non-? value. By Lemma 28, we therefore have the following: after percolateState (opcell ,
n+ P) terminates, opcell ! State holds the state that results from applying the operations in
pr ior OpSeq(opcell ) (which is the sequenceof operations of the leaf reachable cells to the left of
opcell ) to the implemented object in the initial state.

Lemma 30 After percolateState (opcell , n+P ) in Line 4 of apply terminates, opcell ! State 6=
? .
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Pro of By Lemma 21, before processP begins percolateState , 8i; 0 � i � logn � 1; ai !
Parent = ai +1 , where a0 = opcell ; ai +1 = parent(ai ); alog n is root reachable. This implies that
eventually P makes the recursive call percolateState (alog n ; 1). Further, by Lemma 21, alog n

has beenhead.
By Lemma 29, alog n ! State 6= ? . In Lines 5,6 of percolateState , (p ! State 6= ? ) ) (c !

State 6= ? ); i.e. (ai +1 ! State 6= ? ) ) (ai ! State 6= ? ). Hence,alog n ! State 6= ? implies
that 8i; 0 � i � logn � 1, ai ! State 6= ? when percolateState (opcell , n+ P) terminates. In
particular, opcell ! State = a0 ! State 6= ? .

2

3.5.2.7 Linearizabilit y

Lemma 31(c) assertsthat apply (P; op;O) returns a responsethat is the sameasthe responsethat
apply (P; op;O) would have obtained if the invocations of the run R were applied sequentially , in
the order speci�ed in the invocation sequence,inv ocSeq(R). This is a crucial result, and a short
step from �nally proving linearizabilit y. Theorem 1 provides the full argument for linearizabilit y.

Lemma 31 Let R be a run. Let leafSeq(R) = [c1; c2; � � �]. Then,
(a) inv ocSeq(R) = [apply (� ; c1 ! Op;O); apply (� ; c2 ! Op;O); � � �],
(b) 8i; i = 1; 2; � � � : after Line 4 of apply (� ; ci ! Op;O),
ci ! State = � �

state (initialst ate ; [c1 ! Op;c2 ! Op; � � � ; ci � 1 ! Op]),
(c) 8i; i = 1; 2; � � � : apply (� ; ci ! Op;O) returns
� r esp(� �

state (initialst ate ; [c1 ! Op;c2 ! Op; � � � ; ci � 1 ! Op]); ci ! Op).

Pro of
(a) Let inv ocSeq(R) = [apply (� ; op1; O); apply (� ; op2; O); � � �]. Thus, ci = leaf (apply (� ; opi ; O)).
By Lemma 22, opi = ci ! Op.
(b) opSeq(R) = [c1 ! Op;c2 ! Op; � � � ; ci � 1 ! Op;ci ! Op; � � �]. Therefore, pr ior OpSeq(ci ) =
[c1 ! Op;c2 ! Op; � � � ; ci � 1 ! Op]. By Lemmas30 and 28, after Line 4 of apply (� ; ci ! Op;O),

ci ! State = � �
state (initialst ate ; pr ior OpSeq(ci ))

= � �
state (initialst ate ; [c1 ! Op;c2 ! Op; � � � ; ci � 1 ! Op])

(c) This follows immediately from part (b) of this Lemma.
2

3.5.3 Summary

Theorem 1 The closed object construction shownin Figures 3.6 to 3.9 is linearizable and wait-
free.

Pro of The closedobject construction is wait-free, by inspection of the algorithm.
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Considera run R. By Lemmas23, 24and 25, inv ocSeq(R) satis�es the �rst three requirements
of De�nition 7.

Consider a run R 0 in which the invocations in inv ocSeq(R) are applied sequentially to the
implemented object, initialized to initialst ate . Let procedure apply (P; op;O) return x in R.
Then, by Lemma 31(a),(c), apply (P; op;O) returns x in R 0. Thus, inv ocSeq(R) satis�es the
last requirement of De�nition 7. Therefore R is linearizable. Since R is an arbitrary run, our
construction is linearizable.

2

Theorem 2 The shared-access time complexity and local time complexity of the closed object
construction shownin Figures 3.6 to 3.9 are both O(log2 n).

Pro of
We make the following observations:

1. A call to readyOrphan, announce, or combine results in O(1) accessesto shared objects
and O(1) local steps.

2. A call to append(lst) results in O(1) shared-memorystepsand O(1) local steps.

3. When the recursion in the promote procedureis eliminated, a call to promote results in at
most 2� logn calls to append, thus giving rise to O(log n) shared-memorystepsand O(log n)
local steps.

4. A call to percolateState (c; lst), or release (c; lst; � ) results in O(log n) shared-memory
stepsand O(log n) local steps.

5. apply makesone call to announce, 1+ logn calls to promote, one call to percolateState ,
and one call to release . Therefore, a call to apply results in O(log2 n) shared-memory
stepsand O(log2 n) local steps.

Thus, both the shared-accesstime complexity and local time complexity of the closedobject
construction are O(log2 n).

2
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Chapter 4

Bounded Construction for Closed
Ob jects

4.1 General Principles

In the construction presented in Chapter 3, each time a processP invokes either announce or
combine, it allocatesa new cell from its private pool of cells. Thus, each processrequires a pool
of unbounded number of cells. We now describe the general approach that we have taken in
modifying the unbounded construction, in order to bound the total number of cells required.

First, we recall that oncea cell c becomeshead, any further changesto the �elds of c comein
one of two ways:

� processesthat installed the leaf descendants of c write to c ! State during their execution
of percolateState .

� processestry to write to c ! N ext during their execution of combine or announce.

We provide every cell c with two additional �elds: c ! F r ee and c ! Retir ed, to indicate
whether such changesto the �elds of c may still happen.

c ! F r ee= true indicatesthat all the leaf descendants of c havecompletedtheir percolateState .
Thus, c will no longer beaccessedby any processexecutingpercolateState . c ! Retir ed = tr ue
indicates that c has beenhead, but is no longer head. Thus, c ! N ext points to somecell d, and
d has been head. We say that a cell c is invalid if both c ! F r ee and c ! Retir ed hold tr ue.
The �elds of an invalid cell no longer holds any useful information. Our aim is to recycle invalid
cells. A recycled cell is said to be in a new incarnation.

There is no guarantee that an invalid cell c is no longer accessedby processes.Since c !
F r ee= tr ue meansthat all the leaf descendants of c have completed their percolateState , we
know that no processwill accessan invalid c during percolateState . However, it is possible,for
example, for a processP to accessan invalid c during Line 2 of readyOrphan: SupposeP reads
head := c in Line 1 when c is head. If P waits until c is invalid beforeexecuting Line 2, then P
accessesan invalid c.
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Therefore, we need to ensurethat, whenever an invalid c is accessed,the algorithm behaves
in exactly the sameway, whether c has beenrecycled (so that c is in a new incarnation, and its
�elds hold indeterminate values) or not. In other words, the contents of an invalid c must not
a�ect the correctnessof the algorithm. Furthermore, if c has beenrecycled, then the contents of
c must be protected from any changeby the processesthat intend to accessan old incarnation of
c.

To achieve this, we�rst observethe following: If a cell c is accessedby a processP in procedures
other than percolateState , then the following is true:

P �rst readsH ead[lst], for somelst, and setshead := H ead[lst]. P then follows somepointers,
starting from head, to reach c: Either head = c;head ! N ext = c;head ! N ext ! LC = c, or
head ! N ext ! RC = c.

Supposethat initially P had executedhead := LL( H ead[lst]), instead of head := H ead[lst].
Further supposethat P executesVL( H ead[lst]) at sometime t when c is invalid. We can prove
that at t, H ead[lst] no longer equals head. Thus, the VL operation returns false. Hence, if
P executesVL( H ead[lst]) immediately after reading values from c, and discards such values if
VL( H ead[lst]) returns false, then valuesfrom an invalid cell c will never be usedby P. If, on the
other hand, VL( H ead[lst]) returns true, then the values read are indeed from a valid c. In this
case,P proceedswith the stepsof the construction in Chapter 3.

We therefore require that every r ead operation on c be precededby a LL( H ead[lst]), and
followed by a VL( H ead[lst]). If the VL operation returns false, then P abandons any further
operation on c, as no useful work remains to be done on c. On the other hand, if the VL
operation returns true, then P is assuredthat it has read values from a valid c. In this case,it
proceedswith the normal execution. By this mechanism, we ensurethat the contents of an invalid
c (which are indeterminate) do not a�ect the correctnessof our algorithm.

After reading from a valid c, P may want to write to c. We require that any wr ite to c
observescertain rules. For example, consider the casewhere P wants to write x to c ! Parent.
We require that P �rst executesparent :=LL( c ! Parent). P then executesVL( H ead[lst]), to
be sure that the value parent indeed camefrom a valid c. P then checks to seeif parent = ? . If
parent 6= ? , P doesnothing. If parent = ? , P executesSC(c ! Parent; x).

We note that when P executesSC(c ! Parent; x), c may be invalid. If c is invalid, then the
SC operation must fail. This is true for the following reason:BeforeP executesthe SC operation,
P has executedthe LL operation when c is valid, and c ! Parent = ? . c ! Parent must have
held a non-? value, before c becomesinvalid. Hence, when P executesthe SC operation (at a
time when c is invalid), the SC operation must fail.

This ensuresthat the contents of an invalid c are not changed by P. Thus, if c has been
recycled, the contents of the current incarnation of c are not corrupted.

In summary, we useVL( H ead[lst]) to ensurethat either the valuesread from c are from a valid
c, or further operations on c are abandoned. Furthermore, we ensurethat there is no successful
wr ite operations on an invalid c. With thesemechanisms,an invalid cell can be safely recycled.

As we shall prove, our bounded implementation requires only 3n(3n + logn) cells.
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4.2 Bounded Space Complexit y* (BSC*) Implemen tation

We incorporate the changesoutlined in the previous section into the unbounded construction
presented in Chapter 3 to obtain the algorithm (which we call the Bounded SpaceComplexity*
(BSC*) implementation) in Figures 4.1 to 4.5. BSC* di�ers from the �nal bounded implementa-
tion that we desire in only one particular: In BSC*, announce and combine always return new
cells. Thus, with BSC*, even though invalid cells can be safely recycled, no attempt is made to
recyclethem. At a later section, we will present the �nal bounded implementation, which we call
the Bounded SpaceComplexity (BSC) implementation. In BSC, announce and combine return
either a new cell or a recycled, invalid cell. Thus, invalid cells are recycled in BSC.

The purposeof BSC* is to serve as a convenient tool in proving the correctnessof BSC.

4.2.1 release pro cedure

The only major di�erence between BSC* and the unbounded construction in Chapter 3 is the
addition of the procedurerelease . We explain below how it works.

ProcessP executes release (opcell ; n + P; left) (Line 6 of apply ) after it has completed
percolateState . Thus, P executesrelease after it has written the appropriate value into
opcell ! State. The purposeof release is to signal to the cells along the path from opcell to its
root ancestorw that P has completed its percolateState .

Recall that each cell c has a �eld c ! F r ee. c ! F r ee = tr ue indicates that all the leaf
descendants of c have completedtheir percolateState . In addition to c ! F r ee, c has two more
�elds: c ! LD one and c ! RDone. c ! LD one = tr ue indicates that either c ! LC = ? or all
the leaf descendants of c ! LC have completed their percolateState . Likewise,c ! RDone =
tr ue indicates that either c ! RC = ? or all the leaf descendants of c ! RC have completed
their percolateState .

For any cell c, if c ! LC 6= ? , then there is exactly one leaf descendant l of c ! LC that
representsc ! LC . We also say that the processthat installed l representsc ! LC . The process
that represents c ! LC is responsible for setting c ! LD one to tr ue. Similarly, if c ! RC 6= ? ,
then there is exactly one leaf descendant r of c ! RC that representsc ! RC. The processthat
installed r representsc ! RC, and is responsible for setting c ! RDone to tr ue.

Supposethat d is an ancestor of P 's opcell , and P represents d ! LC . In this case,P will
executeLine 4 of release . After P setsd ! LD one to tr ue (Line 4), it checks d ! RDone (Line
5). If d ! RDone = tr ue, then P executesSC(d ! F r ee;tr ue) (Line 6). If the SC operation
succeeds,then P represents d, and P executesascend. In ascend, if d is a left child of e, then P
represents e ! LC , and makesa recursive call release (e;� ;left). Likewise,if d is a right child of
e, then P represents e ! RC, and makes a recursive call release (e;� ;right). Thus, the unique
processthat executesa successfulSC(d ! F r ee;tr ue) represents d to d's parent e.

If after P setsd ! LD one to tr ue (Line 4), it �nds that d ! RDone = false, then P returns
from release . Likewise, if P executesa SC(d ! F r ee;tr ue) that returns false, then then P
returns from release . Thus, P begins at opcell at the leaf position, and proceedsup the path
from opcell to the root w, as far as P is able to represent the cells along the path.

We observe the following: If P hasnot begunrelease , then for all cellsd along the path from
opcell to the root w, d ! F r ee = false. Furthermore, let c be any cell. if c ! F r ee = true, then
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all the leaf descendants of c have completed their percolateState .

4.3 Pro of of Correctness of BSC*

Our �rst objective is to prove that BSC* is linearizable, and wait-free. More speci�cally , we want
to show that Theorems 1 and 2 in Chapter 3 hold with respect to BSC*. Our proofs of these
Theorems follow exactly the structure of their proofs in Chapter 3. However, the many changes
made to the algorithm in Chapter 3 (in particular, the insertion of many instructions of the form
if not VL(*) return ), require that the proofsbe carefully examined,to verify that the arguments
still hold.

We re-prove here Lemmas1 to 17 with respect to BSC*. The proofs are essentially the same
as those presented in Chapter 3, with certain non-trivial di�erences. In particular, the proofs of
Lemmas11, 14, 16, and 17 with respect to BSC* show signi�cant di�erence from their proofs in
Chapter 3.

The proofs in Chapter 3 of Lemmas18 to 31, and Theorems1 and 2 (with obvious, and minor
changes)are easily seenasapplicable to BSC*. We thereforeomit re-proving them here. Sinceall
the Lemmas in Chapter 3 hold with respect to BSC*, we conclude,by Theorem 1 (with respect
to BSC*), that BSC* is linearizable and wait-free.

Lemma 1 Let c be a cell returned either by announceto Line 1 of apply , or by combine to Line
7 of append.
(a) The value of c ! LC is unchanged.
(b) The value of c ! RC is unchanged.
(c) The value of c ! Lop is unchanged.
(d) The value of c ! Op is unchanged.
(e) Let c ! N ext = d, d 6= ? , at time t. Then at any time t 0 such that t0 � t; c ! N ext = d.
(f ) Let c ! Parent = d, d 6= ? , at time t. Then at any time t 0 such that t0 � t; c ! Parent = d.
(g) Let c ! Ready = tr ue, at time t. Then at any time t 0 such that t0 � t; c ! Ready = tr ue.

Pro of
(a),(b) c ! LC and c ! RC are assignedvalues only once: in Line 1 of announce or Line 1 of
combine. This observation implies Lemmas1(a) and 1(b).
(c),(d) c ! Lop and c ! Op are assignedvalues only once: in Line 1 of announce or Line 1 of
combine. This observation implies Lemmas1(c) and 1(d).
(e)We �rst note that c ! N ext is assignedthe value ? , only during the initialization of c in
announce and combine, and nowhere else. There are only two places where c ! N ext can
take on a non-? value: Line 4 of announce, and Line 9 of append. If processP executesa
successfulSC(c ! N ext; d), d 6= ? , in Line 4 of announce, then P must have previously executed
LL( c ! N ext) in Line 3, with ? as the LL operation's return value. This implies Lemma 1(e).

If processP executesa successfulSC(c ! N ext; d), d 6= ? , in Line 9 of append, then P must
have previously executed LL( c ! N ext) in Line 2, with ? as the LL operation's return value
(Line 3). This implies Lemma 1(e).
(f )We �rst note that c ! Parent is assignedthe value ? , only during the initialization of c in
announceand combine, and nowhere else. There are only two placeswherec ! Parent can take
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on a non-? value: Lines 21, 35 of append. If processP executesa successfulSC(c ! Parent; d),
d 6= ? , in Line 21 (resp. 35) of append, then P must have previously executedLL( c ! Parent)
in Line 20 (resp. 34), with ? as the LL operation's return value. This implies Lemma 1(f).
(g)This follows from the fact that c ! Ready is assignedfalse only during the initialization of c
in combine, and nowhere else.

2

Lemma 2 Let c be any cell. There is at most one cell b such that b ! N ext = c.

Pro of There are only two places where b ! N ext (for some b) can be assignedthe value c:
Line 4 of announce, Line 9 of append. In both of these places,processP initializes a new cell
c and executesSC(b ! N ext; c). Given any cell c, at most one processexecutesthe operation
SC(b ! N ext; c) (for someb); further, this processexecutesthe operation onceonly. Hence,there
is at most one cell b such that b ! N ext = c.

2

Lemma 3 Let lst; lst0 be such that 1 � lst; lst0 � 2n � 1. Let i; j be such that i � 0; j � 0. Then,
(List [lst](i ) = List [lst0](j )) ) (( lst = lst0) ^ (i = j )) .

Pro of This Lemma follows from Lemma 2.
2

Lemma 4 Let k � 0. Supposeat sometime t H ead[lst] = List [lst0](k).1 Let c be the �rst value
that is successfully written to H ead[lst] after t. Let t 0 be the time c is successfully written to
H ead[lst]. Then,

� c = List [lst0](k + 1).

� At time � such that � � t0, List [lst0](k) ! N ext = List [lst0](k + 1).

Pro of H ead[lst] can bewritten to in three places:Line 11 of promote, Lines 27,41of append. In
all theseplaces,H ead[lst] changesvaluefrom b, the valueof H ead[lst] returned by the immediately
precedingLL( H ead[lst]) (Line 2 of promote, Lines 22,36of append), to c = b ! N ext through a
successfulSC(H ead[lst]; c). Further, by Line 4 of promote, Lines 17,26of append, Lines 31,40of
append, we have b ! N ext = c 6= ? . By Lemma 1(c), onceb ! N ext = c holds, b ! N ext = c
at all subsequent times. This implies our Lemma.

2
1Lemma 5(a) shows that lst = lst0.
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initialization
8i; 1 � i � 2n-1 : anchori : � cell

1. for i := 1 to 2n-1:
2. anchori ! Next := ? ; anchori ! Free := true;

anchori ! Retired := false; Head[i] := anchori
3. anchor1 ! State := initialst ate
4. anchor1 ! Op := ?

end initialization

apply (P : integer ; op : op; O) returns res
1. opcell := announce(op;P)
2. for i := 0 to logn
3. promote (b(n+ P)=2i c)
4. percolateState (opcell; n+ P)
5. release (opcell; n+ P; left)
6. return � resp(opcell ! State; op)

end apply

promote (lst : integer )
1. if lst = 1
2. head := LL( Head[lst])
3. newcell := head ! Next
4. if newcell = ? return
5. if newcell ! Ready = false return
6. newstate:= � state (head ! State; head ! Op)
7. newcellstate := LL( newcell ! State)
8. if not VL( Head[lst]) return
9. if newcellstate = ?
10. SC(newcell ! State; newstate)
11. if SC(Head[lst]; newcell)
12. head ! Retired := true
13. return
14. append(blst=2c)
15. promote (blst=2c)
16. append(blst=2c)

end promote

Figure 4.1: BSC* construction for closedobject O (Figures 4.1 to 4.5)
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append(lst : integer )
1. head := LL( Head[lst])
2. newcell := LL( head ! Next)
3. if not VL( Head[lst]) return
4. if newcell = ?
5. (lc, lop) := readyOrphan(2 � lst)
6. (rc, rop) := readyOrphan(2 � lst + 1)
7. if (lc 6= ? ) or (rc 6= ? )
8. c := combine(lc; lop; rc; rop)
9. result := SC(head ! Next; c)
10. if not result
11. c ! Free := true, c ! Retired := true
12. newcell := head ! Next
13. if not VL( Head[lst]) return
14. if newcell = ? return

15. lchild := newcell ! LC
16. if not VL( Head[lst]) return
17. if lchild 6= ?
18. lcparent := LL( lchild ! Parent)
19. if not VL( Head[lst]) return
20. if lcparent = ?
21. SC(lchild ! Parent, newcell)
22. lchead := LL( Head[2*lst])
23. lcnewcell := lchead ! Next
24. if not VL( Head[2*lst]) go to L
25. if not VL( Head[lst]) return
26. if lcnewcell = lchild
27. if SC(Head[2*lst], lchild)
28. lchead ! Retired := true

(continue on next Figure)

Figure 4.2: BSC* construction for closedobject O (Figures 4.1 to 4.5)
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append(lst : integer )
(continued from previous Figure)

29.L rchild := newcell ! RC
30. if not VL( Head[lst]) return
31. if rchild 6= ?
32. rcparent := LL( rchild ! Parent)
33. if not VL( Head[lst]) return
34. if rcparent = ?
35. SC(rchild ! Parent; newcell)
36. rchead := LL( Head[2*lst+1])
37. rcnewcell := rchead ! Next
38. if not VL( Head[2*lst+1]) go to M
39. if not VL( Head[lst]) return
40. if rcnewcell = rchild
41. if SC(Head[2*lst+1], rchild)
42. rchead ! Retired := true

43.M ready := LL( newcell ! Ready)
44. if not VL( Head[lst]) return
45. if ready = false
46. SC(newcell ! Ready, true)

end append

Figure 4.3: BSC* construction for closedobject O (Figures 4.1 to 4.5)
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readyOrphan(lst : integer ) returns ( � cell ; op)
1. head := LL( Head[lst])
2. newcell := head ! Next
3. if newcell = ? return (? ; ? )
4. if newcell ! Ready = false return (? ; ? )
5. newop:= newcell ! Op
6. if not VL( Head[lst]) return (? ; ? )
7. return (newcell, newop)

end readyOrphan

announce(op : op; P : integer ) returns � cell
1. allocate a new cell c and initialize it as follows:

c ! Parent := ? , c ! Next := ? , c ! State := ?
c ! LC := ? , c ! RC := ? ,
c ! Op := op, c ! Lop := ? , c ! Ready := true
c ! LDone := false, c ! RDone := true, c ! Free := false, c ! Retired := false

2. head := Head[n+ P]
3. if LL( head ! Next) = ?
4. SC(head ! Next, c)
5. return c

end announce

combine(lc : � cell ; lop : op; rc : � cell ; rop : op ) returns � cell
1. allocate a new cell c and initialize it as follows:

c ! Parent := ? , c ! Next := ? , c ! State := ?
c ! LC := lc, c ! RC := rc,
c ! Lop := lop, c ! Op := (lop

N
rop)

c ! Ready := false, c ! Free := false, c ! Retired := false
if lc 6= ?

c ! LDone := false
else c ! LDone:= true
if rc 6= ?

c ! RDone := false
else c ! RDone := true

2. return c
end combine

Figure 4.4: BSC* construction for closedobject O (Figures 4.1 to 4.5)
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Lemma 5
(a) The initial valueof H ead[lst] is List [lst](0). The sequence of valuesthat havebeen successfully
written to H ead[lst] at time t is:
List [lst](1); List [lst](2); � � � ; List [lst](k), for somek � 0.
(b) (List [lst](i ) has been head)^ (List [lst](i ) is not head) ) (List [lst](i + 1) has been head).
(c) Let k � 1. At the time List [lst](k) is successfully written to H ead[lst], List [lst](k) is reachable.
(d) (c is head at lst)) (c = anchorl st ) _ (c is reachableat lst).
(e) Let c = H ead[lst] ! N ext, then c is reachableat lst.
(f ) (c is head at lst) ^ (c ! N ext = ? ) ^ (d is reachableat lst) ) (d has been head at lst)

Pro of
(a) We note that at initialization, H ead[lst] = anchor l st = List [lst](0). This statement is a
corollary of Lemma 4.
(b) This follows immediately from Part(a).
(c) The proof proceedsby induction on k, and usesLemma 4. The Induction Step proceeds
as follows: Supposethat List [lst](k � 1) is reachable (Induction Hypothesis). Then, at the time
List [lst](k) is successfullywritten to H ead[lst], List [lst](k � 1) ! N ext = List [lst](k) (by Lemma
4). Thus, by De�nition 1, List [lst](k) is reachable.
(d) This is a re-statement of Part(c).
(e) Wenote that H ead[lst] is headat lst. By Part(d), wehave (H ead[lst] = anchor l st )_ (H ead[lst]
is reachable at lst). In either case,c = H ead[lst] ! N ext is reachable at lst.
(f ) By Part(a), there exists a k such that c = List [lst](k). Since(c ! N ext = ? ) ^ (d is reachable
at lst), we have d = List [lst](m), for somem such that k � m � 1. By Part(a), d has beenhead
at lst.

2

Lemma 6 Let b ! N ext = c. (c is reachableat lst) ) (b has been head at lst).

Pro of From the algorithm, b ! N ext is assignedthe value c in either Line 4 of announce,
or Line 9 of append. In both these places, a process�rst executeshead:= H ead[lst 0] for some
lst0 (Line 2 of announce, Line 1 of append), and then changesthe value of head ! N ext from
? to c through a successfulSC(head ! N ext; c). After the successfulSC(head ! N ext; c),
H ead[lst0] ! N ext = c. By Lemma 5(e), c is reachable at lst0. Hence, lst0 = lst. Since
H ead[lst] ! N ext = c and b ! N ext = c, H ead[lst] = b (Lemma 2). In other words, b has been
head at lst. This completesour proof.

2

Lemma 7 Let c be non-leaf reachable.
(a) c ! LC = d 6= ? ) (d is reachable)^ (pos(d) = 2 � pos(c))^ (d is ready).
(b) c ! RC = d 6= ? ) (d is reachable)^ (pos(d) = 2 � pos(c) + 1)^ (d is ready).

Pro of (a) c ! LC is assignedthe value d in combine (d, *, *, *), called in Line 8 of append
(lst). Further, (d; � ) is the value returned by readyOrphan (2 � lst) (Line 5 of append (lst)). In
readyOrphan (2 � lst), head = H ead[2 � lst] (Line 1). d = head ! N ext (Line 2), d ! Ready =
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percolateState (c : � cell ; lst : integer )
1. if lst = 1 return
2. p := c ! Parent
3. percolateState (p; blst=2c)
4. if lst = 2 � blst=2c
5. c ! State := p ! State
6. else c ! State := � state (p ! State; p ! Lop)

end percolateState

release (c : � cell ; lst : integer ; dir : f left; rightg)
1. p := c ! Parent
2. LL( c ! Free)
3. if dir = left
4. c ! LDone := true
5. if c ! RDone
6. if SC(c ! Free, true)
7. ascend (p, lst)
8. else c ! RDone := true
9. if c ! LDone
10. if SC(c ! Free, true)
11. ascend (p, lst)

end release

ascend(c : � cell ; lst : integer )
1. if lst =1 return
2. if lst = 2 � blst=2c
3. release (c, blst=2c, left)
4. else release (c, blst=2c, right)

end ascend

Figure 4.5: BSC* construction for closedobject O (Figures 4.1 to 4.5)
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tr ue (Line 4). Therefore, d is reachable at 2 � lst (by Lemma 5(e)). Since c is reachable, some
processP executeda successfulSC(head ! N ext; c) in Line 9 of append. When P executedLine
1 of append, head= H ead[lst]. Therefore, c = head ! N ext is reachable at lst (by Lemma 5(e)).
Thus, pos(c) = lst, and pos(d) = 2 � lst = 2 � pos(c). Finally, d is ready, sinced ! Ready= tr ue.
(b) Similar to the proof of part (a).

2

Lemma 8 Let c be non-leaf reachable. c = parent(d) ) (d is reachable)^ (d is ready).

Pro of This follows immediately from Lemma 7.
2

Lemma 9 Let d be non-root reachable. (d hasbeen head)) 9 reachablec suchthat c = parent(d).

Pro of d becomesheadin either Line 27 or Line 41 of append. Considerthe caseof Line 27. (The
caseof Line 41 is analogous.)Let P be the processthat executeda successfulSC(H ead[2� lst]; d),
where d = lchil d, in Line 27, thus causingd to becomehead. We note that during P's execution
of append, lchil d = newcell ! LC (Line 15), newcell = head ! N ext (Line 2 or 12), head =
H ead[lst] (Line 1). Let c in our Lemma be newcell . Then, by Lemma 5(e), c is reachable. By
Notation 3, c = parent(d) sincec ! LC = lchil d = d. This completesthe proof.

2

Lemma 10 Let d be such that 8lst; 1 � lst � 2n � 1; d 6= anchor l st . (d has been head) ) (d is
ready).

Pro of Since8lst; 1 � lst � 2n � 1; d 6= anchorl st , and d hasbeenhead,d is reachable (by Lemma
5(d)). If d is non-root reachable, Lemma 10 is an immediate corollary of Lemmas8 and 9.

Consider the case in which d is root reachable. d becomesH ead[1] through a successful
SC(H ead[1]; d) in Line 11 of promote (1). Further, d ! Ready = tr ue (Line 5). Hence, d is
ready.

2

Lemma 11 Let c be non-leaf reachable.Then, (c is ready)^ (c = parent(d)) ) (d hasbeen head).

Pro of Considerthe caseof c ! LC = d. (The caseof c ! RC = d is analogous.)c becomesready
through processP executing a successfulSC(c ! Ready; tr ue) in Line 46 of append. Further,
since lchil d = c ! LC = d 6= ? (Lines 15,17), P executesLine 22 before executing Line 46. At
the time t whenP executesLine 22, c = parent(d) holds true. By Lemma 8, (c = parent(d)) ) (d
is reachable). Let d = List [pos(d)](k). Let x = List [pos(d)](k � 1). By Lemma 6, x has been
head at pos(d) at time t.

If x is not headat t, then, by Lemma 5(b), d has beenheadat t. Therefore our Lemma holds
in this case.Supposex is head at t. In Line 23 of append, lcnewcell = x ! N ext = d.

In Line 24, if VL( H ead[pos(d)]) returns false, then d has beenhead (by Lemma 5(b)) when
P executesLine 24. The proof is done in this case.Supposethe VL operation in Line 24 returns
tr ue. Since lchil d = d (Line 15), P observes that lcnewcell = lchil d in Line 26, and executes
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SC(H ead[pos(d)]; d) in Line 27. If the SC operation returns tr ue, then d has beenhead when P
completesLine 27, hencealso when P completesLine 46. If the SC operation returns false, then
by Lemma 5(a), d has been head when P begins executing Line 27. In either case,d has been
head when P executesLine 46. This completesthe proof. 2

Lemma 12 Let c be non-leaf reachable. (c has been head)^ (c = parent(d)) ) (d has been head).

Pro of By Lemma 10, (c has been head) ) (c is ready). By Lemma 11, (c is ready)^ (c =
parent(d)) ) (d has beenhead). Thus, our Lemma holds.

2

Lemma 13 Let b;c be non-leaf reachable. (b = parent(d)) ^ (c = parent(d)) ) (b = c).

Pro of For contradiction, assumeb 6= c. By Lemma7, pos(b) = pos(c). Let b = List [pos(b)](k); c =
List [pos(b)]( l ). Without lossof generality, let k < l. Let P be the processthat executesa success-
ful SC(head ! N ext; c) in Line 9 of append. Let t be the time P executesLine 1 of this append.
Thus, at t, H ead[pos(b)] = List [pos(b)]( l � 1). Sincek < l, b has beenhead at t. By Lemma 12,
sinceb = parent(d), d has beenhead at t.

c = parent(d) implies that when P executesreadyOrphan (pos(d)) in Line 5 or 6 of append
at sometime after t , (d; � ) is returned. This in turn implies that when P executesreadyOrphan
(pos(d)), head = H ead[pos(d)] in Line 1, and head ! N ext = d in Line 2. In other words, d has
not beenheadwhen P executesLine 1 of readyOrphan (pos(d)). Thus, d has not beenheadat t.
This contradiction proves that b = c.

2

Lemma 14 Let d be non-root reachable. (d has been head)) 9 unique non-leaf reachablec such
that (c = parent(d)) ^ (d ! Parent = c).

Pro of By Lemmas 9, (d has been head)) 9 reachable c such that c = parent(d). We now
show that c is non-leaf. By Lemma 7, sinced is non-root reachable, and pos(d) = 2 � pos(c), we
concludethat c is non-leaf reachable. By Lemma 13, such a c is unique. It remains to prove that
(d has beenhead)) (d ! Parent = c).

We consider the caseof c ! LC = d. (The caseof c ! RC = d is analogous.) Supposethat
d becomeshead by processP executing a successfulSC(H ead[pos(d)]; d) in Line 27 of append.
This implies that lchil d = d (Line 26). In Line 15, lchil d = newcell ! LC . By Lemma 13,
newcell = c. We note that P executesLine 20 before executing Line 27 (or 41, in the caseof
c ! RC = d). Further, lcparent = lchil d ! Parent = d ! Parent in Line 20. If lcparent = ?
(Line 20), then P executesSC(d ! Parent; c) (Line 21). If the SC operation returns tr ue, then
d ! Parent = c after P executesLine 21. Our Lemma is thus proved.

However, if either d ! Parent 6= ? (Line 20) or the SC operation in Line 21 returns false,
then d ! Parent 6= ? before P executesLine 22. d ! Parent is assigneda non-? value only
through someprocessP 0 executing a successfulSC(d ! Parent; newcell ) in Line 21 of append.
However, when P 0 executesLine 15, d = newcell ! LC . By Lemma 13, newcell = c. Therefore,
the non-? value assignedby P 0 to d ! Parent is c. This completesthe proof. 2
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Lemma 15 Let lst > 1. Supposeat time t, H ead[lst] = b, H ead[blst=2c] = c. Then, (b has been
head)^ (b is not head)) (c ! N ext 6= ? ).

Pro of For contradiction, suppose that at time t 0, (b has been head)̂ (b is not head)̂ (c !
N ext = ? ). By Lemma 5(a), t0 > t. By Lemma 5(b), there exists a reachable d such that
b ! N ext = d, and d has been head at t0. By Lemma 9, there exists a reachable a such that
a = parent(d) at t0. Sincec is head, c ! N ext = ? , and a is reachable at pos(c) = blst=2c at t 0,
we concludethat a hasbeenheadat t0 (Lemma 5(f)). Sincec is headat both t and t0, a hasbeen
head at t. By Lemma 12, (a has been head)̂ (a = parent(d)) ) (d has been head) at t. This
contradicts the assumption that b is head at t. Our Lemma is thus proved by this contradiction.

2

Lemma 16 Supposethat at time t before processP invokesappend(blst=2c), H ead[lst] = b;b !
N ext = d 6= ? ; d is ready, H ead[blst=2c] = c. Then, at any time after append(blst=2c) terminates,
9 reachablee such that (c ! N ext = e) ^ (e is ready).

Pro of We note that c is head at t. If at any time during the execution of append(blst=2c) c is
not head, then by Lemma 5(b), 9 reachable e such that (c ! N ext = e), and e has beenhead.
By Lemma 10, e is ready. Our Lemma is then proved.

We now considerthe casewhere c is head throughout the execution of append(blst=2c). This
implies that VL( H ead[blst=2c]) in Lines 3,13,16,19,25,30,33,39,44 always return tr ue. Consider
processP executing append(blst=2c). In Line 1, head= H ead[blst=2c] = c.
Case 1 Suppose9 reachable e such that c ! N ext = e 6= ? in Line 2.

SinceVL( H ead[blst=2c]) always returns tr ue, Line 45 is always executed. newcell = e (Line
2), r eady = e ! Ready (Line 43). We note that for any non-leaf reachable g, the only place
g ! Ready is changed,after g's initialization in combine, is a successfulSC operation in Line 46
of append. This implies that, at the time P completesLines 45,46, e ! Ready = tr ue. Hence
our Lemma holds.
Case 2 Supposec ! N ext = ? in Line 2.

ConsiderP executingreadyOrphan (lst) (Line 5 or 6 of append). Let t 0be the time P executes
Line 1 of readyOrphan (lst).
Case 2a SupposeH ead[lst] 6= b at t0.

By Lemma 15, since (b has been head)̂ (b is not head) at t 0, we have c ! N ext 6= ? at
t0. Therefore, there exists a reachable e such that newcell = c ! N ext = e 6= ? in Line 12 of
append. This implies that P always executesLine 45. Further, r eady = e ! Ready ((Line 43).
By the argument usedin Case1, at the time P completesLines 45,46,e ! Ready = tr ue. Hence,
our Lemma holds.
Case 2b SupposeH ead[lst] = b at t0.

By the premiseof our Lemma, in Lines 1-4 of readyOrphan (lst), newcell = b ! N ext = d 6=
? ; newcell ! Ready = tr ue. If VL( H ead[lst]) returns false in Line 6 of readyOrphan (lst), then
(b hasbeenhead)̂ (b is not head) when P executesLine 6. By an analogousargument to the one
usedin Case2a,our Lemmaholds. If VL( H ead[lst]) returns true in Line 6, then readyOrphan (lst)
returns (b;� ). P then executesSC(c ! N ext; � ) in Line 9 of append. Whether the SC operation
returns true or false, c ! N ext 6= ? when P executesLine 12. newcell = c ! N ext 6= ? (Line
12). By the argument used in Case2a, our Lemma holds in this case,too. 2
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Lemma 17 Let r be root reachableand ready before the invocation of promote(1). Then, after
promote(1) terminates, r has been head.

Pro of Let s be root reachable or anchor1, such that s ! N ext = r . Thus, if r = List [1](k), then
s = List [1](k � 1). By Lemma 6, since r is reachable, s has beenhead before processP invokes
promote(1). Supposethat at sometime t during P's execution of promote(1), H ead[1] 6= s. By
Lemma 5(b), r has beenhead at t. Thus, our Lemma holds.

We now consider the casewhere H ead[1] = s throughout the execution of promote(1). This
implies that head = H ead[1] = s and VL( H ead[1]) in Line 8 returns tr ue. Since newcell =
s ! N ext = r 6= ? (Line 4), newcell ! Ready = r ! Ready = tr ue (Line 5), P executes
SC(H ead[1]; r ) in Line 11. Whether the SC operation returns tr ue or false, H ead[1] 6= s after P 's
execution of Line 11 (Lemma 4). This contradicts the assumption that H ead[1] = s throughout
the execution of promote(1). The proof is now complete. 2

As we explained earlier, Lemmas 18 to 31 hold with respect to BSC* as well. Consequently,
we have the following Theorems,which are the counterparts of Theorems1 and 2 with respect to
the BSC* construction:

Theorem 3 The BSC* construction shownin Figures 4.1 to 4.5 is linearizable and wait-free.

Theorem 4 The shared-accesstime complexity and local time complexity of the BSC* construc-
tion shownin Figures 4.1 to 4.5 are both O(log2 n).

4.4 Prop erties of BSC*

In this section, we prove certain properties of BSC* that will be useful in proving the correctness
of the BSC implementation.

4.4.1 In valid Cells

We use two �elds, F r ee and Retir ed, in a cell c to indicate whether c is available for recycling.
We �rst de�ne an invalid cell as a cell whoseF r ee and Retir ed �elds are both tr ue. Thus, an
invalid cell is ready to be recycled.

De�nition 17 A reachablecell c is invalid if and only if c ! F r ee= true ^ c ! Retir ed = true.
c is valid if and only if c is not invalid.

The next Lemma says that onceF r ee and Retir ed hold the value tr ue, they hold that value
forever. Hence,oncea cell is invalid, it remains invalid forever.

Lemma 32 Let c be reachable.
(a) (c ! F r ee= true at time t)) (8t0; t0 � t : c ! F r ee= true at time t0).
(b) (c ! Retir ed = true at time t)) (8t0; t0 � t : c ! Retir ed = true at time t0).
(b) (c is invalid at time t)) (8t0; t0 � t : c is invalid at time t0).
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Pro of Let c be any cell. The only times when c ! F r ee := false or c ! Retir ed := false
are executed are during initialization (when anchor i is initialized), or when c is initialized in
announce or combine. Hence, once c ! F r ee = true, or c ! Retir ed = true; holds, it holds
forever. Therefore, our Lemma holds. 2

4.4.2 Prop erties of c ! F ree

Recall that c ! F r ee = tr ue indicates that all the leaf descendants of c have completed their
percolateState . In this section, we prove various useful properties of c ! F r ee.

Lemma 33

� In release (c;pos(c); � ), if c is a left child of c ! Parent, then the next recursive call to
release (if made) is release (c ! Parent; pos(c ! Parent); lef t).

� In release (c;pos(c); � ), if c is a right child of c ! Parent, then the next recursive call to
release (if made) is release (c ! Parent; pos(c ! Parent); r ight).

Pro of This follows immediately from Lines 2,3,4 of ascend. 2

Lemma 34 (c ! F r ee) ) (c ! LD one) ^ (c ! RDone)

Pro of c ! F r ee is set to tr ue in either Line 6 or 10 of release . This Lemma is a consequence
of Lines 4-6, 8-10 of release . 2

Lemma 35 Let c be non-leaf reachable.

� If c ! LC = ? , then c ! LD one = tr ue, and release (c;pos(c); lef t) is never invoked.

� If c ! RC = ? , then c ! RDone = tr ue, and release (c;pos(c); r ight) is never invoked.

Pro of If c ! LC = ? , then by Line 1 of combine, c ! LD one = tr ue. In Line 5 of apply ,
release (d;pos(d); lef t), whered is leaf reachable, is invoked by processP. All further release 's
executed by P are recursively invoked within this release (d;pos(d); lef t). By Lemma 33, if
release (c;pos(c); lef t) is ever invoked, then c ! LC 6= ? . Hence, release (c;pos(c); lef t) is
never invoked.

The caseof c ! RC = ? is analogous. 2

Lemma 36 Let c be non-leaf reachable. Suppose that the following statementshold:

� (c ! LC 6= ? ) ) 9a unique invocation of release (c;pos(c); lef t).

� (c ! RC 6= ? ) ) 9a unique invocation of release (c;pos(c); r ight).

Then, the following statementshold:
(a) In any invocation of release (c;pos(c); � ), c is valid when Line 4 or 8 is executed.
(b) Let c ! F r ee= tr ue at time t. Any execution of SC(c ! F r ee;tr ue) after t returns false.
(c) c ! F r ee= tr ue eventually.
(d)

74



� If c is a left child, then there exists a unique invocation of release (c ! Parent; pos(c !
Parent); lef t).

� If c is a right child, then there exists a unique invocation of release (c ! Parent; pos(c !
Parent); r ight).

(e) Let p = c ! Parent. Then,

(p ! F r ee) ) (p ! LC = ? _ p ! LC ! F r ee) ^ (p ! RC = ? _ p ! RC ! F r ee):

Pro of We observe the following:

� c ! LC 6= ? _ c ! RC 6= ? (Line 7 of append).

� If c ! LC = ? , then c ! LD one = tr ue, and no release (c;pos(c); lef t) is invoked (Lemma
35).

� If c ! LC 6= ? , then exactly one release (c;pos(c); lef t) is invoked (premise of this
Lemma). Further, c ! LD one = false beforeany release (c;pos(c); lef t) is invoked.

� If c ! RC = ? , then c ! RDone = tr ue, and no release (c;pos(c); r ight) is invoked
(Lemma 35).

� If c ! RC 6= ? , then exactly one release (c;pos(c); r ight) is invoked (premise of this
Lemma). Further, c ! RDone = false beforeany release (c;pos(c); r ight) is invoked.

(a) We assumethat c ! LC 6= ? , and c ! RC 6= ? . (It is easy to seehow our proof can be
adapted in the other cases.)c ! LD one = c ! RDone = false on c's initialization. c ! LD one
(c ! RDone resp.) can becometrue only when Line 4 (Line 8 resp.) of release (c;pos(c); lef t)
( release (c;pos(c); r ight) resp.) is executed. Let P (P 0 resp.) be the processthat invokes the
release (c;pos(c); lef t) ( release (c;pos(c); r ight) resp.). By Lemma 34, sincec ! LD one = false
immediately before P executesLine 4, c ! F r ee = false when P executesLine 4. By De�nition
17, c is valid when P executesLine 4. Similarly, c ! F r ee= false when P 0 executesLine 8. By
De�nition 17, c is valid when P 0 executesLine 8. This provesLemma 36(a).
(b) Sincec ! F r ee= false when P executesLine 4, therefore c ! F r ee= false when P executes
Line 2. Consequently, P executesLL( c ! F r ee) in Line 2 before any SC(c ! F r ee;tr ue)
is executed. Likewise P 0 executesLL( c ! F r ee) in Line 2 before any SC(c ! F r ee;tr ue) is
executed. Only P, P 0 may executeSC(c ! F r ee;tr ue) (Lines 6 and 10). Therefore, the �rst SC
operation (if one exists) returns true, and the secondSC operation (if one exists) returns false.
This provesLemma 36(b).
(c) If c ! RDone = tr ue when P executesLine 5, then c ! F r ee= tr ue when P completesthe
SC operation in Line 6. If c ! RDone = falsewhen P executesLine 5, then P 0 will subsequently
executeLine 8, setting c ! RDone to true. Then P 0 will successfullyexecuteSC(c ! F r ee;tr ue)
in Line 10. Hence,c ! F r ee= tr ue eventually. This provesLemma 36(c).
(d) Let c be a left child. The unique process,P or P 0, that executesa successfulSC(c !
F r ee;tr ue) proceedsto call release (c ! Parent; pos(c ! Parent); lef t). No other processwill
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ever invoke release (c ! Parent; pos(c ! Parent); lef t). An analogousargument holds for the
casewhen c is a right child. This completesthe proof of Lemma 36(d).
(e) Let p = c ! Parent. Supposep ! LC = c. p ! F r ee = tr ue implies that p ! LD one =
tr ue. This in turn implies that release (p;pos(p); lef t) has been invoked. This further implies
that c ! F r ee= tr ue. This provesLemma 36(e).

2

Lemma 37 Let c be leaf reachable. Then,
(a) In any invocation of release (c;pos(c); � ), c is valid when Line 4 or 8 is executed.
(b) Let c ! F r ee= tr ue at time t. Any execution of SC(c ! F r ee;tr ue) after t returns false.
(c) c ! F r ee= tr ue eventually.
(d)

� If c is a left child, then there exists a unique invocation of release (c ! Parent; pos(c !
Parent); lef t).

� If c is a right child, then there exists a unique invocation of release (c ! Parent; pos(c !
Parent); r ight).

(e) Let p = c ! Parent. Then,

(p ! F r ee) ) (p ! LC = ? _ p ! LC ! F r ee) ^ (p ! RC = ? _ p ! RC ! F r ee):

Pro of c ! RDone = tr ue;c ! LD one = false, during c's initialization in announce. There exists
exactly one invocation of release (c;pos(c); lef t), called in Line 5 of apply . This is analogousto
the casein Lemma 36, where c is non-leaf reachable, with c ! LC 6= ? , and c ! RC = ? . The
proof of Lemma 36 applies here too. 2

Lemma 38 Let c be non-leaf reachable. Then,

� (c ! LC 6= ? ) ) 9 unique invocation of release (c;pos(c); lef t).

� (c ! RC 6= ? ) ) 9 unique invocation of release (c;pos(c); r ight).

Pro of De�ne level(c) = l such that 2l � pos(c) < 2l+1 . Thus, a root cell is at level 0, and
a leaf cell is at level logn. Let level(c) = l . We prove inductiv ely that Lemma 38 holds for all
descendants of c at level logn � 1; logn � 2; � � � ; l .
Induction Basis Applying Lemma 37(d) to the leaf descendants (at level logn) of c, Lemma
38 holds for all descendants of c at level logn � 1.
Induction Step Applying Lemma 36(d) to the descendants of c at level k, Lemma 38 holds for
all descendants of c at level k � 1.

2

Lemma 39 Let c be reachable. Then, the following statementshold:
(a) In any invocation of release (c;pos(c); � ), c is valid when Line 4 or 8 is executed.
(b) Let c ! F r ee= tr ue at time t. Any execution of SC(c ! F r ee;tr ue) after t returns false.
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(c) c ! F r ee= tr ue eventually.
(d) Let p = c ! Parent. Then,

(p ! F r ee) ) (p ! LC = ? _ p ! LC ! F r ee) ^ (p ! RC = ? _ p ! RC ! F r ee):

Pro of If c is leaf reachable, then Lemma 37 holds. Lemma 37(a), (b), (c), (e) are identical with
Lemma 39(a), (b), (c), (d).

If c is non-leaf reachable, then Lemma 38 implies that Lemma 36 is applicable. Lemma 36(a),
(b), (c), (e) are identical with Lemma 39(a), (b), (c), (d).

2

Lemma 40 Let g be a leaf descendant of c. Then, c ! F r ee) g ! F r ee.

Pro of By Lemma 39(d), for any non-leaf reachable c, if c ! F r ee, then c ! LC = ? _ c !
LC ! F r ee, c ! RC = ? _ c ! RC ! F r ee. Repeated application of Lemma 39(d) yields our
Lemma. 2

Lemma 41 Let c be reachable,and be accessed at time t by a processexecuting percolateState .
Then c is valid at t.

Pro of Let reachable c be accessedby someprocessP executing percolateState (opcell ; n + P).
Then, c is an ancestorof opcell , i.e. opcell is a leaf descendant of c. Let I be the interval during
which P is executing percolateState (opcell ; n + P). Sinceopcell ! F r eecan becometr ue only
when P executesrelease (opcell ; n + P; lef t), opcell ! F r ee = false throughout the interval I .
By Lemma 40, c ! F r ee = false throughout I . Thus, c is valid throughout I . Our Lemma is
therefore proved. 2

Lemma 42 Let c be reachable.

(c ! F r ee= tr ue) ) (c ! Parent has beenhead):

Pro of Let c be reachable. c ! F r ee= falseduring the initialization of c in announceof combine.
The only placeswhere c ! F r ee becomestr ue are Lines 6 and 10 of release .

SupposeP executesSC(c ! F r ee;tr ue) in Line 6 or 10 of release . We note that when P
executesrelease , P has completed the for loop in Lines 2 to 3 of apply . By Lemma 21, if
p = c ! Parent, then p = parent(c), i.e. (p ! LC = c) _ (p ! RC = c). Thus, c is an ancestor
of opcell . (By De�nition 5, this includes the possibility that c = opcell .) c ! Parent is therefore
also an ancestor of opcell . By lemma 21, every ancestor of opcell has been head. Therefore,
c ! Parent has beenhead. 2

4.4.3 Prop erties of c ! Retir ed

Recall that c ! Retir ed = tr ue indicates that c has been head, but is no longer head. Thus,
c ! N ext points to some cell d, and d has been head. We prove various useful properties of
c ! Retir ed in this section.
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Lemma 43 Let c be reachable.

(c ! Retir ed = tr ue) ) (c has beenhead)^ (c is not head)

Pro of Let c be reachable. c ! Retir ed = false during the initialization of c in announce or
combine. The only placeswherec ! Retir ed becomestr ue are Line 12 of promote, Lines 28 and
42 of append. In all theseplaces,processP executesc ! Retir ed := tr ue only if P has �rst read
H ead[lst] = c, and then executeda successfulSC(H ead[lst]; c ! N ext). (Speci�cally , P reads
H ead[lst] in Line 2 of promote, Lines 22 and 36 of append. P executesthe successfulSC in Line
11 of promote, Lines 27 and 41 of append.) Hence, if c ! Retir ed = tr ue, then (c has been
head)̂ (c is not head). 2

Lemma 44 Let c be a reachablecell. If (c has been head)^ (c is not head), then:
(a) there is exactlyoneexecution of c ! Retir ed := tr ue, and no execution of SC(c ! Retir ed;� ),
(b) c ! Retir ed = tr ue eventually,

Pro of During c's initialization, c ! Retir ed = false. If P executesc ! Retir ed := tr ue
in Line 11 of append, then c is not reachable. Thus, the only placeswhere, for a reachable c,
c ! Retir ed := tr ue is executedare: Line 12 of promote, Lines 28 and 42 of append. In each
case,P �rst executeshead :=LL( H ead[l ]) (Line 2 of promote, Lines 22 and 36 of append). P
then executesa successfulSC(H ead[l ]; head ! N ext) (Line 11 of promote, Lines 27 and 41 of
append). Finally, P executeshead ! Retir ed := tr ue (Line 12 of promote, Lines 28 and 42 of
append).

Since(c has beenhead)̂ (c is not head), there has beena successfulSC(H ead[� ]; c ! N ext).
Thus, there is exactly one execution of head ! Retir ed = tr ue. Lemma 44(a), (b) therefore
follow. 2

4.4.4 Preliminary Lemmas

The Lemmas in this section concern the behavior of a VL or SC operation on an invalid cell c,
given certain conditions that relate the VL or SC operation to the immediately preceding LL
operation on c. These results are the foundation for the Lemmas on reading from, and writing
to, invalid cells in the next two sections.

Lemma 45 SupposeprocessP �rst executesheadcell := LL (H ead[lst]), then executesVL( H ead[lst])
at a later time t. Let c be either headcell ; headcell ! N ext; headcell ! N ext ! LC , or
headcell ! N ext ! RC. If c is invalid at some time before t, then VL( H ead[lst]) at t returns
false.

Pro of By Lemma 32, sincec is invalid at sometime before t, c is invalid at t.
(a) Let c = headcell . Supposethat VL( H ead[lst]) at t returns tr ue. This implies that H ead[lst] =
headcell = c at t. Thus, c is head at t. As observed, c is invalid at t. Therefore, c ! Retir ed =
tr ue at t. By Lemma 43, c is not head at t. This contradiction completesthe proof.
(b) Let c = headcell ! N ext. Supposethat VL( H ead[lst]) at t returns tr ue. This implies that
H ead[lst] = headcell at t. By Lemma 5(a), c has not beenhead at t. As observed, c is invalid at
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t . Therefore, c ! Retir ed = tr ue at t. By Lemma 43, c has beenhead at t. This contradiction
completesthe proof.
(c) Let c = headcell ! N ext ! LC . Supposethat VL( H ead[lst]) at t returns tr ue. This implies
that H ead[lst] = headcell at t. Let d = headcell ! N ext. Thus, d ! LC = c. By Notation 3,
d = parent(c). d has not beenhead at t. c is invalid at t. Thus, (c ! Retir ed = tr ue) ^ (c !
F r ee= tr ue) at t. By Lemma 43, c has beenhead at t. By Lemma 14, c ! Parent = d at t. By
Lemma 42, c ! Parent = d has beenhead at t. This contradicts the conclusion that d has not
beenhead at t. This completesthe proof.
(d) Let c = headcell ! N ext ! RC. The proof is analogousto the proof of part (c).

2

Lemma 46 Let c be reachable. Suppose P executes LL( c ! N ext) when c is valid, and the LL
operation returns ? . If P next accessesc ! N ext by executing SC(c ! N ext; � ) whenc is invalid,
then the SC operation returns false.

Pro of This Lemma is an immediate consequenceof the following Claims:
(a) If c ! N ext = d 6= ? at time t, then 8t0 � t; c ! N ext = d at time t0.
(b) (c is invalid)) c ! N ext 6= ? .

Claim (a) is Lemma 1(a). We now prove Claim (b). Supposec is invalid. By de�nition,
c ! Retir ed = tr ue: By Lemma 43, (c has been head)̂ (c is not head). By Lemma 5(b), 5(d),
c ! N ext 6= ? . Thus, Claim (b) holds. 2

Lemma 47 Let c be reachable.SupposeP executesLL( c ! Parent) whenc is valid, and the LL
operation returns ? . If P next accessesc ! Parent by executing SC(c ! Parent; � ) when c is
invalid, then the SC operation returns false.

Pro of This Lemma is an immediate consequenceof the following Claims:
(a) If c ! Parent = d 6= ? at time t, then 8t0 � t; c ! Parent = d at time t0.
(b) (c is invalid)) c ! Parent 6= ? .

Claim (a) is Lemma 1(d). We now prove Claim (b). Supposec is invalid. By Lemma 43, c
has beenhead. By Lemma 14, c ! Parent 6= ? . Thus, Claim (b) holds. 2

Lemma 48 Let c be reachable. SupposeP executes LL( c ! Ready) when c is valid, and the LL
operation returns false. If P next accessesc ! Ready by executing SC(c ! Ready; � ) when c is
invalid, then the SC operation returns false.

Pro of This Lemma is an immediate consequenceof the following Claims:
(a) If c ! Ready = tr ue at time t, then 8t0 � t; c ! Ready = tr ue at time t0.
(b) (c is invalid)) c ! Ready= tr ue.

Claim (a) is Lemma 1(e). We now prove Claim (b). Supposec is invalid. By Lemma 43, (c
has beenhead). By Lemma 10, c is ready. Thus, Claim (b) holds. 2

Lemma 49 Let c be root reachable. SupposeP executes LL( c ! State) when c is valid, and the
LL operation returns ? . If P next accessesc ! State by executing SC(c ! State; � ) when c is
invalid, then the SC operation returns false.
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Pro of This Lemma is an immediate consequenceof the following Claims:
(a) If c ! State = d 6= ? at time t, then 8t0 � t; c ! State = d at time t0.
(b) (c is invalid)) c ! State 6= ? .

We now prove Claim (a). Let c be root reachable. The only placewherec ! State can take on
a non-? value is in Line 10of promote. If processP executesa successfulSC(c ! State; d); d 6= ? ,
in Line 10 of of promote, then P must have previously executedLL( c ! State) in Line 7, with
? as the LL operation's return value. This provesClaim (a).

We now prove Claim (b). Supposec is invalid. By Lemma 43, c has beenhead. By Lemma
29, c ! State 6= ? . Thus, Claim (b) holds. 2

4.4.5 Reading from In valid Cells

In this section, our aim is to show that if all invalid cells hold indeterminate values(i.e. all useful
values that such a cell held when it was valid have been lost), the BSC* implementation would
still function correctly. This clearly meansthat processP has to know whether the values that
it read came from a valid or invalid cell. If such valuescamefrom an invalid cell, then they are
unreliable, and P must discard them.

In the Lemmas that follow, we show, procedureby procedure, that all the component proce-
dures (including apply would still function correctly, even if all invalid cells hold indeterminate
values. This is a crucial property of BSC* that permits recycling of invalid cells.

Lemma 50 Suppose the following condition holds:

8 process P ; 8 c;t such that c is reachableand invalid at t: if while P is executing
readyOrphan, P reads from any �eld in c at t, then the value returned to P is indeter-
minate (i.e. arbitrary). (If P reads from c while executing any other procedure, then c
returns the correct value to P.)

Then, our construction remains correct.

Pro of In readyOrphan, P executeshead :=LL( H ead[lst]) in Line 1, and VL( H ead[lst]) in Line
6. P reads values from head in Line 2, newcell = head ! N ext in Lines 4 and 5. P does not
write to any sharedobjects (namely, H ead[� ] and reachable cells) in readyOrphan.

Supposethat when P reads from c = head in Line 2, c is invalid. Then, P 's readyOrphan
returns with (? ; ? ) in either Line 3,4, or 6. (This is because,if P does not return in Line 3
or 4, then P executesVL( H ead[lst]) in Line 6. By Lemma 45, this VL operation returns false.
Thus, P returns with (? ; ? ) in Line 6.) Even though the valuesin the various �elds of c that are
returned to P are indeterminate, they do not a�ect the correctnessof our construction.

Supposenow that when P reads from c = head ! N ext in Line 4, c is invalid. Then, P 's
readyOrphan returns with (? ; ? ) in either Line 4 or 6. (The argument here is analogousto the
one usedfor c = head.)

Suppose�nally that when P reads from c = head ! N ext in Line 5, c is invalid. Then, P 's
readyOrphan returns with (? ; ? ) in Line 6.

Our Lemma is thus proved. 2
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Lemma 51 Suppose the following condition holds:

8 process P ; 8 c;t such that c is reachableand invalid at t: if while P is executing
combine, P readsfrom any �eld in c at t, then the valuereturned to P is indeterminate
(i.e. arbitrary). (If P reads from c while executing any other procedure, then c returns
the correct value to P.)

Then, our construction remains correct.

Pro of This is trivially true, sinceP readsfrom no reachable cell in combine. 2

Lemma 52 Suppose the following condition holds:

8 process P ; 8 c;t such that c is reachableand invalid at t: if while P is executing
append, P reads from any �eld in c at t, then the value returned to P is indeterminate
(i.e. arbitrary). (If P reads from c while executing any other procedure, then c returns
the correct value to P.)

Then, our construction remains correct.

Pro of The proof is similar in principle to the proof of Lemma 50. We examine the various seg-
ments of appendwherereachable cellsare read, and prove that the correctnessof our construction
is not a�ected by the condition stated in our Lemma.
Segment 1: Lines 1-3

P executeshead := LL (H ead[lst]). P readsfrom head in Line 2. If head is invalid, P returns
at Line 3 (by Lemma 45).
Segment 2: Lines 4-11

Lines 5-6: Lemma 50 applies.
Line 8: Lemma 51 applies.
P doesnot read from reachable cells in other Lines.

Segment 3: Lines 12-14
P reads from head in Line 12. If head is invalid, P returns at Line 13.

Segment 4: Lines 15-16
P reads from head ! N ext in Line 15. If head ! N ext is invalid, P returns at Line 16.

Segment 5: Lines 17-21
P readsfrom head ! N ext ! LC in Line 18. If head ! N ext ! LC is invalid, P returns at

Line 19.
Segment 6: Lines 22-28

P executeslchead :=LL( H ead[2 � lst]) in Line 22. P then reads from lchead in Line 23. If
lcheadis invalid, P goesto Line 29, without making any further useof the value, lcnewcell , read
from lchead(Line 23).
Segment 7: Lines 29-42

This segment is analogousto Lines 15-28.
Segment 8: Lines 43-46

P readsfrom head ! N ext in Line 43. If head ! N ext is invalid, then P returns at Line 44.
2
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Lemma 53 Suppose the following condition holds:

8 process P ; 8 c;t such that c is reachableand invalid at t: if while P is executing
promote, P readsfrom any �eld in c at t, then the valuereturned to P is indeterminate
(i.e. arbitrary). (If P reads from c while executing any other procedure, then c returns
the correct value to P.)

Then, our construction remains correct.

Pro of
Segment 1: Lines 1-13

P �rst executeshead :=LL( H ead[lst]) in Line 1. P reads from head in Line 3. If head
is invalid at this point, then P either returns at Line 4, Line 5, or reads from head (Line 6),
head ! N ext (Line 7), and then returns at Line 8. In all of these cases,P executesno SC or
write operation on any sharedobject.

P readsfrom head ! N ext in Line 5. If head ! N ext is invalid at this point, then P returns
at either Line 5 or Line 8.

P reads from head in Line 6. If head is invalid at this point, then P returns at Line 8.
P readsfrom head ! N ext in Line 7. If head ! N ext is invalid at this point, then P returns

at Line 8.
Segment 2: Lines 14-16

Lines 14, 16: Lemma 52 applies.
Line 15: Since promote(lst) recursesto promote(1), Segment 1 serves as the basis of an

inductiv e proof.
2

Lemma 54 Suppose the following condition holds:

8 process P ; 8 c;t such that c is reachableand invalid at t: if while P is executing
announce, P reads from any �eld in c at t, then the value returned to P is indeter-
minate (i.e. arbitrary). (If P reads from c while executing any other procedure, then c
returns the correct value to P.)

Then, our construction remains correct.

Pro of P executeshead := H ead[n + P] in Line 2. Let c = head. P reads from c at time t in
Line 3. We now prove that c is valid at t.

A new cell c becomesreachable at position n + P in only oneway: when P executesannounce,
from Line 1 of apply . By Lemma 19, when this apply terminates, c has becomehead. When
P next executesannounce, c is head when P executesLine 3 of announce at t (since at this
point c ! N ext = ? ). Now supposec is invalid at t. By Lemma 43, c is not head at t. This
contradiction provesthat c is valid at t. SinceP doesnot read from any invalid cell whenexecuting
announce, our Lemma holds. 2

Lemma 55 Suppose the following condition holds:
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8 process P ; 8 c;t such that c is reachableand invalid at t: if while P is executing
percolateState , P reads from any �eld in c at t, then the value returned to P is
indeterminate (i.e. arbitrary). (If P reads from c while executing any other procedure,
then c returns the correct value to P.)

Then, our construction remains correct.

Pro of This is an immediate consequenceof Lemma 41. 2

Lemma 56 Suppose the following condition holds:

8 process P ; 8 c;t such that c is reachableand invalid at t: if while P is executing
release , P readsfrom any �eld in c at t, then the valuereturned to P is indeterminate
(i.e. arbitrary). (If P reads from c while executing any other procedure, then c returns
the correct value to P.)

Then, our construction remains correct.

Pro of In release (c;pos(c); � ), c is the only reachable cell accessedby P. (We do not consider
the recursive call to release from ascend(p;pos(c)).) By Lemma 39(a), the only placeswhere P
might read an invalid c are Lines 5 and 9. SupposeP readsc ! RDone (Line 5) at time t, and
c is invalid at t. If c ! RDone = false, P returns from release . If c ! RDone = true, c executes
SC(c ! F r ee;tr ue) in Line 6. Sincec is invalid at t, c ! F r ee= tr ue at t. By Lemma 39(b), the
SC operation in Line 6 returns false. Thus, the values in c after t do not a�ect the correctness
of our construction. The remaining caseis that, when P readsc ! LD one (Line 9), c is invalid.
An analogousargument su�ces here. Our Lemma is therefore proved. 2

Lemma 57 Suppose the following condition holds:

8 process P ; 8 c;t such that c is reachableand invalid at t: if while P is executing
apply , P reads from any �eld in c at t, then the value returned to P is indeterminate
(i.e. arbitrary). (If P reads from c while executing any other procedure, then c returns
the correct value to P.)

Then, our construction remains correct.

Pro of
Line 1: Lemma 54 applies.
Line 2-3: Lemma 53 applies.
Line 4: Lemma 55 applies.
Line 5: Lemma 56 applies.
Line 6: We note that when P readsopcell ! State in Line 6, opcell is head. Thus, by Lemma

43, opcell is valid.
Hence,our Lemma holds. 2
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Lemma 58 Suppose that the values in the invalid reachablecells are indeterminate. Our con-
struction remains correct.

Pro of This Lemma is a concisere-statement of Lemma 57. 2

De�nition 18 8i; 1 � i � 2n � 1:

� anchori is called an anchor.

� anchori is invalid if and only if (anchori ! Retir ed = tr ue) ^ (anchori ! F r ee= tr ue).

� anchori is valid if and only if anchori is not invalid.

Lemma 59 Suppose that the values in an invalid anchor are indeterminate. Our construction
remains correct.

Pro of No processaccessesan anchor from percolateState or release , or from Line 6 of apply .
The arguments usedto prove Lemma 58 proves this Lemma. 2

4.4.6 Writing to In valid Cells

In this section, our objective is to show that no processwill ever write successfullyto an invalid
cell. (A processmay executea SC operation on an invalid cell. However, such an operation is
bound to fail.) Thus, the contents of an invalid cell are protected from being corrupted by the
wr ite and SC operations of any process.

In the Lemmas that follow, we show, procedure by procedure, that all the component pro-
cedures(including apply ) prevent processesfrom writing successfullyto an invalid cell. This is
another crucial property of BSC* that permits recycling of invalid cells.

Lemma 60 8 processP ; 8 c;t suchthat c is reachableand invalid at t: While executing announce,
P does not successfully write to any �eld in c at t.

Pro of The only place where P writes to a reachable cell is in Line 4. By the sameargument as
that usedin the proof of Lemma 54, head is valid at the time when P executesLine 4. Thus our
Lemma holds. 2

Lemma 61 8 processP ; 8 c;t suchthat c is reachableand invalid at t: While executing readyOrphan,
P does not successfully write to any �eld in c at t.

Pro of P doesnot write to any sharedobject in readyOrphan. 2

Lemma 62 8 processP ; 8 c;t suchthat c is reachableand invalid at t: While executing combine,
P does not successfully write to any �eld in c at t.

Pro of P doesnot write to any sharedobject in combine. 2
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Lemma 63 8 processP ; 8 c;t such that c is reachableand invalid at t: While executing append,
P does not successfully write to any �eld in c at t.

Pro of
Lines 5-6: Lemma 61 applies.
Line 8: Lemma 62 applies.
Line 10: P has executed newcell :=LL( head ! N ext) in Line 2 at time t. In Line 3, P

executed VL( H ead[lst]), which returns tr ue. By Lemma 45, head = H ead[lst] is valid at t.
By Line 4, newcell = ? . Lemma 46 is applicable. Thus, if head is invalid when P executes
SC(head ! N ext; c) in Line 10, the SC operation returns false.

Line 11: Supposec executesLine 11, writing to cell c. By Line 10 and the fact that the SC
operation in Line 10 returns false, c is not reachable.

Line 21: P hasexecutedLL( lchil d ! Parent) in Line 18 at time t. By Line 19, lchil d is valid
at t. By Line 20, the LL operation in Line 18 returns ? . By Lemma 47, if lchil d is valid when P
executesLine 21, then the SC operation returns false.

Line 27: P writes to H ead[2 � lst], which is not a cell.
Line 28: P writes to lchil d ! Retir ed. By Lemma 44(a), lchead! Retir ed = false when P

beginsLine 28. Thus, lchead is valid when P beginsLine 28. 2
Lines 35,41,42:similar to Lines 21,27,28.
Line 46: P has executedLL( newcell ! Ready) in Line 43 at time t. By Line 44, newcell is

valid at t. By Line 45, the LL operation in Line 43 returns false. By Lemma 48, if newcell is
invalid when P executesLine 46, the SC operation returns false.

2

Lemma 64 8 processP ; 8 c;t suchthat c is reachableand invalid at t: While executing promote,
P does not successfully write to any �eld in c at t.

Pro of
Line 10: We note that newcell is root reachable. P has executed LL( newcell ! State) in

Line 7 at time t. By Line 8, newcell is valid at t. By Line 9, the LL operation in Line 7 returns
? . By Lemma 49, if newcell is invalid when P executesLine 10, then the SC operation returns
false.

Line 11: P writes to H ead[lst], which is not a cell.
Line 12: P writes to head ! Retir ed. By Lemma 44(a), head ! Retir ed = false when P

beginsLine 12. Thus, head is valid when P beginsLine 12.
Lines 14,16: Lemma 63 applies.
Line 15: Sincepromote(lst) recursesto promote(1), Lines 1-13 serve as the basisof an induc-

tiv e proof.
2

Lemma 65 8 processP ; 8 c;t suchthat c is reachableand invalid at t: While executing percolateState ,
P does not successfully write to any �eld in c at t.

Pro of This is an immediate consequenceof Lemma 41. 2
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Lemma 66 8 processP ; 8 c;t suchthat c is reachableand invalid at t: While executing release ,
P does not successfully write to any �eld in c at t.

Pro of By Lemma 39(a), we needto consideronly Lines 6 and 10.
Line 6: P executesSC(c ! F r ee;tr ue) in Line 6 at time t. Supposec is invalid at t. Thus,

c ! F r ee= tr ue at t. By Lemma 39(b), the SC operation in Line 6 returns false.
Line 10: analogousto Line 6.

2

Lemma 67 8 processP ; 8 c;t such that c is reachableand invalid at t: While executing apply ,
P does not successfully write to any �eld in c at t.

Pro of
Line 1: Lemma 60 applies.
Line 2-3: Lemma 64 applies.
Line 4: Lemma 65 applies.
Line 5: Lemma 66 applies.

2

Lemma 68 No processwrites successfully to any invalid, reachablecell.

Pro of This Lemma is a concisere-statement of Lemma 67. 2

Lemma 69 No processwrites successfully to any invalid anchor.

Pro of No processaccessesan anchor from percolateState or release , or from Line 6 of apply .
The argument usedto prove Lemma 68 proves this Lemma. 2

Lemma 70 (anchori is no longer head)) (anchori is valid eventually).

Pro of We note that anchori ! F r ee= tr ue during initialization, and at all times subsequently.
The sameargument that provesLemma 44(b) provesthat anchor i ! Retir ed = tr ue eventually.
Thus, anchori is invalid eventually. 2

4.5 Bounded Space Complexit y (BSC) Implemen tation

The Bounded SpaceComplexity (BSC) implementation is the BSC* construction as presented in
Figures 4.1 to 4.5, with the modi�cation given in Figures 4.6 and 4.7. We note, in particular, the
following change:

in announceand combine, replace\allo cate a new cell c" with \allo cate an unusedor
invalid cell c := selectCell() ".

Thus, in contrast to BSC*, invalid cells are returned by the selectCell procedureto either
announceor combine in BSC. Invalid cells are therefore recycled in BSC.
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initialization
1. constant � := 3n + logn
2. 8 processP:
3. A := P's pool of 3� � 2 cells

(2 cells of P 's are usedas anchors)
4. Z := 2 anchors from P's pool of cells
5. B ; V; I := ;

end initialization

selectCell () returns � cell
1. if jAj = 0
2. Z := V [ B
3. A := I
4. if jAj > �
5. choosed 2 A
6. A := A � f dg; Z := Z [ f dg
7. return d
8. else
9. for i := 1; 2; 3:
10. if jZ j > 0
11. choosec 2 Z
12. Z := Z � f cg
13. if (c ! Free) ^ (c ! Retired)
14. I := I [ f cg
15. else V := V [ f cg
16. choosed 2 A
17. A := A � f dg; B := B [ f dg
18. return d

end selectCell

replace (c : � cell )
1. A := A [ f cg
2. if jAj > �
3. Z := Z � f cg
4, else B := B � f cg

end replace

Figure 4.6: Selectinga valid cell
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announceand combine
1(new version). allocate an unusedor invalid cell c := selectCell () ...

append(lst : integer )
11(new version). c ! Free := true, c ! Retired := true, replace (c)

Figure 4.7: Modifying BSC* to get BSC implementation

4.5.1 selectCell and replace pro cedures

We now describe the selectCell and replace procedures. We note that these are local proce-
dures, i.e. they accessno sharedregister. Theseproceduresmanagethe bounded private pool of
cells so that a usablecell is always available to be returned by selectCell to either announceor
combine.

Supposethat at any time at most � cells are valid. (The existenceof such a � will be proved
later.) We provide each processwith a private pool of 3� cells, initially divided into two sets: A is
the set of usablecells that are ready to be returned by selectCell . selectCell always returns
a cell from A. Z is the set of usedcells. A cell in Z may be valid or invalid.

During initialization, A holds all 3� new cells, and Z is the empty set. As long as jAj > � ,
each cell c 2 A that selectCell returns is moved from A to Z (Lines 4 to 7).

At the point when jAj = � (and jZ j = 2� ), each cell c 2 A that selectCell returns is moved
from A to B (Lines 16 to 18). At the sametime, with each execution of selectCell , three cells
in Z are examined as to whether they are valid or invalid (Lines 9 to 15). Valid cells are moved
from Z to V ; invalid cells are moved from Z to I .

Thus, when jAj reacheszero, all 2� cells in Z have beenexamined, and moved to either V or
I . Sincethere are at most � valid cells at any time, there are at least � invalid cells in I , ready to
be recycled.

At this point, I (the set of invalid cells) becomesthe new A (Line 3), and V [ B becomes
the new Z (Line 2). The cyclesrepeats at this point: selectCell returns cells from the new A,
which holds at least � cells that are ready to be recycled.

replace is calledby Line 11of append, whena cell that waspreviously returned by selectCell
fails to becomereachable. In this case,the cell is returned to A, from either Z or B , depending
on the action taken by the previous selectCell .
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4.6 Pro of of Correctness of BSC

4.6.1 Pro visional Correctness Pro of

In this section, we give a provisional correctnessproof: Supposethat selectCell indeed always
returns an unused or invalid cell, then the BSC implementation is linearizable and wait-free.
Proving this requires the properties of BSC*, proved in the previous sections,concerningreading
from, and writing to, invalid cells. Furthermore, an important property (Lemma 71) needsto be
proved, beforewe can assert the provisional correctnessof BSC.

Notation 5 Let c(i ) denote the i th incarnation of the cell c.

In the following, lcnewcell = c(i ) (for example) meansthat the value in lcnewcell is c, and
that the incarnation of cell c that causedlcnewcell to hold the value c is the i th incarnation.

Lemma 71 Consider the BSC construction.

� Suppose that when process P executes Line 26 of append, lcnewcell = c(i ) ; lchil d = d(j ) .
Then,

(c = d) ) (i = j )

� Suppose that when process P executes Line 40 of append, r cnewcell = c(i ) ; r chil d = d(j ) .
Then,

(c = d) ) (i = j )

Pro of
(a) Let t be the time processP executesLine 23. SinceP executesLine 26, both VL operations
in Lines 24 and 25 return tr ue. By Line 24, lcnewcell = c(i ) is valid at t (by Lemma 45). By Line
25, lchil d = d(j ) is valid at t (by Lemma 45).

Supposec = d. Sincethe incarnation c(i ) pointed to by lcnewcell is valid at a time when the
incarnation c(j ) pointed to by lchil d is also valid, we have i = j .
(b) analogousto part (a).

2

Theorem 5 Assuming the correctness of selectCell , the BSC construction is linearizable and
wait-free.

Pro of By Lemmas58 and 59, oncea cell (either a reachable cell or an anchor) c is invalid, the
contents of the �elds in c are no longer neededfor our BSC* construction to function correctly.
Supposec is recycled,as speci�ed in the BSC construction. By Lemmas68 and 69, the content`s
in c in any of its new incarnations are not corrupted by processesthat would have accessedc in
its old, invalid incarnation in the BSC* construction.

Finally, pointers to distinct cells in the BSC* construction may point to di�eren t incarnations
of the samecell in the BSC construction. There are only two placeswhere this feature may cause
problem: Lines 26 and 40 of append. By Lemma 71, if lcnewcell = lchil d in Line 26 (lik ewisewith
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the caseof r cnewcell = r chil d in Line 40), then lcnewcell and lchil d (lik ewise with r cnewcell
and r chil d) point to not only the samecell, but the sameincarnation of the samecell.

Thus, even though Line 26 (lik ewisewith Line 40) only checks whether lcnewcell = lchil d,
lcnewcell = lchil d in Line 26 implies that both lcnewcell and lchil d point to the same incar-
nation of the samecell. The check in Line 26 in the BSC construction is therefore identical in
function to the check in Line 26 in the BSC* construction. With this fact, we concludethat the
BSC construction preserves the correctnessof the BSC* construction. The BSC construction is
therefore linearizable and wait-free (by Theorem 3). 2

4.6.2 Bounding the Num ber of Valid Cells

Given a processP, a bound exists on the number of cells that are from P's pool, and valid (thus,
not available for recycling) at any instant in time. This is obviously an important bound for the
purposeof recycling cells. In this section, we prove this bound.

Lemma 72 Let c be a reachable cell or an anchor. Either c is head forever, or c is invalid
eventually.

Pro of
Case 1 c is an anchor.

Lemma 70 applies.
Case 2 c is reachable.

Supposec is not forever head. By Lemma 39(c), c ! F r ee = tr ue eventually. By Lemma
44(b), c ! Retir ed = tr ue eventually. Hence,c is invalid eventually.

2

Lemma 73 At any time t, there are at most (3n + logn) reachablecells and anchors that are
from processP's pool of cells, and valid.

Pro of Let c be a reachable cell or an anchor from P's pool of cells.

Coun ting P's valid cells that are head

We note that pos(c) = b(n + P)=2i c, where 0 � i � logn. Thus, at most logn + 1 cells may be
head (and therefore valid) at t, and from P's pool.

Coun ting P's valid cells that are not head

By Lemma 72, for any cell c that is from P's pool, valid at t, but not head at t, there is some
processQ that is executing apply , such that Q will be setting either c ! Retir ed or c ! F r ee
to tr ue during the apply .

We examine the placeswhere c ! Retir ed := tr ue and c ! F r ee:= tr ue occur.
(a) Line 11 of append: c is neither reachable, nor an anchor in this case.
(b) Line 12 of promote, Lines 28 and 42 of append: Each processmay have at most one

pending operation (in any one of theseLines). Thus, each processcan be responsible for at most
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one cell that is from P's pool, valid at t, but not head at t. This accounts for a total of at most
n cells.

(c) In release :
Each processQ can hold up at most logn + 1 cells (in positions b(n + Q)=2i c, where 0 � i �

logn). Each of thesecells is waiting for Q to complete release to becomeinvalid.
However, we are focusing on P's cells, i.e. cells that occupy positions b(n + P)=2i c, where

0 � i � logn. If b(n + P)=2i c, where 0 � i � logn, has a leaf descendant position n + Q, then
Q can hold up one cell of P 's in position b(n + P)=2i c. For each position b(n + P)=2i c, there are
n=(2log n� i ) leaf descendant positions. Each such leaf descendant position n + Q, corresponds to
one processQ that may hold up one cell of P 's in position b(n + P)=2i c.

The total number of P 's cells that can be held up in position b(n + P)=2i c becausesome
processhas not completed release (has not set F r ee �eld to tr ue) is

� the number of leaf descendant positions of b(n + P)=2i c

= n=(2log n� i )

The total number of P 's cells that can be held up becausesomeprocesshas not completed
release (has not set F r ee �eld to tr ue) is

� sum of the numbers of leaf descendant positions of b(n + P)=2i c; 0 � i � logn

= n(1 + 2� 1 + 2� 2 + � � � 2� log n )

= 2n � 1

The total number of P 's cells that are valid at t, but not head at t, is therefore at most the
sum of the numbers from (b), and (c), n + 2n � 1 = 3n � 1.

Since the number of P 's cells that are head (hencevalid) at t is at most logn + 1, the total
number of reachable cells and anchors that are from P's pool and valid at t is at most 3n + logn.

2

4.6.3 Prop erties of selectCell

In this section, we prove that the selectCell procedure indeed always returns a cell that is
suitable for use, i.e. it returns either an unusedcell or an invalid cell.

Lemma 74 Supposeat time t:

� P executes Line 4 of selectCell ,

� jAj � � ,

� jZ j + jAj = 3� .

Let t1 > t be the earliest time after t when:
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� P executes Line 1 of selectCell ,

� jAj = 0

Then, when P next executes Line 4 (i.e. when P executes Line 4 for the �rst time after t 1),
jAj � � ; jZ j + jAj = 3� .

Pro of Let t2, where t2 � t , be the earliest time � t when (a) P executesLine 4, and (b) jAj = � .
Sinceduring the time interval [t; t2], every cell that is removed from A is addedto Z , jZ j+ jAj = 3�
at t2.

During the interval [t2; t1], all � cells in A at t2 becomereachable, and each such reachable
cell is moved from A to B . Thus, jB j = � at t1.

SincejZ j + jAj = 3� at t2, we have jZ j = 2� at t2. There are at least 3� executionsof the f or
loop in Lines 9-15 in [t2; t1]. No cells are added to Z in [t2; t1]. Thus, every cell c in Z has been
examined in [t2; t1]. If c is valid, c is moved from Z to V . If c is invalid, c is moved from Z to I .
Thus, jV j + jI j = 2� at t1. Hence,jV j + jI j + jB j = 3� at t1.

By Lemma 73, there are at most � valid cells (hence, at least � invalid cells) in Z at t 2. By
Lemma 32(c), a cell that is invalid at t2 remains invalid throughout [t2; t1]. Thus, jI j � � at t1.

When P completes Line 3 for the �rst time after t 1, Z = V [ B ; A = I . Hence, jAj �
� ; jZ j + jAj = jV j + jB j + jI j = 3� .

2

Lemma 75 If jAj = 0 when P executes Line 1 of selectCell , then when P next executes Line
4, jAj � � ; jZ j + jAj = 3� .

Pro of This Lemma is proved by induction, using Lemma 74.
Induction Basis Consider P 's �rst invocation of selectCell .

jAj = 3� � 2 � � , jZ j = 2 (A; Z are as assignedduring initialization), when P executesLine 4.
Therefore Lemma 75 holds for the �rst time when (a)P executesLine 1, (b) jAj = 0 (by Lemma
74).
Induction Step Supposethat Lemma 75 holds for the i th time when (a)P executesLine 1,
(b) jAj = 0. Then, by Lemma 74, Lemma 75 holds for the (i + 1)th time when (a)P executesLine
1, (b) jAj = 0.

2

Lemma 76 selectCell always returns either an unused cell or an invalid reachablecell.

Pro of Suppose that selectCell returns d. Then, d was in A. Consider the assignment of
A during the initialization, and in Line 3 of selectCell . Since I contains only invalid cells, A
contains only invalid cellsafter Line 3 of selectCell is executed. Thus, d is either an unusedcell
or an invalid reachable cell.

By Lemma 75, when P executesLines 5, 16 of selectCell to choosed 2 A, A 6= ; . Thus,
selectCell always returns a cell. Hence,our Lemma holds. 2
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4.6.4 Correctness of the BSC Implemen tation

Given the provisional correctness,and the correctnessof selectCell , we reach an immediate
conclusionthat BSC is linearizable and correct.

However, weneedto further specify the details of implementing the data structures in selectCell ,
in order to concludethat the local time complexity of selectCell is O(1).

We note that the operations performed on P's local setsS, where S may be A; B ; Z; V , or I ,
are (a)choosean element c from set S, and move c from S to S0, (b)Z := V [ B (Line 2), (c)
A := I (Line 3).

To achieve O(1) local time complexity for each execution of selectCell and replace , we use
the following implementation:

A set S, where S may be B ; V , or I , is implemented as an array of size 3� , with a variable
size(S) that indicates the index of the last element in S. We always remove or add the last
element of the array.

There are six arrays: B0; B1; V0; V1; I 0; I 1, and two 
ags: Z F lag; and AF lag. A; B ; Z; V; and
I are implemented as follows:

When Z F lag = i (i = 0; 1), Z is the combination of arrays Vi and B i (in that order); V is the
array V1� i ; B is the array B1� i . When AF lag = i (1 = 0; 1), A is the array I i ; I is the array I 1� i .

In Line 2, Z := V [ B is implemented by Z F lag := 1� Z F lag. In Line 3, A := I is implemented
by AF lag := 1 � AF lag.

With this implementation, we have:

Lemma 77 The local time complexity of a call to either selectCell or replace is O(1).

Theorem 6 (a)The BSC construction is linearizable and wait-free.
(b)The shared-access time complexity and the local time complexity of the BSC construction are
both O(log2 n).
(c)The BSC construction requires 3n(3n + logn) shared cells and 2n � 1 shared pointers to cells.

Pro of
(a) By Lemma 76, selectCell is correct. By Theorem 5, the BSC construction is linearizable
and wait-free.
(b) By Theorem 4 and Lemma 77.
(c) Each processhas a pool of 3(3n + logn) cells. Thus, there are 3n(3n + logn) sharedcells in
total. In addition, there are 2n � 1 sharedpointers to cells: H ead[lst]; 1 � lst � 2n � 1.

2
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Chapter 5

Con ten tion-Sensitiv e Implemen tation

5.1 General Principles

Our objective is to enhancethe BSC implementation, so that when there are few concurrent
invocations, a processcan complete an invocation of apply quickly. Our generalapproach is as
follows: We introduce log2 n new node positions to the binary tree de�ned in Chapter 3. These
are the middle children of positions 1,2, � � � ; k; � � � ; log2 n. They are numbered 2:5; 4:5; � � � ; 2k +
:5; � � � ; 2 � log2 n + :5 respectively. We note that these new positions are closer than the leaf
positions n; n + 1; � � � ; 2n � 1 are to the root.

Concurrent processescompete for the right to install their operation cells at oneof thesenew
node positions, and then traverseup from that position to the root position. A processthat has
its operation cell installed as a middle child is able to avoid traversing the full length of the path
leading from a leaf to the root.

Let op be an invocation of apply . Recall that we de�ned the contention experienced by op,
denoted by nc, as the maximum number of concurrent invocations during the interval of op's
execution. When P is the only processexecuting an invocation of apply , P installs its operation
cell at the middle child position of the root, thus fully exploiting the bene�t of no contention.

In order to gain the right to install its operation cell at a middle child position (which is close
to the root), processP executesthe getToken procedure. 1 Each of the middle child positions
2k+ :5 hasa corresponding token k. If P getstoken k, then P installs its operation cell at position
2k + :5. If P fails to get any of the log2 n tokens,then P proceedsto executeits apply asspeci�ed
by BSC. In other words, P installs its operation cell at position n + P, and traverseup to the
root position.

We will show that if P gets token m, then the contention experiencedby P's invocation is at
least m, i.e. nc � m. Furthermore, if P gets token m, the time complexity of P 's invocation of
apply is dominated by the time taken to executegetToken (i.e. the time taken to get the token),
which equalsO(m). Sincem � nc; m � log2 n, weachieve a time complexity of O(min( nc; log2 n)).

1The idea of processescompeting for tokensthat signify possessionof a node closeto the root was �rst intro duced
by Afek, Dauber, and Touitou [ADT95 ].
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type integer + := f 1; 1:5; 2; 2:5; 3; 3:5; 4; 4:5; � � �g

initialization
8i; 1 � i � 2n-1 : anchori : � cell
8j; 1 � j � log2 n : anchor2j + :5 : � cell

1. for i := 1 to 2n-1:
2. anchori ! Next := ? ; anchori ! Free := true;

anchori ! Retired := false; Head[i] := anchori
3. for j := 1 to log2 n:
4. i := 2 � j + :5
5. anchori ! Next := ? ; anchori ! Free := true;

anchori ! Retired := false; Head[i] := anchori
6. anchor1 ! State := initialst ate
7. anchor1 ! Op := ?

end initialization

apply (P : integer ; op : op; O) returns res
1. lst := getToken(P)
2. opcell := announce(op;lst)
3. for i := 0 to blog lstc
4. promote (blst=2i c)
5. percolateState (opcell; lst)
6. response:= � resp(opcell ! State; op)
7. release (opcell; lst; middle)
8. if lst 6= n+ P
9. tokenblst=2c := 0
10. return response

end apply

Figure 5.1: Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9)
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promote (lst : integer + )
1. if lst = 1
2. head := LL( Head[lst])
3. newcell := head ! Next
4. if newcell = ? return
5. if newcell ! Ready = false return
6. newstate:= � state (head ! State; head ! Op)
7. newcellstate := LL( newcell ! State)
8. if not VL( Head[lst]) return
9. if newcellstate = ?
10. SC(newcell ! State; newstate)
11. if SC(Head[lst]; newcell)
12. head ! Retired := true
13. return
14. append(blst=2c)
15. promote (blst=2c)
16. append(blst=2c)

end promote

Figure 5.2: Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9)
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append(lst : integer + )
1. head := LL( Head[lst])
2. newcell := LL( head ! Next)
3. if not VL( Head[lst]) return
4. if newcell = ?
5. (lc, lop) := readyOrphan(2 � lst)
6. (mc, mop) := readyOrphan(2 � lst + :5)
7. (rc, rop) := readyOrphan(2 � lst + 1)
8. if (lc 6= ? ) or (mc 6= ? ) or (rc 6= ? )
9. c := combine(lc; lop; mc; mop; rc; rop)
10. result := SC(head ! Next; c)
11. if not result
12. c ! Free := true, c ! Retired := true, replace (c)
13. newcell := head ! Next
14. if not VL( Head[lst]) return
15. if newcell = ? return

16. lchild := newcell ! LC
17. if not VL( Head[lst]) return
18. if lchild 6= ?
19. lcparent := LL( lchild ! Parent)
20. if not VL( Head[lst]) return
21. if lcparent = ?
22. SC(lchild ! Parent, newcell)
23. lchead := LL( Head[2*lst])
24. lcnewcell := lchead ! Next
25. if not VL( Head[2*lst]) go to K
26. if not VL( Head[lst]) return
27. if lcnewcell = lchild
28. if SC(Head[2*lst], lchild)
29. lchead ! Retired := true

(continue on next Figure)

Figure 5.3: Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9)
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append(lst : integer + )
(continued from previous Figure)

30.K mchild := newcell ! MC
31. if not VL( Head[lst]) return
32. if mchild 6= ?
33. mcparent := LL( mchild ! Parent)
34. if not VL( Head[lst]) return
35. if mcparent = ?
36. SC(mchild ! Parent; newcell)
37. mchead := LL( Head[2*lst+ .5])
38. mcnewcell := mchead ! Next
39. if not VL( Head[2*lst+ .5]) go to L
40. if not VL( Head[lst]) return
41. if mcnewcell = mchild
42. if SC(Head[2*lst+ .5], mchild)
43. mchead ! Retired := true

44.L rchild := newcell ! RC
45. if not VL( Head[lst]) return
46. if rchild 6= ?
47. rcparent := LL( rchild ! Parent)
48. if not VL( Head[lst]) return
49. if rcparent = ?
50. SC(rchild ! Parent; newcell)
51. rchead := LL( Head[2*lst+1])
52. rcnewcell := rchead ! Next
53. if not VL( Head[2*lst+1]) go to M
54. if not VL( Head[lst]) return
55. if rcnewcell = rchild
56. if SC(Head[2*lst+1], rchild)
57. rchead ! Retired := true

58.M ready := LL( newcell ! Ready)
59. if not VL( Head[lst]) return
60. if ready = false
61. SC(newcell ! Ready, true)

end append

Figure 5.4: Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9)
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readyOrphan(lst : integer + ) returns ( � cell ; op)
1. if (lst= 2 � blst=2c + :5) and (lst > 1 + 2 � log2 n) return (? ; ? )
2. head := LL( Head[lst])
3. newcell := head ! Next
4. if newcell = ? return (? ; ? )
5. if newcell ! Ready = false return (? ; ? )
6. newop:= newcell ! Op
7. if not VL( Head[lst]) return (? ; ? )
8. return (newcell, newop)

end readyOrphan

announce(op : op; lst : integer + ) returns � cell
1. allocate an unusedor invalid cell c := selectCell () and initialize it as follows:

c ! Parent := ? , c ! Next := ? , c ! State := ?
c ! LC := ? , c ! MC := ? , c ! RC := ? ,
c ! Op := op, c ! Lop := ? , c ! Mop := ? , c ! Ready := true
c ! LDone := true, c ! MDone := false, c ! RDone := true,
c ! Free := false, c ! Retired := false

2. head := Head[lst]
3. if LL( head ! Next) = ?
4. SC(head ! Next, c)
5. return c

end announce

Figure 5.5: Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9)
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combine(lc : � cell ; lop : op; mc : � cell ; mop : op; rc : � cell ; rop : op ) returns � cell
1. allocate an unusedor invalid cell c := selectCell () and initialize it as follows:

c ! Parent := ? , c ! Next := ? , c ! State := ?
c ! LC := lc, c ! MC := mc, c ! RC := rc,
c ! Lop := lop,
c ! Mop := lop

N
mop

c ! Op := (c ! Mop)
N

rop
c ! Ready := false, c ! Free := false, c ! Retired := false
if lc 6= ?

c ! LDone := false
else c ! LDone:= true
if mc 6= ?

c ! MDone := false
else c ! MDone := true
if rc 6= ?

c ! RDone := false
else c ! RDone := true

2. return c
end combine

percolateState (c : � cell ; lst : integer + )
1. if lst = 1 return
2. p := c ! Parent
3. percolateState (p; blst=2c)
4. if lst = 2 � blst=2c
5. c ! State := p ! State, return
6. if lst = 2 � blst=2c + :5
7. c ! State := � state (p ! State; p ! Lop), return
8. c ! State := � state (p ! State; p ! Mop), return

end percolateState

Figure 5.6: Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9)
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release (c : � cell ; lst : integer + ; dir : f left; middle; rightg)
1. p := c ! Parent
2. LL( c ! Free)
3. if dir = left
4. c ! LDone := true
5. if c ! MDone and c ! RDone
6. if SC(c ! Free, true)
7. ascend (p, lst)
8. return
9. if dir = middle
10. c ! MDone := true
11. if c ! LDone and c ! RDone
12. if SC(c ! Free, true)
13. ascend (p, lst)
14. return
15. c ! RDone := true
16. if c ! LDone and c ! MDone
17. if SC(c ! Free, true)
18. ascend (p, lst)
19. return

end release

ascend(c : � cell ; lst : integer + )
1. if lst =1 return
2. if lst = 2 � blst=2c
3. release (c, blst=2c, left), return
4. if lst = 2 � blst=2c + :5
5. release (c, blst=2c, middle), return
6. release (c, blst=2c, right), return

end ascend

Figure 5.7: Contention-sensitive construction for closedobject O (Figures 5.1 to 5.9)
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5.2 The Implemen tation

We highlight some noteworthy aspects of our contention-sensitive implementation, which we
present in Figures 5.1 to 5.9.

(1). In addition to the possiblenode positions as speci�ed by a binary tree of height logn
(seeFigure 3.1(a)), we have log2 n new node positions: 2j + :5, for j = 1; 2; � � � ; log2 n. A node at
position 2j + :5 is the middle child of the node at position j .

(2). In the new construction, each cell in List[ lst ]; 1 � lst � log2 n, has three children: a left
child and a right child as in the original construction, and a middle child, which is either ? or a
cell in list 2 � lst + :5. The middle child, if present, is a leaf.

(3). In the BSC construction, when a processP invokesapply (P; op;O), it storesop in a cell
c, installs c (as a leaf) in the List[n + P] (which belongsexclusively to P), and works towards
making c a part of a fully formed tree (i.e., until c has logn ancestors).

In the new construction, when P invokesapply (P; op;O), it �rst executesthe getToken pro-
cedure(Figure 5.8). SupposeP succeedsin getting a token m. It storesop in a cell c, and installs
c (as a leaf) in List[2m + :5]. P then works towards getting c a parent in List[m], a grandparent
in List[bm=2c] and so on, until c hasan ancestorin List[1]. Then, P computesthe responseto its
operation, and releasestoken m. P's getToken takes O(m) time and the rest of the work takes
O(log2 m) time. We will show that m � nc (nc is the contention experiencedby P's invocation).
Further, m � log2 n. Thus, the time complexity of our construction is O(min(nc; log2 n)).

If P does not succeedin getting a token, then nc � log2 n + 1. In this case,P performs its
operation as in the BSC construction, by installing an operation cell in List[n + P] and working
towards the root from there. In this case,the total time spent is O(log2 n). Sincenc � log2 n + 1,
we have the desiredO(min( nc; log2 n)) time complexity bound.

(4). We enhancethe append procedure so that, when attempting to append a new cell c
to List[ lst ]; 1 � lst � log2 n, in addition to parenting any ready orphans in List[2 � lst] and
List[2 � lst + 1], c will also adopt as its middle child any ready orphan in List[2 � lst + :5].

(5). Each cell c has three �elds that record operations: The Lop �eld records the operation
of c's left child. The M op �eld records the operation that results from combining the operations
of c's left and middle children. The Op �eld records the operation that results from combining
the operations of c's left, middle, and right children. Lop and M op �elds are useful in the
percolateState procedure,when computing the State �elds of c's children, given the State �eld
of c. Let s be the value in the State �eld of c. Then, the State �eld of c's left child is s. The
State �eld of c's middle child is the state that results from applying c's Lop to the implemented
object in state s. The State �eld of c's right child is the state that results from applying c's M op
to the implemented object in state s.

5.3 Pro of of Correctness

With the exception of getToken, presented in Figure 5.8. the proof of linearizabilit y and wait-
freedom of BSC in Chapter 4 carries over to our construction, with obvious minor changes. We
therefore prove only the relevant properties of getToken here.
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getToken(P : pr ocesses) returns integer +

1. for i := 1to log2 n
2. if LL( tokeni ) = 0
3. if SC(tokeni , 1)
4. return 2 � i + :5
5. return n+ P

end getToken

Figure 5.8: Contention-sensitive construction for closedobjects: getToken (Figures 5.1 to 5.9)

5.3.1 Pro of of Token Scheme

In getToken, processP tries to win a token tokeni by executing the for loop in Lines 1 to 4
with index i . P iterates the for loop with index i = 1; 2; � � � ; log2 n. In each iteration, P executes
LL( tokeni ) in Line 2. If tokeni = 0 in Line 2, then no processhas yet won tokeni . In this case,
P executesSC(tokeni ; 1) in Line 3. If the SC operation returns tr ue, then P has won tokeni .
Clearly, at most one processcan win any tokeni . If P wins tokeni , then P's getToken returns
2i + :5, the middle child position that P is now entitled to install its opcell , by virtue of P 's having
won tokeni . If P did not win any of tokeni ; 1 � i � log2 n, then P's getToken returns n + P,
which is the leaf position that, in all precedingalgorithms, P installs its opcell .

Let tokeni be the token that P has won in getToken. Then, P releasestokeni in Line 9 of
apply , by setting tokeni to 0, just beforeapply terminates.

We say that P misses tokeni if when P executesthe for loop with i = k, P either �nds
tokenk = 1 in Line 2, or its SC operation in Line 3 returns false. Formally,

De�nition 19

� We say that P missestokenk if and only if 8k; 1 � k � log2 n � 1: if processP begins Line
1 of getToken with index i = k + 1.

� If processP executes Line 5 of getToken, then we say that P missestokenlog2 n .

Notation 6

� Let tP
k be the time P begins Line 1 of getToken with index i = k (if P ever does so).

� Let tP
1+log 2 n be the time P begins Line 5 of getToken with index i = k (if P ever does so).

� Let processP miss tokenk , where 1 � k � log2 n. Then, tP
k+1 is well-de�ned. Let I P

k denote
the time interval [tP

1 ; tP
k+1 ].

103



initialization
1. constant � := 8n log logn
2. 8 processP:
3. A := P's pool of 3� � 3 cells

(3 cells of P 's are usedas anchors)
4. Z := 3 anchors from P's pool of cells
5. B ; V; I := ;

end initialization

selectCell () returns � cell
1. if jAj = 0
2. Z := V [ B
3. A := I
4. if jAj > �
5. choosed 2 A
6. A := A � f dg; Z := Z [ f dg
7. return d
8. else
9. for i := 1; 2; 3:
10. if jZ j > 0
11. choosec 2 Z
12. Z := Z � f cg
13. if (c ! Free) ^ (c ! Retired)
14. I := I [ f cg
15. else V := V [ f cg
16. choosed 2 A
17. A := A � f dg; B := B [ f dg
18. return d

end selectCell

replace (c : � cell )
1. A := A [ f cg
2. if jAj > �
3. Z := Z � f cg
4, else B := B � f cg

end replace

Figure 5.9: Contention-sensitive construction for closedobjects: (Figures 5.1 to 5.9)

104



Informally, if P missestokenk , then [tP
k ; tP

k+1 ] is an interval within which P executed the
for loop with i = k. In other words, P tries and fails to gain tokenk during [tP

k ; tP
k+1 ]. During

I P
k = [tP

1 ; tP
k+1 ], P tries and fails to gain token1; token2; � � � ; tokenk .

De�nition 20 8k; 1 � k � log2 n, if processP executes a successful SC(tokenk ; 1) in Line 3 of
getToken, then we say that P wins tokenk .

Our objective is to prove Lemma 79, which assertsthat if P wins tokenk+1 , then there must
beat least k invocations that are concurrent with P 's invocation. Lemma 78 is a technical Lemma
that leadseasily to Lemma 79.

Lemma 78 asserts the following: Suppose that P misses tokenk . Then, there is an in-
stant in time � P

k during the interval I P
k (an interval during which P tries and fails to gain

token1; token2; � � � ; tokenk ) such that at � P
k , there are k distinct active processes,each having

won one of the following k tokens: token1; token2; � � � ; tokenk .

Lemma 78 Let processP miss tokenk , where 1 � k � log2 n. Then, there exists a time � P
k 2 I P

k
such that 8j; 1 � j � k : 9 processQj such that:

� Qj is active, i.e. executing apply , at � P
k ,

� Qj wins tokenj .

Pro of We proceedby induction on k.
Induction Basis k = 1.

In this case,P missestoken1, We needto prove that 9� P
1 2 I P

1 = [tP
1 ; tP

2 ]; 9Q1, such that:

� Q1 is active at � P
1 ,

� Q1wins token1.

Since P missestoken1, there exists a time � P
1 2 I P

1 = [tP
1 ; tP

2 ] when token1 = 1. Let Q1 be
the last processto executea successfulSC(token1; 1) in Line 3 of getToken before � P

1 . Thus, Q1

wins token1, and Q1 is active at � P
1 .

Induction Step The Induction Hypothesis is that Lemma 78 holds for k; 1 � k � m. We now
prove that Lemma 78 holds for k = m + 1.

Let processP miss tokenm+1 , where 2 � m + 1 � log2 n. Since P missestokenm+1 , there
exists a time � 0 2 [tP

m+1 ; tP
m+2 ] when tokenm+1 = 1. Let Qm+1 be the last processto execute

a successfulSC(tokenm+1 ; 1) in Line 3 of getToken before � 0. Thus, Qm+1 wins tokenm+1 , and
Qm+1 is active at � 0.

SinceQm+1 wins tokenm+1 , Qm+1 missestokenm . By the Induction Hypothesis, there exists
� Qm +1

m 2 I Qm +1
m = [tQm +1

1 ; tQm +1
m+1 ], satisfying Lemma 78. Since P missestokenm+1 , P misses

tokenm . By the Induction Hypothesis, there exists � P
m 2 I P

m = [tP
1 ; tP

m+1 ], satisfying Lemma 78.
Let � P

m+1 = max(� P
m ; � Qm +1

m ).
We now proceedto prove that � P

m+1 satis�es Lemma 78.

Claim 1 � P
m+1 2 I P

m+1 = [tP
1 ; tP

m+2 ].
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Pro of of Claim We have tP
1 � � P

m � tP
m+1 , tP

m+1 < tP
m+2 , � Qm +1

m < � 0 < tP
m+2 . SincetP

1 � � P
m <

tP
m+2 ; � Qm +1

m < tP
m+2 , we have tP

1 � max (� P
m ; � Qm +1

m ) < tP
m+2 , i.e. � P

m+1 2 [tP
1 ; tP

m+2 ].
2

We need to de�ne Qj ; 8j; 1 � j � m + 1, for the purpose of Lemma 78. Qm+1 has been
de�ned above. If � P

m+1 = � P
m , then we let Q1; Q2; � � � ; Qm be the m processesthat are active at

� P
m , and are guaranteed to exist by the Induction Hypothesis(as stated above) applied to P . If

� P
m+1 = � Qm +1

m , then we let Q1; Q2; � � � ; Qm be the m processesthat are active at � Qm +1
m , and are

guaranteed to exist by the Induction Hypothesisapplied to Qm+1 .

Claim 2 8j; 1 � j � m; 9Qj such that:

� Qj is active at � P
m+1 ,

� Qj wins tokenj .

Pro of of Claim This is an immediate consequenceof our choice of Q1; Q2; � � � ; Qm .
2

Claim 3 Qm+1 is active at � P
m+1 .

Pro of of Claim If � P
m+1 = � Qm +1

m , then our Claim is obvious. Suppose � P
m+1 = � P

m , i.e.
� Qm +1

m < � P
m . We must show that Qm+1 is active at � P

m . We note that Qm+1 is active throughout
the interval [� Qm +1

m ; � 0]. Since� Qm +1
m < � P

m < � 0, Qm+1 is active at � P
m

2
By Claims 1, 2, 3, and the fact that Qm+1 wins tokenm+1 , Lemma 78 holds for k = m + 1.

This complete the proof of Lemma 78.
2

Lemma 79 Let k be such that k � 0. Suppose that processP wins tokenk+1 . Then, P 's invoca-
tion is concurrent with at least k invocations.

Pro of Since P wins tokenk+1 , P has previously missedtokenk . By Lemma 78, there exists a
time � P

k 2 I P
k such that 8j; 1 � j � k : 9 processQj such that:

� Qj is active, i.e. executing apply , at � P
k ,

� Qj wins tokenj .

We note that, by Notation 6, P is active, i.e. executing apply , at � P
k . Since8j; 1 � j � k : Qj

wins tokenj , we know that Q1; Q2; � � � ; Qk , and P are k + 1 distinct processes.Furthermore, as
we just observed, all k + 1 processesare active at � P

k . Hence,P 's invocation is concurrent with
at least k invocations, i.e. the invocations by Q1; Q2; � � � ; Qk , at � P

k . This completesour proof.
2
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5.3.2 Bounding the Num ber of Valid Cells

Given a processP, a bound exists on the number of cells that are from P's pool, and valid (thus,
not available for recycling) at any instant in time. This is obviously an important bound for the
purposeof recycling cells. In this section, we prove this bound.

Lemma 80 Suppose that n � 16. At any time t, there are at most 8n log logn reachablecells
and anchors that are from processP's pool of cells, and valid.

Pro of Let c be a reachable cell or an anchor from P's pool of cells.

Coun ting P's valid cells that are head

Case 1

c is allocated during an invocation of apply when P wins a token.
We have pos(c) = i , or pos(c) = 2i + :5, where 1 � i � log2 n. Thus, at most 2log2 n such

cells may be head (and therefore valid) at t, and from P's pool.

Case 2

c is allocated during an invocation of apply when P doesnot win any token.
We have pos(c) = b(n + P)=2i c, where 0 � i � logn. Thus, at most logn + 1 such cells may

be head (and therefore valid) at t, and from P's pool.

Hence,the total number of P 's cells that are head(and therefore valid) at t is 2log2 n + logn (we
omit onecell, becauseof the double counting of the root position). Sincewe assumethat n � 16,
we have n � log2 n > logn. Hence,2log2 n + logn � 3n.

Coun ting P's valid cells that are not head

By Lemma 72, for any cell c that is from P's pool, valid at t, but not head at t, there is some
processQ that is executing apply , such that Q will be setting either c ! Retir ed or c ! F r ee
to tr ue during the apply .

We examine the placeswhere c ! Retir ed := tr ue and c ! F r ee:= tr ue occur.
(a) Line 12 of append: c is neither reachable, nor an anchor in this case.
(b) Line 12 of promote, Lines 29 and 43 of append: Each processmay have at most one

pending operation (in any one of theseLines). Thus, each processcan be responsible for at most
one cell that is from P's pool, valid at t, but not head at t. This accounts for a total of at most
n cells.

(c) In release :
Each processQ can hold up either (a) at most logn + 1 cells in positions b(n + Q)=2i c, where

0 � i � logn, or (b) at most log log2 n cells along the path from a middle child position to the
root position. Each of thesecells is waiting for Q to complete release to becomeinvalid.

However, we are focusing on P's cells c:
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Case 1

Consider cells c such that either pos(c) = i , or pos(c) = 2i + :5, where 1 � i � log2 n. Among
these cells, only cells c such that pos(c) = i , where 1 � i � log2 n, can be waiting for Q to
complete release to becomeinvalid. Each processQ can hold up cells in at most log log2 n of
theselog2 n positions. Thus, the total number of valid cells waiting for Q to complete release is
n log log2 n = 2n log logn

Case 2

We consider P 's cells c that occupy positions b(n + P)=2i c, where 0 � i � logn, such that
pos(c) > log2 n. In other words, we exclude all positions from 1 to log2n. Therefore, we are
consideringcells that occupy positions b(n + P)=2i c, where 0 � i � w, w = logn � log log2 n � 1.

If c occupiessuch a position, then, the argument usedin Lemma73applieshere. If b(n+ P)=2i c,
where 0 � i � w, has a leaf descendant position n + Q, then Q can hold up one cell of P 's in
position b(n + P)=2i c. For each position b(n + P)=2i c, there are n=(2log n� i ) leaf descendant
positions. Each such leaf descendant position n + Q, corresponds to oneprocessQ that may hold
up one cell of P 's in position b(n + P)=2i c.

The total number of P 's cells that can be held up in position b(n + P)=2i c becausesome
processhas not completed release (has not set F r ee �eld to tr ue) is

� the number of leaf descendant positions of b(n + P)=2i c

= n=(2log n� i )

The total number of P 's cells that can be held up becausesomeprocesshas not completed
release (has not set F r ee �eld to tr ue) is

� sum of the numbers of leaf descendant positions of b(n + P)=2i c; 0 � i � w

� sum of the numbers of leaf descendant positions of b(n + P)=2i c; 0 � i � logn

= n(1 + 2� 1 + 2� 2 + � � � 2� log n )

= 2n � 1

The total number of P 's cells that are valid at t, but not head at t, is therefore at most the sum
of the numbers from (b), and (c), n + (2n � 1) + 2n log logn � 5n log logn.

Sincethe number of P 's cells that are head (hencevalid) at t is at most 3n, the total number
of reachable cells and anchors that are from P's pool and valid at t is at most 3n + 5n log logn �
8n log logn.

2
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5.3.3 Pro of of Correctness

We are now in a position to prove the following Theorem that summarizesall the important
properties of our contention-sensitive construction.

Theorem 7 (a)The contention-sensitive construction is linearizable and wait-free.
(b)The shared-access time complexity and the local time complexity of the contention-sensitive
construction are both O(min (nc; log2 n)).
(c)The contention-sensitive construction requires 24n2 log logn shared cells, 2n + log2 n shared
pointers to cells, and log2 n shared bits.

Pro of
(a) Wait-freedom is easily seenfrom the algorithm. The proof of Theorem 6(a), which asserts
that the BSC construction is linearizable, carriesover, with easymodi�cations, to the contention-
sensitive implementation.
(b) ConsiderprocessP executing apply . SupposeP succeedsin getting tokenm . It storesop in a
cell c, and installs c (as a leaf) in List[2m+ :5]. P then works towards getting c a parent in List[m],
a grandparent in List[bm=2c] and so on, until c has an ancestor in List[1]. Then, P computesthe
responseto its operation, and releasestokenm . P 's getToken takes O(m) time and the rest of
the work takes O(log2 m) time. By Lemma 79, P 's operation is concurrent with at least m � 1
invocations. In other words, m � nc, where nc is the contention experiencedby P's invocation.
Further, m � log2 n. Thus, the time complexity of our construction is O(min(nc; log2 n)).

If P doesnot succeedin getting a token, then, by Lemma 78, nc � log2 n + 1. In this case,P
installs an operation cell in List[n + P] and working towards the root from there. The total time
spent is O(log2 n). Sincenc � log2 n + 1, we have the desiredO(min( nc; log2 n)) time complexity
in this case,too.
(c) By Lemma 80, we seethat setting � = 8n log logn in selectCell results in a selectCell that
always returns a unusedor invalid cell. Thus, our contention-sensitive implementation requiresa
total of 3n(8n log logn) = 24n2 log logn sharedcells.

In addition, the log2 n new middle child positions require log2 n additional sharedpointers to
cells. Hence,a total of 2n + log2 n sharedpointers to cells are needed.

Finally, there are log2 n tokens, token1; token2; � � � ; tokenlog2 n . Each token is a shared bit.
Thus, we have part(c).

2
In conclusion, we have presented, in Figures 5.1 to 5.9, a contention-sensitive, wait-free,

linearizable construction for closed objects, with time complexity of O(min( n c; log2 n)), and
O(n2 log logn) sharedmemory requirement.
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Part I I

Lower Bounds for Non blo cking
Implemen tations
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Chapter 6

Time and Space Lower Bounds for
Non blo cking Implemen tations

6.1 The Lower Bound

This sectionhas three parts. Section6.1.1illustrates the main ideasof our lower bound technique
for the special caseof implementing an increment object. Our lower bound applies not just to
implementations of the increment object, but to implementations of a large classof objects, which
we call perturbable objects. Section 6.1.2 de�nes the classof perturbable objects. Section 6.1.3
proves the lower bound for any implementation of any perturbable object.

6.1.1 The In tuition

To illustrate the main ideasof the lower bound proof, we provide below a proof sketch for a simple
caseof the full result. Consider any deterministic implementation of an increment object O,
sharedby p1; : : : ; pn , from swap objects. We will prove that the spaceand the shared-accesstime
complexity of the implementation are at least n � 1. (The full result is more generalin three ways:
it appliesto randomizedimplementations; it appliesto implementations of any perturbable object,
not just the increment object; and it applies even if base objects include resettable consensus
objects and any historylessobjects.)

ConsiderScenario0 in which pn initiates a read operation on O and runs alone. We claim that
pn accessessomebaseobject, before completing this read operation on O. For a proof, suppose
the claim is false. Then, pn cannot distinguish Scenario0 from Scenario0 0 in which someprocess
completesan increment operation on O before pn starts taking steps. Yet, correctnessrequires
pn 's read operation to return di�eren t values in Scenarios0 and 0 0. This contradiction implies
the claim. Let B1 denote the �rst baseobject that pn accesses.

To force pn to accessa secondbase object, the idea is to schedule other processes,before
scheduling pn , in such a way that they render the information in B 1 of little value to pn . Conse-
quently, later when pn runs and accessesB1, it will not learn enoughto determine the response
to its read operation on O; thus, pn is forced to accessa secondbaseobject. The details are as
follows. Let Scenario1 depict an execution in which processesother than pn take stepsuntil some
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process,say pi 1 , writes B1.1 If pn runs after Scenario1, it accessesB 1 because,until accessingB1,
this scenariois indistinguishable to pn from Scenario0. More signi�cantly, we show below that,
when running after Scenario1, pn accessessomebaseobject, besidesB 1, before completing its
�rst read operation on O. To seethis, consideranother scenario,Scenario10, which is the sameas
Scenario1 with the following exception: just beforepi 1 writes B1, someprocesspl other than pi 1

and pn completesmany increment operations on O, and after this pi 1 takesa step and writes B1.
Clearly, B1's value is the sameat the end of Scenarios1 and 1 0. Now extend each of Scenarios
1 and 10 by letting pn take steps. If pn accessesonly B1, it is clear that the two scenarioswould
be indistinguishable to pn . Yet, sincemany more increments operations completed in Scenario1 0

than in Scenario1, pn 's read operation on O must return di�eren t values in the two scenarios.
It follows that, in Scenario1 (and in Scenario1 0), pn must accessa secondbaseobject before
completing its read operation on O. Let B 2 denote this baseobject.

To forcepn to accessa third baseobject, we repeat the above trick and render the information
in B2 of little value to pn . Speci�cally , consider Scenario 2 consisting of the following three
execution fragments, taking place in that order: (i) the pre�x of Scenario1 (described above) up
to, but excluding the write of B1 by pi 1 , (ii) the steps of processesother than pi 1 and pn until
someprocess,say pi 2 , writes B2, and (iii) the write of B1 by pi 1 . If pn were to run after Scenario
2, it accessesB1 and B2 because,until accessingB2, this scenariois indistinguishable to pn from
Scenario1. We claim that pn accessessomebaseobject, besidesB 1 and B2, before completing
its �rst read operation on O. The justi�cation is as in the previous paragraph: if the claim is
false,pn cannot distinguish Scenario2 from Scenario2 0, where Scenario20 is similar to Scenario
2 except that someprocesspl other than pi 1 , pi 2 , and pn completesmany increment operations
on O just beforethe write stepsof pi 2 and pi 1 on B2 and B1, respectively. This is a contradiction
sincepn 's read operation on O must return di�eren t valuesin Scenarios2 and 2 0.

Repeating the above argument, we construct successively Scenarios3; : : : ; n � 2 with the
property that, if pn runs alone after Scenariok, it accessesat least k + 1 distinct baseobjects
before completing its �rst read operation on O. The lower bound of n � 1 on the spaceand
shared-accesstime complexity of the implementation is immediate from the existenceof Scenario
n � 2. (We cannot proceedany further than Scenario n � 2 becauseprocessesother than pn

are all already usedup: they play the roles of pi 1 ; : : : ; pi n � 2 or as a processthat does increment
operations just before the write stepsof pi 1 ; : : : ; pi n � 2 .)

In summary, the crux is to ensurethat pn gets no useful information from B1; B2; : : : ; Bn� 2;
that is, B1; B2; : : : ; Bn� 2 are rendered uselessto pn . This is accomplishedby \using up" pi j to
render B j useless.This technique of using up one new processfor each additional sharedobject
to be rendereduseless,in the context of spacecomplexity lower bounds,wasusedearlier by Burns
and Lynch [BL93].

We turn the above ideas into a rigorous inductiv e proof in Section 6.1.3. To understand
the correspondencebetween that proof and the above informal argument, note that Scenario2
described above has three parts: a schedule involving p1; : : : ; pn� 1, followed by the write steps
of pi 2 and pi 1 (on objects B2 and B1, respectively), followed by the steps of only pn . More
generally, if we extended the argument to Scenarios3, 4, : : : , Scenariok would consist of three

1 It is possiblethat such an execution doesnot exist. To not obscurethe basic intuition, we addressthis possibility
only in the formal proof, presented in Section 6.1.3.
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parts, where the �rst part is a schedule involving p1; : : : ; pn� 1, the secondpart is the write steps
of pi k ; pi k � 1 ; : : : ; pi 1 on somebaseobjects Bk ; Bk� 1; : : : ; B1, and the third part is the stepsof only
pn . Roughly speaking, thesethree parts of Scenariok0 correspond to the schedules�, �, and �,
respectively, in De�nition 1 in Section 6.1.2, and to the schedules� k , � k , and � k , respectively,
of the proof in Section 6.1.3. We caution the reader that this correspondenceis not exact, but is
closeenoughto help the reader understand how the formal proof works.

6.1.2 Perturbable T yp es

The key property of the increment object exploited in the above proof is the following: it is
possibleto create a new scenario,by scheduling the stepsof someprocesspl immediately before
that of pi k ; pi k � 1 ; : : : ; pi 1 , in such a way that pn is forced to distinguish the new scenario from
the older one. Below we state an abstract version of this property (which su�ces for our proof
technique to work), and call any type that has this property a perturbable type.

De�nition 21 Type T is per turbable f or n pr ocesses, f or initial st ate s if for every
linearizable and solo-terminating randomized implementation of an object O of type T, initialized
to s and shared by processesp1; : : : ; pn , there exists an assignmentof operation sequences to input
variables oplist1; : : : ; oplistn such that the following statement holds:

If � , � , and � are any schedules that satisfy the following four conditions,

{ pset (�) � f p1; : : : ; pn� 1g

{ pset (�) is a proper subsetof f p1; : : : ; pn� 1g and each processappears at most once in
� .

{ pset (�) = f png

{ In ��� , pn 's �rst operation on O just completesand returns someresponse r es.

then, for some pl 2 f p1; : : : ; pn� 1g � pset (�) , there is a schedule 
 2 (f pl g � coinsp ace) �

such that, in � 
 �� , either pn 's �rst operation on O does not complete or it returns a response
di�er ent from r es.

The key feature of a perturbable type can be informally explained as follows: Consider a
perturbable object O in a con�guration C, with somepending operations by processesother than
pi . Let pi bethe only processto takestepsfrom C. Processpi now invokesoperation opand obtains
a responsex. x may be any of several values, depending on the unknown linearization order of
the operations. However, the fact that O is perturbable implies that there exists a sequenceS of
operations, such that: Let C0 be the con�guration that results from C, when the operations in S
are executedsequentially to completion. (This de�nition of C0 is only approximately true.) Let
pi be the only processto take steps from C0. Processpi now invokes operation op and obtains a
responsey. Then, y must necessarilybe di�eren t from x, even though both x and y cannot be
determined fully, due to the uncertain linearization orders.
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There are schedules� k , � k , � k such that the following conditions hold:

1. � k ; � k 2 (f p1; p2; : : : ; pn� 1g � coinsp ace) � and � k 2 (f pn g � coinsp ace) � . That is, � k

and � k do not contain pn and � k contains no processother than pn .

2. j� k j = jpset (� k )j = k. That is, k distinct processestake one step each in � k .

3. In � k � k � k , pn accessesexactly k distinct baseobjects and pn 's �rst operation on O has
either not completed or just completed.

4. Let Sk be the set of baseobjects that pn accessesin � k � k � k . Let Pk = f p1; p2; : : : ; pn� 1g�
pset (� k ) and 
 be any schedule in (Pk � coinsp ace) � . Then, � k � k � Sk � k 
 � k .

Figure 6.1: Statement Sk

6.1.3 The Main Result

We prove that the spacecomplexity of any randomized solo-terminating implementation and
the shared-accesstime complexity of any deterministic solo-terminating implementation of any
perturbable object, shared by n processes,are both at least n � 1 if baseobjects are restricted
to be (any combination of) resettableconsensusobjects and historylessobjects, such as registers,
test&set objects, and swap registers.

Theorem 8 Supposethat type T is perturbablefor n processes,for someinitial state s. Consider
any randomized implementation of an object of type T, initialized to s and shared by processes
p1; : : : ; pn , from resettableconsensusobjects and historyless objects. If the implementation is
linearizable and solo-terminating:

1. Its space complexity is at least n � 1.

2. If the implementation is deterministic, its solo-termination shared-accesstime complexity is
at least n � 1.

Pro of Let O be the implemented object, and C0 be the initial con�guration of (p1; : : : ; pn ; O)
obtained by assigningto op-list1; : : : ; op-listn the operation sequencesmentioned in De�nition 21.
The crux of the proof lies in the following claim: For all k, 0 � k � n � 1, Statement Sk , presented
in Figure 6.1, is true. We prove this claim by induction. Below, we let Sk : j denote the j th part
of Statement Sk .
Base case: Let � 0 = � 0 = � 0 = � (� is the empty sequence). It is easy to verify that all of
S0 : 1-4 are true. Hence,we have the basecase.
Induction step: Suppose0 � k � n � 2 and Sk is true. Let � k ; � k ; � k be so de�ned as to
make Statement Sk true. Let Sk denote the set of baseobjects that pn accessesin � k � k � k , and
Pk denote f p1; p2; : : : ; pn� 1g � pset (� k). We now show that Sk+1 is true.
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By Sk : 3, in � k � k � k , pn 's �rst operation on O has either not completed or just completed.
Let � 2 (f pn g � coinsp ace) � be such that, in � k � k � k � , pn just completesits �rst operation on
O, returning somevalue. Sincethe implementation is solo-terminating, � exists.

Claim 4 � 6= � and in � k � k � k � , pn accessesa baseobject not in Sk .

Proof Suppose the claim is false. Recall that Pk = f p1; p2; : : : ; pn� 1g � pset (� k). Since
jpset (� k )j = k and k � n � 2, Pk is non-empty. For all pl 2 Pk and 
 2 (f pl g� coinsp ace) � , we
assert that � k � k � k � � pn � k 
 � k � k � . This assertion follows from the facts below: (i) � k � k � pn

� k 
 � k (sincethe schedules� k � k and � k 
 � k do not contain pn), (ii) � k � k � Sk � k 
 � k (by Sk : 4),
(iii) the schedule � k � contains only pn , and (iv) the only baseobjects accessedby pn in � k � k � k �
are the onesin Sk (by our assumption that Claim 4 is false).

The above assertion, together with the de�nition of � , implies that pn 's �rst operation on O
completesand returns the sameresponsein � k 
 � k � k � asin � k � k � k � . This contradicts De�nition
21 (to seethe contradiction, substitute � ; � ; � in the de�nition with � k ; � k ; � k � , respectively,
and note that the conditions in the de�nition hold becauseof the induction hypothesis). Hence,
we have Claim 4. 2

De�nition 22 De�ne � k+1 , Bk+1 , and � k+1 as follows:

� � k+1 is the shortest pre�x of � such that, in � k � k � k � k+1 , pn accessesa baseobject not in
Sk (by Claim 4, � k+1 exists).

� Bk+1 is the unique baseobject not in Sk that pn accessesin � k � k � k � k+1 .

� � k+1 = � k � k+1 .

Claim 5 � k+1 2 (f pn g � coinsp ace) � .

Pro of Since � k and � k+1 are both from (f png � coinsp ace) � , we have � k+1 2 (f pn g �
coinsp ace) � . 2

Claim 6 There exist � k+1 2 (Pk � coinsp ace) � and [pi k +1 ; tk+1 ] 2 Pk � coinsp ace such that,
for all 
 2 ((Pk � f pi k +1 g) � coinsp ace) � , � k � k+1 [pi k +1 ; tk+1 ] � B k +1 � k � k+1 
 [pi k +1 ; tk+1 ].

Pro of The following observation will be usedmany times in the proof:

Observation O1: For all 
 2 ((Pk � f pi k +1 g) � coinsp ace) � , Processpi k +1 accessesthe same
baseobject and applies the sameoperation in the last step of � k � k+1 [pi k +1 ; tk+1 ] as in the
last step of � k � k+1 
 [pi k +1 ; tk+1 ].

This observation follows from the fact that 
 doesnot contain pi k +1 .

In the following, we pick � k+1 and [pi k +1 ; tk+1 ] basedon the type of Bk+1 , and in each case
prove that our choiceof � k+1 and [pi k +1 ; tk+1 ] satis�es Claim 6. In the rest of the proof, 
 denotes
an arbitrary schedule in ((Pk � f pi k +1 g) � coinsp ace) � .

Case1 Bk+1 is a historyless object.
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Subcase1a There is somenon-empty schedule � 2 (Pk � coinsp ace) � such that the last
step in � k � is a nontrivial operation on B k+1 .

De�ne � k+1 and [pi k +1 ; tk+1 ] so that � = � k+1 [pi k +1 ; tk+1 ].

By O1, pi k +1 performsthe samenontrivial operation on B k+1 in the last stepof � k � k+1 
 [pi k +1 ; tk+1 ]
as in the last step of � k � k+1 [pi k +1 ; tk+1 ]. This, together with Proposition 1, givesClaim 6.

Subcase1b There is no such � .

De�ne � k+1 to be � and [pi k +1 ; tk+1 ] to be any element of Pk � coinsp ace.

It follows from the subcasein consideration that no nontrivial operation is performed on
Bk+1 in the last j� k+1 [pi k +1 ; tk+1 ]j stepsof � k � k+1 [pi k +1 ; tk+1 ] and in the last j� k+1 
 [pi k +1 ; tk+1 ]j
stepsof � k � k+1 
 [pi k +1 ; tk+1 ]. Therefore, by Proposition 1,
� k � k+1 [pi k +1 ; tk+1 ] � B k +1 � k � B k +1 � k � k+1 
 [pi k +1 ; tk+1 ]. Hence,we have Claim 6.

Case2 Bk+1 is a resettable consensusobject.

Subcase2a There is somenon-empty schedule � 2 (Pk � coinsp ace) � such that the last
step in � k � is a reset operation on B k+1 .

De�ne � k+1 and [pi k +1 ; tk+1 ] so that � = � k+1 [pi k +1 ; tk+1 ].

By O1, pi k +1 performs a reset on Bk+1 in the last step of � k � k+1 
 [pi k +1 ; tk+1 ], just as it
doesin the last step of � k � k+1 [pi k +1 ; tk+1 ]. Hence,we have Claim 6.

Subcase2b There is no such � . However, there is somenon-empty schedule � 0 2 (Pk �
coinsp ace) � such that the last step in � k � 0 is a proposeoperation on B k+1 .

De�ne � k+1 to be � 0 and [pi k +1 ; tk+1 ] to be any element of Pk � coinsp ace.

Let � be the state of Bk+1 at the end of � k � k+1 . Since Subcase2a is not applicable, it
follows that Bk+1 is not reset in the last j� k+1 [pi k +1 ; tk+1 ]j stepsof � k � k+1 [pi k +1 ; tk+1 ] and
in the last j� k+1 
 [pi k +1 ; tk+1 ]j steps of � k � k+1 
 [pi k +1 ; tk+1 ]. Thus, Bk+1 's state is � at the
end of � k � k+1 [pi k +1 ; tk+1 ] and at the end of � k � k+1 
 [pi k +1 ; tk+1 ]. Hence,we have Claim 6.

Subcase2c Neither � nor � 0 exists.

De�ne � k+1 to be � and [pi k +1 ; tk+1 ] to be any element of Pk � coinsp ace.

It follows from the subcaseunder consideration that no reset or proposeoperation is per-
formed on Bk+1 in the last j� k+1 [pi k +1 ; tk+1 ]j steps of � k � k+1 [pi k +1 ; tk+1 ] and in the last
j� k+1 
 [pi k +1 ; tk+1 ]j steps of � k � k+1 
 [pi k +1 ; tk+1 ]. Therefore, Bk+1 's state at the end of
� k � k+1 [pi k +1 ; tk+1 ] is the sameas its state at the end of � k � k+1 
 [pi k +1 ; tk+1 ]. Hence, we
have Claim 6.

This completesthe proof of Claim 6. 2

De�nition 23 Let � k+1 and [pi k +1 ; tk+1 ] be as in Claim 6. De�ne � k+1 and � k+1 as follows:

� � k+1 = � k � k+1
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� � k+1 = [pi k +1 ; tk+1 ]� k

Claim 7 � k+1 ; � k+1 2 (f p1; p2; : : : ; pn� 1g � coinsp ace) � .

Pro of By de�nition, � k+1 2 (Pk � coinsp ace) � and [pi k +1 ; tk+1 ] 2 Pk � coinsp ace, where
Pk = f p1; p2; : : : ; pn� 1g � pset (� k). This, together with Sk : 1, implies the claim. 2

Claim 8 j� k+1 j = jpset (� k+1 )j = k + 1.

Pro of This claim follows from the de�nition of � k+1 as [pi k +1 ; tk+1 ]� k and the following two
facts: (i) j� k j = jpset (� k)j = k (by Sk : 2), and (ii)[ pi k +1 ; tk+1 ] 2 Pk � coinsp ace and Pk does
not include any processfrom pset (� k ). 2

Claim 9 Let Pk+1 = f p1; p2; : : : ; pn� 1g � pset (� k+1 ). Let 
 be any schedule from (Pk+1 �
coinsp ace) � . Then we have:

1. � k+1 [pi k +1 ; tk+1 ] � B k +1 � k+1 
 [pi k +1 ; tk+1 ].

2. � k+1 � k+1 � B k +1 � k+1 
 � k+1 .

3. � k+1 � k+1 � Sk � k � k � Sk � k+1 
 � k+1 .

Pro of Part (a) of this claim is a rephrasing of Claim 6. The proof of the other two parts of
this claim will useObservation O1, stated earlier in the proof of Claim 6.

By construction, pi k +1 62pset (� k ). By de�nition of 
 , pset (
 ) \ pset (� k) = ; . It follows that
� k+1 [pi k +1 ; tk+1 ] � pset (� k ) � k+1 
 [pi k +1 ; tk+1 ]. From this, the fact that each processin pset (� k )
appears only once in � k and j� k j = k, we conclude that the sequenceof baseobjects accessed
and the operations applied in the last k stepsof � k+1 [pi k +1 ; tk+1 ]� k are identical to the sequence
of baseobjects accessedand the operations applied in the last k steps of � k+1 
 [pi k +1 ; tk+1 ]� k .
This, together with part (a) of the claim, implies part (b).

It follows from the induction hypothesis Sk : 4 that � k � k+1 [pi k +1 ; tk+1 ]� k � Sk � k � k � Sk

� k � k+1 
 [pi k +1 ; tk+1 ]� k . This, together with prior de�nitions of � k+1 as � k � k+1 and � k+1 as
[pi k +1 ; tk+1 ]� k , givespart (c) of the claim. 2

Claim 10

1. Let Sk+1 be the set of base objects that pn accessesin � k+1 � k+1 � k+1 . Then, Sk+1 =
Sk [ f Bk+1 g and jSk+1 j = k + 1.

2. In � k+1 � k+1 � k+1 , pn 's �rst operation on O has either not completed or just completed.

Pro of We make the following observations: (1) � k � k � pn � k+1 � k+1 (since neither � k � k nor
� k+1 � k+1 contains pn ), (2) � k � k � Sk � k+1 � k+1 (this is part (c) of Claim 9), (3) By de�nition
of Sk , Sk is exactly the set of baseobjects that pn accessesin � k � k � k , and (4) By de�nition of
� k+1 , in � k � k � k � k+1 , it is only in the last step that pn accessesa baseobject not in Sk (this
baseobject is Bk+1 ), and pn 's �rst operation on O has either not completed or just completed.
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Theseobservations imply Part (b) of the claim and that Sk+1 = Sk [ f Bk+1 g. This, together with
jSk j = k (by induction hypothesis), implies jSk+1 j = k + 1.

2
We have proved all four parts of Statement Sk+1 : Part 1 in Claims 7 and 5, Part 2 in Claim

8, Part 3 in Claim 10, and Part 4 follows from parts (b) and (c) of Claim 9 and Claim 7(a). This
completesthe induction step and hence,the proof of Statement Sk , for all 0 � k � n � 1.

We now proceedto prove Theorem 8. The �rst part of the theorem is immediate from Part
3 of Statement Sn� 1. To obtain the secondpart of the theorem, observe that a deterministic
implementation canbeviewedasa randomizedimplementation for which coinsp ace is a singleton
set. Since Statement Sk (0 � k � n � 1) is proved for any non-empty countable coinsp ace,
Statement Sn� 1 is true for any deterministic implementation. By Part 3 of Statement Sn� 1, in
� n� 1� n� 1� n� 1, pn accessesn � 1 baseobjects and has either not completed or just completed
its �rst operation on O. This implies that the solo-termination time complexity is at least n � 1.
Hence,we have the theorem. 2

6.2 Examples of Perturbable T yp es

We show that the following common typesof objects are perturbable for n processes:modulo k
counter for any k � 2n, increment object, fetch&add, k-valued compare&swap for any k � n,
LL/SC bit, and single writer snapshot. It follows from Theorem 8 that the spacecomplexity of
a randomized implementation or the shared-accesstime complexity of a deterministic implemen-
tation of any of theseobjects from resettable consensusobjects and historylessobjects is at least
n � 1.

6.2.1 Mo dulo Coun ter and Related Ob jects

A modulo k counter supports increment and read operations. The states are
0; 1; : : : ; k � 1. The increment operation adds1 to the state (modulo k) and returns ack. The read
operation returns the state, without a�ecting it. The following proposition is immediate from the
linearizabilit y requirement.

Prop osition 2 Let O be a modulo k counter, initialized to 0. Let E be a �nite execution of
(p1; : : : ; pn ; O) such that in the con�gur ation C at the end of E , processpn has no pending opera-
tion on O. Supposepn runs alone from C and performs a read operation on O. If the number of
completed incrementsin E is at least v and the sum in E of the number of completed increments
and the number of pending increments is at most v0, then the value returned by the read of pn is
in the range [v; v0] modk.

Lemma 81 For all k � 2n, modulo k counter is perturbable for n processes,for any initial state.

Pro of Without loss of generality, we prove the lemma for initial state 0. Consider any
linearizable and solo-terminating randomizedimplementation of a modulo k counter O, initialized
to 0 and sharedby processesp1; : : : ; pn . For 1 � i � n � 1, let op-listi be an in�nite sequenceof
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increment operations, and op-listn be an in�nite sequenceof read operations. Let �, �, and �
be any schedulesthat satisfy the four conditions listed in De�nition 21.

Let pl beany processin f p1; : : : ; pn� 1g� pset (�), and 
 2 (f pl g� coinsp ace) � be the shortest
schedulesuch that there are exactly n morecompletedincrement operationson O in � 
 than in �.
Sincethe implementation is solo-terminating, 
 exists. We now make the following observations:

1. If a processcompletesan increment on O in the last j� j stepsof ��, then it hasno pending
increment on O in ��. Furthermore, no processcompletesmore than one increment on O
in the last j� j stepsof ��.

This follows from the fact that each processappearsat most oncein the schedule �.

2. For any execution E, let NP(E) denote the number of pending increment operations on O
in E. The sum of NP(��) and the number of increments that completed in the last j� j
stepsof �� is at most n � 1.

This follows from Observation 1 and the fact that pset (��) � f p1; : : : ; pn� 1g.

3. The sum of NP(� 
 �) and the number of increments that completed in the last j� j stepsof
� 
 � is at most n � 1.

This also follows from Observation 1 and the fact that pset (� 
 �) � f p1; : : : ; pn� 1g.

4. For any execution E, let NC(E) denote the number of completed increment operations on
O in E. Let NC(�) = v. In ���, the value r es, which pn 's �rst operation on O (which is
a read) returns, is in the range [v; v + n � 1]mod k.

This follows from Proposition 2 and the following two chains of inequalities:

NC(��) � NC(�) = v

NC(��) + NP(��)
= NC(�) + NP(��)+

number of increments that completed in
the last j� j stepsof ��

� v + n � 1 (by Observation 2)

5. In � 
 ��, if pn 's �rst operation on O completes,it returns a value in the range [v + n; v +
2n � 1]mod k.

This follows from Proposition 2 and the following two chains of inequalities:

NC(� 
 �) � NC(� 
 ) = v + n

NC(� 
 �) + NP(� 
 �)
= NC(� 
 ) + NP(� 
 �)+

number of increments that completed in
the last j� j stepsof � 
 �

� (v + n) + (n � 1) (by Observation 3)
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Sincek � 2n, the range[v; v + n � 1]mod k and the range[v + n; v + 2n � 1]mod k are disjoint.
This, together with Observations 4 and 5, implies Lemma 81. 2

An increment object is a special caseof a modulo k counter, for k = 1 . Since the �niteness
of k is not used in the proofs of Proposition 2 or Lemma 81, we have the following result:

Lemma 82 An increment object is perturbable for n processes,for any initial state.

A fetch&add object supports the operation fetch&add(v), for any integer v. The states are
integers. The fetch&add(v) operation adds v to the state and returns the previous state. Pro-
ceedinganalogouslyas in the proof of Lemma 81, with k = 1 and the operations increment, read
replacedby fetch&add(1), fetch&add(0), we obtain the following lemma.

Lemma 83 A fetch&add object is perturbable for n processes,for any initial state.

6.2.2 Compare&Sw ap

A k-valued compare&swap object supports the operations read and c&s(u; v), for all u; v 2
f 1; 2; : : : ; kg. The states are 1; 2; : : : ; k. The e�ect of c&s(u; v) depends on whether or not the
state is u: if the state is u, c&s(u; v) changesthe state to v and returns true; otherwise it returns
false without a�ecting the state. We say a compare&swap operation is successful if it returns
true.

Prop osition 3 Let C be any reachablecon�gur ation of (p1; : : : ; pn ; O), where O is a k-valued
compare&swap object. Suppose that process pl has no pending operations on O in C. For any
w 2 f 1; 2; : : : ; kg, if pl runs alone from C, completing the sequence of operations read, c&s(1; w),
c&s(2; w), : : : ; c&s(k; w), then one of the following is true:

1. One of the c&s operations of pl returns true.

2. Someoperation on O that was pending in C is linearized after the read and before the last
c&s operation of pl .

Proof Let v be the value returned by the read operation of pl . Supposethat Statement 1 in
the Proposition is false. Sincec&s(v; w), which is one of the n c&s operations that pl performed
following the read, did not return true, somepending operation must have taken e�ect after the
read and before the c&s(v; w). 2

Prop osition 4 Let C be any reachablecon�gur ation of (p1; : : : ; pn ; O), where O is a k-valued
compare&swap object. Suppose that process pl has no pending operations on O in C. Let
w 2 f 1; 2; : : : ; kg and suppose that pl runs alone from C, completing the following sequence of
operations n times: read, c&s(1; w), c&s(2; w), : : : ; c&s(k; w). Then, at least one of the c&s
operations returns true.

Proof Follows by successive application of Proposition 3 and the observation that there can be
at most n � 1 pending operations on O in C. 2
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Lemma 84 For all k � n, k-valued compare&swap object is perturbable for n processes,for any
initial state.

Pro of Consider any linearizable and solo-terminating randomized implementation of a k-
valued compare&swap object O, initialized to any value and sharedby processesp1; : : : ; pn . For
any 1 � j � k, let � j denotethe operation sequenceread; c&s(1; j ); c&s(2; j ); : : : ; c&s(k; j ). Let �
denote the operation sequence� n

1 � n
2 : : : � n

k , where � m
i denotesthe sequence� i repeatedm times.

Thus, j� j j = k + 1 and j� j = nk(k + 1). For all 1 � i � n � 1, initialize the input variable op-list i
to the in�nite sequence� � � : : : ; and initialize op-listn to the in�nite sequenceof read operations.
Let �, �, and � be any schedulesthat satisfy the four conditions listed in De�nition 21.

Let pl be any processin f p1; : : : ; pn� 1g � pset (�). If pl has any pending operation on O at
the end of �, let 
 0 2 (f pl g � coinsp ace) � be such that pl just completesthat operation in � 
 0.
Otherwise let 
 0 = � . Thus, at the end of � 
 0, pl hasno pending operation on O, and any pending
operations have to be from processesin f p1; : : : ; pn� 1g � f pl g. Let P � f p1; : : : ; pn� 1g � f pl g be
the set of processesthat have pending operations on O at the end of � 
 0.

Let Q be the set of processesthat initiate a new operation on O in the last j� j stepsof � 
 0�.
Sincepl 2 f p1; : : : ; pn� 1g � pset (�), we have Q � f p1; : : : ; pn� 1g� f pl g. Furthermore, sinceeach
processappearsat most oncein �, if a processhas a pending operation in � 
 0 then that process
cannot initiate a new operation on O in the last j� j steps of � 
 0�. In other words, P \ Q = ; .
From this and the fact P; Q � f p1; : : : ; pn� 1g � f pl g, we have jP j + jQj � n � 2. That is, the sum
of the number of pending operations on O in � 
 0 and the number of operations on O initiated
in the last j� j steps of � 
 0� is at most n � 2. Let V be the set of all v such that a c&s(v; � )
operation2 on O is either pending in � 
 0 or initiated in the last j� j steps of � 
 0�. From the
above, jV j � n � 2.

Recall from (the fourth condition in) De�nition 21 that r es is the value returned by pn 's
�rst operation on O in ���. Let w 2 f 1; 2; : : : ; ng be such that w 62V and w 6= r es. Let

 002 (f pl g � coinsp ace) � be the shortest schedule such that, in � 
 0
 00, we have: (i) pl has no
pending operations, (ii) there are at least n(k + 1) completed operations on O (by pl ) in the last
j
 00j steps,and (iii) the sequenceof n(k + 1) most recent completed operations of pl on O is � n

w .
The de�nition of op-listl and the fact that the implementation is solo-terminating imply that 
 00

exists. We now make the following observations:

1. In � 
 0
 00, the most recent n(k+ 1) operations of pl on O includesa successfulcompare&swap
operation of the form c&s(� ; w). (Let op denote any such operation.)

Pro of In � 
 0
 00, the most recent n(k + 1) operations of pl on O are the operations in � n
w .

All of the compare&swap operations in � n
w are of the form c&s(� ; w) and, by Proposition 4,

at least one of thesesucceeds. 2

2. Consider any linearization of � 
 0
 00�. If op0 is a successfulcompare&swap operation that
is linearized after op, then op0 must be of the form c&s(� ; w).

Pro of We prove this assertion by contradiction. Let op 0 be the �rst successfulcom-
pare&swap operation that is of the form c&s(� ; x), for somex 6= w, to be linearized after

2An asterisk in a �eld indicates that we do not care what the value of that �eld is.
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op. Since op is successfuland each successfulcompare&swap operation that is linearized
after op and before op0 is of the form c&s(� ; w), the value of the object is w immediately
beforeop0.

There are three casesto consider: (i) op0 is an operation from pl that follows op, (ii) op0

is an operation which is pending in � 
 0, or (iii) op0 is an operation which is initiated in
the last j� j steps of � 
 0
 00�. In Case (i), by de�nition of 
 00and op, op0 is of the form
c&s(� ; w), a contradiction. In Cases(ii) and (iii), by de�nitions of V and w, op 0 = c&s(v; � )
for somev 6= w. Since the value of the object is w immediately before op 0, the fact v 6= w
implies that op0 = c&s(v; � ) cannot be successful,a contradiction. 2

3. In � 
 0
 00��, if pn 's �rst operation on O (which is a read operation) completes,it returns a
value di�eren t from r es.

Pro of Since op is successfuland is of the form c&s(� ; w), the value of O immediately
after op is w. By the previous observation, in � 
 0
 00�, every successfulcompare&swap
linearized after op is also of the form c&s(� ; w).

Therefore, in � 
 0
 00��, if pn 's �rst operation on O (which is a read operation) completes,
it returns w. But w, by de�nition, is di�eren t from r es. Hence,we have the observation. 2

Lemma 84 is immediate from the last observation. 2

6.2.3 LL/SC Bit

An n-process load-link store-conditional bit (n-processLL/SC bit) supports the operations LL
and SC(b), for b = 0; 1. The states are pairs (v; S), for all v 2 f 0; 1g and S � f 1; 2; : : : ; ng. The
operation LL from processpi , when applied in state (v; S), returns v and changesthe state to
(v; S0), where S0 = S [ f ig. The operation SC(b) from processpi , when applied in state (v; S),
has the following e�ect: if i 2 S, the state changesto (b;; ) and true is returned; otherwise the
state is not a�ected and false is returned. We say an SC operation is successful if it returns true.

Prop osition 5 Let C be any reachablecon�gur ation of (p1; : : : ; pn ; O), where O is an n-process
LL/SC bit. Suppose that processpl has no pending operations on O in C. If pl runs alone from
C, completing an LL operation and then an SC(b) operation (for any b 2 f 0; 1g), then one of the
following is true:

1. The SC(b) operation of pl returns true.

2. Some SC operation on O that was pending in C is linearized after the LL and before the
SC(b) of pl .

Proof Follows from the speci�cation of n-processLL/SC bit. 2

Prop osition 6 Let C be any reachablecon�gur ation of (p1; : : : ; pn ; O), where O is an n-process
LL/SC bit. Supposethat processpl has no pending operations on O in C. For b 2 f 0; 1g, suppose
further that pl runs alone from C, completing the following sequence of operations n times: LL,
SC(b). Then, at least one of the SC(b) operations returns true.
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Proof Follows by repeatedapplication of Proposition 5 and the observation that there can be at
most n � 1 pending operations on O in C. 2

Lemma 85 LL/SC bit is perturbable for n processes,for any initial state.

Pro of Considerany linearizableand solo-terminating randomizedimplementation of an LL/SC
bit O, initialized to any value and sharedby processesp1; : : : ; pn . For j 2 f 0; 1g, let � j denote the
sequenceLL , SC(j ), LL , SC(j ), : : :, LL , SC(j ) that hasa total of 2n operations (n LL operations
and n SC(j ) operations). For all 1 � i � n � 1, initialize the input variable op-list i to the in�nite
sequence� 0; � 1; � 0; � 1; � 0; � 1; : : : and initialize op-listn to the in�nite sequenceof LL operations.
Let �, �, and � be any schedulesthat satisfy the four conditions listed in De�nition 21.

Let pl be any processin f p1; : : : ; pn� 1g � pset (�). If pl has any pending operation on O at
the end of �, let 
 0 2 (f pl g � coinsp ace) � be such that pl just completesthat operation in � 
 0.
Otherwise let 
 0 = � . Thus, at the end of � 
 0, pl has no pending operation on O, but other
processesmay. Any such pending operations have to be from processesin f p1; : : : ; pn� 1g � f pl g.

Recall from (the fourth condition in) De�nition 21 that r es is the value returned by pn 's �rst
operation on O in ���. Let w = 1� r es. Let 
 002 (f pl g� coinsp ace) � be the shortest schedule
such that, in � 
 0
 00, we have: (i) pl hasno pendingoperations, (ii) there are at least 2n completed
operations on O (by pl ) in the last j
 00j steps,and (iii) the sequenceof 2n most recent operations of
pl on O is � w . The de�nition of op-listl and the fact that the implementation is solo-terminating
imply that 
 00exists. We now make the following observations:

1. In � 
 0
 00, the most recent 2n operations of pl on O includes a successfulSC(w) operation.
(Let op denote any such operation.)

Pro of Consider the sequence� w of the 2n most recent (alternating LL and SC(w))
operations of pl on O. By Proposition 6, at least one of theseSC(w) operations succeeds.
2

2. Consider any linearization of � 
 0
 00�. Let op0 = SC(v) be any successfuloperation that is
linearized after op. Then v = w.

Pro of If op0 is linearized after op, there are three casesto consider: (i) op 0 is an
operation from pl that follows op, (ii) op0 is an operation which is pending in � 
 0, or (iii)
op0 is an operation which is initiated in the last j� j steps of � 
 0
 00�. In the following we
show that the observation holds in all cases.

Case(i): op0 is an operation from pl that follows op

Since pl 2 f p1; : : : ; pn� 1g � pset (�), pl has no step in the last j� j steps of � 
 0
 00�. From
this and the de�nition of 
 00, the 2n most recent operations from pl in � 
 0
 00� are LL ,
SC(w), LL , SC(w), : : :, LL , SC(w). By de�nition, op is one of these2n operations. Thus,
if op0 = SC(v) is an SC operation from pl that follows op, then v must equal w.

Cases(ii) and (iii): op0 is pending in � 
 0 or op0 is initiated in the last j� j stepsof � 
 0
 00�

Let pi be the processthat invoked op0 = SC(v). Consider the most recent LL operation
from pi that precededop0. Let op00denote this operation. We assert that in both Case(ii)
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and Case(iii), op00completed in �. In the next two paragraphswe prove this assertionfor
the two cases.

In Case(ii), sinceop0 is pendingin � 
 0, op00must havecompletedin � 
 0. Sincepset (
 0
 00) =
f pl g and pl 6= pi (becauseunlike pi , pl has no pending operation in � 
 0), it follows that pi

completed op00in �.

In Case(iii), sinceeach processappearsat most oncein �, if pi initiated op0 in the last j� j
stepsof � 
 0
 00�, then it follows that pi completedop00in � 
 0
 00. Further, sincepset (
 0
 00) =
f pl g and pl 6= pi (becausepl 2 f p1; : : : ; pn� 1g � pset (�)), it follows that pi completed op00

in �.

Sinceop did not even begin in �, it follows that op00is linearized beforeop. Thus, we have
the following situation: pi applied the LL operation op00and then the SC operation op0;
pl 's successfulSC operation op is linearized after op 00and beforeop0. By the speci�cation
of LL/SC bit, op0 must return false. This contradicts the premise that op 0 is successful.
Thus Cases(ii) and (iii) cannot arise. 2

3. In � 
 0
 00��, if pn 's �rst operation on O (which is an LL operation) completes,it returns a
responsedi�eren t from r es.

Pro of Since op = SC(w) is successful,the value of O immediately after op is w. By
the previous observation, in � 
 0
 00�, every successfulSC linearized after op is also of the
form SC(w). Therefore, in � 
 0
 00��, pn 's �rst operation on O (which is an LL operation)
returns w. Sincew = 1 � r es, we have w 6= r es. Hence,we have the observation. 2

Lemma 85 is immediate from the last observation. 2

6.2.4 Single Writer Snapshot

An n-process single writer binary snapshot object [AWW93, And93] supports the operations
read and write v, for v 2 f 0; 1g. The states are [v1; v2; : : : ; vn ], where v1; v2; : : : ; vn are from
f 0; 1g. A write x operation from processpi , when applied in state [v1; v2; : : : ; vn ], changesthe
state to [v1; : : : ; vi � 1; x; vi +1 ; : : : ; vn ] and returns ack. The read operation, when applied in state
[v1; v2; : : : ; vn ], returns [v1; v2; : : : ; vn ] without a�ecting the state.

Lemma 86 Single writer binary snapshotobject is perturbable for n processes,for any initial
state.

Pro of Consider any linearizable and solo-terminating randomized implementation of an n-
processsingle writer binary snapshotobject O, initialized to any value and sharedby processes
p1; : : : ; pn . For 1 � i � n � 1, let op-listi be an in�nite sequenceof alternating write 0 and write
1 operations. Let op-listn be an in�nite sequenceof read operations. Let �, �, and � be any
schedulesthat satisfy the four conditions listed in De�nition 21.

Recall from (the fourth condition in) De�nition 21 that r es is the value returned by pn 's �rst
operation on O in ���. Let r es = [v1; v2; : : : ; vn ]. Let pl be any processin f p1; : : : ; pn� 1g �
pset (�). Let 
 2 (f pl g � coinsp ace) � be the shortest schedule such that, in � 
 , pl just com-
pleted writing 1 � vl . Since the implementation is solo-terminating, 
 exists. Further, since
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pl 2 f p1; : : : ; pn� 1g � pset (�), pl has no step in the last j� j stepsof � 
 �. Therefore, if pn 's �rst
operation in � 
 �� (which is a read operation) completesand returns [w1; w2; : : : ; wn ], wl must
equal 1 � vl . It follows that r es 6= [w1; w2; : : : ; wn ]. Hence,we have Lemma 86. 2

6.3 Applications

In Section 6.2, we showed that every type in set A is perturbable for n processes,for any initial
state, where A = f modulo k counter (for any k � 2n), increment, fetch&add, k-valued com-
pare&swap (for any k � n), LL/SC bit, single-writer snapshotg (seeLemmas 81, 82, 83, 84, 85,
and 86). From this and Theorem 8, we have:

Theorem 9 Let A be the set of types de�ned above. Consider any randomized implementation
of an object belonging to a type in A, initialized to any state and shared by processesp1; : : : ; pn ,
from resettableconsensusobjects and historylessobjects. If the implementation is linearizable and
solo-terminating:

1. Its space complexity is at least n � 1.

2. If the implementation is deterministic, its solo-termination shared-accesstime complexity is
at least n � 1.

The above result does not addressthe complexity of implementing modulo k counter when
k < 2n, or of implementing k-valued compare&swap when k < n. We discussthesecasesbelow.
The following corollary is a simple consequenceof Lemma 81.

Corollary 1 For all k � 1, modulo k counter is perturbable for bk=2c processes,for any initial
state.

From Corollary 1 and Theorem 8, we have:

Corollary 2 For any positive integer k, consider any randomized implementation of modulo k
counter, initialized to any state and shared by processesp1; : : : ; pbk=2c, from resettableconsensus
objects and historylessobjects. If the implementation is linearizable and solo-terminating:

1. Its space complexity is at least bk=2c � 1.

2. If the implementation is deterministic, its solo-termination shared-accesstime complexity is
at least bk=2c � 1.

We observe that the time or spacecomplexity grows monotonically with the number of pro-
cessessharing the implementation. This observation, together with Corollary 2, gives:

Theorem 10 For any k � 2n, consider any randomized implementation of modulo k counter,
initialized to any state and shared by processesp1; : : : ; pn , from resettableconsensusobjects and
historylessobjects. If the implementation is linearizable and solo-terminating:

1. Its space complexity is at least bk=2c � 1.
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2. If the implementation is deterministic, its solo-termination shared-accesstime complexity is
at least bk=2c � 1.

Using Lemma 84 and reasoningas above, we have:

Theorem 11 For any k � n, consider any randomized implementation of k-valued compare&swap,
initialized to any state and shared by processesp1; : : : ; pn , from resettableconsensusobjects and
historylessobjects. If the implementation is linearizable and solo-terminating:

1. Its space complexity is at least k � 1.

2. If the implementation is deterministic, its solo-termination shared-accesstime complexity is
at least k � 1.
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