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1. Intr oduction

Kernel methodsreceived attentionoriginally as a “trick”
to introduce non-linearity into support vector machines
(SVM) [21]. Evaluatingakernelfunctionbetweentwo data
is equivalent to computingthe scalarproductof their im-
agesin anon-linearlymappedspace(usuallytermedasfea-
turespace).It is realizedlaterthatkernelmethodsaremore
general.Similarto SVM, many linearalgorithms(e.g.,PCA
andFisherlineardiscriminant)dependondatathroughtheir
scalarproducts. By substitutingthe scalarproductswith
kernelevaluations,thesealgorithmscandiscovernon-linear
patternsin data. At thesametime, they arestill computa-
tionally ef�cient, asthe kernelfunction is evaluatedin the
input space[20]. Insteadof usinggeneral-purposekernels
(e.g.,Gaussians),recenteffort hasbeenput on designing
kernelstailored to the requirementsof a speci�c applica-
tion. Suchkernelsbetter re�ect the similarities between
dataandthusincorporatemoredomainknowledgeinto the
algorithm.

One importantapplicationof kernelmethodis appear-
ancebasedobjectrecognition.Objectrecognitionremains
oneof the mostchallengingproblemsin computervision.
Changesin illumination, pose,viewing angle,occlusion,
cluttersand non-rigid deformationsare just a few of the
complicatedproblemsa recognitionsystemhas to face.
Many applicationsof kernelmethodsto objectrecognition
arebasedon global imagefeatures(e.g.,global grayvalue
histograms)[14, 4, 15]. Thoughpromisingperformance
hasbeenreported,thesemethodsareplaguedby the de�-
cienciesof the global features,suchas being sensitive to
imagedegradations(e.g.,noise,occlusionandbackground
clutters)andnot robustunderchangesin objectcon�gura-
tions(e.g.,translationandscaling).

Recentyearshave seenimpressive developmentsin us-
ing local featurescomputedat interestpointsfor matching
andrecognition[9, 17, 16, 10, 2]. Suchapproachesleadto
robust andcompactimagerepresentationsthat lend them-
selves to powerful patternanalysisalgorithms. However,
the local featurerepresentationsposeseveralchallengesto
kerneldesign.First,it requiresthekernelto work ef�ciently
on inputsof variablelengths,asimagesmayhave a differ-
ent numberof local features.Secondly, the kernelshould
measuresimilarity of two unorderedsetsof local features,
wherenoexplicit correspondenceisavailable.Furthermore,
severaldifferenttypesof local featuresareusuallycollected
andthey needto be fusedinto the kernel. For betterper-
formance,semilocalspatialandgeometricalconstraintsbe-
tweeninterestpointsshouldalsobe incorporated.Finally,
to guaranteeuniqueglobal optimal solutionsfor the SVM
algorithm,thekernelmustalsosatisfytheMercercondition.
Unfortunately, existingmethods(e.g.,[1, 22, 23, 12, 8]) are
notsatisfactoryin thatthey donotmeetall of theserequire-

ments.
Themajorcontribution of this paperis thede�nition of

anew classof kernelsfor objectrecognition,basedonlocal
featurerepresentations.Formal proofs are given to show
that this classof kernelssatisfy the Mercerconditionand
re�ect similaritiesbetweensetsof local features.In addi-
tion, multiple local featuretypesandsemilocalconstraints
are incorporatedto reducemismatchesbetweenlocal fea-
tures,thus further improve the classi�cation performance.
Resultsare shown on testing the proposedkernels,cou-
pledwith SVM classi�cation,on recognitiontaskswith the
COIL-100database.

2. Methods
In this section,after a brief review of Mercerkernelsand
local features,the proposedkernel is describedand com-
paredwith previousapproaches.Thenkernelsusingmulti-
ple typesof local featuresandsemilocalconstraintsarein-
troduced,followedby analgorithmsummarizingtheoverall
process.

2.1. Mercer kernel
Admissiblekernel functionssatisfy the Mercer condition
(henceusually termedas Mercer kernels). For an input
spaceX , if thereis a mapping� : X ! H thatmapsany
x; z 2 X into a Hilbert spaceH, thena Mercerkernel,K :
X � X ! R, is constructedasK (x; z) = h� (x); � (z)i H ,
whereh�; �i H is the scalarproductoperatorin H . Sucha
functionK satisfytheMercercondition,anequivalentde-
scriptionof whichis statedformally in thefollowing propo-
sition:
Proposition 1 (Theorem 3.11, [20]) Let X be any input
spaceandK : X � X ! R a symmetricfunction,K is a
Mercerkernelif andonly if thekernelmatrix formedby re-
strictingK to any�nite subsetof X is positivesemi-de�nite
(havingnonegativeeigenvalues).
The Mercerconditionis essentialto kerneldesign,asit is
the key requirementfor a uniqueglobal optimal solution
to thekernel-extendedpatternanalysisalgorithmsbasedon
convex optimization(e.g.,SVM) [20].

Insteadof using its de�nition, a Mercer kernel is usu-
ally constructedin othermoreconvenientways.For datain
a vectorspace,onecanchoosefrom standardoff-the-shelf
kernels,a commonchoicebeingaGaussian:

K R (x; z) = exp(� kx � zk2

2� 2 ): (1)

There are also Mercer kernels designedspeci�cally for
structureddatatypes,suchasstrings,treesor graphs[20].
In addition, new Mercer kernelscan be built on existing
ones.Severalpropertiesof Mercerkernelsrelevant to this
aspectaresummarizedin thefollowing proposition:
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Proposition2 For Mercer kernels,thefollowing factshold

(i) (Proposition 2.22, [20]) The product of two Mercer
kernelsis a Mercer kernel. Thus,a monomialof any
degreeof a Mercerkernelis a Mercerkernel.

(ii) (Lemma 1, [7]) Let K bea Mercer kernelde�ned on
X � X , for any �nite A; B � X , de�ne eK (A; B ) =
P

x 2 A

P
y2 B K (x; y). Then eK is a Mercer kernelon

2X � 2X n f;g .
(iii) (Proposition 11.75, [20]) For a data spaceX that

can be decomposedas X = X1 � � � � � XN and
x = (x1; � � � ; xN ) 2 X , for which x i 2 Xi , denote
Mercer kernelsK i on Xi � Xi , i = 1; � � � ; N . For
x; z 2 X , K (x; z) =

Q N
i =1 K i (x i ; zi ), is a Mercer

kernelonX � X . Such a kernelis a specialcaseof the
R-convolutionkernel[7].

Besidessatisfyingthe Mercercondition,many applica-
tionsalsorequirethedesignedkernelto re�ect similarities
betweenthedatabeingstudied.As kernelsareelicitedfrom
scalarproducts,they areexpectedto have largervaluesfor
datathat aremoresimilar to eachother.1 Admissibleker-
nel functionssatisfy the Mercer condition (henceusually
termedasMercerkernels). For an input spaceX , if there
is a mapping� : X ! H that mapsany x; z 2 X into a
Hilbert spaceH, thena Mercerkernel,K : X � X ! R,
is constructedasK (x; z) = h� (x); � (z)i H , whereh�; �i H is
thescalarproductoperatorin H . Sucha functionK satisfy
theMercercondition,anequivalentdescriptionof which is
statedformally in thefollowing proposition:
Proposition 1 (Theorem 3.11, [20]) Let X be any input
spaceandK : X � X ! R a symmetricfunction,K is a
Mercerkernelif andonly if thekernelmatrix formedby re-
strictingK to any�nite subsetof X is positivesemi-de�nite
(havingnonegativeeigenvalues).
The Mercerconditionis essentialto kerneldesign,asit is
the key requirementfor a uniqueglobal optimal solution
to thekernel-extendedpatternanalysisalgorithmsbasedon
convex optimization(e.g.,SVM) [20].

Insteadof using its de�nition, a Mercerkernel is usu-
ally constructedin othermoreconvenientways.For datain
a vectorspace,onecanchoosefrom standardoff-the-shelf
kernels,a commonchoicebeingaGaussian:

K R (x; z) = exp(� kx � zk2

2� 2 ): (2)

There are also Mercer kernels designedspeci�cally for
structureddatatypes,suchasstrings,treesor graphs[20].
In addition, new Mercer kernelscan be built on existing
ones.Severalpropertiesof Mercerkernelsrelevant to this
aspectaresummarizedin thefollowing proposition:
Proposition2 For Mercer kernels,thefollowing factshold

1Strictly speaking,normalizedkernelevaluatesthecosinesimilarity of
two mappeddatain thefeaturespace.

(i) (Proposition 2.22, [20]) The product of two Mercer
kernelsis a Mercer kernel. Thus,a monomialof any
degreeof a Mercerkernelis a Mercerkernel.

(ii) (Lemma 1, [7]) Let K bea Mercer kernelde�ned on
X � X , for any �nite A; B � X , de�ne eK (A; B ) =
P

x 2 A

P
y2 B K (x; y). Then eK is a Mercer kernelon

2X � 2X n f;g .
(iii) (Proposition 11.75, [20]) For a data spaceX that

can be decomposedas X = X1 � � � � � XN and
x = (x1; � � � ; xN ) 2 X , for which x i 2 Xi , denote
Mercer kernelsK i on Xi � Xi , i = 1; � � � ; N . For
x; z 2 X , K (x; z) =

Q N
i =1 K i (x i ; zi ), is a Mercer

kernelonX � X . Such a kernelis a specialcaseof the
R-convolutionkernel[7].

Besidessatisfyingthe Mercercondition,many applica-
tionsalsorequirethedesignedkernelto re�ect similarities
betweenthedatabeingstudied.As kernelsareelicitedfrom
scalarproducts,they areexpectedto have largervaluesfor
datathataremoresimilar to eachother.2

2.2. Local feature representation
Local featuresarelocalizeddescriptorsthatprovidedistinct
informationabouta speci�c location of an image. Many
local features(e.g., [9, 17, 16, 10, 2]) are designedto be
invariantundercertainimagetransformations,suchasrota-
tion andscaling,sothatthey arerelatively stableto changes
in objectcon�gurations. Local featureshave proved to be
very successfulin appearancebasedobject matchingand
recognition,asthey aredistinctive,robustto imagedegrada-
tion andtransformation,andrequirenosegmentation[11].

Local featuresareusually collectedat or in the neigh-
boringregion aroundinterestpoints,whicharespeci�c po-
sitionsin animagethatcarrydistinctive featuresof theob-
ject beingstudied. Interestpointsarefoundby an interest
point detector, popularchoicesfor whicharetheHarrisde-
tector[6] andmulti-resolutionbaseddetectors[19].

In this paper, we denotepi = (x i ; yi ) asthecoordinate
(in theimageplane)of thei -th interestpointdetectedin the
image,and vector Fi as the local featurecomputedat or
aroundpi . An imageI a is representedby the setof local
featurescorrespondingto all interestpoints detected,de-
notedasFa = f F ( a )

1 ; � � � ; F ( a )

jF a j g.

2.3. Relatedwork
With localfeaturerepresentation,animageis conciselyrep-
resentedby its setof localfeaturevectors.Accordingly, ker-
nelsthat matchimagescould be de�ned betweentwo sets
of local featurevectors.We startby enumeratingsomede-
sirablepropertiesof suchkernels:

2Strictly speaking,normalizedkernelevaluatesthecosinesimilarity of
two mappeddatain thefeaturespace.
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� ThekernelshouldsatisfytheMercercondition;
� The computationof the kernel shouldbe ef�cient in

bothtimeandspace;
� The kernelshouldbe ableto handleinputswith vari-

ablelengths,asthenumberof interestpointsmayvary
acrossdifferentimages;

� Thekernelshouldre�ect similaritiesbetweentwo sets
of local featurevectors.

It shouldbenotedthatthelocal featurerepresentationdoes
not provide correspondencebetweenlocal featuresof two
images,while only the correctly matchedlocal features
carrymeaningfuldiscriminantinformation.However, �nd-
ing theoptimalmatchingof local featuresis notalwaysfea-
sible in practiceandmany algorithmsarebasedon heuris-
tics. Oneimportantassumptioncommonto mostmatching
algorithmsis that the correctlymatchedlocal featuresare
moresimilar to eachotherthanotherwise.

Thesepropertiesvoid the useof off-the-shelfkernels,
suchasa Gaussian,astheunderlyingdata(setsof vectors)
arenot from a vectorspace.Onecannormalizethe length
of inputsby paddingzeros.Whereasthe inputscanbeas-
sumedin a vectorspacenow, the computedquantity is of
little interestto recognition.Notice,however, that it is rel-
atively easyto build a kernelK F on the local features,as
they arevectorswith identicaldimensions.A naturalideais
to constructcompositekernelson thebasisof suchkernels,
whichwork with setsof local features.

One simple exampleof suchan approachis the sum-
mation kernel. On two local feature sets, F a =
f F ( a )

1 ; � � � ; F ( a )

jF a j g andFb = f F ( b)

1 ; � � � ; F ( b)

jF b j g, of two im-
ages,I a andI b, thesummationkernelis de�ned as

K S(Fa ; Fb) =
1

jF a j
1

jF bj

jF a jX

i =1

jF b jX

j =1

K F (F ( a )

i ; F ( b)

j ): (3)

Simpleapplicationof Proposition2, part(ii), showsthatthe
summationkernelsatis�estheMercercondition.However,
its discriminative ability is compromisedby the fact that
all possiblematchingsbetweenlocal featuresarecombined
with equalbias.Thegoodmatchings,highly out-numbered,
couldbeeasilyswampedby thebadones.

In [22], a kernel function basedon matchinglocal fea-
tureswasproposed

K M (Fa ; Fb) =
1
2

1
jF a j

jF a jX

i =1

max
j =1 ;��� ;jF b j

K F (F ( a )

i ; F ( b)

j )

+
1
2

1
jF bj

jF b jX

j =1

max
i =1 ;��� ;jF a j

K F (F ( b)

j ; F ( a )

i ): (4)

FunctionK M hasthedesiredpropertyof re�ecting similar-
itiesof two setsof local featurevectors,asit only considers

thesimilaritiesof thebestmatchedlocal features.Unfortu-
nately, despitetheclaimin [22], K M is notaMercerkernel,
for whicha detailedproof is givenin AppendixA. In [1], a
similarnon-Mercerkernelbasedonasub-optimalmatching
betweenlocal featuresis usedbut measuresareprovidedso
that the probability of the kernelnot beingpositive semi-
de�nite is bounded. However, as pointedout earlier, the
Mercercondition is essentialto reliablerecognition,Mer-
cerkernelsarestill preferablein practice.

In [23], a Mercerkernelis proposedfor setsof vectors
basedontheconceptof principalanglesbetweentwo linear
subspaces.However, this kernelshowed poor recognition
performanceasreportedin [5]. In [8], the Bhattacharyya
kernel is introducedwherea setof vectorsis represented
asa multivariateGaussian.Thoughprovablysatisfyingthe
Mercercondition,evaluatingthiskernelis cubicin thenum-
berof local features.Furthermore,goodmatchingsdo not
necessarilydistinguishthemselvesin suchasetting.In [12],
akernelbasedonKullback-Leiblerdivergenceis proposed.
However, astheauthorspointedout, it is not clearif sucha
kernelsatis�estheMercercondition.

2.4. A Mercer kernel betweenlocal featuresets
As discussedearlier, only thecorrectlymatchedlocal fea-
tureswith largesimilaritymeasuresprovidemeaningfuldis-
criminant information for recognition. This indicatesthat
suchmatchedpairsshoulddominatein the kernelevalua-
tion, if weexpectthekernelto measuresimilaritiesbetween
two setsof local featurevectors. However, directly sum-
mingthemaximumsimilaritiesasin thecaseof K M results
in inadmissiblekernelsthatviolatetheMercercondition.

In this paper, a new classof kernelsareproposedthat
measuresimilarity betweenlocal featuresetsandthatprov-
ably satisfy the Mercer condition. The proposedkernel
functionis de�ned as

K F (Fa ; Fb) =
1

jF a j
1

jF bj

jF a jX

i =1

jF b jX

j =1

�
K F (F ( a )

i ; F ( b)

j )
� p

;
(5)

whereintegerp � 1 is thekernelparameter. With p = 1, the
proposedkernelincludesthesummationkernelasa special
case.Similar to thesummationkernel,all possiblematch-
ings betweenlocal featuresin the two setsareconsidered
in K F , but with differentbias. It is throughthekernelpa-
rameterp that thecorrectmatchedlocal featuresaregiven
dominantbias in K F . This is mademore clear if K F is
rewrittenas

K F (Fa ; Fb) =
1
2

1
jF a j

jF a jX

i =1

1
jF bj

jF b jX

j =1

�
K F (F ( a )

i ; F ( b)

j )
� p

+

1
2

1
jF bj

jF b jX

j =1

1
jF a j

jF a jX

i =1

�
K F (F ( b)

j ; F ( a )

i )
� p

:
(6)
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Now K F hasasimilar form asK M : botharesumsof some
similarity measuresover eachlocal featurevector. Only
the max function in K M is replacedherewith a summa-
tion of monomials. Considera local featureF ( a )

i of Fa

(thoughthe following resultsarealsotrue for membersof
Fb), and its jF bj kernelevaluationswith eachmemberof
Fb, K F (F ( a )

i ; F ( b)

1 ); � � � ; K F (F ( a )

i ; F ( b)

jF b j ). The similarity

betweenF ( a )

i andlocal featuresetF b is measuredin Equa-
tion (6) as

1
jF b j

P jF b j
j =1

�
K F (F ( a )

i ; F ( b)

j )
� p

: (7)

Without lossof generality, let usassumeK F (F ( a )

i ; F ( b)

1 ) �
� � � � K F (F ( a )

i ; F ( b)

jF b j ). The contribution of the best

matchedlocal featurein F b with F ( a )

i in thesumof Equa-
tion (7) is:

� =
�
K F (F ( a )

i ; F ( b)

1 )
� p

=
P jF b j

j =1

�
K F (F ( a )

i ; F ( b)

j )
� p

:
(8)

The larger thevalueof p is, themoredominantis thebest
matchedpair. As p approachesin�nity , all but themaximal
valueswill haveanegligible fractionin thesum.

Furthermore,if we requirethat thesimilarity of thebest
matchedpair in thesumhasafractionaboveagiventhresh-
old � , a lowerboundof p canbecomputedas:

p � log
1 � �

(jF bj � 1)�
=log

K F
�
F ( a )

i ; F ( b)

2

�

K F
�
F ( a )

i ; F ( b)

1

� ; (9)

whereF ( b)

2 is thesecondbestmatchinglocal featurein F b

for F ( a )

i (adetailedproof is givenin AppendixB). A proper
p canbechosenasthemaximumof suchlowerboundsover
all trainingdata.

The proposedkernel satis�es the Mercer condition,
which is formally statedin thefollowing proposition:
Proposition 3 Function K F de�ned in Equation(5) is a
Mercerkernel,if functionK F is a Mercerkernelde�nedon
thelocal featurevectors.
Proof First,notethatK F is symmetricby de�nition. Also
[K F (�; �)]p is a monomialof a Mercerkernel. With Propo-
sition 2, part (i), it is alsoa Mercerkernel. Finally, K F is
constructedin way of Proposition2, part (ii), therefore,it
satis�estheMercercondition.

2.5. Multiple local feature types
Sofar, in constructingkernelsonlocalfeaturesets,onlyone
typeof local featureis considered. However, it is usually
possibleto computemultiple typesof local featuresat an
interestpoint. As eachindividual typeof local featuremay
carry distinctive information about the underlyingobject,
it is desirableto have themfusedinto thedesignedkernel.
Hereafter, we will refer to eachtype of local featureasa
baselocal feature.

AssumeL different baselocal featuresare employed,
and denotef ( a )

l 2 R dl as the dl -dimensionalvector of
the l-th baselocal featurecomputedat an interestpoint
pa , for l = 1; � � � ; L . Also assumethat the similarity
of the l-th baselocal featureis properly measuredby a
Mercer kernel, K ( l )

f .3 The local featureof pa is a vec-

tor of dimension
P L

l=1 dl , formedby stackingall f ( a )

l s as

Fa = (f ( a )

1
T

; � � � ; f ( a )

L
T

)T . A kernelbetweentwo suchlo-
cal features,Fa andFb, is de�ne as

K F (Fa ; Fb) =
Q L

l =1 K ( l )
f (f ( a )

l ; f ( b)

l ): (10)

ThefunctionK F satis�estheMercercondition,Proposition
2, part (iii). It canthenbesubstitutedinto thede�nition of
K F , Equation5, which now incorporatesmultiple typesof
local features.

2.6. Semilocalconstraints

Oneproblemof representingan imageasanunorderedset
of local featurevectorsis thatsucharepresentationis inde-
pendentto thespatiallocationsof the interestpoints. Dif-
ferentobjects,therefore,with similar local featurevectors
laid outdifferentlyin theimageplaneareindistinguishable.
On theotherhand,assupportedby theexperimentalresults
in [17], therearestrongspatialcorrelationsbetweenthein-
terestpoints and their correspondinglocal featuresin an
image. Suchcorrelationsaretermedsemilocalconstraints
in [17]. For betterrecognitionperformance,it maybedesir-
ableto enforcesuchsemilocalconstraintsin kerneldesign.

Following the methodin [17], we usethe local shape
con�guration to enforcesemilocalconstraints.4 Speci�-
cally, an imageis representedasa setof semilocalgroups,
which bundletogetherimageinformationaroundspatially
closeinterestpoints.Onesemilocalgroupis formedaround
eachinterestpoint (its centralinterestpoint) detectedin an
image. Eachsemilocalgroup is de�ned asa two compo-
nenttuple, denotedasg = fF ; � g. The �rst component,
F = f F0; F1; � � � ; Fk g, is asetof local featurescollectedat
thecentralinterestpoint aswell asits k-nearestneighbors,
p0

1; � � � ; p0
k . The secondcomponent,� = (� 1; � � � ; � k ), is

a vectorcontainingneighboringanglesin theconstellation
spannedby thecentralinterestpointandits k-nearestneigh-
bors, Figure 1. Theseneighboringanglesconvey the lo-
cal geometricalconstraintswithin thesemilocalgroup. As
pointedout in [17], if we supposethat the transformations
of objectscanbelocally approximatedby asimilarity trans-
formation,thentheseangleshaveto belocally consistent.

3Suchkernelsaretermedasminorkernelsin [5]. In [22], severalminor
kernelsfor somestate-of-the-artlocal featurerepresentationsarelisted.

4We arereluctantto usepositionsof interestpointsdirectly in theker-
nel, asin [22]. Sucha settingmakesthe kernelvulnerableto changesin
thespatialcon®gurationsof theobject(e.g.,translation).
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Figure1: An exampleof semilocalgroupformedby anin-
terestpoint(central�lled dot)andits � venearestneighbors,
p0

1; � � � ; p0
5. Hypotheticallinesareaddedto show theneigh-

boringangles.

An imageI a is now representedby a set of semilocal
groups,Ga = f g( a )

1 ; � � � ; g( a )

jGa j g. Correspondingly, theker-
nelmatchingimagesarenow de�nedontwo setsof semilo-
cal groups. Similar to the approachtaken in constructing
kernelK F , we de�ne a kernelbetweentwo setsof semilo-
calgroupsas

K G (Ga ; Gb) =
1

jGa j
1

jGbj

jGa jX

i =1

jGb jX

j =1

�
K g(g( a )

i ; g( b)

j )
� p

;
(11)

whereK g is aMercerkernelbetweentwo semilocalgroups
to bespeci�edlater, andintegerp is thekernelparameter. A
similar proof asthatof Proposition3 will show thatkernel
K G satis�estheMercercondition.Correctcorrespondence
is still an importantissue,as in the caseof local features,
only correctlymatchedsemilocalgroupsaremeaningfulfor
recognition. The kernelparameterp in K G hasa similar
roleasits counterpartin kernelK F , whichgivespreference
to goodmatchingsbetweensemilocalgroups.

2.7. A circular-shift invariant kernel
In constructingK G , Equation(11),kernelK g betweentwo
semilocalgroupsis left unspeci�ed. As a semilocalgroup
consistsof two parts,a naturalway to designK g is to use
theproductof two kernelsindividually de�ned on the two
composingpartsof g as:

K g(ga ; gb) = K F (Fa ; Fb)K G(� a ; � b); (12)

where K F is de�ned as in Equation (5). Kernel
K G is de�ned betweentwo vectors of neighboringan-
gles in the semilocal constellation. Special care is re-
quired to designsuch a kernel, as � is invariant under
circular-shifts. For instance,consideragain the exam-
ple shown in Figure 1. A vector of neighboringangles
as(� 3; � 4; � 5; � 1; � 2) representsthesamegeometricalcon-
�guration as (� 1; � 2; � 3; � 4; � 5). For this reason,kernel
K G, which measuresthesimilarity betweentwo vectorsof

neighboringangles,shouldnottreatsuchtwo vectorsasdif-
ferent(i.e., it shouldalsobeinvariantundercircular-shifts).

In the most general setting, for two n-dimensional
vectors x = (x0; � � � ; xn � 1)T 2 R n and y =
(y0; � � � ; yn � 1)T 2 R n , formally we de�ne function c :
R n � f 0; � � � ; n � 1g ! R n to be the circular-shift op-
eratoras(c(y; l )) i = (y)( i + l )mo d n , where(y) i is the i -th
componentof y and0 � l ; i � n � 1. Now considerfunc-
tion

K G(x; y) =
P n � 1

l =0 [K (x; c(y; l ))]p
; (13)

whereK : R n � R n ! R is a Mercerkernelandsatis�es
that K (x; y) = K (c(x; d); c(y; d)) for 0 � d � n � 1.
Many commonlyusedkernelfunctions(e.g.,Gaussian)are
valid candidatesfor K andin ourcase,wesimplychooseit
to bethevectorscalarproductin R n asK (x; y) = xT y.
Proposition4 FunctionK G asde�nedin Equation(13)has
thefollowingproperties:

(i) it is a MercerkernelonR n � R n ;
(ii) it is invariant undercircular-shifts,as for x; y 2 R n ,

K G(x; y) = K G(c(x; d1); c(y; d2)) , for 0 � d1; d2 �
n � 1.

A full proofof theseresultsis givenin AppendixC.
Noticethat in constructingkernelK G, we againemploy

a kernelparameterp to give dominantbiasto goodmatch-
ings.Finally, asbothK F andK G satisfytheMercercondi-
tion, accordingto Proposition2, part(iii), theirproductK g,
Equation(12), is alsoaMercerkernel.

2.8. Summary
Theprocessof constructinga kernelfor objectrecognition,
asproposedin this paper, built with multiple typesof lo-
cal featuresandsemilocalconstraints,is summarizedin the
following algorithm:

1. With minor kernels K f de�ned on baselocal fea-
tures,constructkernelK F onlocalfeatureswith Equa-
tion (10);

2. ConstructkernelK F on local featuresetswith Equa-
tion (5);

3. Obtaina vectorof neighboringanglesin a semilocal
group,andconstructkernelK G with Equation(13);

4. CombinekernelsK F and K G into kernel K g with
Equation(12);

5. Computekernel K G betweentwo setsof semilocal
groupswith Equation(11);

3. Experiments
In this section,we presentexperimentalresultson recog-
nition tasksusing local featuresand SVM classi�cation,
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bridgedtogetherby theproposedkernels.In principle, the
proposedkernelscanwork with any patternanalysisalgo-
rithm thatis ableto be“kernelized”,i.e.,dependingondata
throughtheir scalarproducts.SVM waschosenfor its per-
formanceandgeneralizationability.

3.1. Experimental setup

We performed our experiments on the COIL-100
database[13], a standard test benchmark for object
recognition. The COIL-100 databasecontains7200color
imagesof 100differentobjects.All imagesare128� 128
pixelsin size.They wereobtainedby placingtheobjectson
a turntableandtaking a pictureevery 5� of viewing angle
of a 360� rotation.

In ourexperiments,thetrainingsetof all SVM classi�ers
consistedof 3600 images,36 for eachof the 100 objects
that correspondto a 10� differencein the viewing angles.
Shown in the top row of Figure2 are� ve imagesfrom the
trainingset.Fromtheremainingimages,� vedifferenttest-
ing setswereformed:

� Set 1: 3600 imageswith viewing anglesother than
thoseusedin thetrainingset.

� Set 2: 3600 imagesgeneratedby randomlyscaling,
rotatingandtranslatingimagesin set1.

� Set 3: 3600 imagesgeneratedby adding Gaussian
noiseof average12dB to theimagesin set1.

� Set 4: 3600imagesgeneratedby embeddingthe im-
agesin set1 into randomlychosenbackgrounds.5

� Set 5: 3600 imagesgeneratedby arti�cially adding
partial occlusions(stripesfrom randomlychosenim-
ages)to theimagesin set1.

Set 1 and 2 test the generalizationability of the kernels
and classi�ers to changesin viewing anglesand object
positions. Set 3-5 are devised to test their resilienceto
commonimagedegradations,namelyadditive noise,back-
groundcluttersandpartialocclusions.

On eachimage,threetypesof local featuresalongwith
theircorrespondingminorkernelswerecomputed:

1. Local jets [17] are differential grayvalue invari-
ants computedaround an interest point. Each lo-
cal jet is a vector of dimension9 containingup to
the third order derivatives. A Mercer kernel be-
tweentwo local jet features,x and z, is K (x; z) =

exp
�

� (x � z)T � � 1 (x � z)
2� 2

�
, where� is the covariance

matrixand
p

(x � z)T � � 1(x � z) is theMahalanobis
distancebetweenx andz.

5Imagesusedfor backgroundsandpartialocclusionsin set4 andset5
aredownloadedfrom http://www.freefoto.com .

train

set1

set2

set3

set4

set5

Figure2: Examplesof imagesusedin ourexperiments.The
�rst row are imagesfrom the training set. The remaining
rowsareexamplesfrom eachof the� ve testingsets.

2. Local histograms [16] are local featuresconsisting
of histogramat differentscalesaroundinterestpoints.
Using 32 bins in computingthe histogramand con-
sideringup to 3 scales,eachfeatureis a 96 dimen-
sional vector. A kernel basedon the � 2-similarity
betweentwo feature vectors, x and z, K (x; z) =

exp
�

� � 2 (x;z )
2� 2

�
, is introducedin [22] and proved to

satisfytheMercercondition[4].

3. Local phase-basedfeatures[2] arecomprisedby lo-
cal phasesof a complex pyramid decompositionof
the image.Thefeaturesare36-dimensionalcomplex-
valued vectors, and their similarity is measuredby

C(x; z) =
�
�
� xz �

1+ jx jj zj

�
�
�, from which a Mercerkernel is

constructedasK (x; z) = (C(x; z) + 1)q.

For eachof theselocal features,interestpointswerefound
by aHarriscornerdetector, showedto havehighrepeatabil-
ity androbust performance[18]. Interestpoints too close
to the boundarywere ignored to avoid image border ef-
fects. The parametersof the interestpoint detectorwere
setso that, on average,approximately100 interestpoints
werefoundin animage.Semilocalgroups,asdescribedin
section2.6,wereformedoneachinterestpointusingits � ve
nearestneighbors.

To haveabasisof comparison,wealsocollectedaglobal
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featurefrom eachimage.Theglobal featurewe usedis the
raw pixel representation[15], which wasobtainedby �rst
convertinga128� 128color imageinto grayscaleandresiz-
ing it to 32� 32pixels.A 1024-dimensionalfeaturevector
wasformedby stackingthegrayvaluesof theresizedimage.

For the local featurerepresentations,compositekernels
asdescribedin Section2.8wereformedfrom thelocal fea-
turesandtheir kernels.Thekernelparameter, p, wassetto
9 in all cases.For the global features,a Gaussiankernel,
Equation(2) wasemployed. TheSVM classi�erswereim-
plementedwith packageLIBSVM [3], whichwasenhanced
to work with kernelson local featurerepresentations.As
a standardpreprocessingstepin the literature,we usedthe
normalizedkernelevaluationin building theSVM classi�er,
as K (x; y)  K (x;y )p

K (x;x )
p

K (y ;y )
. We employed a simple

multi-classprotocolfor classi�cation,namelyaone-versus-
the-restschemein training anda winner-takes-allstrategy
in testing.Theregularizationparameterof SVM wassetto
103 in all classi�ers.

3.2. Results

Shown in Table1 is the performanceof different typesof
kernelswith the local jetson all testingsets.For compari-
son,theperformanceof theglobalfeature(raw pixel repre-
sentation)with a Gaussiankernelis alsoincluded. Perfor-
manceis evaluatedin error rates,which is the percentage
of all misclassi�cationcasesin all testingexamples.Sev-
eralpointsareworth notingaboutthis setof results.First,
the local jet featuresout-performedthe global featureson
all testingsets.Thedifferenceis moresigni�cant with the
presenceof image transformationsand degradations(set
2-5). Furthermore,notice that the proposedkernel, K F ,
achieved competitive performanceto that of the matching
kernelK M . As K M is lesssensitive to mismatchesin local
features,it had lowest error rate in somecases(set 3,4).
However, its drawback is that there is no guaranteeof a
uniqueglobaloptimalsolutionto theSVM training.

Shown in Figure3 is aplot of thecontributionof thebest
matchedlocal featurepairsin theevaluationof kernelK F ,
Equation(8), with regardsto the kernelparameterp. For
stability, we reportedherethe averageover kernelevalua-
tions of all training imagepairs. Notice that after p � 9,
this ratio is plateauedto bemorethan99%, indicatingthat
the bestmatchedpairsof local featureshasdominatedin
thekernelevaluation.This fact is furthersupportedby the
correspondingclassi�cationerrorratesof K F on testset1,
Figure4. With p chosengreaterthan9, the performance
doesnot improvedsigni�cantly.

In the secondseriesof experiments,we testedthe pro-
posedkernel combinedwith different typesof local fea-
tures. Shown in Table2 arethe resultsof this experiment.
Note that the local jets work well under noise, but suf-

5 6 7 8 9 10 11 12 13 14 15

0.7

0.8

0.9

1

kernel parameter p

k

Figure 3: Contribution of the bestmatchedlocal feature
pairs,� , Equation(8), in kernelK F with local jet features
asa functionof thekernelparameterp.
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er
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r 
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te

Figure4: Classi�cationperformanceof kernelK F with lo-
cal jet featuresonset1 asafunctionof thekernelparameter
p.

fer from backgroundclutter andocclusion. The local his-
tograms,on the otherhand,aremorerobust in the faceof
partialocclusions.The local phase-basedfeaturesperform
worstin all theexperiments.

We further combinedall types of local featuresas in
Equation(10),andreportedits performancein the�rst row
of Table3. It seemsthat fusion of local featuresdoesnot
necessarilyimprove the performance(set1). However, in
casesof imagedegradations,this approachachieved bet-
ter results,possibly becausemultiple types of local fea-
turesprovide complementaryinformationthat helpsto re-
duceambiguityin classi�cation.Finally, weconstructedan
SVM classi�er usingthekernelde�ned in Equation(11), to
further incorporatethe semilocalconstraints.Sucha ker-
nel,equippedwith themostcomprehensivedomainknowl-
edge,wasexpectedto work best.Shown in thesecondrow
of Table3 is the performanceof this kernelon all testing
sets.Comparedto otherkernels,it indeedachievedthelow-
esterrorrate,whichsuggeststheef�cacy of semilocalcon-
straints.

4. Discussion

In this paper, we have introduceda new classof kernelsfor
appearancebasedobjectrecognitionwith local featurerep-
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set1 set2 set3 set4 set5
K R 11.3 53.9 38.4 57.3 49.6
K S 10.9 29.4 23.9 39.7 36.4
K M 1.8 27.2 16.9 20.5 28.8
K F 1.4 23.8 17.7 25.3 24.6

Table1: Error rates(in percentage)of theGaussiankernel
(Equation(2)) with a globalfeature(raw pixels)anddiffer-
entkernels,K R (Equation(3)),K S (Equation(4)) andK M

(Equation(5)), with thelocal jet features.

set1 set2 set3 set4 set5
local jets 1.4 23.8 17.7 25.3 24.6
localhistograms 7.6 34.1 22.8 28.6 21.2
localphases 10.2 39.4 28.5 29.1 27.9

Table2: Error rates(in percentage)of different local fea-
tureswith kernelK F , Equation(5).

set1 set2 set3 set4 set5
K F 6.1 23.5 14.4 19.9 21.2
K G 1.2 17.6 8.3 12.7 10.9

Table3: Error rates(in percentage)of kernelsusingmulti-
pletypesof localfeatures,Equation(10)andwith semilocal
constraints,K G , Equation(11).

resentations.The proposedkernelswork on setsof local
featureswith variablelengths,satisfytheMercercondition
and re�ect similarities betweensetsof local features. In
addition,multipletypesof local featuresandsemilocalcon-
straintswerecombinedinto thekerneldesign,whichhelpto
furtherimprovetheperformance.Wepresentedpreliminary
experimentalresultswherethe proposedkernels,coupled
with SVM classi�cation,showedpromisingperformancein
recognitiontasksandis robustto imagetransformationsand
degradations.
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Appendix A: K M is not a Mercer ker-
nel

Proposition 5 FunctionK M de�ned in Equation(3) is not
a Mercer kernel,giventhat K f is a Mercer kernelde�ned
on thelocal features.

Proof To provethatK M is not a Mercerkernel,according
to Proposition1, it is suf�cient to show thatthereis asubset
of the input spaceon which thematrix evaluatedwith K M

is notpositivesemi-de�nite.
To thisend,considerF 1 = f f 1; f 2g, F2 = f f 3; f 4g, and

F3 = f f 5; f 6g. Assumeakernelmatrixonsetf f 1; � � � ; f 6g
constructedby somekernelfunctionas

Gf =

0

B
B
B
B
B
B
@

127 127 141 60 159 128
127 287 215 127 236 135
141 215 206 101 223 157
60 127 101 73 134 79
159 236 223 134 281 191
128 135 157 79 191 160

1

C
C
C
C
C
C
A

:

Matrix Gf is positive semi-de�nite, evident from its sin-
gularvaluedecomposition.FromGf , thekernelmatrix of
K M canbeconstructedusingEquation(3) as

GM =

0

@
207:00 174:50 191:50
174:50 153:50 184:25
191:50 184:25 236:00

1

A :

For example,theelementof GM at row 1 andcolumn3 is
computedas

(GM )13 =
1
4

[max((Gf )15; (Gf )16) + max((Gf )25; (Gf )26)

+ max((Gf )51; (Gf )52) + max((Gf )61; (Gf )62]

= (159+ 236+ 236+ 135)=4 = 191:50:

Matrix GM is not positive semi-de�nite,asits eigenval-
uesare � 1:77, 29:61, and568:65. Therefore,usingK M

cannot alwaysform positive semi-de�nitematrix andthis
meansK M is notaMercerkernel.

Appendix B: Proof of Equation (8)

Without lossof generality, let usassumeK F (F ( a )

i ; F ( b)

1 ) �
� � � � K F (F ( a )

i ; F ( b)

jF b j ) andF ( b)

1 ) is theuniquebestmatch

featureto K F (F ( a )

i in Fb
6. The contribution of the best

matchedlocal featurein F b with F ( a )

i in thesumof Equa-
tion (6) is:

� =
�
K F (F ( a )

i ; F ( b)

1 )
� p

=
P jF b j

j =1

�
K F (F ( a )

i ; F ( b)

j )
� p

:
(b.1)

6This constraintis held for mostof the cases,but whenmultiple best
matchesexist, asimilar resultcanbeobtainedin thesameway.
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Werequirethatthesimilarity of thebestmatchedpair in the
sumhasa fractionabovea giventhreshold� as:

�
K F (F ( a )

i ; F ( b)

1 )
� p

=
P jF b j

j =1

�
K F (F ( a )

i ; F ( b)

j )
� p

� �: (b.2)

Notethat
�
K F (F ( a )

i ; F ( b)

1 )
� p

+ (jF bj � 1)
�
K F (F ( a )

i ; F ( b)

2 )
� p

�
P jF b j

j =1

�
K F (F ( a )

i ; F ( b)

j )
� p

: (b.3)

Therefore,
�
K F (F ( a )

i ; F ( b)

1 )
� p

�
K F (F ( a )

i ; F ( b)

1 )
� p

+ (jF bj � 1)
�
K F (F ( a )

i ; F ( b)

2 )
� p

�

�
K F (F ( a )

i ; F ( b)

1 )
� p

P jF b j
j =1

�
K F (F ( a )

i ; F ( b)

j )
� p � �;

Rearrangingtermsyields

p � log
1 � �

(jF bj � 1)�
=log

K F
�
F ( a )

i ; F ( b)

2

�

K F
�
F ( a )

i ; F ( b)

1

� : (b.4)

Appendix C: Proof of Proposition4

Proof Consider two n-dimensional vectors x =
(x0; � � � ; xn � 1)T andy = (y0; � � � ; yn � 1)T , de�ne X and
Y to besubsetsof R n asX = f c(x; 0); � � � ; c(x; n � 1)g
and Y = f c(y; 0); � � � ; c(y; n � 1)g, where c : R n �
f 0; � � � ; n � 1g ! R n is thecircular-shift operatorin R n .
Now de�ne

eK (X ; Y) =
n � 1X

i =0

n � 1X

j =0

[K (c(x; i ); c(y; j ))]p
: (c.1)

With a similar proof as that of Proposition3, we con-
clude that eK (�; �) is a Mercer kernel. With the de�nition
of Mercerkernels,this suggeststhatthereexistsa mapping
� 2 : 2R n

! H , whereH is aHilbert space,suchthat

eK ( eX ; eY ) = h� 2( eX ); � 2( eY )i : (c.2)

Expandingtheevaluationof kernel eK as

eK (X ; Y) =
P n � 1

i =0

P n � 1
j =0 [K (c(x; i ); c(y; j ))]p

=
P n � 1

i =0 [K (x; y)]p +
P n � 2

i =0

P n � 1
j = i +1 [K (x; c(y; j � i ))]p

+
P n � 2

i =0

P n � 1
j = i +1 [K (c(x; j � i ); y)]p

= nK (x; y)p +
P n � 2

i =0

P n � i � 1
l =1 [K (x; c(y; l ))]p +

P n � 2
i =0

P n � 1
l= n � i � 1 [K (x; c(y; l ))]p

= nK (x; y)p +
P n � 2

i =0 [K (x; c(y; n � i � 1))]p +
P n � 2

i =0

P n � 1
l=1 [K (x; c(y; l ))]p

= nK (x; y)p +
P n � 1

l=1 [K (x; c(y; l ))]p +

(n � 1)
P n � 1

l=1 [K (x; c(y; l ))]p

= n
P n � 1

l=0 [K (x; c(y; l ))]p = nK G(x; y):

Therefore,we have K G(x; y) = 1
n

eK (X ; Y ). Noticethatin
proving thisequality, weusedapropertyof thecircularshift
operatorasx = c(x; n) andour assumptionaboutthebase
kernel, i.e., K (x; y) = K (c(x; d); c(y; d)) for 0 � d �
n � 1.

We cannow de�ne anothermapping� 1 : R n ! 2R n

suchthat � 1(x) = f c(x; 0); � � � ; c(x; n � 1)g. Substituting
thede�nitions of mapping� 1 and� 2 into theevaluationof
K G yields

K G(x; y) =
1
n

eK (X ; Y) =
1
n

h� 2(X ); � 2(Y )i

=
1
n

h� 2(� 1(x)) ; � 2(� 1(y)) i

=
�

1
p

n
� 2(� 1(x)) ;

1
p

n
� 2(� 1(y))

�
:

If a new mapping� : R n ! H is de�ned as� (x) =
1p
n � 2(� 1(x)) , we thenhave

K G(x; y) = h� (x); � (y)i ; (c.3)

which shows that K G(�; �) is a Mercer kernel and hence
provesthe�rst partof Proposition4.

The secondpart of Proposition4 can be proved by
�rst noticing that � 1(x) = f c(x; 0); � � � ; c(x; n � 1)g =
� 1(c(x; d)) for any 0 � d � n � 1. Therefore,

K G(x; y) =
1
n

eK (� 1(x); � 1(y))

=
1
n

eK (� 1(c(x; d1)) � 1(c(y; d2)))

= K G(c(x; d1); c(y; d2)) :

for any given0 � d1; d2 � n � 1.

References
[1] S. Boughorbel,J. Tarel, andF. Fleuret. Non-mercerkernel

for SVM objectrecognition.In British MachineVisionCon-
ference(BMVC), 2004.

[2] G. CarneiroandA. Jepson.Phase-basedlocal features. In
EuropeanConferenceon ComputerVision (ECCV), 2001.

[3] C. Chang and C. Lin. LIBSVM: a library for sup-
port vector machines, 2001. Software available at
http://www.csie.ntu.edu.tw/˜cjlin/libs vm.

[4] O. Chapelle,P. Haffner, andV. Vapnik. SVMsfor histogram
basedimageclassi®cation. IEEE Transactionson Neural
Networks, 10(5),1999.

[5] J. Eichhorn and O. Chapelle. Object categorization with
SVM: Kernelsfor local features.In Advancesin Neural In-
formationProcessingSystems(NIPS), pageto appear, 2004.

[6] C. Harris and M. Stephens.A combinedcornerandedge
detector. In Alvey VisionConference, 1988.

10



[7] D. Haussler. Convolutionkernelfor structuredata.Technical
ReportUCS-CRL-99-10,1999.

[8] R. KondorandT. Jebra. A kernelbetweensetsof vectors.
In InternationalConferenceon Machine Learning(ICML),
2003.

[9] D. Lowe. Distinctive image featuresfrom scale-invariant
keypoints. Internation Journal on Computer Vision,
60(2):91–110,2004.

[10] K. Mikolajczyk and C. Schmid. Indexing basedon scale
invariant interestpoints. InternationJournal on Computer
Vision, pages523–531,2001.

[11] K. MikolajczykandC.Schmid.A performanceevaluationof
local descriptors.In IEEE Conferenceon ComputerVision
andPatternRecognition (CVPR), 2003.

[12] P. Monreno,P. Ho, andN. Vasconcelos.A Kullback-Leibler
divergencebasedkernelfor SVM classi®cationin multime-
dia applications. In Advancesin Neural Information Pro-
cessingSystems(NIPS), 2003.

[13] S. A. Nene,S. K. Nayar, andH. Murase. Columbiaobject
imagelibrary (coil-100). TechnicalReportCUCS-006-96,
ColumbiaUniversity, 1996.

[14] F. Odone,A. Barla,andA Verri. Building kernelsfrom bi-
narystringsfor imagematching.IEEETransactiononImage
Processing, (to appear).

[15] M. Pontil andA. Verri. Supportvectormachinesfor 3D ob-
ject recognition.IEEETransactionsonPatternAnalysisand
MachineIntelligence, 20(6):637–646,1998.

[16] F. Schaffalitzky andA. Zissermann.Viewpoint invarianttex-
ture matchingandwide baselinestereo. In IEEE Interna-
tional ConferenceonComputerVision (ICCV), 2001.

[17] C. SchmidandR. Mohr. Local grayvalueinvariantsfor im-
ageretrieval. IEEETransactiononPatternAnalysisandMa-
chineIntelligence, 19(5):530–535,1997.

[18] C. Schmid,R. Mohr, andC. Bauckhage.Evaluationof in-
terestpoint detectors. International Journal on Computer
Vision, 7(1):11–32,2000.

[19] N. Sebe,Q.Tian,E.Loupias,M. Lew, andT. Huang.Evalua-
tion of salientpoint techniques.In InternationalConference
on Image andVideoRetrieval, 2004.

[20] J.Shawe-TaylorandN. Cristianini. KernelMethodsfor Pat-
tern Analysis. Cambridge,2004.

[21] V. Vapnik. StatisticalLearningTheory. Wiley, 1998.

[22] C. Wallraven, B. Caputo,and A. Graf. Recognitionwith
local features:thekernelrecipe.In IEEEInternationalCon-
ferenceon ComputerVision (ICCV), pages257–264,2003.

[23] L. Wolf andA. Shashua.Kernelprinciple anglesfor clas-
si®icationmachineswith applicationsto imagesequencein-
terpretation. In IEEE Conferenceon ComputerVision and
PatternRecognition (CVPR), 2003.

11


