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W3\	z4]�f�]=]�n�`BY�]|brX�n�\Kz6\4^aX�]&_�w8e4j�[�^ce.l&]|YaY{b.]=_a]|l�_aX�e4nd[�^ce4f3g�]�h�Y�¤ Ã ¦ �

¢�e4^c]�j�e4^chP\�g�g�w@v3\���]|\�m8h�e.b.]�g�X�Y�\�n�\�`�_ae4hP\�_ae4ndb.]=q3n�]�b�f�wR\P§1`3\@b.^c`�[�g�]4v
W = (V, E, L, Φ)

v��{Xs_cW
_aW�]�j�e@g�g�e6�{X�n�o�[�^ae@[B]�^�_cX�]|Y=Ä

•
l=e4^c^a]|Y�[�e4nBb.X�n3oR_ce�]�\@l0W�Y�_c\�_a]±´+z4]=^a_a]= 3¶�v

v ∈ V
v�XZY~\�q3n3Xs_c]rY�]=_~e�j�[�e@YcY�X�f�g�]Pe4`._c[�`._cY�v

L(v) ⊆ Φ,�{W3X�l0W�\�^c]�n�e�_?n�]|l&]|YaYc\�^cX�g�wP`�n�XZ§1`�]�_ae�_cW3\6_kY�_c\�_a]4Å�_cW3\6_?XZY�v
L(v) ∩ L(v′) 6= ∅

XZY{[�e@YcY�X�f�g�]4Å

•
�{W3]=n�e.l=l=`�[�w1X�n�ox\xY�_c\6_c]4v�_aW3]±`�n3b.]�^ag�w�X�n3o}\�`._ce4hP\6_ce4n�o4]=n3]=^0\6_a]|Y�]& �\4l&_ag�wte@n�]�e�j�_aW�]![Be1YaYaX�f3g�]
e@`._a[3`._cY?\@YaYae.l&XZ\6_c]�b8�{X�_aW�_cW3\6_kY�_c\�_a]��{W�XZl0Wd\4nR]= �_a]=^cn3\4g)e4f3Ya]=^cz4]�^�l�\�ndb.]&_c]�l�_|�

Æ n�]y��]�\�m�h�e�b�]=g(v
W ′ = (V, E′, L′, Φ)

XZY$\�Ç����Z��¯�z@]=^0Y�X�e4n�e�j�\4n�e�_cW�]=^)��]�\4mkh�e.b.]=g(v
W = (V, E, L, Φ)

v
�{^aX�_�_c]=nu\4Y

W ≤ W ′ Xsj L(v) ⊆ L′(v)
j�e@^�\4g�g

v ∈ V
\�n3b

E ⊆ E′ �<V�W3X�Y�n�e�_cX�e@n!e4j�n�e4XZYa]Kl&e@^a^c]�Ya[�e4n3b�Y
_aeR_aW�]�`3Ya`3\4g�X�n1_a`�X�_aX�z4]�l&e@n3l&]�[._�e4j�n�e@X�Ya]~X�n±_cW�]PY�]�n3Y�]~_aW3\�_�\4n!e@f3Y�]�^az6\�_aX�e4n�vIYa\	w

ξ
v)XZY�\4YcY�e.l&XZ\6_c]�bd�{X�_aW

\rYa]&_�e�j�Y�_c\�_a]�Y�e�j
W ′ �{W�XZl0W!\4^a]~\4g���\	w.Y?\rYa`�[�]=^0Y�]=_�e4jy_aW�]�Y�_0\6_c]�Y�e�j W

_aWB\6_-l=\�n!fB]�\4YcY�e.l=X�\�_a]�b��{X�_aW
ξ
v�YaX�n3l=]Pj�e4^:]=z@]=^cwuY�_c\�_a]

v ∈ V
v
ξ ∈ L(v)

X�h�[�g�X�]�Y
ξ ∈ L′(v)

b�`�]8_ce±_aW3]rX�n3l&g�`3YaX�e@n3Y
L(v) ⊆ L′(v)

�
ª b�b.X�_aX�e4n3\4g�g�w4v�_aW�]<l=e4n3b.X�_aX�e4n

E ⊆ E′ Y�_0\6_a]|Y�_aW3\�_{_aW�]-g�]=o1\�g)Y�_c\6_c]�_a^0\�n3YaXs_cX�e@n3Y�e�j W
\4^a]-\�Y�`3f3Y�]=_{e�j�_aW�]

Y�_0\6_c]�_a^0\�n3YaXs_cX�e@n3Y�\�g�g�e6��]�bRX�n
W ′ Yae:_aW3\�_ W

XZY{\:h�e4^c]�Ya[�]�l&X�qBl�h�e.b.]=gI_cW3\�n
W ′ �
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ª YaX�n�o@g�]�e@f3Y�]�^az6\�_aX�e4n�v
ξ ∈ Φ

v�e�j
W

b.]&_c]=^ch�X�n�]|Y{\PY�]=_?e�jy[�e@YcY�X�f�g�]�Y�_c\�_a]|Y=v
HW (ξ)

v3_a^cX�z�XZ\�g�g�w�b.]&qBn�]�b
f�w

HW (ξ) = {v|ξ ∈ L(v)}
�pV�W�]�Y�]=_

HW (ξ)
X�Y:\!l=e4g�g�]|l�_aX�e4nxe4j���¯c�3�6«����&�=���~\4fBe@`._K�{W�XZl0WtY�_c\�_a]8_cW�]

\�`._ce4hP\6_ce4n8��\4Y�X�nR�{W�]=n
ξ
��\@YTe@f3Y�]�^az@]�b)� ª [B\�X�^�e4j$l&e4nBY�]|l&`._cX�z@]ke4fBY�]�^az6\6_cX�e@n3Y�v

ξ0ξ1
v.b.]=_a]�^ah�X�n�]�Y�\~Ya]&_

e�jN[3\�X�^0Y�e�j�Y�_c\�_a]|Y{\4l=l=e4^0b.X�n�o~_ce

HW (ξ0ξ1) = {v0v1 | v0 ∈ HW (ξ0), v1 ∈ HW (ξ1) and (v0, v1) ∈ E}.
V�W�XZY�\4g�g�e6�?YT\<^c]�l=`�^0Y�X�z4]?l=e4n3Y�_a^c`3l�_cX�e@n�e�j�W�w�[Be4_aW�]|Y�]|Yyj�e4^�g�e@n�o4]�^�Ya]�§1`�]�n3l&]|Yye�j$l=e4n3Ya]�l=`._aX�z4]?e@f3Ya]=^cz	\�_aX�e4n3Y
\4Y�j�e@g�g�e6�?Y=����`3[�[Be1Y�]

ZT = ξ0ξ1...ξT−1ξT
\�^c]

T + 1
l=e4n3Ya]�l=`._aX�z4]�e4fBY�]�^az6\6_cX�e@n3Y�e�j

W
�TV�W�]=n

HW (ZT ) = { v0v1...vT | v0v1...vT−1 ∈ HW (ZT−1), vT ∈ HW (ξT ) and (vT−1, vT ) ∈ E}.
�Tz�X�b�]=n1_ag�w4v�Xsj

W ≤ W ′ _aW3]=n�Xsj?j�e@g�g�e6�?Y~j�^ae@h _aW�]db.]&qBn�Xs_cX�e@n3YK_aW3\�_
HW ⊆ HW ′

j�e4^P\4g�g�e4f3Ya]=^cz6\6_cX�e@n
Y�]|§1`�]=n3l=]�Y�f�]�l�\�`3Ya]

W
W3\@Y�h�e4^c]�^c]�Y�_a^cXZl�_aX�z4]�Y�_c\6_c]�_a^0\�n3YaXs_cX�e@n3Y{\�nBbre@f3Y�]�^az6\�_aX�e4n.�(_ae4��Y�_c\�_a]�\@YaYae.l&XZ\6_cX�e@n3Y=�

Æ n�]Pe�j�_aW3]Ph�\4X�n�^c]�Ya`�g�_cY�e�j�_aW3X�Y~[3\�[�]=^-XZY�_aWB\6_
hW (Z) = |HW (ZT )|

v$_aW�]rl�\�^0b.X�n3\�g�Xs_�w!e�j�_aW�]8Ya]&_
HW (ZT )

vyo4^ce6�?Y-]=X�_aW3]=^~[�e4g�w�n�e4h�XZ\�g�g�wue4^~]& .[Be@n�]=n1_cX�\4g�g�wpX�n
T
���ke�_c]P_aW3\�_~j�e@^

W ≤ W ′ vy��]8h~`BY�_
W3\	z4]

hW (ZT ) ≤ hW ′(ZT )
v$YaeR_cW3\6_�_cW�]�n1`3h~f�]=^-e�j�W�w1[�e�_cW�]�Ya]�Y�^c]=gZ\6_cX�z@]~_ced\dYa]�§1`�]�n3l&]:e�j�h:e.b.]�g�Y�XZY

h�e4n�e4_ae4n3X�l�\�g�g�w�X�n3l=^a]|\4YaX�n3o�\@YI_aW3]Th�e�b�]=gZY)o4]=_�n�e4XZY�X�]=^$X�n�_cW�]�Ya]=n3Ya]ye�j�e4`�^�b.]&q3n3Xs_cX�e@n3Y$\4fBe6z@]4� ª l=l=e4^0b.X�n�o4g�w4v
Xsj���]�W3\	z4]�\{j+\4h:X�g�w-e�j3��]�\4m�h�e.b.]=gZY�v�Ya\	w

W ≤ W (1) ≤ W (2) ≤ ... ≤ W (k) v6e4`�^�^a]|Y�`3gs_0Y�YaW�e6��_aWB\6_�_aW�]�^a]
X�Yk\�nd\�f�^c`�[._kl0W3\4n�o4]�X�nR_cW�]-��e4^0Y�_{l=\@Y�]�o4^ce6��_aWR^c\�_a]�e�jNW�w�[Be4_aW�]|Y�]|Y=v�j�^ce4h¼[�e4g�w�n�e4h�XZ\�gI_ce:]= .[Be@n�]=n1_aXZ\�g(v
\4Y�_aW3]�h�e.b.]�g�Y�o4]=_yn�e4XZY�X�]=^|�$V�W�XZYy\�f3^a`�[�_Nl0W3\4n�o4]�X�Yy\�m�X�nBb<e�j�[�W3\@Y�]�_a^0\�n3YaX�_aX�e4n<X�n~_cW�]�h�e�b�]=g�g�X�n�o�[�^ae.l=]�YcY=�

Æ `�^yhP\�X�nKh�e4_aX�z	\�_aX�e4nKj�e4^N_cW�X�YT��e@^am<\4^aXZY�]|Y�X�nP\�[3[�g�XZl=\�_aX�e4n3Y�X�n��{W�X�l0WK_aW3]{f3\4YaX�l�j�^0\�h�]=��e4^cm�X�Y�Y�X�h�X�gZ\�^
_ae�_aW3\�_�e4jB£?XZb�b.]�nK¢±\4^am@e6z�¢±e�b�]=gZY$f�`�_N�{X�_aW3e4`._�_aW�]�`�n3b�]=^cg�w�X�n�ok[�^ce4fB\�f�X�g�XZY�_aXZl�\4YcYa`�h�[._aX�e4n3Y���V�WB\6_NX�Y�v6X�n
��]|\�m:h�e�b�]=gZY=v.Y�_c\6_c]{_a^0\�nBY�X�_aX�e4n3Y�\�n3b8e4`._c[�`._��¹Y�_c\6_c]k\4YcYae�l=X�\�_aX�e4n3Y�\�^c]kY�X�h�[�g�w:[�e@YcYaX�f�g�]?e@^�n�e4_�v.\4Y�X�nrY�_c\�_a]
hP\4l0W�X�n�]�Y�v4f3`._�_cW�]?e4`�_a[�`._0Y�\4^a]{\4YcYae�l=X�\�_a]|bK�{X�_aW8Y�_c\�_a]|YT\4YyX�n8\�n8£�¢±¢xv1\�n3b:n�e4_��{Xs_cW8Y�_0\6_c]{_a^0\�n3YaX�_aX�e4n3Y
´�]|b.o4]|Yc¶~\4Y<X�n}_cW�]r`BY�`3\4g�b.]=q3n�X�_aX�e4n�e�jk\±Y�_c\�_a]rhP\@l0W�X�n3]4�±�u]r�{X�g�g�`3Ya]	��e4`._c[�`._0Y�
R\4n3b���e@f3Ya]=^cz	\�_aX�e4n3Y�

Y�w�n�e@n�w1h�e@`3Y�g�w4v.X�n�_aW�]<Ya]=nBY�]�_cW3\6_{_cW�]-h�e�b�]=g�[�^ce.b.`3l=]�Y?\4nRe@`._a[�`�_k�{W�X�g�]-]= 1_c]=^cn3\�g�g�wP_aW3\�_?e4`._c[�`._?XZY?\�n
e4f3Ya]=^cz6\6_cX�e@n�b.]=_a]|l�_c\4f�g�]�f�wr\4nde4f3Ya]=^cz4]�^��

ª ��]�\4mdh:e.b.]�gy\4Y�b.]&q3n3]�b!\4fBe6z@]<XZY�]|§1`�X�z6\4g�]�n@_�_ae�\rn3e4n3b.]=_a]�^ah�X�n�X�Y�_aXZl-qBn�Xs_c]P\�`._ce4hP\6_ce4n}´
����� ª ¶
�{Xs_cWP\6_yh�e@Y�_y\�[�e4g�w�n�e4h�XZ\�g�o4^ce6��_aWKX�nK_aW�]{n�`�hKfB]�^ye�jIY�_0\6_a]|YN\�n3b:Y�_0\6_c]�_c^c\4n3YaXs_cX�e@n3Y=� ª n�e4_aW�]�^Tb.X�³�]�^a]�n3l&]
fB]=_���]�]=n±��]�\4mRh�e.b.]�g�Y�\�n3b�_cW�]:`3Y�`B\�g�b�]&q3n�X�_aX�e4n!e�jyq3n�X�_a]:Y�_0\6_c]~hP\4l0W�X�n�]|Y?XZY?_cW3\6_�_aW�]�^a]~\4^a]~n�erX�n�X�_aXZ\�g
e4^�\4l�l&]=[�_aX�n�o~Y�_c\6_c]�Y�X�nR\<��]�\�m:h�e.b.]=g(�yV�W�X�Y�h�X�n3e4^�b�Xs³I]=^c]=n3l=]�\4g�g�e6�?YTe@f3Y�]�^az6\�_aX�e4n�e�j)_cW�]�\4`._ae@hP\6_ae@n�_ae
Y�_0\�^a_�\�_�\4n1w:_cX�h�]4v.n3e�_�¸�`3Y�_��{W�]�n8_aW3]�\4`._ae@h�\�_ae@n8X�Y�X�n�Xs_cX�\4g�X�½=]|br\4n3bP_ceKl&e@n1_aX�n1`3]�X�n3b.]=q3n�X�_a]=g�w4�y²¹nRe�_cW�]=^
��e@^cb3Y=vN\�g�g�Y�_c\�_a]�Y~e�j{��]�\�muh�e.b.]=gZY~l�\�nxf�]rl&e@n3Y�XZb.]�^a]|b�X�n�X�_aXZ\�g�Y�_0\6_c]�Y~\4n3b�n�e@n�]r\�^c]r\@l=l&]�[._aX�n�o±Y�_c\�_a]�Y��
��[�]�l&X�qBl-^c]=gZ\6_cX�e@n3YaW�X�[BY�f�]&_���]=]�nd��]|\�mPh�e.b.]=gZY=v3n�e4n3b�]&_a]�^ah�X�n�XZY�_cX�l�q3n3Xs_c]<\�`._ce4hP\6_0\�v�b.]=_a]=^ch�X�n3X�Y�_aXZl�q3n�X�_a]
\�`._ce4hP\6_0\�\�n3bRe�_cW�]=^?l=e4n3Y�_a^c`3l�_0Y{\�^c]�e4`._cg�X�n�]�bRX�nu¤ å Ã ¦ �

²¹nu_aW�XZY-[3\4[B]�^�v���]�X�n�z@]�Y�_aX�o@\6_c]~_cW�]�«(�a�4¬0­4�@�&�5�s�5«�¯�e�j{\���]|\�m�h�e.b.]=g(Å�_aW3\�_-X�Y�v�_cW�]P]& �_a]�n1_�_ce��{W�XZl0Wu\
o4X�z4]�nKYa]�§1`�]=nBl&]�e�j3e@f3Y�]�^az6\�_aX�e4n3Y$e4^Ne4`._c[�`._0Y�l�\�nK]&³I]�l�_cX�z@]=g�w<b.]&_c]=^ch�X�n�]�_cW�]�\@l�_c`3\�g.Ya]&_Ne�j�Y�_c\�_a]�Y�]|§1`�]=n3l=]�Y
_aW3\�_~l&e@`�g�bpW3\	z@]K[�^ce.b.`3l=]�b�_cW�]Pe4`�_a[�`._0Y=����X�z4]�nu\�Y�]|§1`�]=n3l=]�e�j�e@f3Ya]=^cz	\�_aX�e4n3Y�v)��]:l=e4n3YaX�b�]=^�_aW�]8Ya]&_-e4j
[Be1YaYaX�f�g�]�Y�_0\6_a]�Y�]|§@`3]=n3l=]�YN_cW3\6_�l&e4`3g�b:W3\	z@]{[�^ae.b.`Bl&]�b:_cW�]ke@f3Ya]=^cz4]�bKe4`�_a[�`._0Y=�y��w�\�n3\4g�e@o4w<�{X�_aW8l=g�\@YaYaX�l�\�g
l&e@h:[3`._c\�_aX�e4n3\4g�l=e4h�[�g�]& .Xs_�w:_cW�]=e@^aw@v@��]k�{X�g�g)Yc\	w~_cW3\6_�\<h�e.b.]=gIXZYk«(�a�@¬c­@�4�=����X�j�_aW�]�Y�X�½=]�e�j)_cW3\6_{Ya]&_�o@^ae6�?Y
[Be@g�w�n�e@h�X�\4g�g�wr\4Y{\Kj�`�nBl�_aX�e4nde4j$_aW3]-e4f3Ya]=^cz6\6_aX�e4nRY�]|§@`3]=n3l=]�g�]=n3o�_aWdX�nr_cW�]-��e4^0Y�_{l=\@Y�]�j�e4^{\Kq� .]�b�h�e.b.]=g(�
V�W�]-h�e.b.]=g�XZY��.Ç3«(�a�@¬c­@�4�=����X�j�_cW�]<Ya]&_?o4^ce6�?Y�]& .[Be@n�]=n1_cX�\4g�g�w8X�nR_cW�]-��e4^0Y�_{l=\@Y�]@�

Æ n�]:e�j�_cW�]�hP\�X�n!^c]�Ya`�gs_0Y�e�j�_cW�XZY�[3\�[�]=^�XZY�\�[�^ce�e�j�e4jT_aW3]Kj+\@l�_�_aWB\6_�_aW�]|Y�]K_���e�l�\4Ya]�Y�\�^c]<_cW�]�e4n�g�w
e4n�]|Y-[�e@YcY�X�f�g�]4���.[B]|l&X�qBl=\4g�g�w4v�_aW�]rn1`3h~f�]=^<e4j�[�e@YcYaX�f�g�]8Y�_c\6_c]8Y�]|§1`�]=n3l=]�Y�_cW3\6_:l&e4`3g�buW3\	z@]:[3^ae.b.`3l=]�b�\�n
e4f3Ya]=^cz6\6_cX�e@n¨Ya]�§1`�]�n3l&]�o@^ae6�?Y�]�Xs_cW�]=^r[Be@g�w�n�e@h:XZ\�g�g�wte4^r]& .[Be@n�]=n1_cX�\4g�g�wtX�n¨_aW�]!��e@^cY�_rl=\@Y�]de4`�_a[�`._dYal=]&�
n3\�^cX�e3����`�^a_aW�]�^ah�e@^a]@v4��]kb.]=h�e@n3Y�_c^c\�_a]{_cW3\6_�_aW�]�[�^ce4f�g�]=h e�j$b.]=_a]�^ah�X�n�X�n3o<�{W�]&_cW�]=^�\-o4X�z4]�nP��]|\�m:h�e�b�]=g
X�YP_a^0\4l0m6\�f�g�]re@^P`�n1_a^0\4l0m6\�f3g�]�l=\�n�f�]�]&³I]�l�_cX�z@]=g�wtl&e@h�[�`._a]|b)v�\4gs_cW�e4`3o4W���]d\�^c]dn�e�_8\	��\�^c]re�j�]&©8l&X�]=n1_
´+Ya`�f�]& .[Be@n�]=n1_cX�\4gZ¶�\4g�o@e4^cXs_cW�hPY�j�e@^{hP\�m�X�n3oK_cW3\6_kb�]&_a]�^ah�X�n3\6_cX�e@n��

����� ����� �"!$#&%('*),+�-.�/��-.01#2!435��-�+�67�8'4+�95-

�p]�Y�_c`3b.wu_aW3]r[�^ce4f�g�]=hµe�j?Y�_c\�_a]rYa]�§1`�]�n3l&]8o@^ae6��_cW�X�n}��]�\4m!h�e.b.]=gZY<f�wuj�e4^ch~`3g�\�_aX�n�od_aW�]R[�^ce4f�g�]=hµX�n
_a]�^ahPY:e�jkhP\�_a^cXs }n�e@^ahPYKe�j�Ya]�§1`�]�n3l&]|Y~e4j

0
�
1
hP\6_c^aXZl&]|Y=�xV�W�]d^c]=g�]=z6\�n1_:h�\�_aW�]�hP\6_aXZl=\4g�hP\@l0W�X�n3]=^cwu��]
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X�n�z@e4m4]�X�n�z4e4g�z4]|Y�_aW�]rn�e�_cX�e@nxe�j�_aW�]��.���5Ç3«����3�c¬=«(�a�6�����4Á�� ����e4j{\�Ya]&_Ke�j�h�\�_a^cX�l=]�Y��RV�W�]��4e@X�n1_	��[�]�l&_a^0\�g
�?\4b�X�`3Y�v

ρ(Σ)
vyXZYK\!§@`B\�n1_aX�_�wpX�n1_a^ce.b.`3l&]|b�f�w��?e�_c\!\�n3b&��_a^0\�n�ox¤ å	�	¦ \4YK\±o@]=n�]�^c\4g�X�½�\�_aX�e4n�v$_aep\!Y�]=_Ke�j

hP\6_a^cXZl&]�Y
Σ
v.e4j�_aW�]�l&gZ\4YcYaX�l�\�g�n�e�_cX�e@nre�j$_aW�]-Ya[B]|l�_a^0\�gI^0\4b.X�`3Y�e�j�\KhP\6_c^aX� )�NV�W3]
�@e4X�n1_ ��[�]�l&_a^0\�g)�?\@b.X�`BY�XZY

\r§1`3\4n@_cXs_�wr_aW3\�_�h�]�\@Y�`3^a]|Y�_aW�]K��e@^cY�_��¹l=\@Y�]�^0\6_c]-e�jTo4^ce6��_aWde4j�_cW�]~n3e4^ch e4jN[3^ae.b.`3l&_cYke�jThP\6_c^aXZl&]|Y�j�^ae@h
\±qBn�Xs_c]�Ya]&_�e�j�^a]|\�g�h�\�_a^cX�l=]�Y��xV�W�]�l=e4n3l=]=[._P\�^cXZY�]|Y~l&e@h�h:e@n�g�wxX�nt_aW�]dY�_c`3b.wxe4j?_aW�]�f�e4`�n3b�]�b.n�]|YaY:e4j
_aX�h�]&��z	\4^aw�X�n�oPb.w�n3\�h�XZl=\4g�Y�w.Y�_a]=hPY�e4j$_aW3]�j�e4^ch

xt+1 = Atxt
¤ ��v ¥ vBE
� ¦ �

�p]~^a]�g�\�_a]�_aW3] �1_c\�_a]	��]|§1`�]=n3l=] ��^ae6��_cW��T^ae@f�g�]=h¼_ceP_aW3]-z	\4g�`3]<e�j�_aW�]��4e@X�n1_���[�]�l&_a^0\�g$�?\@b.X�`3Y
ρ(Σ)e�j{\�q3n�X�_a]8Ya]&_

Σ
e�j

(0, 1)
��hP\6_c^aXZl&]|Y�b�]=^cX�z@]�b!j�^ae@h

G
\@Y-\�f�e6z4]�X�np_cW�]8YaX�h�[�g�]P]& �\�h�[�g�]4v�n3\�h�]�g�w�j�^ce4h

_aW�]~[Be1YaYaX�f3g�]<Y�_c\�_a]-_c^c\4n3Y�X�_aX�e4nBY{\�n3b�_cW�]<Y�]�n3Yae4^{h�e.b.]=g(���u]<^c]�b.`Bl&]�_aW3]~§1`�]�Y�_aX�e4nde�jy[�e4g�w�n�e4h�XZ\�g)z4]�^cYa`3Y
]& .[�e4n�]�n@_cX�\4gI^c\�_a]�Y�e�j�o4^ce6��_aW8e4j�_aW�]�n�`�hKfB]�^�e4j$W�w�[Be4_aW�]|Y�]|Y�_ce~_cW�]��4e@X�n1_(��[B]|l�_c^c\4gI�k\4b.X�`3Y�e�j�\:b.]�^aX�z4]|b
Y�]=_?e�jNhP\6_a^cXZl&]�Y�\@Y{\�f�e6z4]4�N²¹n�[3\�^a_aXZl&`3g�\4^{��]�]�Y�_c\4f�g�X�YaWr_cW3\6_

•
²¹nu\r��]�\4mdh:e.b.]�g�vI_cW�]���e@^cY�_��¹l=\@Y�]~n1`3h~f�]=^�e�j�W�w�[�e�_aW3]�Ya]�Y�l&e4nBY�XZY�_c]=n1_��{Xs_cWp\Ro4X�z4]=npY�]|§@`3]=n3l=]Ke4j
t
e4fBY�]�^az6\6_cX�e@n3Y�v�o4^ce6�?Y�[Be@g�w�n�e@h:XZ\�g�g�w!X�j�\4n3bue4n�g�w!X�j�_aW�]��@e4X�n1_	��[B]|l�_c^c\4g��?\4b�X�`3Y<e�j�_aW�]8X�n3b.`Bl&]�b

qBn�Xs_c]<Y�]=_?e�j
(0, 1)

��hP\6_c^aXZl&]|Y�´�Y�]�] ��]�l&_aX�e4n ¥ ¶�XZY�g�]|YaY�_cW3\�nde@^�]|§1`3\�gI_ce
1
�

• � e@n�z4]=^0Ya]=g�w4v�X�n�\r��]�\4m�h�e�b�]=gN_aW3]:n�`�hKfB]�^�e�j�W�w�[Be4_aW�]|Y�]|Y�l&e4nBY�XZY�_c]=n1_��{Xs_cWu\�Y�]|§1`�]=n3l=]Ke4j t
e@f.�

Ya]=^cz6\6_cX�e@n3Y{o4^ce6�?Y�]& .[�e4n�]�n1_aXZ\�g�g�wRXsjT\�nBbde4n�g�wRX�jN_aW�]��4e@X�n1_���[�]�l&_a^0\�g��?\4b.X�`3Yke�jN_aW�]~X�n3b�`3l&]|b�q3n�X�_a]
Ya]&_?e4j

(0, 1)
��h�\�_a^cX�l=]�Y�XZY�g�\4^ao@]=^�_aW3\4n

1
���k\�h�]�g�wr_aW�]�^a]-\�^c]�n�ePX�n1_c]=^ch:]|b.XZ\6_a]�^0\6_c]�Y�e�jNo4^ce6��_aW��

•
��X�n3\�g�g�w4v�`�n�g�X�m@]d_aW�]!o4]=n3]=^0\�g?l=\@Y�]�j�e@^8^c\�_aX�e4n3\4g{hP\6_a^cXZl&]�Y�v�_aW�]±b.]|l&XZY�X�e4n¨[�^ce4f3g�]�h

ρ(Σ) ≤ 1
j�e4^

(0, 1)
��hP\6_a^cXZl&]�Y�XZY!´�V$`3^aX�n�o1¶�Yae4g�z6\�f�g�]4� ª l=l=e4^0b.X�n�o4g�w4v�o4X�z4]�n�\x��]�\4m}h�e.b.]=g(v{��]±l�\�n b.]|l&XZb.]}´�X�n

_cW�]8V�`�^aX�n�o�Ya]=n3Ya]|¶��{W�]=_aW�]�^-_aW3]=^c]:]= .X�Y�_cY-\�j+\4h:X�g�w!e�j�Y�]|§1`�]=n3l=]�Y�e4j�e@f3Y�]�^az6\�_aX�e4n3Y�Ya`3l0W!_cW3\6_~_aW�]
n�`�hKfB]�^{e�jyl&e@n3Y�XZY�_a]=n1_{W�w�[Be4_aW�]|Y�]|Y�o@^ae6�?Y�\�_�g�]�\@Y�_{]= �[�e4n3]=n1_aXZ\�g�g�wre4^�j�e4^?\4g�gIj+\4h�X�g�X�]|Y�e�jyY�]|§1`�]=n3l=]�Y
e4j�e@f3Ya]=^cz	\�_aX�e4n3Y�_aW3]-o4^ce6��_aW�X�Y{\�_�h�e1Y�_?[�e4g�w�n�e4h�XZ\�g(�

²¹n ��]|l�_cX�e@n:Ek��]�b.]=z@]=g�e4[~Yae4h�]�YaX�h:[3g�]�]& �\�h�[�g�]�Y$_ae�X�g�g�`3Y�_a^0\6_a]�_aW�]�hP\�X�nKl=e4n3l=]=[._0Y�\4n3b~l=e4n3Y�_a^c`3l�_0Y�\@Y$��]=g�g
\4YN\�[3[�g�XZl=\�_aX�e4n3Y�_ce�n�e@X�Yaw<Ya]=n3Yae4^�n�]&_���e4^cm.Y=�$²¹n ��]|l�_cX�e@n Â ��]�[�^c]�Ya]=n1_NYae4h�]�b.]&qBn�Xs_cX�e@n3Yy\�nBb<^c]�Ya`�gs_0YN\�f�e4`._
_aW�]��@e4X�n@_ ��[�]�l�_c^c\4g��k\4b.X�`3Y�v

ρ(Σ)
v�\4n3b�_cW�]���]�n�]=^0\�g�X�½=]�b��.[B]|l�_a^0\�gI�?\@b.X�`BY=�N²¹n ��]|l�_cX�e@n ¥ v1��]�Y�_a`3b.wPW3e6�

_aW�]��1_c\�_a]���]|§1`�]=n3l=].��^ae6��_cW���^ae@f�g�]�h ^c]=gZ\6_c]�Y�_ae<_aW�]��@e4X�n1_�\�n3b ��]=n3]=^0\�g�X�½�]�b ��[B]|l�_c^c\4g3�?\4b�X�`3Y�l&e4nBl&]=[�_cY
\�n3b±]�Y�_c\�f3g�XZY�W�e@`�^?hP\�X�n�^c]�Ya`�gs_0Y=�.�.]�l�_cX�e@n��Pl&e@n1_c\�X�n3Y?\rY�`�h�hP\�^cw��{Xs_cW!Y�]�z4]�^c\4g�Y�`�o@o4]|Y�_cX�e@n3Y�j�e4^kj�`._a`3^a]
��e@^amI�NV�W�] ª [�[�]=n3b.X� rl&e@n1_c\�X�n3YTj�e4`�^�]& �\�h�[�g�]�YT_aeKX�g�g�`BY�_c^c\�_a]?W�e6�¨_cW�]�Ya]kXZb.]|\4Y�\4[�[�g�w:_aeKb�Xs³I]=^c]=n1_�YaX�h:[3g�]
Y�]�n3Yae4^{n�]=_���e@^am.Y�\�n3bd\4YcYae�l=X�\�_a]|b8e4f�¸�]�l�_{m�X�n�]=hP\6_cX�l�Y=�

� G����&Q��)J�L���J�U �"!$#&%��('*)���!+�

, ��� - !4�/.10 +�-.3 +,- �32 +54 ��)��62 � -87 9�!:9 �7'
; 9�!10
V�W�]-j�^0\�h�]=��e4^cm8b.]|Yal=^aX�fB]|bR\4fBe6z@]-\�[�[�g�X�]�Y�_ce�\PYaX�h:[3g�]-z@]=^0Y�X�e4n�e�j�_a^0\4l0m�X�n�o:\4nde4f.¸�]|l�_�vBYa\	wr\:z@]=W�XZl&g�]-e4^
[B]�^cYae4n$v1`BY�X�n�o~\~n�]&_���e4^cmKe4j$Y�]�n3Yae4^0Yyj�e4^�]& �\4h:[3g�]@�8��X�o4`�^c]�Y å v.E<\4n3b Â \4^a]k`3Y�]|b�_aeKX�g�g�`3Y�_c^c\�_a]k_aW�]�]& �\�h:�
[�g�]4�{V�W�]-^c]�\4b�]=^{XZY?]=nBl&e4`3^c\4o4]�b8_aerl=e4n3YaXZb.]=^{W�e6��_aW3]�Ya]~Y�X�h�[�g�]<X�b�]�\4Yk\�[�[�g�w8_cePe�_cW�]=^kb�e4hP\�X�n3Y?\@Y{��]�g�g(�
Æ `�^-X�n@_c]=^c]�Y�_�X�nu_aW�XZY�[�^ce4f�g�]=h \4^ae1Y�]Kj�^ce4h¡_aW3]8Y�_c`3b.w±e4j�]&³I]�l&_aX�z4]�g�w±`BY�X�n�o���]|\�m�h�e.b.]=gZY�j�e4^<b.]=_a]|l�_aX�n�o
\�n3b�_c^c\@l0m�X�n�o�[�^ce.l&]|YaYa]�Y�X�n±\�z6\�^cX�]=_�wre�jT\4[�[�g�X�l�\6_aX�e4nBY?Y�`Bl0Wd\@Y?l&e@h�[�`._a]�^kYa]�l&`3^aX�_�w!¤ Â	¦ v�\4`._ae@n�e4h�XZl-l&e4h:�
[�`._cX�n�od¤ å � ¦ \4n3b8e@f.¸�]�l&_�_c^c\@l0m1X�n�o<`BY�X�n�o�Y�]�n3Y�e@^�n�]=_���e@^am.Y�¤ �6¦ ���y �\4h:[3g�]|Y�YaW�e6�{X�n�o-_cW�]�]&³I]�l�_0Y�e�j$[�^ce.l&]|YaY
b.w�n3\�h�XZl=Y�´5_cW�]8Y�_c\6_c]KhP\@l0W�X�n3]Kh�e.b.]=g5¶�\�n3bpY�]�n3Yae4^�l&e6z4]�^c\4o4]<e@n!W�w�[Be4_aW�]|Y�XZY�o4^ce6��_aW!\4^a]�b.]�z4]=g�e4[�]�b!X�n
_aW�] ª [�[�]=n3b.X� )�

²¹n:_aW�XZY�YaX�h�[�g�]�_a^0\4l0m�X�n�o-\�[�[3g�XZl=\�_aX�e4n�v6_cW�]kY�_c\�_a]�YyYaX�h:[3g�w:l&e4^c^c]�Ya[Be@n3b<_ce�_aW�^c]=]{^ce�e4hPYy\�nBb~_cW�]?Yaw�Y�_a]�h
X�Y�X�n±e4n3]~e�jy_cW�]<_cW�^c]=]KY�_c\�_a]|YkX�j�\�n±e@f.¸�]�l&_:´�\8[�]=^0Y�e@ndj�e4^�]& �\�h�[�g�]|¶?X�Y�l&`�^c^c]=n1_ag�wRX�n�_cW�]:l=e4^c^a]|Y�[�e4nBb.X�n3o
^ae�e@h��N²�jy\�[B]�^cYae4nRX�Y?X�n��{e�e4h

2
v�j�e4^{]= �\�h�[�g�]4v�_aW3]<Y�w.Y�_a]=h X�Y�X�n�Y�_0\6_c]

s2
\4n3bRYae�e4n��

��X�o@`�^a] å \4g�YaeKYaW�e6�?Y�_aW�]�Ya]=n3Yae4^�l&e6z@]=^0\�o4]{�{W3X�l0W�b.]&_c]=^ch:X�n�]|Y�_cW�]�[Be1YaYaX�f3g�]�e4f3Ya]=^cz6\6_cX�e@n3Yy_cW3\6_?l&e@^a^c]&�
Y�[�e4nBbP_aeK]�\@l0WrY�_0\6_c]4�N²¹n���]�n3Yae4^ � e6z@]=^0\�o@] α

v1_aW3]�e@f3Y�]�^az6\�_aX�e4nP�{X�g�gIf�]
0
X�j�_cW�]�e@f.¸�]�l&_�XZY�X�nRY�_c\�_a]|Y

s1
e4^

s2
\4n3br_aW�]�e4fBY�]�^az6\6_cX�e@n8�{X�g�gIf�]

1
X�j$_cW�]�e4f.¸�]|l�_�X�Y�X�n�Y�_c\�_a]

s3
�N²¹n��.]=n3Yae4^ � e6z4]�^c\4o4] β

v�_cW�]�e4f3Ya]=^cz6\6_cX�e@n
X�Yk\

1
X�j�_cW�]<Y�_c\6_c]-X�Y

s2
\4n3b

0
e4_aW�]�^a�{XZYa]4�
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States of 

the Model

Sensor

Coverage

Room 2

State s2

Room 3

State s3

Room 1

State s1

Room 2

State s2

Room 3

State s3

Room 1

State s1

Sensor

Coverage

Room 2

State s2

Room 3

State s3

Room 1

State s1

The sensor reports

a 1 if the object 

is in Room 3

(state s3) and

reports a 0 otherwise

The sensor reports

a 1 if the object 

is in Room 2

(state s2) and

reports a 0 otherwise

The model’s states

correspond to an

object being in a

room.  There are

three rooms and

three states.

��X�o@`�^a] å ÄNV�W�]k`3n3b.]=^cg�w1X�n�o:Y�_0\6_a]�Y�[B\4l&]kW3\4Y�_aW�^c]=]�Y�_0\6_a]|Y�´+]�\@l0Wrl&e@^a^c]�Ya[Be@n3b.X�n�o�_aeKe.l=l&`3[3\�n3l=wKe4j$\<^ce�e4h
f�wK\�n:e4f�¸�]�l�_�¶���²¹n���]=n3Yae4^ � e6z@]=^0\�o4] α

v4_aW�]?Ya]=nBY�e@^Nb�]&_a]|l�_0Yy[�^c]�Ya]=n3l=]�X�n�Y�_0\6_a]
s3
´�^ce�e4h Â ¶N\�n3bKX�n �.]=n3Yae4^

� e6z4]�^c\4o4] β
vB_aW�]~Ya]=nBY�e@^kb.]&_c]�l&_cY�[�^a]|Y�]�n3l&]-X�n±Y�_c\6_c]

s2
´+^ae�e4h¡E4¶&�?V�W�]~Ya]=n3Yae4^0Y{^c]=[�e4^a_k\��PX�jNn3e8e4f.¸�]|l�_

X�Y?[�^a]|Y�]�n1_�\4n3bR\ å X�jN\4nRe@f.¸�]�l&_�XZY�[�^c]�Ya]=n1_<´�X�nR]|\4l0W�e�j�_aW�]<l=e4^c^a]|Y�[�e4n3b�X�n�o:Y�_0\6_c]�Y-´�^ce�e4hPY0¶��yV�W�]�e4f.¸�]|l�_
h�e6z4]�Y{\@l=l=e4^0b.X�n3o<_ae�_cW�]<b.w�n3\4h:XZl=\4g)h�e�b�]=gZY{Y�W�e6�{n�X�n���X�o4`�^c]<E.�

State s
1 State s

2

State s
3

Kinematic Model G

State s
1 State s

2

State s
3

Kinematic Model H

��X�o@`�^a]~E�Ä�V�W�]�^a]<\4^a]�_���e8b.w�n3\�h�XZl=\4g�h�e�b�]=gZY=v
G
\4n3b

H
v�_aWB\6_�b.]=q3n�]-_cW�]<\�g�g�e6��]|brh�e6z4]�h�]=n1_?fB]=_���]�]=n

Y�_0\6_c]�Y<´+^ae�e4hPY0¶�e�j$_cW�]<Y�_c\6_c]-Y�[3\@l&]@�
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s1 s2

s3

Weak Model W
G

s1 s2
s3

Weak Model W
H

{ 0 } { 0 } { 1 }

s1 s2

s3

Weak Model W
G

{ 0 } { 1 } { 0 }

{ 0 } { 0 } { 1 }

s1 s2
s3

Weak Model W
H

{ 0 } { 1 } { 0 }

��X�o@`�^a] Â Ä!V�W�]�^a]±\4^a]dj�e@`�^8^c]�Ya`�g�_aX�n�o�¿��0��­tÀ��|Á4�=� �8l&e@^a^c]�Ya[�e4n3b.X�n�op_aex_cW�]±[�e@YcY�X�f�g�]±l&e@h~f�X�n3\6_cX�e@n3YPe4j
_���epb.Xs³I]=^c]=n1_KYa]=nBY�e@^<l&e6z4]�^c\4o4]|Y�\4n3bp_���e±b�Xs³I]=^c]=n1_Kb.w�n3\4h�X�l�\�gTh�e.b.]=gZY��dV�W3X�Y<q3o4`�^c]8b.]�[�X�l&_cY<_aW�]Pj�e@`�^
h�e�b�]=gZY=��²¹n~_cW�]�Ya]�o4^0\�[�W3X�l�\�g�b.]=[�XZl�_cX�e@n3Y�v6_aW�]�[�e@YcY�X�f�g�]{Y�]�n3Y�e@^�^c]=[�e4^a_cY�j�e@^�]|\4l0W�Y�_0\6_c]�\4^a]�Y�W3e6�{n~X�nKf�^0\4l=]�Y
l&e@n�n�]�l&_a]|br_ce:_aW�]<Y�_c\�_a]-�{X�_aW�\�b.e�_a_a]�b�g�X�n3]4�

�kYaX�n3oK_cW�]<n�e4_c\�_aX�e4n�X�n1_a^ce.b.`3l=]�b�\�f�e6z4]4v.��]�W3\	z4]
Lα(s1) = Lα(s2) = {0}

\4n3b
Lα(s3) = {1}

�{W3X�g�]
Lβ(s1) = Lβ(s3) = {0}

\�nBb
Lβ(s2) = {1}

�
��X�o@`�^a]-E:Y�W3e6�?YT_���eK[�e@YcYaX�f�g�]�m�X�n�]�hP\6_aXZl�h�e�b�]=gZY�j�e@^�_aW�]�e@f.¸�]�l&_�h�e6z�X�n�o~f�]&_���]=]�nr_cW�]�_aW�^c]=]�^ce1e@hPY=�

²¹n�h:e.b.]�g
G
v)_aW3]:e@f.¸�]�l&_-h~`3Y�_-h:e6z@]Kf�]&_���]=]�nu\@b	¸�\4l=]=n1_�^ae�e4hPY�\6_-]|\4l0W±_cX�h�]PY�_c]=[��:²¹n�h�e�b�]=g

H
v)_cW�]

e4f.¸�]|l�_{l=\4nrY�_0\	w�X�nR^ae�e4hPY å \4n3brE-X�n3b.]=q3n�X�_a]�g�w8e@^�l�\�nrh�e6z@]{j�^ae@hº^ae�e4h å _ae:^ae�e4h¼E�v@^ce�e4h¼E�_ceK^ce�e4h
Â e4^{^ce�e4h Â _aeP^ce�e4h E��TV�W�]-e4f.¸�]|l�_kl�\�n�n�e4_?Y�_0\	w8X�nd^ce�e4h Â \�nBb�l�\�n�n3e�_{h�e6z4]�j�^ae@h¼^ce1e@h E~_aeP^ce�e4h
å X�n�h�e.b.]=g

H
�

V�W�]�Ya]?_���e<m�X�n�]=hP\6_cX�lkh�e�b�]=gZY�l=e4h~f3X�n�]|b��{Xs_cW8_cW�]?_���e~Ya]=n3Yae4^�h:e.b.]�g�Y�g�]�\4b:_ce<j�e@`�^���]�\4mKh�e.b.]�g�Y�\4Y
b.]=[3X�l&_a]�b�X�n ��X�o4`3^a] Â v.nB\�h�]=g�w

WGα, WGβ , WHα
\�n3b

WHβ
�

�?e6�·l&e@n3YaX�b.]�^~\�nxe@f3Ya]=^cz	\�_aX�e4n�v
0
vNX�n}]�\@l0W�e�j{_aW3]Pj�e4`�^K��]|\�muh�e�b�]=gZY=���u]rW3\	z@]PW�w1[�e�_cW�]�YaXZY~Ya]&_cY�Ä

HWGα
(0) = {s1, s2},HWGβ

(0) = {s1, s3},HWHα
(0) = {s1, s2}

\4n3b
HWHβ

(0) = {s1, s3}
�	��`�[3[Be1Y�]

_aW3\�_{_���ePl=e4n3Ya]�l=`._aX�z4] ��� Y{\�^c]�e4f3Ya]=^cz4]|b)���u]�_aW3]=ndo4]=_?W1w�[�e�_cW�]�YaX�Y{Ya]&_0Y=Ä

HWGα
(00) = {s1s2, s2s1},

HWGβ
(00) = { } = ∅,

HWHα
(00) = {s1s1, s1s2, s2s2},

HWHβ
(00) = {s1s1}.

��X�h:X�gZ\�^cg�w@v
HWGα

(1) = {s3},HWGβ
(1) = {s2},HWHα

(1) = {s3},HWHβ
(1) = {s2}

\4n3b

HWGα
(10) = {s3s2},

HWGβ
(10) = {s2s1, s2s3},

HWHα
(10) = {s3s2},

HWHβ
(10) = {s2s3}.
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²¹n!_cW�XZY-\�^a_aXZl&g�]:��]�\�^c]:l=e4n3l=]=^cn�]�bp\�f�e4`._�_aW3]:��e4^0Y�_��¹l=\4Ya]~o@^ae6��_cW±e�j�_aW�]�W�w�[Be4_aW�]|Y�XZY-Ya]&_cY
HW

����w
X�nBY�[�]�l&_aX�e4n�v�n3e�_a]�_cW3\6_

|HWGα
(0t)| = |{s1s2..., s2s1...}| = 2,

´ å ¶
|HWGβ

((01)2t)| = |{s1s2s1..., s1s2s3..., ..., s3s2s3...}| = 2t,
´(E4¶

|HWHα
(0t)| = |{s1s1s1...s1, s1s1....s1s2, s1s1...s1s2s2}| = t,

´ Â ¶

|HWHβ
(01t)| = |{s1s2....s2, s3s2s2...s2}| = 2

´ ¥ ¶
�{W�]=^c]

at j�e4^�\<Y�_a^cX�n3o a
h�]|\�n3Y�^a]�[B]|\6_cX�n�o<_aW�]�Y�_c^aX�n�o

t
_cX�h�]|Y=�yV�W�]�W1w�[�e�_cW�]�YaX�Y�o4^ce6��_aWPX�nP_aW3]�Ya]�l=\@Y�]|YTXZY

]=X�_aW�]�^�l=e4n3Y�_c\4n@_~´+n3\�h�]�g�w�E4¶&v3[�e4g�w1n3e4h�X�\4g�´�nB\�h�]=g�w
t
¶&v3e@^?]& .[�e4n�]�n@_cX�\4g�´+n3\�h�]=g�w

2t/2 ¶��{V�W�]~^a]|\4b.]�^?l=\�n
z4]�^aX�j�wP_aWB\6_?\:h:e.b.]�g�g�X�m@]

WHα
f�`._?�{X�_aW

k
\@b�b.X�_aX�e4n3\4g)^ae�e@h�Y�g�X�m@]

s1
\4n3b

s2
j�e@^{�{W�X�l0WR_aW3]�e@f.¸�]�l&_?l=\�n

]=X�_aW�]�^?Y�_0\	wPX�nd\:^ae�e@h e@^�h:e6z@]k_ce�^ae�e4hPY�e4n�g�w8e@n8_aW3]-^aX�o4W1_�g�]|\4b�Y�_ae�\:��e@^cY�_��¹l=\@Y�]k[Be@g�w�n�e@h:XZ\�gIo@^ae6��_cW
e�jNe4^0b.]=^

k
�5�.`3l0W�\�n�]& �\�h�[�g�]�X�Y���e4^cm4]|b8e4`�_?X�ndh�e4^c]�b�]&_c\4X�g$X�n�_aW3] ª [�[�]=n3b.X� )�

²�_�XZY�`3Y�]=j�`�g(v@j�e@^�\4n8`�n3b�]=^0Y�_0\�n3b.X�n�oKe�j)_aW3]�hP\6_c^aX� �j�e4^ch~`�gZ\6_cX�e@n�_aW3\�_�j�e@g�g�e6�?YTf�]=g�e6��X�n8_aW3X�Y�[3\4[B]�^�v@_ae
b.]=z@]=g�e4[R_aW�]-hP\�_a^cXs re@[B]�^c\�_aX�e4n3Y�`�nBb.]=^cg�w�X�n�o:_aW�]<b�Xs³I]=^c]=n1_?W�w�[Be4_aW�]|Y�XZY�o4^ce6��_aW3Y��

V�W�]�m�X�n�]�hP\6_aXZl�h�e.b.]=gZY
G
\4n3b

H
l=\4nKf�]�^a]�[�^c]�Ya]=n1_a]|b<f�wKY�_c\�_a]�_a^0\�n3YaX�_aX�e4n~hP\�_a^cX�l=]�Y{´�e@^N]�§1`�X�z	\4g�]�n1_ag�w

n�e.b.]&��n�e.b.]<\@b	¸�\4l=]=n3l=wPh�\�_a^cX�l=]�Y0¶
AG

\�n3b
AH

Ä

AG =





0 1 0
1 0 1
0 1 0



 , AH =





1 1 0
0 1 1
0 1 0



 .

V�W�]
ij
_cWR]�n1_a^cwPe�j$_cW�]�Ya]�hP\6_a^cXZl&]�Y�XZY

1
X�j�\K_a^0\�nBY�X�_aX�e4nrj�^ae@h¼Y�_0\6_a]

i
_ce�Y�_c\�_a]

j
XZY�[Be1YaYaX�f3g�]�X�nr_cW�]�h:e.b.]�g

\�n3b
0
X�j�_cW�]�_a^0\�n3YaX�_aX�e4n�X�Y{n3e�_{[Be1YaYaX�f�g�]@� ª b�b.X�_aX�e4n3\4g�g�w4v�_cW�]<Ya]=n3Yae4^{^c]=[�e4^a_�_ae�e4f3Ya]=^cz6\6_cX�e@nr^c]=gZ\6_aX�e4nBY�W�X�[3Y

X�n ��X�o4`�^c] å l�\�ndf�]<Y�`�h�hP\�^cX�½=]�bRY�X�h�X�gZ\�^cg�w8f�w

Iα(0) =





1 0 0
0 1 0
0 0 0



 , Iα(1) =





0 0 0
0 0 0
0 0 1



 , Iβ(0) =





1 0 0
0 0 0
0 0 1



 , Iβ(1) =





0 0 0
0 1 0
0 0 0



 .

V�W�]�Ya]-hP\6_c^aXZl&]|Y�WB\	z4]�\
1
X�nR_aW�]

i
_aW�b.XZ\�o@e4n3\4g�[�e@YaX�_aX�e4n�Xsj�_aW�]-e@f3Ya]=^cz	\�_aX�e4n�l&e4`3g�bRW3\	z4]�f�]=]=ndo@]=n�]�^c\�_a]�b

�{W�X�g�]�_cW�]<Y�w.Y�_a]�h¼X�Y?X�n�Y�_c\6_c]
i
\�n3bd\

0
X�n�_aW3]

i
_cW�b.X�\4o4e@n3\�gI[�e@YaXs_cX�e@nRe4_aW�]�^a�{XZY�]@�

V�W�]:^a]�g�\�_aX�e4n3YaW�X�[�fB]=_���]�]=n±_cW�]:n1`3h~f�]=^�e�j�W�w�[Be4_aW�]|Y�]|Yk\4n3b�_cW�]�Ya]~hP\6_c^aX� �^a]�[�^c]�Ya]=n1_c\�_aX�e4n3Yko4e�]�Y�\4Y
j�e4g�g�e6�?Y��(��`�[�[�e@Ya]<_cW3\6_���]~\4^a]<b�]�\�g�X�n�o8�{X�_aW�_cW�]<m�X�n3]=hP\6_cX�l-h�e.b.]�g

G
\�n3b�_aW�]~Ya]=nBY�e@^kl&e6z@]=^0\�o4]

α
\�n3b

_aW3\�_?��]�e@f3Y�]�^az@]?_cW�]<Y�]|§1`�]=n3l=]�e4j
t + 1

e4f3Ya]=^cz6\6_cX�e@n3Y
ξ0ξ1ξ2 . . . ξt

�y»�]=_
1 = [111]T

b.]�n�e�_c]�_cW�]<l&e@g�`3h:n
z4]|l�_ae@^�e�j�\4g�g

1
� Y���£k\	z�X�n3oRe@f3Y�]�^az@]�b

ξ0
v)_cW�]�[Be1YaYaX�f�g�]PY�_c\�_a]�Y�\4^a]

1T Iα(ξ0)
�{W3]=^c]�Y�_c\�_a]

si
l&e4`3g�bpW3\	z4]

o4]�n�]=^0\6_c]�b�_aWB\6_ke@f3Y�]�^az6\�_aX�e4ndXsjy_cW�]
i
_cW±l&e�e4^0b.X�n3\6_c]<e�jN_aW3]~[�^ce.b.`3l�_�z4]�l&_ae@^?X�Y

1
\�n3b!Y�_0\6_a]

si
l&e@`�gZbdn�e�_

W3\	z4]�o4]�n�]=^0\6_c]�b8_aW3\�_�e@`._a[3`._{Xsj�_aW�]
i
_aWdl&e�e@^cb.X�n3\�_a]kXZY

0
���?e6� XsjN��]�n�]= 1_{e@f3Y�]�^az@]

ξ1
_aW�]�nr_cW�]�[Be1YaYaX�f3g�]

Y�_0\6_c]�Y?\4^a]�b.]&_c]=^ch�X�n�]|b�f1w
1T Iα(ξ0)AGIα(ξ1).

²¹n o@]=n�]�^c\4g�v{g�]&_
zGα(ξ0ξ1ξ2 . . . ξk)

f�]!_cW�]p^ce6�¡z4]|l�_ae@^r�{W�e1Y�]
i
_aW�l=e�e4^0b.X�nB\6_a]!X�YR_aW3]pn�`�hKfB]�^Re4j

W�w1[�e�_cW�]�Ya]�Y�´�_aW3\�_�XZY=v.[�e@YcYaX�f�g�]�Y�_c\�_a]�Y�]|§1`�]=n3l=]�Y0¶y_cW3\6_�]=nBb8X�n�Y�_c\�_a]
si
\�nBbP_aWB\6_{\�^c]�l=e4n3YaX�Y�_a]�n1_��{X�_aWR_aW�]

e4f3Ya]=^cz6\6_cX�e@n3Y
ξ0ξ1 . . . ξk

�TV�W3]=n

zGα(ξ0ξ1ξ2 . . . ξkξk+1) = zGα(ξ0ξ1ξ2 . . . ξk)AGIα(ξk+1) = 1T Iα(ξ0)





k+1
∏

j=1

(AGIα(ξj))



 .

ª ^a]|l&`�^0YaX�z@]�\4^ao@`�h�]=n1_�]|\4YaX�g�w8]|Y�_0\�f�g�X�YaW�]|Y�_aW3\�_�X�j
zGα(ξ0ξ1ξ2 . . . ξk)

XZY{\4Y{l=g�\4X�h�]�b�v._aW�]�n

zGα(ξ0ξ1ξ2 . . . ξk)AG

X�Y�\�^ae6�}z@]�l&_ae4^y^c]=[3^a]|Y�]�n@_cX�n3ok_cW�]{n�`�h~f�]=^Te4jIY�_c\�_a]{Ya]�§1`�]=nBl&]�Yyl=e4n3YaXZY�_c]=n1_y�{Xs_cW
ξ0ξ1 . . . ξk

\4YN[3^ae@[3\�o1\6_a]|b
_ae�_aW3]:n3]& �_�_aX�h:]PY�_a]�[��:¢±`�gs_cX�[3g�w�X�n�o�_aW3\�_�z@]�l&_ae4^�f�w

Iα(ξk+1)
e@n±_aW3]P^aX�o4W1_�h:]�^a]�g�w±Ya]=g�]�l&_cY�_aW3]�Y�_c\�_a]
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Y�]|§1`�]=n3l=]�Y�_cW3\6_?\�^c]�j�`�^a_aW�]�^?l&e4nBY�XZY�_c]=n1_��{Xs_cWR_cW�]�e4f3Ya]=^cz6\6_cX�e@n
ξk+1

�TV�W�]|Y�]�e@[B]�^c\�_aX�e4n3Y�l=\4nRf�]�_aW�e@`�o4W1_
e�jN\4Y�\~[�^c]�b�X�l&_aX�e4nRY�_a]�[8j�e@g�g�e6��]|bPf�w8\-q3g�_a]�^aX�n�o�Y�_c]=[�v.n3e�_�`�n�g�X�m@]��{W3\�_�XZY�`3Ya]�b8X�n��-\4g�hP\4n ��X�g�_a]�^aX�n�o~j�e4^
l&e@n@_cX�n�`�e@`3Y{Y�_c\6_c]-Y�[3\@l&]�q3g�_a]�^aX�n�o3�

ª Y:\�n}]= �\�h�[�g�]4vyl&e@n3Y�XZb.]�^K\�o1\�X�nxh�e�b�]=g
G
\�n3btY�]�n3Y�e@^~l&e6z@]=^0\�o@]

α
\�nBb}Y�`3[�[Be1Y�]R��]re4f3Ya]=^cz4]P_cW�]

Y�]|§1`�]=n3l=]
000

�kV�W3]=n�_cW�]~n�`�hKfB]�^�e4jTW1w�[�e�_cW�]�Ya]�Y�l&e4nBY�XZY�_c]=n1_k�{X�_aW!_aW�e1Y�]Ke4f3Ya]=^cz6\6_aX�e4nBY{X�Y�o4X�z4]�n�f�wR_cW�]
]& .[�^c]�YcY�X�e4n





1
1
1





T 



1 0 0
0 1 0
0 0 0









0 1 0
1 0 1
0 1 0









1 0 0
0 1 0
0 0 0









0 1 0
1 0 1
0 1 0









1 0 0
0 1 0
0 0 0



 =





1
1
0





T

= zGα(000).

��X�h:X�gZ\�^cg�w@v.Xsj���]�`3Ya]k_cW�]�m�X�n�]�hP\6_aXZl�h�e�b�]=g)o4X�z4]�nrf�w
H
v�_cW�]=nR_aW�]-n�`�hKfB]�^�e�j�[�e@YcYaX�f�g�]�Y�_0\6_a]-Ya]�§1`�]�n3l&]|Y=v

e4^{]|§@`3X�z6\�g�]=n1_cg�w8W�w�[�e�_aW3]�Ya]�Y�v.X�Y{o@X�z@]=nRf1w





1
1
1





T 



1 0 0
0 1 0
0 0 0









1 1 0
0 1 1
0 1 0









1 0 0
0 1 0
0 0 0









1 1 0
0 1 1
0 1 0









1 0 0
0 1 0
0 0 0



 =





1
3
0





T

= zHα(000).

²¹nt]|\4l0W}l=\@Y�]@v�_aW�]
i
_aWtl=e1e@^cb�X�n3\�_a]Pe4j{_aW�]�^a]|Y�`3gs_cX�n�o!z4]�l&_ae@^~XZYK\pl&e4`3n@_Ke�j{_aW3]Rn�`�hKfB]�^Ke4j?W1w�[�e�_cW�]�Ya]�Y

�{W�XZl0Wd\4^a]-l=e4n3YaX�Y�_a]�n1_��{X�_aW�_cW�]-o4X�z4]�nRe@f3Y�]�^az6\�_aX�e4n3Y�\�nBbr]�n3b�X�n�_aW3]
i
_cW�Y�_0\6_a]@����e4^{]= �\�h�[�g�]4v�o@X�z@]=nR_aW�]

e4f3Ya]=^cz6\6_cX�e@n3Y"� � ��v$_aW�]�^a]PXZY<e@n�g�wue4n3]8Y�_0\6_a]RY�]|§@`3]=n3l=]PX�nxh�e.b.]=g
WHα

_aW3\�_~]=n3b3Y<X�n}Y�_0\6_a]
s1
v�nB\�h�]=g�w

s1s1s1
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∏
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��e@^�\ å \6_y]�\@l0WKYc\�h�[�g�X�n3ok_cX�h�]�X�nBY�_0\�n1_�v4b�]=[�]=n3b.X�n�o
e4n��{W�]=_aW�]�^-_aW�]�wpb.]=_a]|l�_~\�YaX�o@n3\�gyX�nu_aW�]�X�^<n3]=X�o4W�fBe@^aW3e1e.bpe4^-n�e4_����3e4^<]= .\4h�[�g�]@v�_cW�]8Y�]�n3Yae4^�n�]&_���e4^cm
l&e@`�g�bdl=e4n3YaX�Y�_?e�jN\4l=e4`3Y�_aXZl�h:XZl&^ce4[3W�e4n�]|Y{b.]=[3g�e6w@]�bRX�n�Yae4h�]�o4]=e@o4^0\�[�W3X�l�\�gI^a]�o4X�e4n�� ª YaX�n�o4g�]�h:XZl&^ce4[3W�e4n�]
Y�]�n3Yae4^{�{X�g�g�^a]�[Be@^�_?\ ��X�jNX�_kb.]=_a]�l&_cYkn�e8\4l=e4`3Y�_aXZl�Y�X�o4n3\4gT´5_cW�^a]|Y�W3e4gZb.]�bR_�w�[�XZl=\�g�g�w.¶�\4n3bd\ å XsjNX�_�b.e�]�Y�� ª _
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��]r^a]|b.`3l&]8_aW�]rYc\�h�[�g�X�n�o�j�^c]�§1`�]=nBl&w4v�_aW3]RYaw�Y�_a]�h�h�X�o4W1_~f�]R\�f3g�]P_ce�_a^0\�nBY�X�_aX�e4n�f�]&_���]=]=n}Y�_c\�_a]|Y<hP\�n�w
_aX�h�]�Y�f�]&_���]=]=n�l&e@n3Ya]�l&`�_aX�z4]�Y�]�n3Y�e@^�^c]�\@b.X�n�o@Y��<V�W�XZY�h:]|\�n3Y�\@b�b.X�n�oRn3]=� _c^c\4n3YaXs_cX�e@n3Y?_ce�_aW�]�m�X�n3]=hP\6_cX�l
h�e�b�]=g(� � e4n�z4]�^cYa]=g�w4v@X�n3l=^a]|\4YaX�n3o-_aW�]-Yc\�h�[�g�X�n3o<j�^c]�§1`�]=nBl&w�h�X�o@W@_�^c]=h�e6z4]kYae4h�]�[Be1YaYaX�f�g�]k_a^0\�n3YaX�_aX�e4n3Y�\�n3bX�n1_c^ae.b.`3l=]-_aW3]<[Be1YaYaX�f�X�g�X�_�wRe4jyY�_c\	w�X�n�oPX�nd_aW�]~Yc\�h�]~Y�_c\�_a]-f�]&_���]=]�n±Y�]�n3Y�e@^kYc\�h�[�g�]�Y{�{W�]�^a]|\4Y�_cW3\6_�h:X�o4W1_
n�e�_?f�]-[�e@YcY�X�f�g�]�\�_k\:g�e6��]=^{Yc\�h�[�g�X�n�o:j�^c]�§1`�]�n3l&w@�
��e@^K_cW�]�Ya\4m4]Re�j�YaX�h:[3g�XZl&X�_�w4v�g�]=_�`BY:\@YaYa`�h�]R_aW3\�_���]dl=\�n�e4n�g�w}b.]|l&^c]�\4Ya]R_aW�]dYa\4h�[�g�X�n�opj�^a]|§1`�]=n3l=w

X�nuX�n@_c]=o@]=^�§1`3\4n1_aX�_aX�]�Y�Ä{_aW3\�_-X�Y�v)b.]�l=^a]|\4Ya]-_aW�]PYc\�h�[�g�X�n3orf�w
1/2, 1/3, ...

j�^ae@h¡_aW�]:e4^cX�o@X�nB\�g$o@X�z@]=n�_cX�h�]|b
m�X�n�]�hP\6_aXZl=Y?�{Xs_cWR_cW�]-`�n3b�]=^0Y�_0\�n3b.X�n�o:_aWB\6_kb.]|l&^c]�\4YaX�n�o~_cW�]~Yc\�h�[�g�X�n3o:^0\6_c]�f1w

1/s
\4g�g�e6�?Y�_aW�]KY�w.Y�_a]=h¼_ae

hP\�m4]P\@Y�h�\4n�w±\4Y
s
_c^c\4n3Y�X�_aX�e4nBY�\4g�g�e6��]�b±X�nu_aW�]�`�nBb.]=^cg�w�X�n�odm�X�n�]�hP\6_aXZl:h�e�b�]=g(v

G = (V, E)
�P�p]P�{X�g�g
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The number of hypotheses at time t (color) plotted against Hamming distance

Hamming distance between observations and emissions
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The number of hypotheses at time t (color) plotted against Hamming distance
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V�W�] �4e@X�n1_(��[�]�l�_c^c\4g)�?\4b.X�`3Y�¤ å	�	¦ XZY{\~o@]=n�]�^c\4g�X�½�\�_aX�e4n8e4j�_aW3X�Y{l=e4n3l=]=[._�_aeP\:Y�]=_�e4j�hP\6_c^aXZl&]|Y�\4n3b8XZY�f3\4Ya]�b
e4n�_aW3]�j�e4g�g�e6�{X�n�o:��]�g�g)m�n�e6�{n�X�b�]=n1_aX�_�wIÄ

ρ(A) = lim
n→∞

‖An‖
1
n

j�e4^�\�n�w�n�e4^chd��»�]=_
Σ
f�]:\Pq3n�X�_a]�Y�]=_�e�jThP\�_a^cX�l=]�Y?X�n

Rn×n ��V�W�]�n�_aW3]��.�6�5ÇB« ���3�c¬=«(�a�6� �k�@Á6� ���
ρ(Σ)

XZY
b.]&qBn�]�b�f�w

ρ(Σ) = lim sup
k→∞

ρk(Σ)

�{W�]=^c]4v�j�e4^
k ≥ 1

ρk(Σ) = sup{‖A1A2 · · ·Ak‖
1/k : Ai ∈ Σ} .

��`�^a_aW3]=^ch:e@^a]@v4X�jI_aW�]?n3e4^ch Yc\6_aXZY�q3]�Y
‖AB‖ ≤ ‖A‖ ·‖B‖

´5_cW3\6_�XZY�v1\4n:X�n3b.`Bl&]�b�n3e4^chP¶N_aW�]�n�j�e4^�\4g�g
k ≥ 1 �

ρ(Σ) ≤ ρk(Σ)
\�n3bdYae

ρ(Σ) = lim
k→∞

ρk(Σ) .
ª n�e4_aW�]�^kn3\�_a`�^0\�g)o@]=n�]�^c\4g�X�½�\�_aX�e4n�e�j�_aW�]~n�e�_cX�e@n�e4jNYa[�]�l�_c^c\4g�^0\4b.X�`3Y�j�e@^?\PY�]=_ke�jNhP\6_a^cXZl&]�Y?X�Y�_cW�]��?�=Ç��=���
�6�®���|�0Á ���3�0¬&«(�a�6� ���4Á�� �����{W�XZl0WRXZY?b.]=q3n�]|b�\@Y

ρ(Σ) = lim sup
k→∞

ρk(Σ)

�{W�]=^c]
ρk(Σ) = max{ρ(AkAk−1 · · ·A1)

1/k : Ai ∈ Σ} .
²�_Rl=\4n¨fB]!YaW�e6�{n�_aW3\�_

ρk(Σ) ≤ ρ(Σ)
j�e@^r\�g�g

k
vµ¤ å � ¦ \4n3b�_aW3\�_8j�e4^8\4n�w}q3n�X�_a]pY�]=_8e�j�h�\�_a^cX�l=]�Y

Σ
v

ρ(Σ) = ρ(Σ)
¤ E ¦ �

V�W�]-X�n�]�§1`3\4g�X�_aX�]�Y
ρk(Σ) ≤ ρ(Σ) = ρ(Σ) ≤ ρk(Σ)

l=\4ndfB]-`3Ya]�bR_ce8\�[�[�^ce	 .X�hP\�_a]�_aW�]��4e@X�n1_.��[�]�l�_c^c\4g
�?\4b�X�`3Y?_ae8\4^af�X�_a^0\�^cw8[�^c]�l=X�YaX�e4n���£?e6��]=z4]�^�_aW�]Kl&^c`3l&XZ\�g)[�^ce4f3g�]�h e4jNb.]=_a]�^ah�X�n�X�n3o8�{W�]&_cW�]=^

ρ(Σ) ≤ 1
v.j�e@^

_aW�]�l�\4Ya]re�j�h�\�_a^cX�l=]�YK�{Xs_cW�^c]�\4g�e@^K^0\6_cX�e@n3\�g�]=n1_c^aX�]�YK��\@YKYaW�e6�{nx_cepf�]d`�n3b.]|l&XZb�\�f3g�]�f�w���g�e4n3b�]=g{\�n3b
V�YaX�_cYaX�m�g�X�Y~¤ ¥4¦ �{W�e8^c]�b�`3l&]|b�_ae8X�_k_cW�]<]=h�[._�w���e4^0bR[3^ae@f�g�]�h X�n �T^ce4fB\�f�X�g�XZY�_aXZl ª `._ce4hP\6_0\�_aW�]�e4^cw4vB�{W�X�l0W
��\@Y)[�^c]=z�X�e4`3Yag�wkm1n3e6�{n�_ce{fB]�`�n3b.]|l&XZb�\�f�g�]u¤ ��v å E ¦ ��V�W3]�l&^cXs_cX�l�\�g4l�\4Ya]NX�Y

ρ(Σ) = 1
fB]|l=\�`BY�]yn�e{hP\�_�_a]�^$W�e6�

l&g�e@Ya]T_cW�]�\4[�[�^ce	 .X�hP\6_cX�e@n3Y�\4^a]@v|X�_NX�Y�n�e�_�[Be1YaYaX�f�g�]�_ae�b.]&q3n3Xs_cX�z@]=g�w<l&e4nBl&g�`3b.]T_cW3\6_
ρ(Σ) = 1

� ª b�b.X�_aX�e4nB\�g�g�w@v
_aW�]�l&e@h�[�`._c\�_aX�e4n�e4j~\�[�[�^ce	 .X�hP\�_aX�e4n3Y�XZYR\}W3\�^0b�l&e@h:[3`._c\�_aX�e4n3\4gk[�^ce4f�g�]=h \4YR��\4Y8b.]�h�e4n3Y�_a^0\6_c]�b¨f�w
V�YaX�_cYaX�m�g�X�Y?\4n3b���g�e4nBb.]=g�\4g�Yaed¤ å �.vBE
� ¦ Ä
�	��

����
������������������ �"!#���%$'&)(+*,!#��&�()
�!.-0/ ÇB���&�c�

P = NP 1 « �3�������5Ç3« ���3�0¬&«(�a��� �k�@Á6� ���
ρ({A, B})

�32
«�¿��

(0, 1)
�¹À���«����+¬0�&��¬0�6ÇBÇ��6«N�0�k�c�@���a��4@�5À���«��0Á~�=¯~�6ÇB¯<�6� 51�6���5«���Àº«����6«�«��|­4�&�?�	���5Ç6� �.«

A 1 B
��Ç�Á<�<�a�=���6«(�76	�

�&���c�6�
ε
�6ÇIÁ��a�=« �.��Ç3�K���a��� �.�®«{¿y�5«����5Çt�a�&���6«(�76	�8�=���a���

ε
��Ç�Á�� �.ÇBÇ3�5Ç
5��5Çx«(�5ÀP�k�����®¯6Ç���ÀK�+���T�5Çx« �3�:�����|�8��2

Σ = {A, B}
��Ç�ÁP�5Çp« �3�-�����|�:��2

ε 8 log(1/ε) 9
: ;=< !?>:M<U&HKJA@�) !{STJ�L��"�CB �<O�U&Q��3�<H�OD@:J���J�!E@ !GF:Q�!{H�S !EH¡L�MJIºJ <

»�]=_
M = (V, E, L, Φ)

f�]�\<��]�\4mKh�e.b.]�g�\4n3bPg�]&_
Zt f�]�\KY�]|§1`�]=n3l=]?e�j t+1

e4f3Ya]=^cz6\6_cX�e@n3Y=�N»�]=_
A = AGfB]�_cW�]{\4b	¸�\@l&]=nBl&w-hP\6_c^aX� <e�jB_aW�]�m�X�n3]=hP\6_cX�l�Y�[�]�l=Xsq�l=\6_cX�e@n�v

G = (V, E)
v4e4j�_aW�]{Y�_c\�_a]�hP\4l0W�X�n�]

M
v�\�n3bKg�]=_

A(Zt) = I(ξ0)
∏t

j=1 A(ξj)
\4YNX�nK_aW�]�]& �\4h:[3g�]�o4X�z4]�n~[�^c]=z�X�e4`3Yag�w4��V�W3]=n�v4\@YNb.]&q3n3]�b:X�nK_aW3]�X�n1_a^ce.b.`3l�_cX�e@n�v

_aW�]-n�`�hKfB]�^?e�j�[Be1YaYaX�f�g�]-l=e4n3YaX�Y�_a]�n1_�W�w�[�e�_aW3]�Ya]�Y�XZY{o4X�z4]�nrf�w

hM (Zt) =
∑

i,j

eT
i I(ξ0) · A(ξ1) · · ·A(ξt)ej

= 1T A(Zt)1

= ‖A(Zt) · 1‖1 .
K�L)MON#PQNSR�TUNVN#RWPYX�TOZ\[WP�]

ρk(Σ) ^\_J` P _ P�aSTOZcbWP�deP _ bfM _ NSRWP _ M�a�gihVR ^ Z\P)NSRWPjZ ^ g ^ N ^\_W` X�TOZ\[WPjbWMkP�] _ MONml
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�?e4_aX�n�o:_aW3\�_{_aW�]
1
�(n�e@^ah·XZY?\4nRX�n3b.`3l=]�b�n�e@^ahdv.��]�WB\	z4]

hM (Zt) = ‖A(Zt) · 1‖1

≤ ‖A(Zt)‖1 · ‖1‖1

≤ ‖A(Zt)‖1 · n

≤ n
(

‖A(Zt)‖
1/t
1

)t

≤ n(ρt(Σ(Φ)))t

�{W�]=^c]
Σ(Φ) = {A(ξ) | ξ ∈ Φ} ∪ {I(ξ) | ξ ∈ Φ}

�{W�XZl0Wd��]<\4f�f�^c]=z�X�\�_a]�_ce
Σ
j�e@^kYaX�h�[�g�X�l=Xs_�w@���?]�l=\4g�g�X�n�o

_aW�]<b�]&q3n�X�_aX�e4nde4j�_cW�]
∞
��n�e@^ah·e4jN\:hP\6_c^aX� )Ä

‖A‖∞ = max







n
∑

j=1

|ai,j | : 1 ≤ i ≤ n







,

\�n3bR_cW�]�j+\4l&_{_aW3\�_�X�nde4`�^?l�\4Ya]-\�g�g)h�\�_a^cXs R]=n1_a^cX�]|Y{\�^c]�n3e4n�n�]�o@\�_aX�z4]4v.��]�W3\	z4]

hM (Zt) = ‖A(Zt) · 1‖1

≥ ‖A(Zt) · 1‖∞

= ‖A(Zt)‖∞

≥ ρ(A(Zt)) .

V�W�`3Y
(ρ(A(Zt))1/t)t ≤ hM (Zt) ≤ n(ρt(Σ))t

\�n3b�v._c\4m1X�n�o:_aW3]
max

e6z4]�^
Zt v.��]-o4]&_

ρt(Σ)t ≤ hM (t) ≤ nρt(Σ)t .
´ �4¶

V�W�]-^c]�\4b�]=^{l=\4nRz@]=^cXsj�wP_cW3\6_

max
Zt

ρ(A(Zt)) = max
Aj∈Σ(Φ)

ρ(

t
∏

j=0

Aj)

�{W�XZl0W�XZY�`3Ya]�b�X�nR_cW�]<\�f�e6z4]@�8�3`�^a_aW�]�^ah�e4^c]4v

(ρ(A(Zt))1/t)t ≤ ρt(Σ)t ≤ ρ(Σ)t ≤ ρt(Σ)t .

��e@^
t
z4]�^aw�gZ\�^co4]

ρt(Σ)
\�[3[�^ae1\4l0W�]|Y

ρ(Σ)
j�^ce4h°\�f�e6z4]<\4n3b

ρt(Σ)
\4[�[�^ce@\@l0W�]�Y

ρ(Σ)
j�^ce4h f�]=g�e6�-vBX�n3b.]=�

[B]�n3b.]�n@_cg�w�e�j�_aW�]-n3e4^ch��
²�_PX�Y:]=z�XZb.]=n1_:_aW3\�_�_aW�]do4^ce6��_aWte�j?_cW�]dn1`3h~f�]=^�e�jkW�w�[�e�_aW3]�Ya]�Y�v

hM (t)
v�b.]�[B]�n3b�Y:e4n��{W�]&_cW�]=^�_cW�]

�4e@X�n1_ ��[�]�l&_a^0\�gk�?\@b.X�`3Y�e�j
Σ
XZYPg�]�YcY:_aW3\4n�e@^Po4^c]�\6_c]=^:_aWB\�n

1
�¨��W�]=n¨X�_8X�YrY�_c^aXZl�_cg�wtYahP\�g�g�]�^�_aW3\4n

1
v

_aW�]~n1`3h~f�]=^?e4j�W�w�[Be4_aW�]|Y�]|Y�X�Y?fBe@`�n3b.]|b�j�^ae@h \�f�e6z4]�f�wR\P§1`3\4n@_cXs_�w�b.]�l=^a]|\4YaX�n3oK]= �[�e4n3]=n1_aXZ\�g�g�wrX�n
t
\�n3b

h~`3Y�_�_aW�]�^a]=j�e4^c]?fB]�]& �\@l�_ag�w
0
YaX�n3l=]

hM (t)
XZY�\�g���\	w.YT\~n�e4n.��n�]�o@\6_cX�z@]{X�n1_c]=o4]�^�����W�]�n8_aW3]
�@e4X�n1_ ��[�]�l�_c^c\4g

�?\4b�X�`3Y�XZY{Y�_a^cX�l&_ag�wPg�\4^ao@]=^�_aW3\4n
1
v
hM (t)

W3\4Y{\Kg�e6��]�^�f�e4`�nBb8_cW3\6_{o4^ce6�?Y�]& .[Be@n�]=n1_cX�\4g�g�wPX�n
t
_ceKX�n.q3n3Xs_�w@�

V�W�]rb.X�©8l&`�g�_Kl�\4Ya]K_cW�]=^c]&j�e@^a]PXZY-�{W�]�n�_aW�]��4e@X�n1_	��[�]�l&_a^0\�g��?\@b.X�`3Y-XZY<]& �\@l�_ag�w
1
�r²�j

ρ(Σ) = 1
v�_aW3]

X�n3]�§1`3\�g�X�_aX�]�Y?X�nt´ �4¶{b.ern�e�_k[3^ae6z�XZb.]-]=n�e@`�o4W�X�n.j�e@^ahP\6_cX�e@n�v3f�]�l�\�`3Ya]-e�jN_cW�]~X�n3b.]=_a]=^ch�X�nB\4l&w�X�nd_aW�]K`�[�[�]=^
fBe@`�n3b)�5�.[B]|l&X�qBl=\4g�g�w4v@_aW�]�`�[�[�]=^�fBe@`�n3bPX�n!´ �4¶yWB\4Y�\�j+\4l&_ae4^�e�j)_cW�]?j�e@^ah

w(t)t �{W�]�^a] w(t)
XZY�b.]�l=^a]|\4YaX�n�o

_ae å \�nBb
t
X�Y?X�n3l=^a]|\4YaX�n3o~_ce:X�n.q3n3Xs_�w@�

��e@^�]= .\4h�[�g�]@v�_aW�]:n�`�h~f�]=^�e�jTW�w�[�e�_aW3]�Ya]�Y�hP\	w�^c]=hP\4X�n±f�e4`3n3b.]�b���V�W3X�Y�XZYk_cW�]�l=\4Ya]~�{W3]=n�_cW�]=^c]KXZY
\!e@n�]&�(_ae4�(e@n�]8^c]=gZ\6_cX�e@n3Y�W3X�[}f�]&_���]=]�n�Y�_c\�_a]�Y�\4n3bxe4fBY�]�^az6\6_cX�e@n3Y���V�W3]=nt]|\4l0W}hP\�_a^cXs 

A(ξ)
WB\4Y:]& �\4l&_ag�w

e4n�]�n�e@n�½=]�^aedl&e@g�`3h:n$�K²¹nxYa`3l0Wpl�\4Ya]�Y�v
ρ(A(ξ)) = 1

v)j�e4^-\�g�g
ξ
\4n3buY�e

ρ(Σ) ≤ 1
YaX�n3l=]~_cW�]P[�^ce.b.`3l�_-e4j

_���e�hP\�_a^cX�l=]�Y-�{W�e1Y�]Pe@n�g�wpn�e@n�½=]�^aed]�n@_c^aX�]�Y~\�^c]PX�nxe@n�]8Y�X�n�o@g�]rl=e4g�`�h�n�X�YK\�o@\4X�nx\dhP\6_c^aX� p�{W3e@Ya]Pe4n�g�w
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n�e4n3½=]=^ce~]�n1_a^cX�]|Y�\4^a]�X�nRe4n�]�Y�X�n�o4g�]�l=e4g�`�h�n�� ª gZY�eBv�Xs_{XZY�l=g�]|\�^�_aW3\�_
ρt(Σ) = 1

j�e4^�\�g�g
t
� ª l�l&e@^cb.X�n�o@g�w@v4_cW�]

X�n3]�§1`3\�g�X�_aX�]�Y{X�nx´ �4¶�]=³�]|l�_aX�z4]�g�wRfBe@`�n3b
hM (t)

f�w�\:l=e4n3Y�_c\4n1_��
�p]�n�e6� b.]=z@]=g�e4[p\4n!]= .\4h�[�g�]:�{W�]�^a]

hM (t)
XZY�n�e�_�fBe@`�n3b.]|bp\4gs_cW�e4`3o4W

ρt(Σ) → ρ(Σ) = 1
X�np_aW3]

g�X�h�Xs_|�?»�]=_
M = (V, E, L, Φ)

f�]<_cW�]<��]�\�mRh�e�b�]=g�b�]&q3n�]|bdf�wr_cW�]~\4b6¸�\4l&]�n3l&wRhP\6_a^cX� 
AG

o4X�z4]�n�f�]=g�e6�-v
�{W�]=^c]

G = (V, E)
vB\�nBb8_cW�]-hP\�[�[�X�n�o�XZY?b.]&qBn�]�b�f�w

L : {1, 2} → {0, 1}
v
L(i) = {0, 1}

v
i = 1, 2

Ä

AG =

[

1 1
0 1

]

.

V�W�]=n

At
G =

[

1 t
0 1

]

\�n3buYaer��]:l�\�npYa]=]:X�h:h�]|b.X�\�_a]�g�w�_cW3\6_
hM (t) = ‖At · 1‖1 = t + 1

�{W�X�l0Wuh�]�\4n3Y�_aW3\�_�_cW�]�n1`3h~f�]=^�e�j
W�w1[�e�_cW�]�Ya]�Y�o@^ae6�?Y�[�e4g�w�n�e4h�XZ\�g�g�w@� Æ nR_aW3]-e�_aW3]=^{W3\4n3b�Xs_?XZY{\�gZY�e:_c^a`�]�_cW3\6_

‖At
G‖1 = t + 1

\�n3b
ρt(AG) = ‖At

G‖
1/t
1 = (t + 1)1/t → 1

\@Y
t → ∞ .

V�W3\6_?XZY�v._aW�] �@e4X�n1_(�.[B]|l�_a^0\�g��?\4b.X�`3Y�X�n�_aW�XZY?l=\@Y�]�XZY{]& �\4l&_ag�w
1
�

�(��� � �8' � 9���35!49 ;&'�� 9�� '��(� ' ! ��� ��. ' 95! +�� 7
	 � 95) �(-(9 4 +���)��5�"! 7 %87&��
 � 95-(� -5'4+���)
�p]8Yc\	� X�nu_aW�]P[3^a]�z1X�e4`BY�Ya]�l&_aX�e4nu_aWB\6_-_aW3]8l=\4Ya]

ρ(Σ) = 1
XZY<l&^cXs_cX�l�\�gT\4n3bpl�\�nxl&e@^a^c]�Ya[�e4n3b±_aedh�e�b�]=gZY

�{Xs_cW±`�n�f�e4`�n3b�]�bdW�w�[Be4_aW�]|Y�XZY?o@^ae6��_cW����u]KY�_c\4^�_?f�wdY�W�e6�{X�n�o�_cW3\6_?_cW�]<^0\6_c]<e�jyo4^ce6��_aW��{W�]�n
ρ(Σ) = 1X�Y�f�e4`�nBb.]�bRf�w�\K[�e4g�w1n3e4h�X�\4g3j�`3n3l�_cX�e@nR�{W�e1Y�]�e4^0b.]=^�X�Y�^c]=gZ\6_c]�b�_ce~_cW�]�n1`3h~f�]=^�e�j�Y�_c\�_a]�Y�X�n8_cW�]�Yaw.Y�_c]=hd�

� e4n3YaXZb.]=^$\?��]|\�mkh�e.b.]�g M = (V, E, L, Φ)
v
V = {1, 2, . . . , n}

v6\�n3b�\?Ya]�§1`�]�n3l&]�e�j
T+1

e@f3Y�]�^az6\�_aX�e4n3Y
ZT = (ξ0, ξ1, . . . , ξT )

� Æ n�]���\	w}_ce}b.]�Ycl&^cX�fB]!\4g�gk[Be1YaYaX�f3g�]
hM (ZT )

_c^c\�¸�]�l�_ce4^cX�]|Y�X�n
M

_aWB\6_R\4^a]
l&e@n3Y�XZY�_a]=n1_��{X�_aW

ZT X�YT_ae~`BY�]k\4n8\�`. .X�g�XZ\�^cwr«(�a�=�5�®�Z��Y�_a^c`3l�_c`�^a]@��V�W3X�Y�Y�_c^a`3l&_a`�^c]?XZY�\
(T +1)

��[3\4^�_cXs_c]?o4^0\�[�W
b.]&qBn�]�bdf�w

T (M, ZT ) = ({X0, X1, . . . , XT }, Y )
�{W�]�^a]

Xi = {(v, i) | v ∈ V }
\�n3b

((u, i), (v, j)) ∈ YXsj?\4n3bue4n�g�w!X�j�f�e�_cW
j = i + 1

\4n3b
(A(ξj ))u,v = 1

´+Ya]=]���X�o4`�^c] �4¶&����YcY�]�n@_cX�\4g�g�w�_cW�]8n�e.b.]|Y-X�n
V
\4^a]

^a]�[�g�X�l�\6_a]|b
T
_aX�h:]|Y-\�n3b±_aW�]Pl=e4n�n�]|l�_cX�e@n3Y�fB]=_���]�]=n±_cW�]�n�e.b.]�Y-\�_�_cX�h�]

t
\4n3b�_cW�e@Ya]�\6_�_aX�h�]

t + 1
\4^a]

b.]&_c]=^ch�X�n�]|b!f�w�_cW�]�e4f3Ya]=^cz6\6_cX�e@n�_aW3\�_-��\@Y�hP\@b.]:\�_�_aX�h:]
t + 1

v
ξt+1

�:�p]Pl=\4n!o@^c\4[�W�XZl=\�g�g�w�^c]=[3^a]|Y�]�n@_
�
T = ({Xi}i∈[T+1], Y )

f�w}b.^0\	�{X�n�o!n�e.b.]|Y:X�n
X0

\4g�e@n�op\pz4]�^�_cX�l�\�g�b.X�^a]|l�_aX�e4n�´+l=e4g�`�h�n3Yc¶:\4n3bx_cW�]=n
^a]�[�g�X�l�\6_a]�_cW�]?\�^c^0\	w

T
_cX�h�]�YT_ae-e@f._c\4X�nP\�g�\�_�_cX�l=]?n�]&_���e4^cmIv6n�e�_T`3n�g�X�m4]�_cW�e@Ya]?l&e@h�h:e@n�g�w~`3Ya]�bKj�e4^T£kX�b3b.]=n

¢±\�^cm4e6z:¢�e.b.]=gZYyj�e@^�X�n3Y�_c\�nBl&]<����eBv4j�e@^�]& �\4h:[3g�]@v4n�e.b.]
(u, i)

�{X�g�g�e�l�l&`�^�X�n8l=e4g�`�h�n
i
\6_�g�]=z@]=g

u
\�n3b8�{X�g�g

fB]-gZ\�f�]=g�g�]�bdY�X�h�[�g�wrf�w
u
�

ª [3\6_cW�v
π
v�X�n

T
X�Y{\Kj�`�n3l&_aX�e4n

π : [t1, t2] → V
Ya`3l0WR_aW3\�_

∀t ∈ [t1, t2 − 1] ((π(t), t), (π(t + 1), t + 1)) ∈ Y ,

�{W�]=^c]
[t1, t2] := {t1, t1 + 1, . . . , t2}

�y²�_?XZY{l&g�]�\�^�j�^ce4h¼_aW�XZY?l&e@n3Y�_a^c`3l�_cX�e@n8_aWB\6_

hM (ZT ) = |{π : [0, T ] → V | π
^a]�[�^c]�Ya]=n1_cY�\:[3\6_cWdX�n

T (M, ZT )} |.

V�W�]K_a^c]=g�g�XZY�Y�_c^a`3l&_a`�^c]4v
T
v)b.]=q3n�]|b!\�f�e6z4]~[Be1YaYa]�YcY�]|Yk\4n±X�n1_c]=^c]�Y�_aX�n�oR\4n3b�`3Ya]&j�`�gN[�^ce4[�]=^a_�wdb.]�Ycl&^cX�f�]�b!X�n

_aW�]�j�e@g�g�e6�{X�n�o:_aW�]�e4^c]=hd�
�	��

����
������ �=«

M = (V, E, L, Φ)
��Ç�Ár���=«

T (M, ZT ) = ({Xi}, Y )
�0�:�r«(�a�&�5�s�Z�-�0«(� �3¬=« �.�a�K�	�KÁ@����Ç��0Á

�4�0��66� 9�� �0� �.À��<« �3�6« 2&�6�~�0�4¬ �±Ç��|Á4�
u ∈ V

�6ÇIÁ 2&���K�6�5��«��5ÀP�<�5ÇB«��=��66�6� � 1 [t1, t2]
¿ ���=�a�

0 ≤ t1 < t2 ≤ T 1« �3�&�c�K�U4@�Z�0«��~�6«�À��6�0«{�6ÇI���3�6«��
π : [t1, t2] → V

� �3¬ ��« �3�6«
π(t1) = π(t2) = u 9�� ���=Ç

hM (ZT ) = O(T 2n = |{π : [0, T ] → V | π
�a�¹���c���=�=Ç3«��-�-����« ���5Ç

T (M, ZT )}|) .
���)P�a�Pjh PQbWP�� _ P

[k] := {0, 1, . . . , k − 1}
l
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...

...

...

n 
no

de
s

0 1 2
T+1 Steps

T

XX X X0 2 T1

��X�o@`�^a]"��ÄTV$^c]=g�g�XZY{Y�_a^c`3l�_c`�^a]@�yV�W�]
n
n�e.b.]|Y{X�n

Xi
\�^c]-b.^0\	�{n�\4g�e@n�o:\:z@]=^a_aXZl=\�g)b.X�^c]�l�_cX�e@n��

...

...

...

... ...r

u

v rr

s

t
M

t   + 1
M

l rmtmt   − 1f r

���������
	���
������
����	
fr � lr ������� 	 r

����� ���!���!	 �#" $%"&� �
' π ( �)� π′ * � �+�!'�	-,)�
�.� �0/ ( �.� � �
����	�1
243�57698�:
;

hM (ZT )
8�:=<
>@?�A&BDC
BE<GFH5JI�>@KLF7A&>@MN8O5@K�8PA

T
>RQ#>7S!BDCTS

2n U 3�CGS!C n
8�:V603�C#A)?�M�<WCGSV>RQ%:W6X576XCT:Y[Z CGS\6]8O^WCT:[_%8PA`6P3aCb?�A4B�CGS\KLF78PAdcJe@8PA&CGM�5@6]8O^9MJ>fBDCTKg;

G = (V, E) h
i-j7klk)m
npo �a� 	G�q�!'�	 ( �!�!����r��!� ��� � � * �!'�	N�!'a	 � �
	G�tsvu�	9u�� /�/ �!' � uw�
' ( � * � � ( � $ r ( �!' π : [0, T ] → V

s
V = {1, 2, . . . , n}

s �
'�	G�
	-��� ( � � ��xd��	 n y �!�ar / 	 � * �
'�	 * � �
�t

H(π) = ((f1, l1), (f2, l2), . . . , (fn, ln)) ,u�'�	G�
	

fi
���z�!'�	��
����	 ( �{u�'���|W' ����� 	 i ∈ V

���z� ���.���!	 � �
'�	b,a�W�.���!���}	N� � π ( �a� li
�����
'�	��!����	 ( �~u�'���|W'

����� 	 i
���q� ���!���!	 � �!'�	 / ( �.�~�
����	}� � π

1��H	 / 	T� fi = li = −1
� * �a� � 	 i

��� � 	G��	f�~� ���.���!	 � ( �a�`��� �!	N�!' ( �
fi = li

����	 � �!���
	 /�$ r � �!�!� "�/ 	D1�� $ | ��� �R�
�!�a|T�!� ��� s π(fi) = π(li) = i ( �a� * � � ( /�/ t ∈ [0, T ]
� * t < fi � � t > li�!'�	 � π(t) 6= i

1��H	-u�� /�/ ( / � ��� 	 ��� �
	~�
'�	 uth | � ��r ��� 	 � � � * H(π)
u����!'

(fu(π), lu(π))
� � �
' ( � fu(π)

����!����	�u�'�	 � π
,)�
�.���d���!���W� ����� 	 u ( �a� lu(π)

���+�
'�	q�!����	�u�'�	 � π / ( �.��� ���!���W� u
u����
'

fu(π) = u(π) = −1� * π � 	G�D	G�+� ���!���
� u
1� � u H(π)

��� ( ' ( �.' * � � |\�
� �D���D� r ( �!'a�~�!'a� � ����'��
'�	N�!�
	 /�/ ���Gs T (M, ZT ) = ({Xi}, Y )
svu����
'�' ( �.'� ( / ��	f�q� � ([−1, T ] × [−1, T ])n = [−1, T ]2n = (T + 2)2n = O(T 2n)

1N�+'a	Nr�� � � * | ��� �!���R�W� � * �.' � u�� � ��!' ( ���!'�	+' ( �.' * � � |\�
� �D� H
��� ( |\�!� ( /�/�$ ( 1−1 � � �7� 	f|T�!����	 � * � � |\�!� ��� 
l�!' ( �����fs7�!'a	G�
	 ( �!	 ��� ' ( �!'N| �D/�/ ���.� ��� �f1� � �.	f	-�!'����Gs4�!��r�r � �!	��!'�	f�!	 ( �!	-�Ru �V� ���4	G�
	 � �{r ( �!'a�fs π, π′ : [0, T ] → V

s��
' ( �q' ( ��	-�
'�	9� ( ��	�' ( �.'� ( / ��	f�fs H(π) = H(π′) = ((f1, l1), (f2, l2), . . . , (fn, ln))
1{� � � |T	 π ( �a� π′ ( �!	 � ���4	G�
	 � �fs)u�	9| ( �`� 	G, � 	

tm ( �a� tM
� ��" 	��Ru � �
����	����!' ( � � 	 / ���}��� ( � (7� ��� ( / �!����	`� � �
	G�
� ( /���� u�'���|W'��!'�	 $ ( �!	 � ���&	f�!	 � �f1� r&	f|T��,)| ( /�/�$ s * � � ( /�/ t

�!�a|W'#�!' ( � tm ≤ t ≤ tM
u�	�' ( ��	 π(t) 6= π′(t) " ��� π(tm − 1) = π′(tm − 1) ( �a�

π(tM + 1) = π′(tM + 1)
1� � �!	N�!' ( � 0 < tm ≤ tM < T

1�� � * ( |\�fs ( �-�!���}	
t = 0

�!'a	N�Ru � r ( �!')�q�.� ( �.� * � � ���!'a	}� ( ��	 ����� 	�.� � |G	��!'�	 $="&� �
'`� ���!��� ( /�/l����� 	�� * � �{�!'�	b,a�
�.�z�
����	 ( �z�!'�	N� ( �}	b�!���}	��G1z� ����� / ( � /�$ s ( �z�!����	
t = T ")� �!'r ( �
'a�b� ���.���b�
'�	=� ( ��	 ����� 	 " 	f| ( �a�!	 "&� �!'�r ( �
'a� ( / � � �d���!��� ( /�/������ 	f� * � ���
'�	 / ( �.�b�!����	 ( �9�!'�	V� ( ��	�!����	f�f1� $ | ��� �.�!�
�a|\�
� �D� �!'�	f�!	 * � �
	�s ( ���
����	

t = tm −1 ( �)� t = tM +1
�!'�	{�Ru � r ( �!'a���9�)�R��� ���.�����
'�	{� ( ��	

����� 	�s)� ( $ u ( �+�!���}	
tm − 1 ( �)� v ( ���!����	

t = tM + 1
1
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»�]=_
r
f�]{_aW3]?n�e.b.]{z�X�YaX�_a]�b:f�w

π
\6_y_cX�h�]

tM
\�n3b

s
_aW�]?n3e�b�]{z1XZYaXs_c]�b:f�w

π′ \�_y_aX�h�] tM
����X�n3l=]

π 6= π′

j�e4^
t ∈ [tm, tM ]

X�_�h~`3Y�_�f�]
r 6= s

�yV�W�XZY�X�h�[�g�X�]�Y�_aW3\�_�n3]=X�_aW�]�^
r
n3e4^

s
\�^c]kf�]=X�n�oKz�XZY�X�_a]|bPj�e@^�_cW�]kqB^cY�_�e@^

g�\@Y�_{_cX�h�]-f�w8]�Xs_cW�]=^{e4j�_cW�]�_���e�[3\�_aW3Y�f�]�l�\�`3Ya]
fr(π) = fr(π

′) 6= tM
\�nBb

lr(π) = lr(π
′) 6= tM

�
¢�e4^c]=e6z@]=^TX�_�hK`3Y�_�f�]

fr < tm
\�n3b

fs < tm
Å1_cW3\6_�X�Y�v

r
\�n3b

s
��]=^c]kz�XZY�X�_a]|b�j�e4^�_aW�]kq3^0Y�_�_aX�h:]�f�]&j�e4^c]

_aX�h�]
tm

Y�X�n3l&]
fr(π) = fr(π

′)
\4n3b:Y�e

π(fr) = π′(fr) = r
�{W�X�g�]�f�w~\@YaYa`�h�[._aX�e4n

π 6= π′ e@n [tm, tM ]
�N��w

_aW�]�Ya\4h:]?\4^ao@`�h�]=n1_TX�_�h~`3Y�_Tf�]
lr > tM

\�n3b
ls > tM

�{W�]�^a]
π(lr) = π′(lr) = r

\4n3b
π(ls) = π′(ls) = s´+Ya]=] ��X�o4`�^c] � ¶��

�p]:n�e6� l�\�npl=e4n3l=g�`Bb.]<_cW�]�[�^ae�e4jTf1w�l=e4n3Y�_a^c`3l�_cX�n3o8_���eRb.X�³�]�^a]�n1_�[3\�_aW3Y�f�]&_���]=]�n±_���er]�§1`3\4g�n3e�b�]�Y
´5_cW3\6_kXZY�v�\6_{_aW3]<Ya\4h:]�g�]=z4]�g�X�nr_cW�]�_a^c]=g�g�XZY{o@^c\4[�WB¶�X�n�b.X�³�]�^a]�n1_?X�n3Y�_c\4n1_cY�e�j�_aX�h�]4�

»�]=_
γ
fB]�_cW�]�j�e4g�g�e6�{X�n�o:[3\6_cW�Ä

• ∀t ∈ [0, fr − 1] γ(t) := π(t)

• ∀t ∈ [fr, tm − 1] γ(t) := π(t)

• ∀t ∈ [tm, tM ] γ(t) := π′(t)

• ∀t ∈ [tM + 1, lr] γ(t) := π(t)

• ∀t ∈ [tr + 1, T ] γ(t) := π(t)

� g�]|\�^cg�w π 6= γ
e@n�v�\6_yg�]�\4Y�_�v

[tm, tM ]
f�`._Tf�e�_cWKl&e@n�n�]|l�_

r
\6_�_aX�h�]

fr
_ce�Xs_0Y�]�gsjI\6_�_aX�h:]

lr
Y�e�_aW3]=^c]�\4^a]�_���e

g�]�o@\4g�[B\6_aWBY�l=e4n�n�]|l�_cX�n�od\Rn�e.b.]~_cerX�_cYa]=g�j�l=e4n1_a^0\4b.XZl�_cX�n3o8_aW3]:\@YaYa`�h�[._aX�e4nBYke4jT_aW�]K_aW3]=e4^c]=hd�<V�W�]�^a]=j�e4^c]4v
_aW�]kW3\4YaW:j�`�n3l�_cX�e@nPh~`3Y�_�f�]?X�n6¸�]�l&_aX�z4]?\�nBbPY�e�_aW3]=^c]?h~`3Y�_Tf�]?n�e-h�e4^c]�_aW3\4n

(T +2)2n _ce�_0\�g�[3\�_aW3YT�{W�X�l0W
\�^c]�]�§1`�X�z	\4g�]�n1_�_ce8l&e@n3Y�XZY�_a]=n1_{W�w�[Be4_aW�]|Y�]|Y=�

2ª n�X�h�h:]|b.XZ\6_a]-l=e4n3Ya]�§1`�]�n3l&]�e�j�_aW�]<\4fBe6z@]�^c]�Ya`�g�_?X�Y

� � ��� !�!�$'����� � �=«
M = (V, E, L, Φ)

��Ç�Á
Σ = {A(ξ) | ξ ∈ Φ} ∪ {I(ξ) | ξ ∈ Φ}

�0�r«������	�0�=�|¬&�+��«��0Á
�=�&«���2±�6�5��« �3�:�3�	�0���+�&���!«(�a��Ç����5«��+��Ç ÀP�6«(���+¬c�&�±Á4�=���76	�0Á 20�a�6À

AM
�6ÇIÁ

Φ 9 � �|�4�3�	�=��«�����«���Ç3¯u�=��� �3�=Ç�¬0�
��2u�4�&�&�=��66�6«(�+�6Ç��

ZT ∈ ΦT �5Ç�Á �3¬0�&�p�}«(�a�=�5�®�Z����«�� �3¬=« �.�a�
T (M, ZT ) = ({Xi}i, Y )

«�����«K�=��«��Z� ���&�±«����
¬0�6Ç�Á��5«��+��Ç��:�32-«����0�6�a�=À��
	�«�����«��Z� 1 2&���K�0�4¬ ��ÇI��Á@�

u ∈ V
�6ÇIÁ 2&���K�6�5���5Ç���«���Ç3«��~��2-«(�5À��

0 ≤ t1 < t2 ≤ T« �3�&�c�K�U4@�Z�0«��~�6«�À��6�0«{�6ÇI���3�6«��
π : [t1, t2] → V

� �3¬ ��« �3�6«
π(t1) = π(t2) 9�� �3�&Ç ρ(Σ) ≤ 1 9

� ���"�
��� �p]?Yc\	�}X�n:_aW�]{[�^c]=z�X�e4`3YNYa]�l&_aX�e4n:_aW3\�_TXsj
ρ(Σ) > 1

_aW3]=n:_aW�]{n�`�hKfB]�^ye�jIW�w1[�e�_cW�]�Ya]�YNhK`3Y�_To4^ce6�
]& .[�e4n�]�n@_cX�\4g�g�w4��V�\4m�X�n�o:_cW�]~l&e@n1_a^0\�[�e@YaXs_cX�z@]�\4n3b�^a]�h:]�h~f�]=^cX�n3oK_cW3\6_�X�n�_aWB\6_�l�\4Ya]

hM (T ) = O(T 2n)
��]

l=\4ndl=e4n3l=g�`Bb.]�_aW3\�_{_aW�]"�@e4X�n1_(�.[B]|l�_a^0\�g��k\4b.X�`3Y{l=\4n�n�e4_�f�]-o4^c]�\�_a]�^�_cW3\�n
1
�

2

²�_���e4`�gZb�fB]KX�n1_c]=^c]�Y�_aX�n�oP_aer[�^ae6z@]�_aW�]Kl&e4n�z@]=^0Y�]-\�gZYae3��²¹n±e�_cW�]=^k��e@^cb�Y?��]<��e4`3g�bdg�X�m@]-_aeRY�W�e6��_cW3\6_
Xsj

ρ(Σ) ≤ 1
_cW�]=ndn�]|l&]�YcYc\�^cX�g�w

hM (T ) = O(p(T ))
�{W�]=^c]

p(T )
XZY{\�[�e4g�w1n3e4h�X�\4g�j�`�n3l�_cX�e@n�X�n

T
�

�p]<Y�_c\4^�_{f�w8[�^ce6z�X�n3o~_cW�]<l&e@n1z@]=^0Y�]�e�j�_aW�]�e4^c]=h E��

�	��

����
���� � �=«
M = (V, E, L, Φ)

�6Ç�Á
ZT0

�r�&��� �3�&ÇI¬0�:�32
T0 + 1

�4�&�=�&��66�6«(�+�6Ç3� 9 � �=« T (M, ZT0) =
({Xi}i, Y )

�0��«������5Ç�Á �3¬0�cÁK«(�a�=�5�®�Z�?��«�� �3¬=« �.�a� 9 � �0� �.À���«����6«y«����=�a�-�U4@�Z�0«����KÇ��|Á4� u ∈ V
�6Ç�ÁK«(¿��K�5Ç���«���Ç3«��

��2R«��5ÀP�
0 ≤ t1 < t2 ≤ T0

� �3¬ �x«�����«-« �3�&�a�d�U4@�Z�0«<��«����c�6��«-«�¿��uÁ6� �k�=�a�=Ç3«��3�6«��1�
π1, π2 : [t1, t2] → V�=�6«(�Z�720¯6�5Ç�5

π1(t1) = π1(t2) = π2(t1) = π2(t2) 9�� ���=Ç hM (T ) = Ω(2cT )
2&���8�=�6ÀP��¬0�6Ç���«¹�6ÇB«

c > 0 9�!�6�a�0��66�=�~�5«�À ����«��0�~« �3�6«
ρ(Σ) > 1 9

� ���"�
��� V�W�]�XZb.]�\uXZY�_aexf�`3X�gZb¨\xY�]|§@`3]=n3l=]�e4j�e@f3Ya]=^cz	\�_aX�e4n3Y
Z ′ f�wt^c]=[�]�\�_a]�b�g�wtl=e4n3l�\6_c]=n3\�_aX�n�ou_aW�]

Y�`3f3Y�]|§1`�]=n3l=]Te�j�e@f3Ya]=^cz	\�_aX�e4n3Y
Zt1:t2 = (ξt1 , ξt1+1, . . . , ξt2)

��²�_�YaW�e4`3g�b-f�]�l=g�]|\�^�_cW3\6_�e6z4]=^$]=z4]�^aw
t2−t1+1X�nBY�_0\�n1_cY�e�jy_cX�h�]<_cW�]~n�`�hKfB]�^�e4jy[3\6_cW3Yke@n�_aW3]<_a^c]=g�g�X�Y�Y�_c^a`3l&_a`�^c]K\�_kg�]�\4Y�_�b�e4`�f�g�]�Y�����eBv�\@Y�w�h�[._ce�_aXZl=\4g�g�w

hM (T )
XZY{f�e4`�nBb.]�bRj�^ce4h¼f�]=g�e6� f�w

2cT j�e4^kYae4h�]
c > 0

\�n3b�X�n.q3n�X�_a]�g�wRh�\4n�w8z6\�g�`�]�Y�e4j
T
�

»�]=_
ZT0 = (ξ0, ξ1, . . . , ξT0

)
\�n3b

B = [bi,j ] = A(ξt1 ) · A(ξt1+1) · . . . · A(ξt2 )
� ��X�nBl&]:_aW�]�^a]P\4^a]�\6_

g�]|\4Y�_k_���e8[3\�_aW3Ykj�^ae@h
u
_ae

u
e4jNg�]=n3o�_aW

t2 − t1 + 1
X�n�_cW�]KYa]=o@h:]�n1_�e�jN_cW�]<_c^a]�g�g�X�Y�o4^0\�[3W±b.]=g�X�h�X�_a]|b�f�w
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t1
\4n3b

t2
Xs_�h~`3Y�_�f�]K_aW3\�_

bu,u ≥ 2
� � e@n3Y�XZb.]�^?_aW3]~j�e@g�g�e6�{X�n3o8hP\6_a^cX�  B′ = [b′i,j ]

b�]&q3n�]|b±f�w
b′u,u = 2\�n3b

b′i,j = 0
Xsj

i 6= u
e4^

j 6= u
� Æ f�z�X�e4`3Yag�w

ρ(B′) = 2
��¢�e@^a]�e6z4]�^

B′ XZY?]|YaYa]=n1_cX�\4g�g�wr\�hP\6_c^aX� R_cW3\6_?WB\4Y
n�e4n3n�]=o1\6_aX�z4]k]=n1_a^cX�]|Y�\4n3bPXZY�l=e4h�[�e4n�]�n@_a�(�{XZYa]�Yah�\4g�g�]=^�_aW3\4n

B
\�n3b8Yae

ρ(B′) ≤ ρ(B)
Y�X�n3l=]�\�n�w:X�nBl&^c]�\4Ya]

X�npe4n�]:e�jy_cW�]:]=n1_a^cX�]|Y�b�e1]|Y�n�e�_�b.]�l=^a]|\4Ya]<_aW3]:Ya[B]|l�_c^c\4g�^0\4b.X�`3Yke�j�\r[Be1Y�X�_aX�z4]:hP\6_a^cX� �¤ � ¦ �<�{]�l�\�g�g�X�n�or_aW�]
b.]&qBn�Xs_cX�e@n3Y?\4n3b�[�^ae@[B]�^�_cX�]|Y�e�j�_aW�] ��]�n�]=^0\�g�X�½�]�b���[B]|l�_c^c\4g$�?\4b�X�`3Y���]�W3\	z4]

ρ(Σ) ≥ ρt2−t1+1(Σ) ≥ ρ(B)1/(t2−t1+1) ≥ ρ(B′)1/(t2−t1+1) ≥ 21/(t2−t1+1) > 1 .

»�]=_�_aX�n�o
c = 1/(t2 − t1 + 1) > 0

YaeP_cW3\6_
2c > 1

v�n�e�_c]<_aWB\6_k_cW�]~n�`�hKfB]�^ke4jTW1w�[�e�_cW�]�Ya]�Y�l=\�n!fB]Kh�\@b.]
_ae�b.e@`�f�g�]K]�z4]=^cw

t2 − t1 + 1
_aX�h:]�Y�_a]=[BY-Y�er_aW3\�_�e6z@]=^�\r[�]=^cX�e.b!e�j

T
_aX�h:]�Y�_a]=[BY=v)��]:l�\�npo4]&_-\6_�g�]�\4Y�_

2T/(t2−t1+1) W�w�[Be4_aW�]|Y�]|Y�e6z4]�^�_cX�h�] T
\4Y{l&gZ\�X�h�]�b)�

2

�p]Pl�\�n±n�e6� Y�_0\6_a]�\rl=e4h�[�g�]&_c]�l0WB\�^0\4l�_c]=^cX�½|\6_cX�e@n�e4jT_aW3]:W�w�[�e�_aW3]�YaX�Y�o4^ce6��_aW±^0\6_c]�Y�X�np_a]�^ahPY�e�j�_aW�]
�4e@X�n1_.��[�]�l&_a^0\�g$�?\@b.X�`3Y�e�j

Σ
�

� � ��� !�!�$'������� �=«
M = (V, E, L, Φ)

�6ÇIÁ
Σ
�0�<«����<�=�&«���2-ÀP�6«(���+¬0���~Á@�&���766�0ÁJ20�a��À

AM
��Ç�Á

Φ 9 � ���=Ç

hM (T ) = p(T )
� 2<�6ÇIÁR��Ç3�®¯P� 2

ρ(Σ) ≤ 1

hM (T ) = Ω(2cT )
� 2<��Ç�Á��6Ç3�s¯P� 2

ρ(Σ) > 1 ,

¿ ���=�a�
c > 0

��Ç�Á
p
�������®¯6Ç���ÀK�+���
2 �.ÇI¬&«(�+�6Ç 9

� ���"�
��� ²�j
ρ(Σ) ≤ 1

_aW3]=n±f�w�V�W�]=e@^a]�h ¥ ´+Ya[B]|l&X�qBl=\4g�g�w4v�X�_cY�l&e4n1_c^c\4[Be1Y�X�_aX�z4]	¶{\�n3b!V�W�]=e@^a]�h¡E�X�_�h~`3Y�_
fB]

hM (T ) = p(T )
j�e4^

p
\![�e4g�w�n�e4h�XZ\�g-´�e4j�[�e@YcY�X�f�g�w}b.]=o@^a]�]

0
¶&�t²�j�v�e@n}_cW�]de�_aW3]=^�W3\�nBb)v

ρ(Σ) > 1_aW�]�ntf�wuX�n�]|§1`3\�g�Xs_�w ��_ce4o@]&_aW3]=^~�{X�_aW}_aW�]R[�^ae@[B]�^�_cX�]|Y<e4j{_aW�]Rg�X�h�Xs_�´+Ya]=]�\�gZY�e � e@^ae@g�gZ\�^cw Â ¶�Xs_�h~`BY�_~f�]
hM (T ) = Ω(2T )

�
2

� e4^ce4g�g�\4^aw �!b�e1]|Y:n�e�_:_a]�g�g�`3Y:�{W3\�_:W3\4[�[�]=n3Y:]& �\@l�_ag�w��{W�]=n
ρ(Σ) = 1

\@Y~��]RWB\	z4]R\4g�^c]�\@b.w�Y�]�]=n
]& �\�h�[�g�]�Y�X�nd�{W�XZl0W

hM (T ) = 1
\4n3b

hM (T )
o@^ae6�?Y�\4Y{\:[�e4g�w�n�e4h�XZ\�g(�

� 
�����$���� �=«
Zt = (ξ0, ξ1, . . . , ξt)

�0�:���=��� �3�=Ç�¬0�:��2
t + 1

�@���=�=��6	��«��+��Ç�� 1
A(Zu:v) = A(ξu) · A(ξu+1) · · ·A(ξv)

« �3��«��c�6Ç����5«(�+�6Ç�ÀP�6«(��� 4<�	�0�=��¬=�+�6«¹�0Á�¿y�5« �~«������ �3�&�&��� �3�&ÇI¬0�
(ξu, ξu+1, . . . , ξv)

�6ÇIÁ
A(Zt) = I(ξ0)·A(Z1:t) 9

� �0� �.À��<« �3�6«�« �3�&�c�K�U4@�Z�0« i
�6Ç�Á

j
¿y�5«��

i 6= j 1 � �3¬ ��« �3�6«
� 9 eT

i · A(Zt) · ej = c ≥ 1 1
� 9 eT

i · A(Zt) · ei ≥ 1 9
� 9 eT

j · A(Zt) · ej ≥ 1 9
� ���=Ç f(t) := max{eT

i A(Zt)ej | Zt ∈ Φt}
�Z� �.Ç��0� �.ÇIÁ4�0Ár��Ç�Á��=�8�Z�

hM (t) ≥ f(t) 9
� ���"�
��� �?]�l=\4g�gI_cW3\6_

A(Zt)
X�Y?\:hP\6_c^aX� r�{X�_aWdn�e@n�n�]=o1\6_cX�z@]�]�n@_c^aX�]�Y{\4n3bdY�e

• hM (Zt) = ‖A(Zt) · 1‖1 = 1T · A(Zt) · 1 =
∑

i,j eT
i A(Zt)ej =

∑

i,j(A(Zt))i,j
�

• eT
i · A(Zt) · ej = #{π : [0, t] → V | π

[3\�_aWdX�n
T (M, Zt)

v
π(0) = i

\�nBb
π(t) = j}

�

• eT
i · A(Zt) · 1 = #{π : [0, t] → V | π

[3\6_cW�X�n
T (M, Zt)

v
π(0) = i

\�n3b
π(t) ∈ V }

�

• 1T · A(Zt) · ej = #{π : [0, t] → V | π
[3\6_cWdX�n

T (M, Zt)
v
π(0) ∈ V

\�n3b
π(t) = j}

�
�?e6�-vBg�]=_

At = A(Z1:t)
���u]~�{X�g�g�Y�W3e6��f�w�X�n3b�`3l�_cX�e@n�e4n

k
_aW3\�_

eT
i I(ξ0)A

k
t ej ≥ ck

v
eT

i I(ξ0)A
k
t ei ≥ 1\�n3b

eT
j I(ξ0)A

k
t ej ≥ 1

� ª n3bR_aW3\�_?�{X�g�g�[�^ce6z4]�_aW3\�_
f(t)

X�Y?n�e�_{f�e4`�n3b�]�b)�
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• �
�	�=� 8 �3e4^ k = 1

v�_aW�]<Y�_c\�_a]=h�]�n@_?XZY�_a^c`�]�f�w8_cW�]<\4YcY�`3h:[�_aX�e4n3Y�e�j�_aW3]-g�]�h:hP\3�

• �
Ç�Á �3¬&«(�+�6Ç 8 ª YcY�`3h:]K_aWB\6_�_aW�]PY�_c\�_a]=h�]�n@_-XZY�_a^c`�]Kj�e4^-Y�e@h�] k ≥ 1

�:�{]�l�\�g�g�_aW3\�_
I =

∑n
u=1 eie

T
i\4n3bR`3Y�X�n�oPX�n�]�§1`3\4g�X�_�w å X�nR_cW�]-g�]=h�hP\�� Y{Y�_0\6_a]�h�]=n1_{��]<l�\�n��{^aX�_a]@Ä

eT
i I(ξ0)A

k+1
t ej = eT

i I(ξ0)A
k
t · Atej

´ � ¶
≥ eT

i I(ξ0)A
k
t · I · I(ξ0)Atej

´ ��¶

≥ eT
i I(ξ0)A

k
t ·

(

n
∑

u=1

eueT
u

)

· I(ξ0)Atej
´�Ã@¶

≥ eT
i I(ξ0)A

k
t · (eie

T
i + eje

T
j ) · I(ξ0)Atej

´ �@¶

≥ eT
i I(ξ0)A

k
t ei · e

T
i I(ξ0)Atej + eT

i I(ξ0)A
k
t ej · e

T
j I(ξ0)Atej

´ å �@¶
≥ eT

i I(ξ0)Atej + eT
i I(ξ0)A

k
t ej

´ å
å ¶
≥ c + ck

´ å E@¶
≥ c(k + 1)

´ å�Â ¶
V�W�]�X�nBb.`3l�_cX�e@npW�w�[�e�_aW3]�YaX�Y�W3\@Y�f�]=]�nu\4[�[�g�X�]|b±X�npo@e4X�n�oRj�^ae@h¾´ å �1¶{_ceu´ å�å ¶�\4n3b�j�^ce4h¾´ å�å ¶?_ceu´ å E@¶��

��Xs_cW±Y�X�h�X�gZ\�^{^c]�\@Y�e@n�X�n�o~��]-l=\�ndz@]=^cXsj�w�_cW�]-e�_cW�]=^�_���e�X�n�]|§1`3\�g�Xs_cX�]|Y�j�e4^
k + 1

�
2

ª h�e�b�]=g)_cW3\6_kYc\6_cX�Y�q3]�Y�_cW�]~l=e4n3b.X�_aX�e4nBY�e�j�_aW�]<\4fBe6z@]�g�]=h�hP\:X�YkY�[�]�l=Xsq3]|b�f1w
Σ = {A}

v
i = 1, j = 2\�n3b

A =

[

1 1
0 1

]

.

�?e4_aXZl&]�_aWB\6_
ρ(Σ) = 1

�
Æ n�_aW�]<e4_aW�]�^?W3\4n3b)v3X�jy]=X�_aW�]�^kl&e@n3b.X�_aX�e4n

2
e4^

3
e4jN»$]=h�hP\ � XZY�j+\�gZY�]�j�e@^k\�g�g

t
v3_aW�]�nd_aW�]<n�`�hKfB]�^?e�j

_a^0\6¸�]|l�_ae@^aX�]�Y��{X�g�g$^a]�h�\4X�n�f�e4`�n3b�]�bd\4Y{YaW�e6�{nrf�wr_aW�]-h�e.b.]=g
Σ
^c]=[�^c]�Ya]=n1_a]|b8f�w8_cW�]�j�e4g�g�e6�{X�n�o:hP\6_c^aX� )Ä

A =





1 0 1
0 1 1
0 0 0



 .

²¹n�_aW�XZY?l=\@Y�]
ρ(Σ) = ρ(A) = 1

v
hM (t) = 4

\4n3bRl=e4n3b�Xs_cX�e@n
3
XZY{n�e�_?Yc\6_cX�Y�q3]�b��

�p]�W3\	z@]�Y�]�]=n~Yae?j+\4^$_cW3\6_�_aW�]�o4^ce6��_aW-e4j
hM (t)

b.]�[B]�n3b�Y�e4n-_cW�] �4e@X�n1_8��[�]�l&_a^0\�g.�?\@b.X�`BY$e4j3\{q3n�X�_a]�Ya]&_
e�j

(0, 1)
hP\6_a^cXZl&]�Y

Σ
��²¹n<[3\4^�_cX�l=`�g�\4^�v

hM (t) = O(p(t))
X�j3\�n3b�e@n�g�w�X�j

ρ(Σ) ≤ 1
��²¹n�_aW�]�j�e4g�g�e6�{X�n�o{��]�YaW�e6�

_aW3\�_�v�`3n�g�X�m4]�_cW�]�o@]=n�]�^c\4g1l�\4Ya]�j�e@^N^a]|\�g1e4^N^c\�_aX�e4n3\4g@hP\�_a^cX�l=]�Y�v�_cW�]�[�^ce4f�g�]=h e4jBb.]�l=X�b�X�n�o��{W�]=_aW�]�^�_aW�] �4e@X�n1_
��[�]�l�_c^c\4g��?\4b�X�`3Y�e4jB\�q3n�X�_a]{Y�]=_�e4j

(0, 1)
hP\6_c^aXZl&]|Y$XZYNg�]�YcY$_cW3\�nKe4^N]�§1`3\4g1_ae

1
XZYyb.]�l=X�b�\4f�g�]4v6h�]�\4n�X�n3ok_cW�]=^c]

X�Y�\4n!]&³I]�l&_aX�z4]d´+\4gs_cW�e4`�o@W±[�]=^cW3\�[3Y�X�n�]&©8l&X�]=n1_�¶k\4g�o@e4^cXs_cW�h j�e4^�\�n3Ya��]�^aX�n�oP_cW�]P§1`�]�Y�_aX�e4n�� � e@n3Y�]|§1`�]=n1_ag�w��]±l�\�n¨b.]�l=X�b�]4v�o4X�z4]=n¨\u��]|\�mxh�e.b.]=g(v��{W�]&_cW�]=^�_cW�]�n�`�h~f�]=^Pe4j�W�w�[�e�_aW3]�Ya]�Y�o4^ce6�?YK[Be@g�w�n�e@h:XZ\�g�g�w}e4^
]& .[�e4n�]�n@_cX�\4g�g�w8X�n�_aW�]-��e4^0Y�_a��l�\4Ya]4�

�	��

����
������ �=«
Σ
�c�!���TÇ3�5«¹���=�=«~��2

(0, 1)
À���«����+¬0�&���32����aÁ4�=�

n 9 � �3�&Ç ρ(Σ) > 1
� 2��6ÇIÁx�6ÇB�®¯�� 2

∃w∃k, 1 ≤ k ≤ 2n + 1
� �3¬ �d«�����«

eT
wAj1Aj2 · · ·Ajk

ew ≥ 2 ,
2&�6�

Aji
∈ Σ

2&���K�6�5�
i 9

� ���"�
��� V�W3]-Xsj5��[3\�^a_{X�Y�X�h�h�]�b.XZ\6_c]<Y�X�n3l&]@v3\4Y�X�n�V�W�]=e@^a]�h ¥ v.��]-l=\�n�Yc\	w�_aW3\�_

ρ(Σ) ≥ ρ(Aj1Aj2 · · ·Ajk
)1/k ≥ 21/k > 1 .
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�p]�n�]�]�b8_ae:[�^ae6z@]{_aW3]�e@n�g�w1��Xsj�[3\�^a_�� ª YcYa`�h�]k_cW3\6_
ρ(Σ) > 1

�yV�W�]�n8_cW�]=^c]�hK`3Y�_�]= �XZY�_�\4nrX�n@_c]=o@]=^
v
\4n3b

X�nBb.X�l=]�Y
j1, j2, . . . , jT

Y�`3l0W�_cW3\6_
eT

v Aj1Aj2 · · ·AjT
ev ≥ 2

��²�j
T ≤ 2n +1

��]k\4^a]?b�e4n�]@����eBv@\@YaYa`�h�]{_aWB\6_
T > 2n + 1

�
»�]=_

T [j1, j2, . . . , jT ]
fB]�_aW3]�_c^a]�g�g�XZYNo4^0\�[�W:b.]&_c]=^ch:X�n�]|b~f�w-_cW�]�_a^0\�n3YaX�_aX�e4n~hP\�_a^cX�l=]�Y

Aj1 , Aj2 , . . . , AjTX�n¨_cW�]±e@f1z�X�e4`3Y8��\	wIÄ
T [j1, j2, . . . , jT ] := ({Xi}i=0,1,...,T , Y )

v{�{W�]=^c]dj�e4^r\4g�g
i
v

Xi = {1, 2, . . . , n}\�n3bxj�e4^K\4g�g
i = 1, . . . , T

v
((u, i − 1), (v, i)) ∈ Y

X�j�\�nBb�e4n�g�w�Xsj
(Aji

)u,v = 1
�!V�W�]�nx_aW3]Rl&e@n3b.X�_aX�e4n

eT
v Aj1Aj2 · · ·AjT

ev ≥ 2
X�h�[�g�X�]|Y�_aW3\�_�_cW�]=^c]P\�^c]K\�_�g�]�\@Y�_�_���e�b.X�³I]=^c]=n1_-[3\6_cW3Y�X�np_aW�]:_c^a]�g�g�X�Y�_cW3\6_�¸�e@X�n

n�e.b.]
v
\�_�_cX�h�]

0
_ae�X�_cYa]=g�jN\�_{_aX�h�]

T
�

»�]=_
Π = {π : [0, T ] → {1, 2, . . . , n} | π(0) = v, π(T ) = v}

f�]~_cW�]:Ya]&_�e�j�\�g�gNYa`3l0Wp[3\6_cW3Y�\�n3b!g�]=_
Vt ⊆ V

f�]<Y�]=_?e�j�n�e.b.]�Y�_cW3\6_k\4^a]�_ae@`3l0W�]|brf�w8_cW�e@Ya]�[3\6_cW3Y{\6_{_cX�h�]
t
Ä
Vt = {π(t) | π ∈ Π}

�
��X�n3l&]

Vt ∈ 2V −{∅}
v
|2V −{∅}| = 2n − 1

\4n3b
T > 2n +1

_cW�]=nrf1w:_cW�]8�TX�o4]�e4n�W3e4g�]?[�^cX�n3l=X�[3g�]{_cW�]=^c]
h~`3Y�_?]& .XZY�_{_cX�h�]|Y

t, s
v
0 < t < s < T

v�Ya`3l0Wr_cW3\6_
Vt = Vs

�
� e4n3YaXZb.]=^k_aW�]~_���e8n3]=��_a^c]=g�g�XZYa]�Y

T1 = T [j1, j2, . . . , jt, js+1, . . . , T ]
\�n3b

T2 = T [jt+1, jt+2, . . . , js]
v

e4f._0\�X�n�]�brf�w!¬ �.«(«��5Ç�5P� �}_aW�]�[�e4^a_aX�e4nrb.]�g�X�h�Xs_c]�bRf�wK_cW�]�X�nBY�_0\�n1_cY�e�j�_cX�h�]
t
\�nBb

s
´
T2
¶�\�n3b8_aW�]�nP�3�	��«��5Ç�5

_aW�]-]= �_a]=^cn3\4g)[�X�]|l&]|Y�_ae4o@]&_cW�]=^<´
T1
¶&�

V�W�]=nde@n�g�w8_aW�]�j�e@g�g�e6�{X�n3o~_���ePl=\4Ya]�Y�hP\	wr\4^aXZY�]@Ä

å �
|Vt| = 1

Yae�_aW3\�_
Vt = Vs = {u}

j�e4^�Yae4h�]
u
��²¹nd_cW�XZYkl=\@Y�]@v3[3\�_aW3YkX�n

Π
^a]|Y�_c^aXZl�_c]�b�_ae

T1
hP\	wrf�]

XZb.]�n@_cXsqB]�b)��£?e6��]=z@]=^�XsjN_cW�X�YkW3\�[3[B]�n3Y�_aeR\�g�g)_aW�]~[3\6_cW3Y{X�n
Π
_aW�]�n�Xs_?hK`3Y�_kfB]<_aW3\�_{_aW�]�^a]<]= .X�Y�_k\6_

g�]�\@Y�_�_���e�[3\6_cW3Y�X�n
Π
_cW3\6_k\4^a]-b.X�³�]�^a]�n1_�e@n

[t, s]
\4n3bRYaeP\�^c]�_aW�]�X�^{^c]�Y�_a^cX�l&_aX�e4n3Y�_ce

T2
�

E��
|Vt| > 1

Y�e~_aW3\�_�_cW�]=^c]�\4^a]�\6_�g�]|\4Y�_�_���eK[B\6_aWBY�X�n
Π
_aWB\6_{\�^c]�b.X�³�]�^a]�n1_�\�_�_cX�h�]

t
\�n3bRY�e:\�^c]?_aW3]=X�^

^c]�Y�_a^cXZl�_aX�e4nBY�_ce
T1
�

V�W�]dX�b�]�\uX�Y:n�e6�¼_ae�Xs_c]=^0\6_c]r_cW�X�YPl=`._�_cX�n3ou[3^ae.l&]|YaYK`�n1_aX�g{��]�e@f._c\4X�n�\pYa`.©8l&X�]=n1_cg�wtYahP\�g�g�_a^c]=g�g�XZY:�{Xs_cW�v
\6_<g�]�\@Y�_|v)_���e�b.X�³I]=^c]=n1_<[3\6_cW3Y-l&e@n�n�]|l�_aX�n�od_cW�]8Ya\4h�]:n3e�b�]�\�_-_aW�]8Yc\�h�]�X�n3Y�_0\�n1_cY�e4j�_cX�h�]@�P²�j�_cW�]�q3^0Y�_
l=\@Y�]Pe.l=l=`�^0Y�_aW�]�nx��]8l0W�]|l0m!�{W�]=_aW�]�^

eT
v Aj1Aj2 · · ·Ajt

eu ≥ 2
e4^

eT
u Ajs+1

Ajs+2
· · ·AjT

ev ≥ 2
�R²�j?Y�e

Xs_-h�]�\4n3Y�_aW3\�_�_cW�]=^c]�\�^c]K\6_�g�]�\4Y�_�_���eR[3\6_cW3Y�X�n
Π
_cW3\6_-\�^c]Kb�Xs³I]=^c]=n1_�]=X�_aW�]�^�e@n

[0, t]
e@^�e@n

[s, T ]
\4n3b

Y�er��]-_0\�m@]
T1
e4_aW�]�^a�{XZY�]-��]-_0\�m4]

T2
�{Xs_cW�_aW3]K\4YcYa`�^c\4n3l&]�_cW3\6_�_aW�]�^a]~\4^a]<\�_kg�]�\4Y�_?_���erb.X�³�]�^a]�n1_k[3\6_cW3Y

¸�e4X�n�X�n�o<n�e.b.]
u
_ae<X�_cYa]=g�j��N²¹n�_aW�]�Y�]|l&e@n3b�l=\4Ya]{��]k\�g���\	w.Y�_0\�m4]

T1
� ª _�]�\@l0WPl&`._a_aX�n�o~e@[B]�^c\�_aX�e4n���]{e@f._c\4X�n

\P_c^a]�g�g�X�Y?_aW3\�_�XZY�b�]&q3n�]|b�f�w�\8Y�_c^aXZl�_cg�wdYaW�e4^a_a]�^k[�^ce.b.`3l�_�e�jyhP\6_c^aXZl&]|Yk\�nBb�e4n��{W�XZl0W±��]~l=\4n±XZb.]=n1_aX�j�w�\6_
g�]|\4Y�_{_���ePb.X�³I]=^c]=n1_{[3\6_cW3YN¸�e4X�n�X�n�o:_aW�]<Yc\�h�]�n�e.b.]<\�_?]& �_a^c]=h�]�X�nBY�_0\�n1_cY�e4j�_cX�h�]8´�f�]=o@X�n3n�X�n3o8\�n3bR]=n3b�e4j
_aW�]~^a]|Y�`�g�_aX�n�o:_a^c]=g�g�X�Y0¶��5��eP\�j5_a]=^?\Kq3n3Xs_c]<n�`�h~f�]=^{e4jNl=`._cY���]-h~`3Y�_{e4f._0\�X�n�\K[3^ae.b.`3l&_{e�jy\6_?h�e@Y�_

2n + 1hP\6_a^cXZl&]�Y�_cW3\6_?z@]=^cXsj�w8_aW�]<\@YaYa]=^a_aX�e4n��
V$e�b.]|l&XZb.]k_cW�]�[�^ce4f�g�]=h·X�_��{X�g�g)fB]�]=n3e4`�o@WP_ae�l&e@n3Y�XZb.]�^

f(n) =
∑2n+1

k=1 |Σ|k
\�g�X�o@n�h�]=n1_cY�e�j�h�\�_a^cX�l=]�Y

j�^ae@h¡_aW�]�Ya]&_
Σ
v�l&e4h�[�`�_a]K_aW�]�X�^�[�^ce�b�`3l�_0Y�\4n3b±l0W�]|l0md�{W�]&_cW�]=^�_aW3]K]�g�]�h:]�n1_cY�X�n!_aW�]:hP\�X�npb.XZ\�o@e4n3\4g$e4j

_aW�]-^c]�Ya`�g�_cY{\4^a]-\�g�g)g�]�YcY�_aW3\4n�e@^{]�§1`3\4gI_ae
1
�

2

� @PQ�' ' �-L�� �<H�O��rQrJ�QRL�!�� M-L��

V�W�XZY�[3\�[�]=^�W3\4Y�X�n1_a^ce�b�`3l&]|br\~j�e4^ch�\4gBh�e.b.]�g�v�l�\�g�g�]|br\<��]�\4m�h:e.b.]�g�v�j�e@^�_a^0\4l0m�X�n3o~b.w�n3\�h�XZlk[3W�]=n�e@h�]=n3\
f�wKe@f3Y�]�^az�X�n�o-\-Y�]|§1`�]=n3l=]?e�jIn�e@X�Yaw~e@f3Y�]�^az6\�_aX�e4n3Y��$�u]�\4mKh�e.b.]=gZYy`3Ya]?n�e@n3b.]=_a]=^ch�X�n3X�Y�_aXZl?\�`�_ae4hP\�_c\�\4YT_aW�]
h�e�b�]=g�g�X�n�o�j�e@^ahP\�g�XZY�hd��V�W�]8��e4^0Y�_a��l�\4Ya]Ko@^ae6��_cW�e�j�_aW�]rn1`3h~f�]=^~e4j�_aW�]r\4`._ae@hP\6_ae@n � Y<Y�_0\6_c]rY�]|§1`�]=n3l=]�Y
_aW3\�_R\�^c]�l&e@n3Y�XZY�_a]=n1_P�{X�_aW \�o4X�z4]�n�e@f3Ya]=^cz	\�_aX�e4n�Y�]|§@`3]=n3l=]�W3\4YPf�]=]�n�Y�W�e6�{n�_aexf�]±]|§@`3X�z6\�g�]=n1_P_ce�_aW�]
[�^ce4f�g�]=h e4j�b.]=_a]�^ah�X�n�X�n3or_cW�]��4e@X�n1_ ��[�]�l�_c^c\4gy�?\4b.X�`3Y�e4j�\�Y�]=_�e4j ��� å hP\6_a^cXZl&]�Y��~�u]�W3\	z4]�YaW�e6�{n±_cW3\6_
_aW�XZY:��e@^cY�_��¹l=\@Y�]Po@^ae6��_cWx^c\�_a]8XZYK]=X�_aW�]�^K[�e4g�w�n�e4h�XZ\�g�e4^~]= .[Be@n�]=n1_aXZ\�g�\�nBb�_aW3\�_~_c^c\4n3Y�X�_aX�e4n�l=\�ntW3\�[�[�]=n
\�f�^c`�[._cg�w@v$X�g�g�`3Y�_a^0\6_cX�n�o�\�m�X�nBbpe4jT� ���	�=�R«(�a�6Ç3�0�5«(�+�6Ç�X�np_aW�]8l=e4h�[�g�]& .Xs_�w!e�j�_aW�]Ph�e.b.]=g�g�X�n�o�\4n3b±_c^c\@l0m�X�n�o
[�^ce4f�g�]=hd�N�p]�W3\	z@]�YaW�e6�{nP_aWB\6_�_aW�]-b.]|l&XZY�X�e4n8[3^ae@f�g�]�h

ρ(Σ) ≤ 1
j�e@^

Σ
\~q3n�X�_a]�Ya]&_�e�j

(0, 1)
��h�\�_a^cX�l=]�Y�X�Y

X�nRj+\4l&_?b.]�l=X�b�\4f�g�]�X�nR\:V$`3^aX�n�o:]�§1`�X�z	\4g�]�n1_�h�e.b.]=gIe4j�l&e@h�[�`._c\�_aX�e4n�v�`�n3g�X�m4]�_aW�]�o@]=n�]�^c\4gB[�^ce4f3g�]�h j�e@^{Y�]=_cY
e�jN^c\�_aX�e4n3\4gIh�\�_a^cX�l=]�Y��{W�XZl0W�X�Y{m�n�e6�{nR_ae�f�]-`�n3b.]|l&XZb�\�f3g�]@�
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V�W�]?]|§@`3X�z6\�g�]=nBl&]{f�]&_���]=]=n8b�]�l&XZb.X�n�o<�{W�]=_aW�]�^���e4^0Y�_a��l�\4Ya]�W�w�[�e�_aW3]�YaX�Y�o4^ce6��_aW:X�n8\-o@X�z@]=nd¿��0��­?h�e�b�]=g
X�Y?[Be@g�w�n�e@h:XZ\�g)e@^�]& .[Be@n�]=n1_cX�\4g�\�n3bR_aW3]"�4e@X�n1_.��[�]�l�_c^c\4g��?\4b�X�`3Y{b�]�l&XZYaX�e@nR[�^ce4f3g�]�h Y�`3o4o4]|Y�_0Y{Y�e@h�]�X�n1_a]�^��
]�Y�_aX�n�oP^c]=gZ\6_a]|br[3^ae@f�g�]�hPY�j�e@^�j�`._a`3^a]-��e4^cmI�
��e@^P]& �\�h�[�g�]4v 51�&ÇI�&�a���®���|�0Á �?w.§1`�XZY�_rYc\�h�[�g�X�n3ou[3^ae@f�g�]�hPY8l=\4n�f�]�j�e4^ch~`3g�\�_a]�b�X�n�_c]=^chPYPe�j�q3n3b.X�n�o

\�g�]|\4Y�_��¹l&e1Y�_PY�]�n3Yae4^Pl&e6z@]=^0\�o4]r�{W�X�l0W�o4`B\�^0\�n1_a]�]�Y:W�w1[�e�_cW�]�YaXZYKo@^ae6��_cWt_cW3\6_PXZY=Ä±\3�¨fBe@`�n3b.]|btf�w å Å{f��
fBe@`�n3b.]|b}f�w}\!l=e4n3Y�_c\4n1_�ÅTe@^:l4�uf�e4`3n3b.]�btf�w�\![Be@g�w�n�e@h�X�\4g���V�W�]dl&e@Y�_~j�`3n3l�_cX�e@n�l=\4n}f�]�\4^�_cX�l=`�g�\�_a]|b
X�n!_a]�^ahPY�e�jT_cW�]:l=e4hKf�X�n3]�b±Ya]=n3Yae4^�l&e6z@]=^0\�o4]�X�n!z6\�^cX�e4`3Yk��\	w.Y�����X�h�X�gZ\�^cg�w@vB��]�l=\�npY�]�]=mR_aeRq3n3b!\rg�]|\4Y�_��
l&e1Y�_���]|\�mdh�e.b.]=gyz6\�^cXZ\�n1_�vIo4X�z4]�n!\�npX�n3Xs_cX�\4g���]�\4mdh:e.b.]�g�vI_cW3\6_<\@l0W�X�]�z4]|Yk\�b.]�YaX�^c]�b!W�w1[�e�_cW�]�YaXZYko@^ae6��_cW
^c\�_a]-�{W�]�^a]-l=e@Y�_�XZY{h�]�\@Y�`3^a]|brf�wP_cW�]-h�e�b�]=g�g�X�n�oP]&³Ie4^a_?^c]�§1`�X�^a]|bP_aeP^c]=h�e6z@]�[�e@YcY�X�f�g�]�_a^0\�n3YaX�_aX�e4n3Y�X�nd_aW�]
`�n3b.]�^ag�w�X�n3o:��]�\4m8h�e.b.]=g$b�w1nB\�h�X�l�Y=�

ª n�e4_aW�]�^�X�n1_a]�^a]|Y�_cX�n�oKb.X�^c]�l&_aX�e4n�j�e@^Tj�`._c`�^a]�^c]�Ya]�\�^0l0W:X�Y�_aW�]�§1`�]�Y�_aX�e4n8e4j�Y�_0\6_a]�]�Y�_aX�hP\6_aX�e4n8\@Y�X�_�^c]=gZ\6_c]�Y
_ae�Y�_c\6_c]uYa]�§1`�]�n3l&]p]�Y�_aX�hP\6_aX�e4n$vk�{W�XZl0W�WB\4YRfB]�]=n�_aW�]pj�e.l&`3Yde4j<_aW�XZY�[3\�[�]=^|�¼V�W�]�z6\�^cX�e@`3YR]& �\�h�[�g�]�Y
[�^c]�Ya]=n1_a]|b�X�n�_cW�X�Y~[3\�[�]=^KX�nBb.X�l�\6_c]P_aW3\�_<_aW3]8n�`�h~f�]=^Ke�j?Y�_0\6_c]8Y�]|§@`3]=n3l=]�Y<l�\�nxo4^ce6� §1`�XZl0m�g�wp�{W�X�g�]r_aW�]
n�`�h~f�]=^�e�j�\4l�_c`3\�g�[�e@YcY�X�f�g�]�Y�_c\�_a]�Y:\6_P\�n�w�o4X�z4]�nx_aX�h�]�l=\�ntfB]�Yah�\4g�g�e4^:]=z@]=n�`�n�XZ§@`3]4� Æ n�]R[Be1YaYaX�f3g�]
j�e4^ch~`�gZ\6_cX�e@n�e�j�_aW�]8Y�_c\�_a]P]�Y�_aX�hP\6_cX�e@nu[3^ae@f�g�]�h l�\�nufB]8]= .[�^a]|YaYa]�bpX�np_c]=^chPY-e�j�]&©8l&X�]=n1_cg�wul&e4h�[�`�_c\�f3g�]
\�n3b<X�n1_a]�^a]|Y�_cX�n3o{���c�c�3�&��«(�+����e4j._aW�]�W�w�[Be4_aW�]|Y�XZY$Ya]&_|�8��`3l0W:\{[�^ce4[�]=^a_�w�l=e4`�gZb-f�]4v	j�e@^�]= .\4h�[�g�]@v	�{W�]&_cW�]=^N\�n�w
e�jT_cW�]~W�w�[�e�_aW3]�YaX�½�]�b±Y�_c\�_a]KYa]�§1`�]�n3l&]|Y?X�n3l&g�`3b.]�\P_c^c\4n3YaXs_cX�e@nd_aW�^ce4`�o@W!Ya[B]|l&X�qBl~Y�_c\�_a]�Y�e�jy_cW�]:`�n3b.]�^ag�w�X�n�o
\�`._ce4hP\6_ce4n�� �T^c]=g�X�h:X�n3\4^aw8��e4^cmPX�nR_cW�XZY?b.X�^a]|l�_aX�e4n�W3\@Y�fB]�]=n�b.e4n3]�X�n�¤ å � ¦ �

� ¬0­�Ç��6¿����0Á�5@�=À��=Ç3«�� 8 � �.�Z�8¿��6�a­±¿��	��� �|�4�3�6��«¹�0Á��5Çd�3�6��«-�&¯ � ��� � �.ÇIÁ4�=� ���a��Ç3«�� ������� � � � � �
	Y� � ����
 1� � ��� � ���a���=�c¬=«���� ������� � � ��� � � � ��� 
 � ��Ç�Á�� ������� � ����
e� � � � ����� 1 ��Ç�Ár« �3���K�6«(�+�6ÇI�6� � Ç���«(�5« �.«¹�~�32"� ����«��+¬0� 1�K�¹�3�6��«(À��=Ç3«{��2 � ����«��+¬0� � ¿��6�aÁ8Ç �.ÀP�c�=� � ����� ��� � �
	�� ��� ��� � 9
B !�� !�L !{H�S !+�

¤ å&¦ � � ���1��\4g�\4m�^aXZY�W3n3\�n��!	T�6ÀP�=�5Ç��6«¹�6���+¬&� 1 �5Ç�¬=� �3Á6�5Ç�5"	T�6ÇI¬c�¹��«����32 ���a�0�4� � �3�c����¯6��¢±l ��^c\	���¹£?X�g�g�v �?]��#Te4^cmIv å � � �.�
¤ E ¦ ¢x�	��]=^co4]=^�\�n3b�#:����\�n�oB�4��e4`�nBb.]�b<Ya]=h�X�o4^ce4`�[BY)e�j.hP\6_c^aXZl&]|Y=� � �5Ç��0�6� � � 51���=�a�-��Ç�Á��5«�� � �@���®�+¬0�6«(�+�6Ç3��vå	� � Ä E å%$ E �.v å � �@E��
¤ Â6¦ � �@£<����]=^cm<\�n3b �<� ��e	 )� �T^ce�l=]�YcYy§1`�]=^cw<Y�w.Y�_a]�h�Y�j�e@^yn�]&_���e4^cm<Y�]|l&`�^cX�_�w-h:e@n�X�_ae4^cX�n�o3�.²¹n&���a�|¬0�c�0Á��5Ç
5��

��2<« �3� ��� �('*) �6� 9 � � � � 1 �:��2&�=Ç��=�:�6Ç�Á��I�0¬ �.���5«�¯���¯6À?�3�	��� �.À 1�+ �����6Ç�Á@� 1 � � v3¢±\�^0l0W-, ª [�^cX�g�E � � ���
¤ ¥�¦ � ����g�e@n3b.]�g�\4n3b��B�@V�Y�X�_cYaX�m�g�X�Y��$V�W�]�fBe@`�n3b.]|b.n�]|YaY�e�j$\�g�g�[�^ae.b.`Bl�_cY�e�j$\~[3\�X�^�e4j�h�\�_a^cX�l=]�Y�X�Y�`�n3b.]|l&XZb��

\�f3g�]@� �B¯	��«��=ÀK�
&
	T�6ÇB«��a��� � �&«(«��=�0��v ¥Üå ´�E4¶&v3E
� � ���

¤ � ¦ ª � � e4n3b�e4n�\�n3b¨�-� �B��»�X�[._ce4n�� Æ n¨_aW�]!l=e4h�[�g�]& .X�_�wte�j-Ya[3\4l=]�fBe@`�n3b.]|b¨X�n1_a]�^c\@l�_cX�z@]�[3^ae�e�j+Y�� ²¹n
���a�|¬0�0�cÁ��5Ç
5��~��2�«���� ��� «�� � ÇBÇ �3��� ��¯6À?�3�	��� �.À°�6Ç.��� �.ÇIÁ4��«��+��Ç��~��2�	T�6Àk� �.«¹�=���I¬=�+�&ÇI¬c�=v�[3\4o4]|Y ¥ � E $
¥ � ��v å �@Ã �3�

¤ �6¦ � � � ^a]|Y�[3X�v@� � � W�`�n�oBv@\�nBb ª �@��� �4e@^cb�\4n�� ��]�l=]=n1_a^0\�g�X�½�]�b�Ya]=n3YaX�n3o<\�n3b:_c^c\@l0m1X�n�o�j�e4^ � ª � Ycl0W�]�b.`3gs�X�n�o3��²¹n/���a��¬0�0�0Á6�5Ç�56�R�328«���� �0� �1'2) �6� 9 � � � � 1 �I�=Ç��=���0� 1 �6ÇIÁ3	T��ÀKÀP�6ÇIÁ 1 	T�6Ç3«(�a��� 1 	y��ÀKÀ �.Ç3�+¬0�e�
«(�+�6Ç�� 1 �6Ç�Á � Ç3«¹�&�5�®� 51�=Ç�¬0�.45	 � �76 � �0¬ �.Ç������m54�+�&��2&�6�98~��À��=���6ÇIÁ �I�0¬ �.���5«(¯R��Ç�Á:8~�6ÀP�=���6ÇIÁ:�:�#2&�&Ç3�&� � � �
+ �����6ÇIÁ4� 1 � � v ª [�^aX�g�E � � ¥ �

¤ � ¦ ��^c\4o4e@Y � z@]&_am@e6z�X�l4� �4���0¬=«��a�r��2 ���a�0�4�1� 8 � ���0����¯R�6ÇIÁ � �@���®�+¬0��«��+��Ç3� ª l�\4b.]�h�X�l
�T^c]�YcY=v å �4Ã ���
¤ Ã ¦ �:� � w�fB]�n�m4eBv.�-� �I� ��^0\	w � ��£<����]=^cmIv.\�n3b��:�1�4XZ\�n�oB� ª nRe6z@]=^cz1X�]=��e4j$[�^ce.l&]�YcY�§@`3]=^cw8Y�w.Y�_a]=hPY���²¹n���a�|¬0�0�cÁ��5Ç
5��P�32~«���� �0� �1';) �6� 9 � � � � 1 �I�=Ç��=�6�0� 1 �6ÇIÁ<	y��ÀKÀP�6ÇIÁ 1 	T�6ÇB«��c�6� 1 	T�6À:À �.Ç3�+¬0�6«(�+�6Ç3� 1 ��Ç�Á
� ÇB«��=�5�®� 51�&ÇI¬0�<41	 � �76 � �c¬ ��ÇI�6���U54�+��� 2&���:8K�6ÀP�&����Ç�Á��I�0¬ �.���5«�¯!��Ç�Á.8~��À��=���6ÇIÁ"�K�#2&�&Ç3�=� � � ��1=+ �����6ÇIÁ4�� � v ª [�^cX�g�E � � ¥ �

¤ � ¦ ²�����\�`�f�]�l0W�X�]�YP\4n3b �3� � �y»$\�o1\�^cX�\@Y=�&�.]&_cY8e�jkhP\6_c^aXZl&]|YP\�g�g�X�n.qBn�Xs_c]�[�^ce�b�`3l�_0YKe4j��{W�XZl0W¨l&e4n�z@]=^co4]4�� �5ÇI�0�6� � � 51���=�a���6ÇIÁP�5«�� � �4���s�+¬c��«��+��Ç���v å	� E�Ä E@E � $ E �@Â v å � �1E.�



�������������	��
��	
�����������������������
��! �"$#����&%(')�+*$,-"$#$
$�.�0/��.�1*$,-"324�5�6/.78�:9<;67�;4%=�?>@>6*BA.C4C4D E
�

¤ å � ¦ �B� � ��»�\�o@\4^aXZ\4Y�\�n3b #K�3�u\4n�o3�yV�W�]�q3n�X�_a]�n�]�YcY{l&e@n6¸�]�l&_a`�^c]�j�e4^�_aW3]-o4]=n3]=^0\�g�X�½�]�b8Ya[B]|l�_c^c\4g)^c\@b.X�`BY�e4j�\Ya]&_?e�j�hP\6_a^cXZl&]�Y�� � �5ÇI�c��� � � 51���=�a���6Ç�Á8�5«+� � �@���®�+¬0��«��+��Ç���vIE å=¥ Ä å � $1¥ E.v å � � �.�
¤ å
å&¦ �I� Æ W�vB»�� �.l0W�]�n3\6_ce3v1�N� � W�]=n$vB\�nBb��I� �.\@Y�_c^aw@� ª Yal�\�gZ\�f�g�]�^a]|\�g���_cX�h�]-h~`3gs_cX�[�g�]&�(_c\4^ao@]&_{_c^c\@l0m1X�n�o8\4gs�

o4e@^aX�_aW3h j�e4^�Y�]�n3Y�e@^Tn�]=_���e@^am.Y�� �?n3X�z@]=^0Y�X�_�w<e�j � \4g�X�j�e4^cn�XZ\�v@��]�^am@]=g�]=w4v@V$]|l0W�n�XZl=\�gB�{]=[�e4^a_ � � ��,�, ���?»¢ � ��, �3v*��]=f$�BE
� � �.�
¤ å E ¦ ª � �N\4½4� � Ç3«(�a��Á �3¬&«(�+�6Ç!«��=���a�4�0�4�=�5�®�Z��«(�+¬ � �.«���À���«���� ª l=\4b�]=h�X�l��k]=� #Te@^amIv å � � å �
¤ å|Â6¦ »T� �-���?\�f�X�n�]�^�� ª _a`�_ae4^cXZ\�gTe@nuW3X�b�b�]=nt¢±\4^am@e6z�h�e�b�]=gZY=� ���a�|¬0�c�0Á��5Ç
5��R��28«����

�(' ' ' v � ��Ä E � � $ E�Ã � v
å �@Ã �3�

¤ å�¥�¦ �K� ���)�{]=XZb)� ª np\4g�o@e4^cXs_cW�h j�e4^�_a^0\4l0m�X�n3oPh~`�g�_aX�[�g�]~_0\�^co4]&_0Y=�
�(' ' ' � �a�6Ç3� 9 �6Ç � �.«¹�6ÀP�6«(�+¬ 	T�6Ç3«(�a���®vE ¥ ´ � ¶�Ä Ã ¥@Â $ Ã � ¥ v �k]|l�� å � � �3�

¤ å � ¦ � �	�{e4f�g�]=]@v � � £<�	��]=^cm�v6\4n3b �:� � w�fB]�n�m4eB�@»$\4^ao@]&�¹Yal�\�g�]y\�`._ce4n�e@h:XZlTYa]=^cz4]�^�h�e4n�X�_ae@^aX�n�o?`3YaX�n�ok[�^ce.l&]|YaY§1`�]=^cw�Y�w.Y�_a]=hPY��!²¹n �1' ' ' � ÇB«��=��Ç���«��+��Ç�����	T�6Ç�2&�&�c�&ÇI¬c����Ç � �.«���Ç��6À:�+¬ 	T�6Àk� �.«(�5Ç
5 1 �)�0�6«(«���� 1 � � v�@`�n�]~E
� � ���
¤ å �6¦ �:� � � �y�{e4_c\u\�n3b �:����_a^0\�n�oB� ª n�e4_a]�e4nt_aW�]K¸�e4X�n1_PYa[�]�l�_c^c\4g�^0\4b�X�`3Y��3�~�0Á@�&��� 9 � ­@�4Á 9 ���&«¹�&Ç3�=¬ � 9
� ÇIÁ4��5@��«��+��Ç��&� �±��« � 9 v�E@E.Ä Â � � $�Â Ã å v å � � ���

¤ å � ¦ #K� ��W�]�n�ox\�n3b �:� � w�f�]=n�m@e3� � e@h:[3`._c\�_aX�e4n¨e�j�^a]�o4`�gZ\�^�[�^ce4[�]=^a_�w}[�^ce4fB\�f�X�g�X�_aX�]�Y�X�n £k¢!¢ Y�_c\�_a]
Ya]�§1`�]=nBl&]�YP´+]& �_a]�n3b.]|bx\�f3Y�_a^0\4l&_0¶�� �.`�f�h�Xs_a_a]|b�_aed_cW�] ��w�h�[Be1Y�X�`�hµe4n �kXZYal=^a]=_a] ª g�o@e4^cXs_cW�hPY~E
� � � v
�@`�g�w�E
� � �.�

¤ å Ã ¦ #K�"��W3]=n�o�\�n3b �:� � w�fB]�n�m4eB����X�Y�_c\4n3l&]:h�]�\@Y�`�^c]�Y{j�e4^�n�e4n�[B\�^0\�h�]&_c]=^cX�l-��]�\4mR[3^ae.l&]|YaYkh�e�b�]=gZY=��V$e\�[3[B]|\�^kX�n �T^ce.l&]�]�b.X�n�o@Y?e�jT²������ ��w.Y�_c]=hPY�v�¢±\4n!\�nBb � w1f�]=^cn�]=_aXZl=Y � e@n.j�]=^c]=nBl&]4vI£k\	��\�X�X(v Æ l�_ce4f�]=^E
� � ���
¤ å � ¦ �B� �~�IV�YaXs_0Y�X�m�g�XZY�\�n3b � � �~����g�e4n3b.]�g��-V�W�]�»�w1\�[�`3n�e6zd]& .[Be@n�]=n1_�\�n3b8¸�e4X�n@_-Ya[B]|l�_a^0\�gN^0\4b.X�`3Y�e�j�[B\�X�^cY

e�j�hP\�_a^cX�l=]�Y�\�^c]?W3\�^0b:�N�{W�]=n8n3e�_�X�h�[�e@YcY�X�f�g�]?��_aeKl=e4h�[�`._c]�\4n3b�_ae:\�[�[3^ae	 .X�h�\�_a]@� �!��« �3�&ÀP�6«(�+¬��<��2
	T�6ÇB«��a��� 1 ��� 5�ÇI�6� � 1 �6ÇIÁ ��¯	��«��=À~��v å ��Ä Âßå
$�¥ �3v å � � �.� � e@^a^c]�l&_aX�e4nrX�n 10

v
381

�
¤ E � ¦ �B� �~��V�Y�X�_cYaX�m�g�X�YK\�n3b � � �K�N��g�e4nBb.]=g(� ª Ya`�^az@]=wpe�j?l&e@h:[3`._c\�_aX�e4n3\4g�l&e@h�[�g�]= .Xs_�wp^a]|Y�`�g�_cY~X�n}Yaw.Y�_c]=hPY

\�nBb�l=e4n1_a^ce4g(� � �.«���À���«��+¬0�6v Â � Ä å E ¥ � $�å E � ¥ v1E
� � ���
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V�W�]-^c]�Ya`�gs_0Y�e�j�_aW�XZY{[3\4[B]�^?b.]=h�e@n3Y�_c^c\�_a]�_aWB\6_{_aW3]-n1`3h~f�]=^{e�jNW�w�[Be4_aW�]|Y�]|Y�j�e4^?\�n�e4fBY�]�^az6\6_cX�e@nRYa]�§1`�]�n3l&]
X�Y�\�b.]=g�X�l�\6_c]�j�`�n3l�_cX�e@n�e�j�_aW�]-h�e.b.]�g�b.w�n3\4h:XZl=Y{\4n3bdY�_0\6_c]&�(_ae���e4fBY�]�^az6\6_cX�e@nrhP\�[3[�X�n3o3�T²¹n�_aW3X�Y�\�[�[�]=n3b�Xs )v
��]�b.]�z4]=g�e4[�\<n�`�hKfB]�^�e4j�YaX�h�[�g�]�_a^0\4l0m�X�n3o~[�^ce4f�g�]=hPY�_aW3\�_�X�g�g�`3Y�_a^0\6_c]k_cW�]�]&³I]�l&_�e4j�b.w�n3\4h:XZl=Y�\�nBbrYa]=n3Yae4^
l&e6z@]=^0\�o4]�e4n�W�w1[�e�_cW�]�YaXZY�o4^ce6��_aW��

V�W�]rb.X�³I]=^c]=n1_~]& �\4h:[3g�]|Y<\�^c]P\�g�g�X�n3Y�_0\�n3l=]�Y-e4j�\±o4]=n3]=^0\�gTYcl&]=nB\�^cX�eB� ª o@^ae@`�n3bpz4]=W3X�l=g�]8h�e6z@]�Y�e4nx\
_���e4��b�X�h�]=nBY�X�e4n3\4g�o4^cXZbPX�nrfBe4_aW8z@]=^a_aXZl=\�g�\�n3b�W3e4^cX�½�e4n1_c\4g3b.X�^a]|l�_aX�e4nBY=�NV�W�]ko@^aXZb�XZY�\4f3Y�_c^c\@l�_c]�bP\4Y�\-hP\6_c^aX� 
e�jyl&]�g�gZY

(x, y)
_aW3\�_?\�^c]�_c^c\	z@]=^0Y�]|bPf�w8_cW�]-h�e6z1X�n�o:z4]�W�X�l=g�]@�

V�W�]k[�e@YaX�_aX�e4nPe�j)_cW�]kz@]=W�XZl&g�]k\�_�\�n�w:X�n3Y�_c\4n1_�e�j)_cX�h�]kXZY�Ya[�]�l&X�q3]|bPf�w~_cW�]�l=e1e@^cb�X�n3\�_a]|YTe�jI_cW�]�l=]=g�g3_cW3\6_
Xs_�XZY{_a^0\	z4]�^cYaX�n�o3� ª n�`�hKfB]�^�e4jyf�X�nB\�^cw�Ya]=n3Yae4^0Y?\4^a]~b�]=[�g�e6w4]|bdX�n�_cW�]~o@^aXZbd^c]=o4X�e4n$� ��\4l0W±Ya]=n3Yae4^�b.]&_c]�l&_cY
_aW�]r[�^a]|Y�]�n3l&]Pe4j�_cW�]8z@]=W�XZl&g�]�X�n}\�l=]=g�gTe4^<X�nxY�e@h�]8\�o4o@^a]�o@\�_aX�e4n±e4j�l=]=g�g�Y��r��W�]�n�_aW�]rz4]=W3X�l=g�]�_c^c\	z@]=^0Y�]|Y
\±h�e4n3Xs_ce4^c]�bxl&]�g�g�\�n�w�Y�]�n3Yae4^<_cW3\6_:W3\4YKl&e6z@]=^0\�o4]�X�nx_aWB\6_Pl&]=g�g�]�h�Xs_0Y~_cW�]Rl=e�e4^0b.X�nB\6_a]|Y-e�jk\4g�g�_aW3]Rl&]�g�gZY
_aW3\�_{Xs_?l&e6z@]=^0Y�\4n3bP_cW�e@Ya]�\4^a]�l&e@g�g�]�l&_a]|br\4Y�\:Y�X�n�o4g�]�e4f3Ya]=^cz6\6_aX�e4n$��²�jNY�]�n3Y�e@^cY�e6z4]�^agZ\�[P_cW�]=nr_a^0\	z4]�^cYc\�gBe�j�\
l&]�g�g��{X�g�g�_c^aX�o4o@]=^k\4g�g)_cW�]KYa]=nBY�e@^cY�_cW3\6_�l=e6z4]�^�_aW3\�_�l&]�g�g(�{V�W�]<]&³I]�l&_aX�z4]<e@f3Ya]=^cz	\�_aX�e4nR_aW�]�^a]=j�e4^c]<l&e@n3Y�XZY�_cY{e4j
_aW�]Kl&e�e4^0b.X�n3\6_c]�Y�e�j�_aW3]<l&]=g�gZY�_aW3\�_?fB]�g�e@n�o�_ae�_cW�]<X�n1_a]=^0Ya]�l�_cX�e@nRe4jN\4g�g�Y�]=_cY{e4jNl=]=g�g�Y{l=e4^c^a]|Y�[�e4n3b�X�n�o:_ce�_aW�]
l&e6z@]=^0\�o4]�e�j�_aW�]�_c^aX�o4o@]=^c]�b8Ya]=nBY�e@^cY��

�p]Rl&e4nBY�XZb.]=^K\�n�`�h~f�]=^<e4j?Y�[�]�l=XsqBl8X�n3Y�_c\4n3l&]|Y-e�j�_cW�X�Y~o4]�n�]=^0\�g�Ycl&]�n3\�^cX�e3�RV�W3]8X�nBY�_0\�n3l=]�Y<b.X�³I]=^K\@l��
l&e@^cb.X�n�oP_ce8_cW�]~z@]=W�XZl&g�]�Y �3m�X�n�]=hP\6_cX�l�Y�\4n3b�_aW3]Kl&e6z@]=^0\�o@]�e4jy_aW�]:Y�]�n3Yae4^0Y=Ä��{W�]=^c]-_cW�]KYa]=n3Yae4^0Y?\4^a]<[3g�\@l&]�b
\�n3b±_aW�]�Ya]=n3Yae4^0Y �B^c\4n�o4]|Y<´5_cW�]�n�`�h~f�]=^�\�n3b±o4]=e@h�]&_a^cw�e�jT_cW�]:l=]=g�g�Y�l&e6z@]=^c]�b�f�w±\rYa]=n3Yae4^�¶�����e@^�]|\4l0W±e4j
_aW�]|Y�]�X�n3Y�_c\�nBl&]�Y�v)��]:]= .[�g�\4X�n!_aW�]:_c^c\@l0m	\4f�X�g�X�_�wd[�^ae@[B]�^�_cX�]|Y=v)nB\�h�]=g�wd_aW�]PY�_c\�_a]PY�]|§1`�]=n3l=]Ko@^ae6��_cW�vIe�j�_aW�]
[�^ce4f�g�]=h·e4j�b.]&_c]=^ch�X�n�X�n�oK_aW�]�z4]�W�XZl&g�] � Y�[�e@YaX�_aX�e4n8o@X�z@]=nR\<_a]�h:[�e4^0\�g)Ya]�§1`�]�n3l&]�e�j�Ya]=n3Yae4^�e4fBY�]�^az6\6_cX�e@n3Y�� ª
�&�5ÇI�6��¯kYa]=nBY�e@^yh:]|\�n3YT_aW3\�_T_aW3]kY�]�n3Yae4^T]�Xs_cW�]=^�b.]&_c]�l�_0Yy_cW�]k[�^c]�Ya]=nBl&]{e�j�\�z@]=W�XZl&g�]?e4^�n�e�_|��²�j�\<Ya]=nBY�e@^Tb.e�]�Y
b.]&_c]�l&_k\�z4]=W3X�l=g�]@v.Xs_?^c]=[�e4^a_cY�_aW3]<l&e�e4^0b.X�n3\6_c]�Y�e�j�_aW�]<l=]=g�g�Y�_cW3\6_?X�_kl&e6z@]=^0Y=�

� 
 �/4 ��)�� �

• � ��$'��
�� Æ l=l&`3[�X�]|bRl=]=g�g
(x, y)

�

• � �#&)
���$'����� ��� ª _-]|\4l0W±_cX�h�]8Y�_a]�[!_cW�]�z4]=W3X�l=g�]�XZY-\�g�g�e6��]�bd_cedh:e6z@]KX�n�\�n�w�e�j�_aW�]�j�e@`�^�[Be1YaYaX�f3g�]
z@]=^a_aXZl=\4g�e4^�W�e4^cX�½�e4n1_c\4g$b.X�^a]|l�_cX�e@n3Y~´+`�[�v)b.e6�{n�v�g�]=j5_�\4n3bd^aX�o4W1_�¶��.�3e4^ch�\4g�g�wIÄ

(x, y) → (x ± 1, y)
e@^

(x, y) → (x, y±1)
� ª _T_aW�]kfBe@^cb.]�^Tl&]�g�gZYye�j�_aW3]?^a]�o4X�e4n�v�_aW�]?z@]=W�XZl&g�]?l=\4n�e4n�g�w~h�e6z4]�_ce<l&]=g�gZYy�{Xs_cW�X�n

_cW�]~^c]=o@X�e@n��{V�W�]<z@]=W�XZl&g�]~l=\4n�n�e4_�Y�_0\�n3b�Y�_aX�g�g�\4n3b�Y�_0\	wrX�n�_aW3]KYc\�h�]<l&]�g�g�j�e4^?h�e@^a]-_cW3\�n�e@n�]-_cX�h�]
Y�_a]�[��

• � 
�&)�����
	Y!�$�� 
���
�& � $'&�(�� ��
 

�W$���
�� ��]�n3Y�e@^cYK\�^c]r[�gZ\4l=]�bxX�ntl=]=g�g�Y
(x, y)

�{X�_aW
x
]�z4]�nt\�n3b

ye.b�b�´�Y�]�] ��X�o4`3^a] ��v3�{W�]=^c]-l&e�e4^0b.X�n3\6_c]�Y
(1, 1)

b.]�n�e�_c]�_aW�]-`3[�[B]�^kg�]&j5_kl=]=g�g�v
x
X�Y�_cW�]<l&e@g�`3h:ndX�n3b.]= 

\4n3b
y
_aW3]r^ce6� X�n3b.]= 3¶�� ��]=n3Yae4^0Y~l=e6z4]�^<e4n�g�wp_aW�]dl&]�g�g�X�nt�{W�X�l0W}_aW�]�w�\4^a]r[�g�\@l&]|b)� ��\@l0WtYa]=n3Yae4^

e@f3Ya]=^cz	\�_aX�e4nxXZY�Y�X�h�[�g�wx\p[3\�X�^|v
(x, y)

vTe�j�l&]=g�g�l&e�e4^0b.X�n3\6_c]�Y��p��W�]�n}_cW�]Rz@]=W�XZl&g�]rXZY:X�n�\!l=]=g�g�n3e�_
l=e6z4]�^a]|bPf�wr\�Y�]�n3Y�e@^�v1_cW�]�e4f3Ya]=^cz6\6_aX�e4nRX�Y{l�\�g�g�]|br\�Ç �.�5�1e4fBY�]�^az6\6_cX�e@nrf�]=g�e6� _ce�b�X�Y�_aX�n�o4`3X�YaWRX�_�j�^ae@h
�=�=Ç��=�6��e4fBY�]�^az6\6_cX�e@n3Y��{W�XZl0W�l=e4h�]�j�^ae@h Y�]�n3Yae4^0Y�X�n�l&e6z@]=^c]�brl=]=g�g�Y��

V�W�]�j�e4g�g�e6�{X�n�o�\4YcYa]=^a_aX�e4n3Y�\�f�e4`�_�_cW�XZY�_a^0\4l0m�X�n�oKX�n3Y�_c\4n3l&]-\�^c]�_a^c`�]4Ä
å � ª Ya]=n3Yae4^�e4f3Ya]=^cz6\6_cX�e@n8b.]&_c]=^ch:X�n�]|Y�_cW�]�Y�_0\6_a]�]& �\@l�_ag�w4� ª j5_a]=^{\KY�]�n3Y�e@^�e@f3Ya]=^cz	\�_aX�e4n�v@_aW3]=^c]�\�^c]?j�e@`�^
[�e@YcYaX�f�g�]-Y�_0\6_c]�Y��

E���»$]&_
(x, y)

f�]r\dh�e4n3Xs_ce4^c]�b�l&]�g�g�´5_aWB\6_~XZY=vNl&e@n1_c\�X�n�X�n�o�\�Y�]�n3Yae4^�¶��RV�W3]=^c]8\�^c]�_���e���\	w.Y�_ae�h�e6z4]
j�^ce4h

(x, y)
_ae

(x + 1, y + 1)
´�Y�]�] ��X�oB� ��¶�Ä

(x, y) → (x + 1, y) → (x + 1, y + 1)

(x, y) → (x, y + 1) → (x + 1, y + 1)

\4n3b}Yae±_cW�]=^c]R\4^a]Pj�e@`�^
4
�¹Y�_c]=[�_a^0\6¸�]|l�_ce4^cX�]|Y-j�^ce4h

(x, y)
_aepXs_0Y�]�gsj�l&e4nBY�XZY�_c]=n1_K�{X�_aW}_aW�]Rj�e4g�g�e6�{X�n�o

Ya]=nBY�e@^ke4fBY�]�^az6\6_cX�e@n!Ya]�§1`�]=nBl&]4Ä
(x, y), (x + 1, y + 1), (x, y)

�8´
�?e4_a]K_aW3\�_�f�]�l�\�`3Ya]<_cW�]=^c]:X�Y�\rn�`�g�g
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y+1y

x

x+1

��X�o4`�^c] ��ÄyV�W�]-f�gZ\4l0m8l=]=g�g�Y?\4^a]�h�e4n�X�_ae@^a]|brf�w8f3X�n3\4^awRY�]�n3Y�e@^cY��

e@f3Ya]=^cz	\�_aX�e4n�f�]&_���]=]=n8\4n�w~[3\4X�^Te4j�Y�]�n3Y�e@^Te4fBY�]�^az6\6_cX�e@n3Y�v6_aW�XZY�Y�]|§@`3]=n3l=]{e�j Â Ya]=n3Yae4^Te@f3Ya]=^cz	\�_aX�e4n3YNXZY
_c]�l0W�n3X�l�\�g�g�w�\~Ya]�§1`�]�n3l&]?e4j �-e4fBY�]�^az6\6_cX�e@n3Y�� ¶ ª l�l&e@^cb.X�n�o�_ceKV�W�]�e4^c]=h ¥ _aW�]���e@^cY�_��¹l=\@Y�]�W�w�[Be4_aW�]|Y�XZY
o@^ae6��_cWdX�Y�]& .[�e4n�]�n@_cX�\4g�X�n�_aW�]Kn�`�h~f�]=^�e�jTe4fBY�]�^az6\6_cX�e@n3Y�� �Tz@]=n�j�e@^�l=]=^a_c\�X�n�z4]�^aw�Y�W3e4^a_�Y�]|§1`�]=n3l=]�Y
e4jNYa`3l0W�e4f3Ya]=^cz6\6_cX�e@n3Y=v1_cW�]-o4^ce6��_aWRX�Y�]= �[�e4n3]=n1_aXZ\�g(�

�?e4_aXZl&]K_aW3\�_�v)X�n�_aW�XZY�l=\@Y�]@vB_cW�]:X�n�X�_aXZ\�gNY�_c\6_c]�´�l&]�g�g5¶?e4jy_aW�]:z4]�W�XZl&g�]Kb.e�]�Y�n�e4_�X�n!o@]=n�]�^c\4g�\6³I]�l&_�_cW�]�l&e4h:�
[�g�]& .Xs_�wRe�j�_aW�]KY�_0\6_a]-]|Y�_cX�hP\�_aX�e4n�[�^ae@f�g�]=hd��£?e6��]=z@]=^�_aW3]=^c]<\�^c]�l=]=^a_c\4X�ndY�]|§1`�]=n3l=]�Y�e4j�e@f3Y�]�^az6\�_aX�e4n3Y�_cW3\6_
\�^c]{`�n�XZ§1`�]=g�wK\@YaYae.l&XZ\6_a]|b~�{X�_aWP\-YaX�n3o4g�]?Y�_0\6_a]?Ya]�§1`�]�n3l&]@��V�W�XZYyXZYy_cW�]?l=\@Y�]�j�e4^�]& �\�h�[�g�]4v@�{W�]=n:_aW3]{z4]=W3X�l=g�]
Y�_0\�^a_cY�X�n�\�h�e4n�X�_ae@^a]|b~l=]=g�g�\�n3bKh�e6z4]�Y�\�g�e4n3o�\�Y�_c^c\4X�o@W1_�g�X�n3]�X�n:e4n�]�e�jB_aW�]{\�g�g�e6��]|b~b.X�^a]|l�_cX�e@n3Y=� ª g�_aW�e@`�o4W
_aW�]RY�_0\6_a]�e4j�_cW�]Pz4]�W�X�l=g�]�XZY-\�hKf�X�o@`�e4`BY-\6j5_a]�^<\dY�]�n3Y�e@^-e4f3Ya]=^cz6\6_cX�e@n�vI_aW�]8\4h~f�X�o4`3Xs_�w!b�X�Yc\�[�[�]�\4^cY�X�j�_aW�]
n�]& �_{Y�]�n3Yae4^�e@f3Ya]=^cz	\�_aX�e4nPXZY�]=X�_aW�]�^�_���eKl=]=g�g�Y�\	��\	w:z4]�^�_cX�l�\�g�g�w:e4^�W�e4^cX�½=e4n1_0\�g�g�wKj�^ae@h _aW�]�g�\@Y�_�e4f3Ya]=^cz6\6_cX�e@n
´�f�]�l�\�`3Ya]�_aW�]-z@]=W�XZl&g�]-l=\4nRh�e6z4]�e4n3g�wRe4n�]-l&]�g�g�\�_k\K_aX�h:]	¶��

Æ n�]kl=e4n3l=g�`3YaX�e4n�e�j)_cW�X�Y�\�n3\4g�w.YaX�YTX�Y�_aW3\�_T_aW3]km�X�n3]=hP\6_cX�l�YTX�nP_aW�XZYTX�n3Y�_c\4n3l&]k\4^a]k`�n3b.]�^��¹l&e@n3Y�_c^c\4X�n3]�b~j�e4^
\Pz4]�W�XZl&g�]�_ae8f�]-_a^0\4l0m6\4f�g�]P´�\4l=l=e4^0b.X�n�o:_ae8e@`�^kb.]=q3n�X�_aX�e4n�e�j�_a^0\4l0m6\4f�g�]	¶�o4X�z4]�nR_cW�]~\@YaYa`�h�]�bdYa]=n3Yae4^0Y{\�n3b
_aW�]�X�^�l&e6z@]=^0\�o@]4�T��W�X�g�]<_aW3]<n�`�h~f�]=^�e�jTY�_0\6_c]~Y�]|§1`�]=n3l=]�Y?l�\�n�o@^ae6��]& .[Be@n�]=n1_cX�\4g�g�wRX�nd_aX�h�]4vB_aW�]K]=^c^ae@^{X�n
_aW�]<l=`�^c^a]�n@_?Y�_c\�_a]�]�Y�_aX�hP\6_a]-XZY{\�g���\	w�Y�f�e4`�nBb.]�b)�

� 
 �/4 ��)��6,

• � ��$'��
�� Æ l=l&`3[�X�]|bRl=]=g�g
(x, y)

[�g�`3Y5��h:e@h�]=n1_a`�h	
��

• � �#&)
���$'����� ��� V�W�]:z4]�W�X�l=g�]KX�Y�\4g�g�e6��]|b�_aedl0W3\�n3o4]Kb�X�^c]�l&_aX�e4n±e@n�g�w±\�j5_a]�^k_0\�m�X�n3or_���eRY�_a]�[3YkX�np_aW�]
Yc\�h�]�b.X�^c]�l&_aX�e4n!´+`�[�v�b.e6�{n$v1g�]&j5_|v.^aX�o4W1_�¶���²¹nre�_cW�]=^���e4^0b�Y=v�\6_{\�n�w�X�n3Y�_0\�n1_�e4j�_aX�h�]k_cW�]�Y�_0\6_a]�e�j$_aW�]
z@]=W�XZl&g�]:X�Y-b.]|Yal=^aX�f�]�b±f�w�_cW�]�e.l=l&`3[�X�]|bpl=]=g�gN_ae@o4]&_cW�]=^��{X�_aW�Xs_0Y�À���À��=Ç3« �.À:v)n3\�h�]=g�w��{W�]=_aW�]�^�_aW�]
z@]=W�XZl&g�]?n�]�]�b�Y�_aeKh�e6z4]?`�[

(u1)
v.b.e6�{n

(d1)
v�g�]&j5_�´

l1)
v�^aX�o4W1_

(r1)
e@nP_aW�XZY�Y�_c]=[8e@^�XZYTj�^c]=]{_ceKl0W3\4n�o4]

b�X�^c]�l&_aX�e4n�e4nu_aW3X�Y<Y�_a]�[�´�e4n3]Pe�j
u2, d2, l2, r2

¶&� ��e@^ahP\4g�g�w4v$_aW�]8Y�_c\�_a]Pe�j�_aW3]Pq3n�X�_a]8Y�_c\�_a]PhP\4l0W�X�n�]
_cW3\6_Kh:e.b.]�g�Y<_aW�]|Y�]Rm�X�n�]�hP\6_aXZl=Y<X�YK\d_a^cX�[3g�]

(x, y, p)
�{W3]=^c]

p ∈ {u1, d1, r1, l1, u2, d2, r2, l2}
\�n3b

_cW�]�_a^0\�nBY�X�_aX�e4nRj�`�n3l&_aX�e4ndX�Y{b�]&q3n�]|b�f1wIÄ

(x, y, l1) → (x, y − 1, l2)

(x, y, r1) → (x, y + 1, r2)

(x, y, d1) → (x + 1, y, d2)

(x, y, u1) → (x − 1, y, u2)

(x, y, ∗2) → {(x, y − 1, l1), (x, y + 1, r1), (x − 1, y, u1), (x + 1, y, d1)}���
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£k]=^c]
∗
X�Y�\{�{X�g�b��¹l=\4^cb��{W3X�l0W:l=\�n-f�]�e4n�]�e�j

l, r, u, d
��V�W�]�h�]|\�n�X�n�oke4j3Y�_0\6_c]

(2, 2, d1)
v	j�e4^$]= �\�h�[�g�]4v

XZY�_cW3\6_�_aW3]Pz4]=W3X�l=g�]PXZY�X�nxl=]=g�g
(2, 2)

\�nBb!XZY-^c]�§1`�X�^a]|b±_ce�h�e6z@]�b�e6�{npe@n�]Pl&]=g�gTe@n!_cW�]Pn�]& �_~Y�_a]�[��
ª l�l&e@^cb.X�n�o@g�w@v�_aW3]~n�]= 1_�l&]�g�g�X�Y�`�n�XZ§1`�]=g�w�b.]&_c]=^ch�X�n�]|b)v�n3\�h�]=g�w

(3, 2)
�?²�_�XZYkX�n!Y�_c\�_a]

(3, 2, d2)
\�n3b

l�\�n:n�]& �_yh�e6z4]�X�n�\�n�w<b.X�^c]�l�_cX�e@nKe@n~_cW�]�n�]& �_TY�_a]=[$����]�z4]�^c\4g�Ya`3l�l&]�YcYae4^NY�_0\6_a]|Yy\�^c]�[�e@YcYaX�f�g�]�fB]|l=\�`BY�]
\�j5_a]�^�_���e�l&e4nBY�]|l&`._cX�z@]kh�e6z4]|Y�X�nr_cW�]-Ya\4h�]�b.X�^c]�l�_cX�e@n8_cW�]�z4]=W3X�l=g�]�X�Y�\4g�g�e6��]|b�_aePl0W�e�e1Y�]�e4n�]�e�j�_aW�]
[�e@YcYaX�f�g�]�j�e4`�^�b.X�^c]�l&_aX�e4n3Y-´�\�[3\4^�_�j�^ce4h·_cW�]-f�e4`�n3b3\�^cwrl&e@n3b.X�_aX�e4n3Y0¶��TV�W�]<\4fBe6z@]-b.]�Ycl&^cX�[�_aX�e4n�e�j�_aW�]
_c^c\4n3YaXs_cX�e@n�j�`�n3l�_cX�e@n}h~`BY�_:fB]�l&e4h�[�g�]&_c]�bxX�nx_cW�]re@f1z�X�e4`3Y~��\	w!_aeu\4l=l=e4`�n1_<j�e@^KY�_c\�_a]�YK\�g�e4n�o±_aW�]
f�e4`3n3b�\�^cX�]�Y-´5_cW3\6_?XZY�v�_aW�]-z@]=W�XZl&g�]-l=\�n3n�e�_{h�e6z4]�`�[de4^�g�]&j5_?j�^ce4h l&]=g�g

(1, 1)
¶��

• � 
�&)����� 	Y!�$�� 
���
�& � $'&�( � ��
 

�W$���
�� V�W�]PYa]=n3Yae4^0Yk\4^a]K[�gZ\4l&]|b!\@Y�f�]&j�e@^a]�´+Ya]=] ��X�oB� ��¶�\�n3b±_aW�]
e@f3Ya]=^cz	\�_aX�e4n3YN\4^a]�\�o1\�X�nKYaX�h�[�g�]{[3\�X�^0Y�e4j�l=]=g�g3l&e�e4^0b.X�n3\6_c]�Y��$V�W�]�^a]{\�^c]�Ç �.�5�	e4f3Ya]=^cz6\6_cX�e@n3Y=v6\@YNfB]=j�e4^c]4v
�{W3]=n�_aW�]-z@]=W�XZl&g�]�X�Y�X�n�\�n�`�n�h�e4n3Xs_ce4^c]�b�l&]=g�g(�

V�W�]?j�e@g�g�e6�{X�n�o~\4YcYa]=^a_aX�e4n3YT\4fBe@`._T_cW�X�Y�_a^0\4l0m�X�n�o<X�n3Y�_c\�nBl&]kl�\�n8f�]khP\4b�]4�{´+V�W�]�X�^�z4]�^aX�qBl=\�_aX�e4nPXZYTg�]&j5_�_ae
_aW�]-^c]�\@b.]=^|� ¶
å � ��z4]=^cw�e�_cW�]=^�e4f3Ya]=^cz6\6_cX�e@n8b.e�]�Y�n�e�_�n�]�l=]�YcYa\4^aX�g�wKb.]=_a]=^ch�X�n3]k_cW�]�Y�_c\�_a]�`�n�XZ§@`3]=g�w8\�n�w�h:e@^a]kfB]|l=\�`BY�]
_cW�]Ph�e4h�]=n1_c`�h XZY�n�e�_~b.X�^c]�l�_cg�w!e4f3Ya]=^cz6\�f�g�]Ke@^�`�n�XZ§@`3]=g�w!X�n.j�]=^0\�f�g�]�X�nuhP\�n�w!l�\4Ya]�Y��:£ke6��]�z4]=^|vIXsj
_cW�]rX�n�X�_aXZ\�g�Y�_0\6_a]Re�j�_aW3]rz4]�W�XZl&g�]8X�Y

(x, y, p)
�{W�]=^c]

(x, y)
\4^a]�_cW�]p´+X�n1_c]=^cX�e@^0¶-l=]=g�g�l=e1e@^cb�X�n3\�_a]|Y-e�j

\�h�e4n3Xs_ce4^c]�bul&]=g�gN_aW3]=n
(x, y)

�{X�g�gyfB]�_cW�]8Ya]=n3Yae4^�e4fBY�]�^az6\6_cX�e@np\4n3b±_cW�]=^c]��{X�g�gyf�]Pn�edh:e@^a]:_cW3\�n
]�X�o@W1_�Y�_0\6_c]�Y~´+fBe@`�n3b�\4^awdl&]�g�gZY?�{X�g�g�W3\	z@]�j�]=��]=^k_aW3\4n±]=X�o4W1_0¶�_aW3\�_�\�^c]<l&e@n3YaX�Y�_a]�n@_��{Xs_cW�_aW3\�_�X�n�X�_aXZ\�g
e@f3Ya]=^cz	\�_aX�e4n��

E���²�jk_aW�]dn�]= 1_PYa]=n3Yae4^Ke4f3Ya]=^cz6\6_aX�e4ntX�YK]=X�_aW�]�^�z4]=^a_aXZl=\4g�g�w�e4^:W�e4^cX�½=e4n1_0\�g�g�wu^a]�g�\�_a]|b�_ae
(x, y)

vTn3\4h�]=g�w
(x ± 2, y)

e@^
(x, y ± 2)

v�_cW�]=^c]-\�^c]�Y�_aX�g�g�ÃK[�e@YcYaX�f�g�]�l&`�^c^a]�n1_{Y�_c\�_a]|Y{Y�X�n3l&]���]-b.e�n�e�_{m�n�e6� \:[�^cX�e@^aX
�{W3]&_aW3]=^�_aW3]�l=`�^c^a]�n@_�Y�_0\6_c]:WB\4Y�j�e4`�^�e4j�_aW3]:[�e@YcYaX�f�g�]

∗2
e4^�j�e4`3^�e4j�_cW�]�[Be1YaYaX�f3g�]

∗1
h�e4h�]=n1_c`�h

l=e�e4^0b.X�nB\6_a]|Y=� Æ j�_cW�]!ÃuX�n3Xs_cX�\4gk[�e@YcY�X�f�g�]±Y�_0\6_a]|Y8\�nBb�Ã�[�e@YcYaX�f�g�]±l&`3^a^c]=n1_8Y�_0\6_c]�Y�_cW�]=^c]±\�^c]de4n�g�w
�±W�w1[�e�_cW�]�Ya]�Y~e4^�Y�_0\6_c]RYa]�§1`�]=nBl&]�Y<_aW3\�_KX�n3l&g�`3b.]R_aW3e@Ya]RÃ±[�e@YcYaX�f�g�]8X�n�X�_aXZ\�g{Y�_0\6_c]�Y~\4n3b}Ã![Be1YaYaX�f3g�]
l=`�^c^a]�n@_?Y�_c\�_a]�Y{l=e4n3YaXZY�_c]=n1_ag�w4�

Â � Æ nR_aW3]�e4_aW�]�^{W3\�nBb)v.Xsj�_aW3]�n3]& �_?Y�]�n3Y�e@^�e4f3Ya]=^cz6\6_aX�e4nRX�Y{b�X�\4o4e4nB\�g�g�w�^c]=gZ\6_a]|b8_ce
(x, y)

v�n3\4h:]�g�wPe@n�]
e4j

(x− 1, y− 1)
v
(x− 1, y +1)

v
(x+1, y− 1)

e4^
(x+1, y +1)

v�_cW�]=nr��]�m1n3e6�t_cW3\6_�_aW�]�b.X�^c]�l&_aX�e4n
hK`3Y�_~W3\	z4]Pl0W3\4n�o4]|buX�nxe@n�]Pe�j�_���e�[�e@YcYaX�f�g�]8\4b6¸�\4l&]�n1_�v�f�`._~`�n3h:e@n�X�_ae4^c]�b�v�l=]=g�g�Y����.]=]���X�o@`�^c]8Ã��
V�W3X�Y-g�]�\@b�Y�_aed_���ed[Be1YaYaX�f�g�]PY�_c\�_a]8Ya]�§1`�]=nBl&]�Y�j�e@^~\�n�w!b.XZ\�o@e4n3\4gNh:e6z@]=h�]=n1_|� �3`�^a_aW�]�^<h�e6z4]=h�]�n@_
\4g�e@n�o:_aW�]KYa\4h:]<b�X�\4o4e4nB\�g)h~`BY�_kf�]~l=e4n3YaX�Y�_a]�n1_?�{Xs_cWd_aW�e1Y�]-_���e�[Be1YaYaX�f�X�g�X�_aX�]�Yk\4n3bdY�e�_cW�]=^c]~\4^a]�n�e
h�e@^a]�W�w�[Be4_aW�]|Y�]|Y�o4]=n3]=^0\6_a]|bP_cW�^ae@`�o4Wdl&e@n1_aX�n1`3]�b�b.X�\4o4e@n3\�gIh�e6z4]�h:]�n1_�e4j�_cW�]-z4]�W�X�l=g�]@�

¥ ��V�W3]�^c]�\@b.]=^Nl=\4n~z@]=^cXsj�w�_cW3\6_Nf�w~l&e@h~f�X�n�X�n�o�\4n1w-n3e4n1_a^cX�z�XZ\�g1W�e4^cX�½=e4n1_0\�g1e4^Nz4]�^�_cX�l�\�g1h:e6z@]=h�]=n1_0Y$�{X�_aW
b�X�\4o4e4nB\�g1e4f3Ya]=^cz6\6_aX�e4nBY�Ya`3l0WK\@Y�e4`._cg�X�n�]�b:\�f�e6z4]�_aW�]�^a]��{X�g�g�n�]�z4]�^�f�]�h�e4^c]�_cW3\�nKj�e4`�^N[�e@YcY�X�f�g�]�Y�_c\�_a]
Ya]�§1`�]�n3l&]|Y�j�e4^?\4n1wre4f3Ya]=^cz6\6_aX�e4n�Y�]|§1`�]=n3l=]�_aW3\�_�f�]=o@X�nBY{X�n�\:h�e4n�X�_ae@^a]|bRl=]=g�g��

����²�j�_aW�]PX�n�X�_aXZ\�gTY�_c\�_a]�e�j�_aW�]�z4]�W�XZl&g�]:XZY
(x, y, p)

�{W3]=^c]
(x, y)

XZY�Ç��6«T\Rh�e4n�X�_ae@^a]|b!l=]=g�g�v$_aW�]�n!_cW�]=^c]
\4^a]�\�f�e4`�_

4N2 Y�_c\�_a]|Y{l&e4nBY�XZY�_c]=n1_��{Xs_cWr_cW�X�Y�X�n�X�_aXZ\�g)n�e@n.��e4f3Ya]=^cz6\6_aX�e4n$v4�{W�]�^a]�_aW�]�o@^aXZb8W3\@Y N ×Nl=]=g�g�Y��{´��u]km�n�e6��X�_�hK`3Y�_�fB]�X�n8e4n�]�e�j)_cW�]
N2/2

l=]=g�g�Y�n�e�_�fB]�X�n3o~h�e4n�X�_ae@^a]|bP\�n3bP_aW�]�h�e4h�]=n1_a`3h
l�\�n�fB]<\4n�w8e�jNÃ�[Be1YaYaX�f3g�]�z6\�g�`�]�Y�j�e@^{X�n1_c]=^cX�e@^�l=]=g�g�Yk\�n3brj�]=��]=^�_cW3\�n�ÃKj�e4^{f�e4`�nBb�\�^cwrl&]�g�gZY�� ¶

� ��V�W3]=^c]�l�\�n�n�]�z4]=^�f�]�_���e�b.X�³I]=^c]=n1_~Y�_0\6_c]8Y�]|§@`3]=n3l=]�Y��{X�_aWu_aW�]8Yc\�h�]�e4fBY�]�^az6\6_cX�e@npYa]�§1`�]�n3l&]�_cW3\6_
Y�_c\4^�_~\4n3bu]=n3b�X�n�_aW3]rYa\4h�]8Y�_0\6_a]Pe4j�_aW�]8`3n3b.]=^cg�w1X�n�o±Y�_c\�_a]PhP\4l0W�X�n�]@��V�W�]�^a]=j�e4^c]4v$_aW�XZY-]& �\4h:[3g�]
l�\�n�n3e�_{W3\	z4]�]& .[�e4n�]�n1_aXZ\�g)W�w�[Be4_aW�]|Y�XZY�o4^ce6��_aW��

�.��V�W3]-��e@^cY�_��¹l=\@Y�]�W�w1[�e�_cW�]�YaXZY�o4^ce6��_aW�X�n�_aW3X�Y{]= �\�h�[�g�]-X�Y{f�e4`3n3b.]�b�f�w
4N2 e4n�_aW3]-q3^0Y�_�_aX�h�]~Y�_a]=[

\4n3b-Ya`�f3Ya]�§1`�]=n1_cg�w�f�w�E �{e4n-gZ\6_c]=^�_cX�h�]�Y�_c]=[3Y���¢�e@^a]�e6z4]�^B_cW�]=^c]�\4^a]T[�e@YcYaX�f�g�]Te@f3Y�]�^az6\�_aX�e4n-Y�]|§1`�]=n3l=]�Y
�{W3]=^c]k_cW�]�n1`3h~f�]=^�e�j�W1w�[�e�_cW�]�Ya]�Y�l=\4nRe1Yal=X�g�g�\�_a]�e6z4]=^�_aX�h�]P´��{W�]�nr_cW�]�q3^cY�_{l&]=g�g)XZY�n3e�_{h�e4n�X�_ae@^a]|b
\4n3bP_cW�]�z4]�W�X�l=g�]�h�e6z4]|Y�X�nR\�Y�_a^0\�X�o4W1_�g�X�n�]|¶�\�nBbre4_aW�]�^�[�e@YcY�X�f�g�]�e4f3Ya]=^cz6\6_aX�e4nRY�]|§@`3]=n3l=]�Y��{W�]=^c]�_aW�]
n�`�hKfB]�^�e4j$W�w�[Be4_aW�]|Y�]|YTXZY�XZb.]�n@_cX�l�\�g�g�w å ´5_aW3]�h�e6z4]�h�]=n1_

(x, y)
_ae

(x + 2, y)
_ae

(x + 2, y + 2
¶�e6z4]=^

¥ _cX�h�]<Y�_a]=[BY{X�Y{\@l=l=e4`�n1_c\4f�g�]�f�wR\:`�n3X�§1`�]<Y�_c\�_a]-Y�]|§1`�]=n3l=]�X�n�_aW3X�Y{h�e.b.]�gZ¶&�
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2

1

1 2

n

n

��X�o@`�^a]xÃ3Ä¨V�W3]ue@n�g�w¨_���e¨[3\�_aW3Y�l=e4n3YaX�Y�_a]�n1_��{X�_aW�e4fBY�]�^az6\6_cX�e@n3Y
X, (2, 2), X, (3, 3), X, . . . , (n, n), X

�
� W3\�^0\4l&_a]�^ X

Y�_0\�n3b3Y�j�e4^.��n�e���e4f3Ya]=^cz6\6_cX�e@n 
0�-��W3]=nu_aW�]�z@]=W�XZl&g�]Pb.]=z�XZ\6_a]|Y�j�^ae@h°_aW�XZY<b.XZ\�o@e4n3\4g�[B\6_�_c]=^cn�v
_aW�]<\4h~f�X�o4`3Xs_�wrb�X�Yc\�[�[�]�\4^cY�l=e4h�[�g�]&_a]�g�w@�

V�W�]8l&e@n3l&g�`3YaX�e@npe4j�_cW�XZY~\�nB\�g�w�YaXZY�XZY�_cW3\6_<f�w±_c^aX�z�X�\4g�g�w!l=e4n3Y�_a^0\�X�n�X�n�o�_aW�]Pm�X�n�]=hP\6_cX�l�Y-e�j�_aW3]Pz4]=W3X�l=g�]
^a]�g�\�_aX�z4]~_ae��y �\�h�[�g�] å vI_aW�]:[�^ce4f�g�]=h¡f�]�l&e@h�]�Y�_a^0\4l0m6\�f3g�]:\4l=l=e4^0b.X�n�oP_ae�e4`3^�b.]=q3n�X�_aX�e4npe�jT_c^c\@l0m	\4f�X�g�X�_�w4�
²¹nR[B\�^a_aXZl&`�gZ\�^�_aW�]�n�`�h~f�]=^�e4j�[3\�_aW3Y�l&e@n3YaX�Y�_a]�n@_��{Xs_cW�\4n�wPo4X�z4]=nRY�]|§@`3]=n3l=]�e4j$e4f3Ya]=^cz6\6_cX�e@n3YTo@^a]|\6_a]�^�_cW3\�n
å XZY�g�]|YaY�_aWB\�n8e@^�]|§@`B\�gB_ae�\~l&e@n3Y�_c\�n1_|v@n3\4h�]=g�w

20
v�\6_�\�g�gB_cX�h�]|Y�\4n3b8l�\�n8X�n8j+\@l�_�e@Ycl&X�g�gZ\6_c]4�NV�W�]�n�`�hKfB]�^

e�jN[Be1YaYaX�f�g�]-Y�_c\�_a]�Y�X�j�_aW�]-X�n�X�_aXZ\�g�e@f3Y�]�^az6\�_aX�e4nrXZY{n�`�g�g)X�Yk\�f�e4`._
4N2 �

� 
 �/4 ��)����

• � ��$'��
�� ª Y{X�nR]= �\�h�[�g�] å �
• � �#&)
���$'����� ��� ª _�]|\4l0W±Y�_a]�[±_aW3]Kz@]=W�XZl&g�]~XZY�\4g�g�e6��]�b�_aeRhP\�m4]Ke4n�g�wde4n�]Ke�jy_cW�]~j�e@g�g�e6�{X�n�o8h�e6z4]|Y=Ä
`3[�vB^cX�o4W1_?e4^kY�_c\	wRX�n�X�_cY�l&`3^a^c]=n1_kl&]�g�g(�{V�W�]<n�e@^�_cW�]=^cndfBe@`�n3b�\4^awR[�^c]=z4]�n1_cY�j�`�^a_aW3]=^k`3[1��\�^0bRh:e6z@]�Y
\4n3bd_cW�]~^cX�o@W1_kfBe@`�n3b�\4^aw�[�^c]=z@]=n1_cYk^aX�o4W1_���\�^0bRh�e6z@]�Y��{��W�]=n�_cW�]:`�[�[�]=^�^aX�o4W1_�l=e4^cn�]=^?XZY�^a]|\4l0W�]|b
_cW�]-z4]�W�XZl&g�]�Y�_c\	w.Y�X�nR_cW3\6_kl=]=g�g)j�e4^?\4g�g�Ya`�f3Ya]�§1`�]�n1_�_cX�h�]|Y=�

• � 
�&)�����W� � ª Y�X�n�]= �\�h�[�g�] å �
�p]<l�\�ndY�_0\6_c]�_cW�]�j�e4g�g�e6�{X�n�o:j+\@l�_cY�Ä

å ��V�W3]=^c]?X�Y�e4n�g�w:e4n�]{_c^c\�¸�]�l&_ae4^cw-j�^ce4hº\�n�w�Y�_0\6_a]?_ae<X�_cYa]=g�j$\6_�b�Xs³I]=^c]=n1_�X�n3Y�_c\�n1_0YTe�j)_cX�h�]?e@nP_aW3]{_a^c]=g�g�XZY
o@^c\4[�W�����eBv�\4Yaw1h�[._ce�_cX�l�\�g�g�w@v�_aW�]-n�`�hKfB]�^{e�j�W�w�[�e�_aW3]�Ya]�Y�o4^ce6�?Y�\6_{h�e@Y�_?[Be@g�w�n�e@h�X�\4g�g�w4�

E�� � `3^aX�e4`3Yag�wrX�jN��]~Y�_a`3b�wr_cW�]<[�^ce4f�g�]=h e6z4]�^�_aW�]<q3n�X�_a]-_cX�h�]~W3e4^cX�½�e4n�v
t ∈ [0, T ]

v.j�e4^
T
e4j�_cW�]~Yc\�h�]

e@^cb�]=^�\@Yy_cW�]�n�`�hKfB]�^�e4j$l&]�g�gZY�X�n8_cW�]ko@^aXZb)v@_aW�]�nr��]�l�\�nPq3nBbrYa]�§1`�]=nBl&]�Y�e�j�e@f3Y�]�^az6\�_aX�e4n3YT_aW3\�_�g�]�\4b
_ceR\4n!]& .[�e4n�]�n1_aXZ\�g$o@^ae6��_cW�X�n!_aW�]:n�`�h~f�]=^�e�j�W1w�[�e�_cW�]�Ya]�Y�\4Y�g�e@n�oR\@Y

t ≤ T
��V�W3\6_�W3\�[3[B]�n3Y?j�e@^

]= �\�h�[�g�]<�{W�]=nd_cW�]~z@]=W�XZl&g�]-h�e6z4]|Y{`�[!\4g�e@n�o8\8b.XZ\�o@e4n3\4g�Y�e8��]~l�\�n�n�e4_kb.XZY�_cX�n�o@`�XZY�W±f�]&_���]=]�nd_���e
[�e@YcYaX�f�g�]-`�n�e@f3Ya]=^cz4]�b�Y�_c\6_c]�Y�f�]&_���]=]�nR_���e8Ya]=n3Yae4^�e4fBY�]�^az6\6_cX�e@n3Y{\�g�e4n3oK_cW�]<b.XZ\�o@e4n3\4g��TV�W�XZY{h�]�\4n3Y
_cW�]=^c]��{X�g�g�f�] ¥ [Be1YaYaX�f�g�]-Y�_c\�_a]-Y�]|§1`�]=n3l=]�Y�j�e@^ Â l=e4n3Ya]�l=`._aX�z4]-Ya]=n3Yae4^�e@f3Y�]�^az6\�_aX�e4n3Y�´5_cW3\6_?WB\	z4]�_���e
X�n1_a]�^ag�]�\	z@]�b�n�`�g�g�e@f3Ya]=^cz	\�_aX�e4n3Y0¶�v�Ã~Y�_c\�_a]�Y�]|§1`�]=n3l=]�Y�j�e4^ ¥ l=e4n3Ya]�l=`._aX�z4]�Y�]�n3Y�e@^�e@f3Ya]=^cz	\�_aX�e4n3Y�\�n3bRY�e
e@n��T��W�]�n�_aW�]-z@]=W�XZl&g�]-^a]|\4l0W�]|Y�_aW�]-f�e4`�nBb�\�^cwre4j$_aW3]<^a]�o4X�e4n�v1_cW�X�Yko4^ce6��_aWR]=n3b�Yk\�n3bR_aW3]-n1`3h~f�]=^
e4j�[�e@YcYaX�f�g�]�W�w1[�e�_cW�]�Ya]�Y�_cW�]=nd^c]=hP\�X�n3Y�l&e@n3Y�_c\�n1_|�

V�W�XZY~]= .\4h�[�g�]RY�W�e6�?Y<W�e6� _aW�]r\@Y�w�h�[._ce�_aXZlPf�]=W3\	z�X�e4^r´+X�n}_aW�XZYKl�\4Ya]PfBe@`�n3b.]|b3¶-hP\	wufB]Rz4]�^awub.Xs³I]=^c]=n1_
j�^ae@h·_a^0\�nBY�X�_aX�e4n3\4gBf�]=WB\	z1X�e4^�´�]= .[Be@n�]=n1_aXZ\�g5¶�� �kn�g�X�m@]��y �\4h:[3g�] å v�_cW�]���e@^cY�_��¹l=\@Y�]kn1`3h~f�]=^�e�j�W1w�[�e�_cW�]�Ya]�Y
o4^ce6�?Y�]& .[�e4n�]�n@_cX�\4g�g�wrX�n�X�_aXZ\�g�g�w�f�`._�X�Y�\4Yaw1h�[._ce�_cX�l�\�g�g�w8f�e4`3n3b.]�bdf�wd\Pl&e@n3Y�_0\�n1_?�{W�]�nd_aW�]<g�]=n3o�_aW�e4jN_aW�]
Y�]|§1`�]=n3l=]�e�jNe4f3Ya]=^cz6\6_aX�e4nBY�XZY{Ya`.©8l&X�]=n1_ag�wrgZ\�^co4]@�
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• � ��$'��
�� ª Y{X�nr_cW�]-[�^c]=z�X�e4`3Y�]= .\4h�[�g�]@v*�y �\�h�[�g�] Â �

• � �#&)
���$'����� ��� ª Y{X�n�_aW�]-[�^c]=z�X�e4`3Y�]= .\4h�[�g�]@v*�y �\�h�[�g�] Â �

• � 
�&)�����W� � V�W3]=^c]KXZY-\dY�]�n3Y�e@^�X�nu]�\@l0W!^ce6� e�j�_aW�]Po@^aXZb!\4n3b!X�_<l=\4npe@n�g�w!^a]�[Be@^�_�Xs_0Y�^ae6� n1`3h~f�]=^
�{W3X�l0W�XZY{]�§1`�X�z6\�g�]=n1_{_ae8_aW�]~b�X�Y�_c\4n3l&]-e4j�_cW�]<z@]=W�XZl&g�]�j�^ae@h¼_cW�]<n�e@^�_cW�]=^cndfBe@`�n3b�\4^aw@� ª l=l=e4^0b.X�n�o4g�w4v
\�Ya]=n3Yae4^�e4fBY�]�^az6\6_cX�e@n!l&e@n3YaX�Y�_cY�e�j�_aW�]�q3^0Y�_�e4j�_aW3]K_���edl&e�e4^0b.X�n3\6_c]�Y�e�j�_cW�]Pl&]�g�gNe.l=l=`�[�X�]�bpf1w±_aW�]
z@]=W�XZl&g�]4�yV�W�XZY�XZY{l&g�]�\�^cg�wPh:e.b.]�g�g�]�b�X�nRe@`�^�j�^c\4h�]=��e4^cm:f�wP_cW�]-hP\�[�[3X�n�oBv

L((x, y)) = x
�{W�]�^a]

x
XZY

_cW�]<Ya]=n3Yae4^�^c]=[�e4^a_�e4j$_cW�]<Y�]�n3Yae4^{X�nR^ce6�
x
�

�p]<l�\�n�hP\�m4]�_cW�]�j�e4g�g�e6�{X�n�o�\4YcY�]�^�_cX�e@n3Y�\�f�e4`._�_cW�X�Y?]& �\�h�[�g�]4Ä

å ����]|l=\�`BY�]K_aW�]Pl=e1e@^cb�X�n3\�_a]|Y�e4j�_cW�]Pz4]�W�X�l=g�]�l=\4n�n�e4_-b�]�l&^c]�\@Y�]@vIXs_<XZY�X�h�[�e@YcY�X�f�g�]:_aedW3\	z4]:h�e4^c]~_cW3\�n
e@n�]8_c^c\�¸�]�l&_ae4^cwue4nx_cW�]r_c^a]�g�g�XZYKo@^c\4[�W�_aWB\6_�¸�e4X�n3Y<_cW�]dYa\4h:]�Y�_0\6_c]�\�_:b.X�³�]�^a]�n1_:X�n3Y�_c\�n1_0Y~e4j{_aX�h:]@�
ª l�l&e@^cb.X�n�o@g�w@v@_cW�]<\4Yaw�h�[._ae4_aXZl�o@^ae6��_cWre4j�_cW�]-W�w1[�e�_cW�]�Ya]�Y{l�\�n�n3e�_{fB]-]= .[Be@n�]=n1_aXZ\�g(�

E����u]~l�\�n�Ya\	wRh�e4^c]<\�f�e4`._?_cW�]-q3n3Xs_c]-_aX�h�]<fB]�W3\	z�X�e@^{e�jN_aW3]<n�`�h~f�]=^�e�jNW1w�[�e�_cW�]�Ya]�Y�� ª YaYa`�h�]-_cW3\6_
_cW�]Pl&e�e4^0b.X�n3\6_c]�Y�e�j�_aW�]:X�n3Xs_cX�\4gTl&]=g�gy[�e@YaXs_cX�e@n!e�j�_aW�]:z4]�W�XZl&g�]:\4^a]

(a, b)
\4n3b�_cW3\6_�_aW3]=^c]:\4^a]

n − 1l=]=g�g�Y�Ya]=[3\4^c\�_aX�n�oP_aW3X�Y�[�e@YaXs_cX�e@n±j�^ce4h _aW�]:^cX�o@W@_�fBe@^cb�]=^|vBX(� ]@��v
(a, b + n − 1)

X�Y�\Rl=]=g�g�e@n±_cW�]K^cX�o4W1_
f�e4^0b.]�^�� � e@n3Y�XZb.]�^�_cW�]-j�e@g�g�e6�{X�n3o:Ya]�§1`�]�n3l&]�e�j T + 1

e4fBY�]�^az6\6_cX�e@n3Y�Ä
ζt = a

v.j�e4^
0 ≤ t ≤ T

�TV�W�`3Y=v
\@l=l=e4^0b.X�n3oK_ceP_aW3]KYa]=n3Yae4^?e@f3Ya]=^cz	\�_aX�e4n3Y�_cW�]<z@]=W�XZl&g�]<XZY?h�e6z�X�n�oPW3e4^cX�½�e4n1_c\4g�g�w8f�`._���]Kb.e8n�e4_km�n�e6�
W3e6�·h�\4n�w�_aX�h:]|Y:Xs_PY�_0\	w.Y~X�nt_cW�]dYa\4h:]�l&]�g�g{\�g�e4n3o±_aW3X�Y�^ce4`._c]4���u]dl�\�ntl=e4`�n1_:_aW�]�n�`�h~f�]=^�e4j
[�e@YcYaX�f�g�]~[B\6_aWBY?X�n�_aW�]Kj�e4g�g�e6�{X�n�or��\	w@�?»�]&_

mi
f�]K\8z6\4^aXZ\�f�g�]-_cW3\6_�b.]=n�e4_a]|Y{_aW3]Kn�`�hKfB]�^ke�j�Y�_a]�[3Y

_cW�]Pz4]�W�XZl&g�]:Ya[B]�n3b�Y-X�n�l&]=g�g
(a, b + i − 1)

�PV�W�]=^c]�X�Y-\�e4n3]&�(_ae���e4n3]Kl&e@^a^c]�Ya[�e4n3b.]�n3l&]KfB]=_���]�]=nu_aW3]
n�`�hKfB]�^{e�jN[Be1YaYaX�f�g�]�[3\�_aW3Y{l=e4n3YaXZY�_c]=n1_{�{Xs_cWR_cW�]-e4fBY�]�^az6\6_cX�e@n3Y�v

h(T )
v�\�n3b�X�n1_a]=o@]=^{Yae4g�`._aX�e4n3Y�_ce

{

m1 + m2 + . . . + mn = T + 1
mi ≥ 1

j�e@^?\�g�g
i .

V�W3]:n�`�hKfB]�^�e�j�Yae4g�`._cX�e@n3Y=v
h(T )

v�l=\4npf�]Pb.]&_c]=^ch:X�n�]|b!`3YaX�n�o�Y�_c\4n3b�\4^cb!h:]=_aW�e.b�Y�j�^ce4h l=e4hKf�X�nB\6�
_ce4^cX�l�Y�¤ å&¦ Ä

h(T ) =

(

T

n − 1

)

= Θ(T n−1) .

�u]~l�\�n�\�gZY�e8Ya]=]�_cW3\6_�\�n�wre4_aW�]�^?[Be1YaYaX�f�g�]KY�]|§@`3]=n3l=]-e�j
T + 1

l=e4n3Y�_c\4n@_?Ya]=n3Yae4^ke4f3Ya]=^cz6\6_aX�e4nBY��{X�g�g
o@X�z@]�^aXZY�]�]= .\@l�_cg�w�_ce�_aW�]<Yc\�h�]�n�`�h~f�]=^{e4j�W�w�[Be4_aW�]|Y�]|Y=�

V�W�XZY�XZY�\4nP]& �\�h�[�g�]ke4j)[Be@g�w�n�e@h:XZ\�g�o4^ce6��_aW�f�`�_�_aW3X�Y�o4^ce6��_aWPXZY�e6z@]=^�\4g�g3_aX�h�]�YaX�n3l=]?_cW�]kz@]=W�XZl&g�]kl=\4nrY�_c\	w
X�n�_cW�]<Ya\4h�]�W3e4^cX�½�e4n1_c\4g�g�X�n�]-X�nBb.]&q3n3Xs_c]=g�w4�


