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Abstract. We investigate the following problem: given a set of jobs ars®t of
people with preferences over the jobs, what is the optimglafanatching people

to jobs? Here we consider the notionpdpularity. A matchingM is popular if
there is no matchiniyl’ such that more people prefs¥ to M than the other way
around. Determining whether a given instance admits a popoatching and, if
so, finding one, was studied in [2]. If there is no popular itg, a reasonable
substitute is a matching whos@popularityis bounded. We consider two mea-
sures of unpopularity unpopularity factordenoted byu(M) and unpopularity
margindenoted byg(M). McCutchen recently showed that computing a match-
ing M with the minimum value ofi(M) or g(M) is NP-hard, and that i& does
not admit a popular matching, then we hay&) > 2 for all matchingsV in G.
Here we show that a matchirlg that achievesi((M) = 2 can be computed in
O(my/n) time (wherem is the number of edges i® andn is the number of
nodes) provided a certain graphadmits a matching that matches all people. We
also describe a sequence of grapHs= Hy,Hs, ..., Hy such that ifH, admits

a matching that matches all people, then we can compu@km,/n) time a
matchingM such thatu(M) < k—1 andg(M) < n(1-— %). Simulation results
suggest that our algorithm finds a matching with low unpopiyla

1 Introduction

The problem of assigning people to positions is a very comproblem that
arises in many domains. The input here is a bipartite g@ph (AU P, E),
where nodes on one side of the bipartite graph rank edgedeintcion them
in an order of preference, possibly involving ties. Thattie edge sef is
partitioned intoE; U E,... U E. We call 4 the set ofapplicants P the set of
posts and Z; the set of edges wittank i. If (a, p) € E and(a, p’) € E; with
i < j, we say that prefers pto p'. If i = |, thenais indifferentbetweenp and
p’. The ordering of posts adjacentdas calleda’s preference listThe problem
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is to assign applicants to posts thabjgimal with respect to these preference
lists.

This problem has been well-studied in economics literagee for example
[3, 13, 15]. It models some important real-world marketgjuding the alloca-
tion of graduates to training positions [7], families to gayment-owned hous-
ing [14], mail-based DVD rental systems such as NetFlixtdnses of these
markets are can be regarded as restricted stable marriagnaes [4, 6], in
which members of one side of the market (posts) are indiftdbetween mem-
bers of the other side of the market (applicants).

A matching Mof G is a subset oE, such that no two edges M share a
common endpoint. Various criteria have been proposed tsuneahe “good-
ness” of a matching. For example, a matchin@aseto-optimal[1, 3, 13] if no
applicant can improve his/her allocation (say by exchaggiosts with another
applicant) without requiring some other applicant to be seooff. There are
many Pareto-optimal matchings and so we need stronger til@isti a match-
ing is rank-maximal[8] if it allocates the maximum number of applicants to
their first choice, and then subject to this, the maximum nemtd their second
choice, and so on. Such a matching has the lexicographicakimum tuple
(n1,ng,...) wheren; is the number of people assigned to positions they respec-
tively ranki-th. A matching ismaximum utilityif it maximizesy  p)em Ua p,
whereu, p is the utility of allocating posp to applicanta. Note thatu, , would
be a function of the numerical rank theassociates with the edge, p). Thus
most of these criteria use the actual values or numericdsraxpressed by
applicants in their preference lists. Such criteria aralggsone to manipu-
lation by people lying about their preferences. Moreoviee, preference lists
only express the “relative” ranking of the options. Measgtihe optimality of a
matching as a function of the actual numerical ranks may adhb correct ap-
proach. One criterion that does not use numerical rangspsilarity. We define
it below.

We say that an applicaat prefersmatchingM’ to M if (i) a is matched in
M’ and unmatched iM, or (ii) a is matched in botiM’ andM, anda prefers
M’(a) to M(a) (whereM(a),M’(a) are the posts that is matched to ifM and
in M’, respectively).

Definition 1. M’ is more popular thaiM, denoted by N>~ M, if the number of
applicants that prefer KMto M is greater than the number of applicants prefer-
ring M to M’. A matching M igpopularif there is no matching Mthat is more
popular than M.

Figure 1 contains an example instance in whith {a;,a2,a3}, P = { p1, P2, Ps},
and each applicant prefers to p, andp, to p3. Consider the three symmet-
rical matchingsM1 = {(as1, p1), (a2, P2), (a3, Pa)}, M2 = {(au, p3), (a2, P1),
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(as,p2)} andMs = {(a1, p2), (a2, p3), (a3, p1)}- None of these matchings is
popular, sincevl; < M, M> < M3, andMs < Ms. In fact, it turns out that this
instance admits no popular matching, the problem beingtkieahore popular
thanrelation is not transitive.

a . P1 P2 P3
a : P1 P2 p3
az . P1 P2 P3

Fig. 1. An instance for which there is no popular matching.

The popular matching problem is to determine if a given instaadmits a
popular matching, and to find such a matching, if one exists.fiFst polynomial-
time algorithms for this problem were given in [2]: when tbare no ties in the
preference lists, the problem can be solve®{n-+ m) time, wheren=|42U 2P|
andm= |E|, and more generally, the problem can be solve®{m,/n) time.
The main drawback of the notion of popular matchings is thhahgnatchings
may not exist in the given graph. In this situation, it woulel desirable if we
can find some good substitutes of a popular matching. Thigzates our paper.

1.1 Problem Definition

In this paper, we assume that the input insta@Gcdoes not admit a popular
matching. Our goal is to computdeast unpopulamatching. We use two cri-
teria given by McCutchen [11] to measure the unpopularitg afatching. We
first need the following definitions.

Given any two matchingX andY in G, define@(X,Y) = number of appli-
cants that prefeK to Y. Let us define the following functions to compare two
matchingsx andY:

oY, X)/o(X,Y) if @X,Y)>0
AX,Y)=<¢1 if @X,Y)=0andg(Y,X)=0
0 otherwise.

and 3(X,Y) = @(Y,X) — o(X,Y).

Having the above functions, we can define thopularity factorof a
matchingM as:
uM) = ",]A"’,‘XA(M’ M’).
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Theunpopularity margirof a matchingM is defined as:

g(M) :rrRAa/lxé(M,M’).

The functionsu(-) andg(-) were first introduced by McCutchen, who also
gave polynomial time algorithms to computéM) and g(M) for any given
matchingM. A matchingM is popular if and only ifu(M) = 1 andg(M) = 0.
When G does not admit popular matchings, we are interested in ctnga
matchingM with a low value ofu(M). Supposei(M) < 2. Then such a match-
ing can be considered “reasonably popular” in a model whezesay that a
matchingM’ beatsanother matchindgv only when the number of applicants
who preferM’ to M is more than twice the number of applicants who préfer
to M’. If u(M) < 2, then no other matching can beatby the above rule. Note
that all the 3 matching®i, M», M3 described in Figure 1 have thairvalue
equal to 2 and theig value equal to 1. Let us now defineleast unpopular
matching.

Definition 2. A matching M which achieves the minimum value(® pamong
all the matchings in G is defined as the least unpopularitydiamatching in
G. Similarly, a matching that achieves the minimum value()gamong alll
matchings in G is defined as the least unpopularity margirchiag in G.

McCutchen recently showed that either computing a leasbpularity fac-
tor matching or a least unpopularity margin matching is N#fdhHe also showed
that the unpopularity factor of any matching is always aeget. Thus whers
does not admit a popular matching, the best matching in tefntse unpopu-
larity factor that one can hope for @ is a matchingM that satisfiesi(M) = 2.
Complementing McCutchen’s results, we have the followiag mesults here.

e Aleast unpopularity factor matching can be compute@(im,/n) time pro-
vided a certain graphl admits an4-completematching. An4-complete
matching means all nodes i are matched. Such a matchiMythat we
compute inH satisfieu(M) = 2.

e We also show a more general result. We construct a sequengeoifis:
H =Hy,Hs,...,Hy, ... and show that iHx admits an4-complete matching,
then we can compute @(kmy/n) time a matchingv such thatu(M) <k—1
andg(M) < n(1-2).

e We ran our algorithm on random graphs using a similar setup gg. Our
simulation results suggest that whénis a random graph, then for values
of k < 4, we see thaty admits an4-complete matching. Thus in these
graphs our algorithm computes a matchiMgvhose unpopularity factor is
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anumbek 3 and whose unpopularity margin can be upper boundet By
We also give a probabilistic analysis to upperbound thegoerénce of our
algorithm.

1.2 Background and Related Results

The notion of popular matchings was first introduced by Gafoles [5] in the

context of the stable marriage problem. It is well known tadry stable mar-
riage instance admits a weakly stable matching (one for vttiere is no pair
who strictly prefer each other to their partners in the migh In fact, there
can be an exponential number of weakly stable matchingssar@ardenfors
considered the problem of finding one with additional dds&groperties, such
as popularity. Gardenfors showed that when preferencedist strictly ordered,
every stable matching is popular. He also showed that whefemnce lists
contain ties, there may be no popular matching.

When only one side has preferences, Abraham et al. [2] galyaqial
time algorithms to find a popular matching, or to report norists. Recently,
Mahdian [9] showed that a popular matching exists with higdbpability, when
(i) preference lists are randomly constructed, and (ii) ihenber of posts is a
factor of a ~ 1.42 larger than the number of applicants. He in fact showed a
phase transition at, that is, if the number of posts is smaller thanimes the
number of applicants, then with high probability populartaéngs do not exist.

Manlove and Sng [10] generalized the algorithms of [2] to¢hse where
each post has an associategbacity the number of applicants that it can accom-
modate. (They described this in the equivalent context efithuse allocation
problem.) They gave a@(1/Cny 4 m) time algorithm for the no-ties case, and
anO((v/C + n;)m) time algorithm when ties are allowed, whergis the num-
ber of applicantsm, as usual, is the total length of all preference lists, @nd
the total capacity of all of the posts.

In [12] Mestre designed an efficient algorithm for thightedpopular
matching problem, where each applicant is assigned a fyrioriweight, and
the definition of popularity takes into account the pri@dtiof the applicants. In
this case his algorithm for the no-ties version 48+ m) complexity, and for
the version that allows ties, the complexity@$min(k,/n,n)m), wherek is the
number of distinct weights assigned to applicants.

Organization of the paperln Section 2 we describe the popular matching al-
gorithm from [2], which is the starting point of our algonith We then describe
McCutchen’s algorithm to compute the unpopularity factios given matching.

In Section 3 we describe our algorithm and bound its unpojtyléactor and
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unpopularity margin. In Section 4 we report our experimergaults. Section 5
presents a probabilistic analysis of our algorithm.

2 Preliminaries

In this section, we review the algorithmic characterizatbd popular matchings
given in [2] and the algorithm to compute the unpopularityer of a matching
as given by McCutchen.

For exposition purposes, we create a unique strictly-pesfierred post(a)
for each applicard. In this way, we can assume that every applicant is matched,
since any unmatched applicamtan be paired with(a). From now on, match-
ings are alwaysi-complete. Also, without loss of generality, we assume that
preference lists contain no gaps, i.eaifk incident to an edge of rarikthena
is incident to an edge of rank- 1, for alli > 1.

Let Hy = (AU P, 1) be the graph containing only rank-one edges. Then
[2, Lemma 3.1] shows that a matchiiy is popular inG only if MN‘E; is a
maximum matching oH;. Maximum matchings have the following important
properties, which we use throughout the rest of the paper.

M N ‘E; defines a partition aff U 2 into three disjoint sets: a node= AU P
is even(resp.odd) if there is an even (resp. odd) length alternating pathlin
(w.r.t. M N ‘£;) from an unmatched node to Similarly, a nodeu is unreachable
if there is no alternating path from an unmatched noda. tbenote byA/, O
and 4 the sets of even, odd, and unreachable nodes, respectively.

Lemma 1 (Gallai-Edmonds Decomposition)Let A/, O and U be the sets of
nodes defined by4+and MN E; above. Then

(@) A, O and U are pairwise disjoint, and independent of the maximum match
ing MN E;.

(b) In any maximum matching ofiHevery node irO is matched with a node in
A/, and every node iril is matched with another node iti. The size of a
maximum matching 0|+ |U|/2.

(c) No maximum matching ofiHtontains an edge between a nodedrand a
node inOU U. Also, H contains no edge between a node\fnand a node
in AU U.

Using this node partition, we make the following definitiofes each appli-
canta, f(a) is the set odd/unreachable posts amoasmost-preferred posts.
Also, s(a) is the set oa’s most-preferred posts amongst all even posts. We re-
fer to posts inJac4 f () as f-postsand posts inJ,- 25(a) ass-posts Note that
f-posts and-posts are disjoint, and thafa) # 0 for anya, sincel (a) is always
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even. Also note that there may be postgithat are neithef -posts nos-posts.
The next theorem characterizes the set of all popular magehi

Theorem 1 ([2]). A matching M is popular in G iff (i) MY E; is @ maximum
matching of H = (AU P, £,), and (ii) for each applicant a, N&) € f(a)us(a).

Figure 2 contains the algorithm from [2], based on Theorerfiordlsolving
the popular matching problem.

Popular-Matching(G= (42U P, E))
Construct the grapt’ = (2U P, Z'), whereZ' = {(a,p) :a€ A andp e f(a)us(a)}.
Construct a maximum matchig of H; = (AU P, E1).
/INote thatM is also a matching is'.
Remove any edge i@’ between a node i® and a node ir0OU U.
//INo maximum matching dfl; contains such an edge.
AugmentM in G’ until it is a maximum matching o&'.
ReturnM if it is 4-complete, otherwise retufimo popular matching”.

Fig. 2. An O(y/nm)-time algorithm for the popular matching problem (from [2])

2.1 McCutchen’s algorithm

Here we outline the algorithm given by McCutchen for compgtine unpopu-
larity factor of a matching. Given a matchihd, the idea is to find a series of
promotions (of applicants) at the cost of demoting one appli. The longest
such promotion path determines the unpopularity factohefgarticular match-
ing. Such a path can be discovered by building a directed Weiggraph on
the set of posts. We will refer to this graph as Basts-Graph G. The vertices
of Gy represent all the post® in the original graph. We add edges inB»
based on the following rules: (181 (p) denote the applicant to which pagsis
matched to in the matching)

— an edge with weight-1 is directed from posp; to p; if M(p;) prefersp; to
pi.

— an edge with weight 0 is directed from pgstto p; if M(p;) is indifferent
betweenp; andp;.

Note that there is no edge from to p; if M(p;) prefersp; to p;. The series
of promotions mentioned above is a negative weight pathigngtaph. To find
the longest negative weight path in this graph, we add a durertgxs with 0
weight edges frons to all posts. An algorithm which finds shortest paths from
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sources to all posts will give the longest negative weight patt@p. Existence
of a negative weight cycle implies that there exists a proonogequence with-
out any demotion and hence the unpopularity factor of thehiag) isc. Let us
assume that no negative weight cycles exist. Then all pests & 0 or negative
weight shortest path from the source. The post whose distiiom the source
is the “most negative” determines the unpopularity indexhaf matching\.
For details of the proof of correctness, refer to [11].

3 Our algorithm

In this section we describegreedystrategy to compute a matching®f whose
unpopularity can be bounded. Our algorithm is iterative imnelery iteration it
constructs a grapH; and a maximum matchingl; in H;. We show that ifVj; is
an 4-complete matching, them(M;) <i—1 andg(M;) < n(1—2/i).

We will first give some intuition before we formally describar algorithm.
Recall that the popular matching algorithm first finds a maximcardinality
matchingM; in the graphH; (whose edge set is the set of all rank 1 edges). The
algorithm then identifies all even applicants/posts udireg@allai-Edmonds de-
composition and adds the eddesp) whereais even ang € s(a) to the pruned
graphH; (all rank 1 edges between an odd noddHinand a node that is odd
or unreachable i, are removed froniH;). Note that each such edge, p) is
newto Hs, that is, such an edge is not already preserlirsince by Gallai-
Edmonds decomposition (part (iii)), there is no edge betwe® evenvertices
of Hi, and here botla andp are even irH;. In this new graph, call iH,, M1 is
augmented to a maximum cardinality matchMg. In caseM; is 4-complete,
we declare that the instance admits a popular matching.r@ige no popular
matching exists.

The idea of our algorithm here is an extension of the saméeglyaSince
we are considering instances which do not admit a populacmrag, M, found
above will not be4-complete. In this case, we go further and find the Gallai-
Edmonds decomposition of nodes k3 and identify nodes that are even in
Hi and inH,. A node that is odd or unreachable in eithér or in H, will
always be matched by a maximum cardinality matchinglirthat is obtained
by augmenting a maximum cardinality matchingHa. Hence the nodes that
are not guaranteed to be matched by such a matdfijnare the applicants and
posts that are even in bokfy andHo.

So let us now add the edgés, p) to H, wherea and p are nodes that are
even in bothH; andH, and among all posts that are even in bbthand Ho,

p is a most preferred post @ We would again like to point out that such an
edge(a, p) did not exist in eitheH; or in Hy, sincea and p were even irH;
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and inH,. We also prunéi, to remove edges that are contained in no maximum
cardinality matching oH, and call the resulting grapHs. We then augment
M to getM3 and continue the same procedure till we finally getianomplete
matchingM;.

We would now like to contrast our approach above with the apgin used in
the algorithm forank-maximamatchings [8]. In the-th iteration the algorithm
for rank-maximal matchings would add edges from an apptiadinat is even in
each of the previous iterations to a pashat was even in each of the previous
iterations if and only ifp was a rank post ina’s preference list. On the other
hand, our algorithm will add an edge from an applicathat is even in each of
the previous iterations to a pagthat is even in each of the previous iterations if
gis a’'s most preferred post among all such posts. Note that tHeahihe edge
(a,q) is not necessarily. Thus the absolute ranks in the preference lists are not
important and instead, what is important here is the redatirdering of posts
in each applicant’s preference list. Thus unlike in the ramdximal matching
algorithm, in our algorithm every applicaatthat has been even in all previous
iterations will have some new edge incident on it in b iteration.

With the above intuition, we are now ready to formally define &lgorithm.

3.1 The algorithm

We start withH, = (AU P, £;) whereZ; is the set of rank 1 edges. List; be
any maximum cardinality matching id;.

Initialize i = 1 and let all nodes be unmarked.
While M is not.4-complete do:
1. Partition the nodes of U 2 into three disjoint setsA, O, U;.
— 9 and O, consists of nodes that can be reache#ijrirom an unmatched node
by an even/odd length alternating path with respedftorespectively.
— U; consists of nodes that are unreachable by an alternatimgfigah any un-
matched node ihi;.
2. Mark all unmarked nodes i U U;.
3. Delete all edges dfl; between a node i@ and a node ir0; U U;
4. Add edgega, p) to H; where (i)ain unmarked, (ii)p is unmarked and (iiipis a's
most preferred post among all unmarked posts. Call thetiegudraphH; 1.
5. AugmentVj in Hi, 1 to get a new matchiniyli; 1 which is a maximum cardinality
matching ofH;_ 1.
6. i=i+1.

Fig. 3. An O(kmy/n)-time algorithm for finding am@—complete matching.

We note that once a post becomes odd or unreachable in aayatert gets
marked and hence it cannot get new edges incident upon ieisdbsequent
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iterations. We use this to show that the unpopularity faofdhe matching that
we produce is bounded I 1 if we find an4-complete matching in the graph
Hk. The running time of our algorithm is determined by the ldasuch that
Hy admits an4-complete matching. Since each iteration of our algorithkes
O(my/n) time, the overall running time ®(kmy/n), wherek is the least number
such thaHy admits an4-complete matching.

Before we prove our main theorems, we need the following difinthat
defines devel jpost for an applicard. A level 1 post for each applicant is just
its rank 1 post. But from levels 2, a levelj post for an applicant need not be
its rank j post.

Definition 3. A level j post for an applicant a is a post p such that (i) p is an
evenpostinhl...,Hj_1 and (ii) p is the most preferred post for a amongst all
such posts.

Theorem 2. If our algorithm finds an4-complete matching Min Hy, then
u(Mg) <k—1.

Proof. Let Mk be theZ-complete matching produced by our algorithm aker
iterations. We draw the posts gra@y corresponding to the matchimdx. The
unpopularity index oMy is the “most negative” distance of a vertex (post) in
G from the dummy source as described in Section 2. We now show that the
posts inGp can be partitioned int& layers (corresponding to tHeiterations)
such that all negative weight edges always go from higherbared layers to
lower numbered layers. If we show this, then it is clear tlatethere are only

k layers and all negative weight edges have weight the longest negative
weight path can be of length at mdst 1.

Let us partition the posts @, such that a post belongs to a laydfrit gets
marked for the first time in iteratioh Let p be a post that belongs to leviel
Recall that inGy there is a negative weight edge framto q iff My(p) strictly
prefersqto p. We now show that any such pagshould belong to a laygrsuch
thatj <.

First, note that an edge, p) is added to the graph at the end of the- 1)-
th iteration of our algorithm (for any > 1) only if pis a levelj post fora. Next,
note that since got marked in thé-th iteration, no new edges are ever added to
p in any of the subsequent iterations. Based on these two\@is®rs, we can
conclude that since the edg&y(p), p) exists inGy it has to be the case that
is a levell post forMg(p) for somel <.

That is, at the end of th¢ — 1)-th iteration, p was the most preferredn-
markedpost forMy(p). Hence all the posts thy(p) strictly prefers top were
already marked before/during tfieé— 1)th iteration. That is, these posts belong
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to layersj, wherej < /—1<i—1. Thusif(p,q) is a negative weight edge out
of p, thenqg belongs to layef, wherej < i.

Hence we have shown that all negative weight edges must gotiigher
numbered layers to lower numbered layers. This impliestth@tongest nega-
tive weight path in the grap@, corresponding tdy is at mostk — 1. In other
words,u(Mg) < k—1. 0

Theorem 3. If our algorithm finds an4-complete matching Min Hy, then
g(Mx) <n(1—%).

Proof. Let Mg be theZ-complete matching produced by our algorithm afer
iterations and leM be any otherZ-complete matching . Now let us con-
struct a weighted directed grapty similar to the posts grapB,. The vertices
of Hyp are all postsp such thatMy(p) # M(p). For every applicana we have
a directed edge fronvik(a) to M(a) with a weight of—1,0,+1 if a considers
M(a) better than, the same as or worse thd(a). Any postp that does not
belong toHy is matched to the same applicantNly as well as il and hence
the corresponding applicant does not contribute to the pulaoity margin. Fur-
thermore, it is clear that the sum of weights of all edgedjigives the negative
of the unpopularity margin by whickl dominates\.

First note thaH, is a set of disjoint paths and cycles. This is becatize,
can equivalently be constructed frdda= My & M by striking off applicants and
giving appropriate directions and weights to edges. Thuath |m S continues
to be a path irHp although it may no longer be of even length. The same is
true for cycles also. If a path or cycle consists of only 0 vaéigdges, then we
can drop such a cycle/path from the graph, since these edgestdaontribute
to the unpopularity margin. In addition, note that any cyatgpath cannot be
composed of only negative and zero weight edges, otherwesernpopularity
factor of M is o0, a contradiction. Hence we can assume that every cycle br pat
contains at least one positive edge.

Let p be any path or cycle iklp. Furthermore, lett and be the numbers
of —1's and+1's in p respectively. We define the function:

a—pB

number of edges ip

frac-margir{p) =

Let us try to bound frac-margip) for eachp. For the sake of simplicity, let
us first assume that the preference lists are strict. So #rerenly+1 weight
edges inHp. Thus frac-margifp) = (a —B)/(a + B). Since the unpopularity
factor of My is bounded byk — 1, it is easy to see that the unpopularity factor
of p is also bounded blg— 1 (refer to [11] for a proof), implyingr /B < k— 1.
ThusB/(a+B) > 1/k, anda/(a +B) < 1—1/k. Hence frac-margifp) for any
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path or cyclep is at most 1- 2/k. The contribution ofp towardsd(Mg, M) is
(number of edges ip)-(frac-margir(p)). This is at mosh, (1 — 2/k) wheren,

is the number of edges m Since a unique applicaatis associated with each
edge(My(a),M(a)) of Hy, it follows thaty n, < n. Thusd(My, M) <n(1—2/k)
whereM is any matching.

The proof for the case with ties also follows from the abovguarent.
Since 0 weight edges ip do not affect the numerator of frac-margir) and
only increase the denominator of frac-marg it is easy to see that frac-
margin(p) for a path or cyclep with 0 weight edges is dominated by frac-
marginp’) wherep’ is obtained fromp by contracting 0 weight edges. Thus
frac-margir{p) < 1—2/k and thusd(Mg,M) < n(1—2/k) whereM is any
matching. Thusnaxy (Mg, M) < n(1—2/k). 0

Corollary 1. Let G be a graph that does not admit a popular matching. If our
algorithm produces ari-complete matching M in glthen M is a least unpop-
ularity factor matching in G.

Proof. It follows from Theorem 2 that if our algorithm produces arpbgant
complete matchind/ in Hz, thenu(M) < 2. McCutchen [11] showed that the
unpopularity factor of any matching is always an integeudif G admits no
popular matching, then the lowest value udf) we can hope for is 2. Since
u(M) < 2, it follows that this is a least unpopularity factor mataii O

ai - pPipg---
a : P2pg---
az . P3P0
a4 pap1---
as : PaP1PsPeP7---
3 . Pap2PsPeP7 - -
az : P4P3PsPsP7---

Fig. 4. All preference lists are strictly-ordered.

Starting with the above corollary, it is tempting to push fhentier fur-
ther. Suppose that the algorithm gets‘rtomplete matchin@, in the graph
Ha (thusu(My) < 3). Can we also argue that it is impossible to achieve a bet-
ter matching? Unfortunately, this is not the case. In thevgta given in Fig-
ure 4, we show a problem instance, where our algorithm teatesin construct-
ing Mg = {(a1, p1), (@2, P2), (a3, P3), (a4, P4), (as, Ps), (86, Ps), (a7, P7) } IN Ha.

Howeverv the matChinM* - {(a17 p3)7 (a27 pg)J (a37 p10)7 (a57 pl); (a67 p2)7
(a7, p3), (a4, p4) } does achieve(M*) = 2.
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n=100 n=500
# rounds # rounds
k|t 2 3 4 k| t 2 3 4
0.05 4 (996 0.05 1000
0.2| 28 (972 0.2 1000
10| 0.5| 471|529 10|/ 0.5|176| 824
0.8 729|271 0.8| 62 | 938 n # rounds
1.0{1000 1.0{100Q 2 3 4
0.05 991 9 0.05 1000 10 585413 2
0.2| 3 (991 6 0.2 1000 25 1141|844 15
25|0.5|/138(861] 1 25(0.5 999 1 50 | 6 |962 32
0.8| 773|227 0.8| 93 | 907 100 952 48
1.0{1000 1.0{100Q 250 896104
0.05 94852 0.05 967 33 500 820180
0.2 1 (97821 0.2 994| 6 1000 667,333
50(0.5|158(83210 50| 0.5 997 3 1500 541,459
0.8| 793|207 0.8|104| 896 2000 320680
1.0{1000 1.0{100Q
0.05 95248 0.05 828|172
0.2| 2 (97325 0.2 942| 58
100 0.5| 148(836/16 100 0.5 98911
0.8| 783|217 0.8| 93 | 907
1.0{1000 1.0{100Q

Table 1. The left and middle tables show the number of instances mith100 and 500 nodes
respectively (out of a 1000 instances) that finish in rounghiper 2 (popular matching), 3 or 4 for
different values of the parametdrsandt. The table on the right shows the number of instances
(out of a 1000 instances) that finish in round number 2 (papuatching), 3 or 4 for fixed

t = 0.05,k = n and different values of the parameter

Itis easy to extend the above instance by adding applicadtpasts so that
the greedy algorithm takes as large number of iterationseaseatl even when
the instance admits a matching wittM) = 2.

4 Experimental Results

In this section, we present simulation results showing dhiatalgorithm is able
to find a matching with small unpopularity.

We follow the setting used in [2] so that our experimentaliissare com-
parable to those reported in [2]. The number of applicants@osts are equal
(denoted byn) and preference lists have the same lerigtExistence of ties is
characterized by a single parametevhich denotes the probability of an entry
in the preference list to be tied with its predecessor.

Table 1 contains simulation results for random graphs with 100 and
n = 500 for different values of parametedsndt. The table shows the number
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of instances (out of 1000 instances) that finish in some q4ati round of the
execution. Round 2 means that the instance has a populdnimgttt is easy to
observe that the difficult cases are the ones where we onky hdew tiest{(is
small). For a fixed value df ast decreases the algorithm requires more rounds
until it returns a solution. However, the good news are thaeiter takes more
than four rounds.

As Table 1 suggests, the difficult situation is whers large (roughlyn)
andt is very small (the preferences have few ties and these tesfasmall
length). We study this situation further by varying the v@abfn in order to see
whether our observations for= 100 andn = 500 are valid for larger values
of n. Let us remark that Mahdian [9] proved the following resifitthe right
side of the bipartite partition is slightly larger thass (.42 times) the left side,
then the instance has a popular matching with high proltal8ince we try to
identify difficult instances we keep the two sides of theitiart equal, which is
also the case in many practical situations, where thereaseimplus posts when
compared to the number of applicants.

Table 1 shows the number of rounds (again out of a 1000) thegjisred for
different values ohwhent = 0.05 andk = n, i.e., the graph is complete bipartite
and there only a few ties of very small length exist. The taiggests that as
increases the probability of terminating at the second ind ttound decreases
while the one of the 4th round increases. However, this imnobmpanied with
any increase in rounds larger than 4. Due to memory conséraia could not
continue the experiment for larger valuesmbut we conjecture that for larger
values ofn all instances will terminate in round 4.

Our experimental results are very promising. The algoritsehaves nicely
in practice, far away from a possible large approximation.

5 A bound on the number of iterations taken by our algorithm

In this section we probabilistically bound the number ofdtens our algorithm
takes to compute ad-complete matching. We show that, on random instances,
the expected number of iterations taken by our algorithnt im@st [Inn]. In
this section, we assume that each preference list is coenaiet has no ties in
it. Each preference list is a uniform random permutationtanget of all posts.
We also assume that the number of applicants is equal to tideruof posts,
and let us call this number.

We now describe our random experiment. Each applicant @gbsrmuta-
tion independently and uniformly at random from the set bpatfmutations on
the posts. For the sake of analysis, we view the experimenslightly different
manner as was done in [9]. Each applicant picks his/her firsice post inde-
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pendently and uniformly at random from the set of paBtdNe denote the set
of first posts thus picked by all the applicantslasif a post inL; is sought by
more than 1 applicant, then we arbitrarily assign this posirie of the appli-
cants seeking it. So the applicants that do not have a paghasisto them have
to try again in the next round whereas the| applicants who have found posts
do not pick any post in further rounds. So at the end of roundelare left with
n— |L1| unmatched posts and— |L;| unmatched applicants. It is easy to see
that the expected valugn— |L4] is

Eln— |Laf) =n(1- 1)<

@IS

Each of thesen — |L;| unmatched applicants further picks his/her level 2
post independently and uniformly at random fra@- L. This experiment is
identical to the experiment in the first round, except thatangoperating with
n—|L;| applicants and— |L1| posts instead af applicants and posts. In round
i, we will haven; applicants andy posts and each of these applicants picks
his/her level post independently and uniformly at random frah- {L; UL, U
---ULj_1}. Itis easy to see that the expected valugds n(1—1/n)"0-Y <
n/é~1. Thus at the end of roundnn] we expect to have no empty posts, that
is, we have a perfect matching.

Note that the number of rounds taken by the above experirseart upper
bound on the number of rounds taken by our algorithm, sincéhisimplicity
of analysis, in the above experiment in each round we asdigngost that is
sought by more than one applicant to arbitrarily one of thernereas in our
algorithm we make no such arbitrary assignment. Thus thebeunrof rounds
taken by our algorithm to find a perfect matching is possiblyctlower than
the number of rounds taken by the above experiment to findfagienatching,
as the experimental results attested. Note that we canladsothat the number
of rounds in the above experiment is with high probabitinn, for a small
constant, using Azuma'’s Inequality.
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