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structure is used. We are primarily concerned with the upper and lower hulls as entities, but due to
the nature of the algorithm, we will scan each hull left-to-right exactly once. This leads us to
conclude that a linked list of the vertices of each half-hull is the appropriate data structure. Once

again, a sample declaration is given below:

struct hullpoint {
float X /" X-coordinate of the point */
fioat Y 7 Y-cooridnate of the point */
struct hulipoint
*next; /* Link to the next hull point */

To save space in the final implementation, the edge intersection pass may later be
modified to examine segments which are pairs of hullpoints. There is only a small additional cost in
this. '

Regardless of the details of our component design, the most difficult coding problem is
posed by the larger data structures. Since all of the sweeping-line algorithms discussed are event
driven, it will be necessary for us to have some way to maintain a list which will a) atlow insertions in
O(logiN) time, and b} return the minimum element quickly (O(logN) time is sufficient). Any standard
priority queue algorithm will suffice here, though if the implementation is going to be using large
amounts of virtual memory, then it is best to choose one which causes relatively few page faults.
Heaps perform well in this repsect, and hence are a logical choice. Heap implermentations may be
found in many standard texts [Knu, Sed].

Alt of the algorithms discussed dynamically build up and break down large tree-like data
structures. Bentley and Ottman use threaded binary trees and McCreight makes use of treaps. In

both cases, if the structures are kept balanced, then it is easy to see that the depth of the tree (and
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hence the running times of most of the operations) is O(logN). Unfortunately, there is no guarantee
that this will be the case with random data. For both data structures, it is easy fo construct a
sequence of insertions which will cause the tree to have depth equal to the number of elements
inserted (i.e. to make the tree into a chain). This is unacceptable from any point of view since it
would cause the algorithm to run more slowly than even the naive solution. if the expected depth
were O(logN) then perhaps this would be acceptable, but there is no reason to believe that typical
polygonal inputs will have this propery, Thus, we must balance our data structures.

Bentley and Ottman use simple binary search trees to hold the segments. Thus any
balancing scheme which guarantees that the depth is O(logN) on search trees may be
implemented. AVL trees have this property [Knu], and coding implementations are wéH known.

Since the treap will be based on a red-black 2-3-4 tree, it seems sensible to base the
original free of segments on such a structure as well. Sedgewick and Guibas [SedGui] have
presented the actual code to do this, although the implementor should pay special attention to the
parameter passing mechanisms as their code seems 1o have some errors. To modify their code to
handle treaps one need only add a constant time check at each node to ensure that the secondary
pairs are properly updated. This may involve up to one call to each of DisposeSecondaryPair or
ExtractSecondaryPair as described in the algorithms presented in Section 2.4. This adds
nothing to the asymptotic cost of either insertions or deletions. The search operation is the same
except that both pairs must be checked at each node. This, too, causes no time penalty. The code
for DisposeSecondaryPair and ExtractSecondaryPair may be found in McCreight's paper
[McCr2], though the names there are DisposeP and ExtractP. The only changes necessary to .
these rautines involve changing the "look-up”s of pair values to calls to the EvaluateHullValue

routing. Also found in McCreight's paper are sample declarations for nodes and some discussion of
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how to easily handle the bookkeeping problems which result from the inclusion of the sec’c'.i.nda{y
pairs.

To complete our discussion of the implementation we must describe how to merge the
two passes of the algorithm. We note that the containment pass of the algorithm needs to maintain
a list of events which includes one insertion and one deletion per polygon as well as all of the
swapping events. Since there may be O(Nz) of the latter, it might be necessary to have O(Nz)
storage. However, we may perform both passes at once. If we store all of the segment insertion,
segment detetion, polygon insertion, and polygon deletion events in the list to begin with, then we
may proceed in the obvious way, performing the requisite operations on each data structure as
dictated by the events. We use Brown's improvement to guarantee that no mare than O(N)
segment swap events are inserted into the gueue. Now the only change necessary is to the _
HandleSegmentSwapEvent routine. In addition to swapping the two segments, it must
update the treap appropriately. The actions taken will depend upon the Type of the intersection, as
described in Section 3.2." If, in addition, this routine is responsible for reporting the segment
intersection, then we will have a list of the polygonal intersections in left to right order.

We conclude our discussion of the implementation of the general algorithm by noting
that there are a few details which the implementor must stili resolve. Depending upon whether the
input polygons are assumed to be open or closed, the order for tiebreaking among insertion and
deletion events must change. (If houndaries are to be included, then insertions should be done
before deletions with swaps/searches intermediate; otherwise, things should be done in the
opposite order.) In addition, care must be taken to include or exclude the endpoints of the

segments depending upeon the desired results. |



Section 4.3 - Implementation for Seis of Disjoint Polvgons

Whereas the description of the general algorithm hid all sorts of detalls from the
implementor, the coding of the algorithm presented in section 3.3 could not be more
straightforward. In this case, we need only keep track of segments, and the data structure involved
is a simple binary search tree. The segment structure given in the previous section is more than
sutficient for our needs here, and any tree implementation may be used. In this case, the search
key will be the y-value of the segmaent af the time of insertion, and it will be compared against the
current y-values of seg.ments already inthe tree. As before, it is possible to creats very unbatanced
trees and, thus, to guarantee optimal performance, the trees must be balanced. An AVL tree
implementation will be sufficient for this pumpose.

Unlike the previous algorithm, this ene need not maintain hulls. Each segment has a
field for the [D of the polygon to which it points, and "searching” is done only when the first segment
of a polygon is encountered. If the two segments returned by Locate are from the same polygon
then a containment is reported. Thus there are no changes o Mairson's original algoerithm other
than insertion of this check. (If we expand the input to include non-monotone polygons, then it is
not sufficient to check that the segments are from the same polygon; one must also chack for
inclusion. However, if an additional bit is stored with each segment indicating whether the interior of
the polygon is above or below that segment, then the check is still quite simple.)

Mairson's algorithm itself is straightforward to code, and thus, this one is as well.
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Section 4.4 - Implementation for Almost-isothetic Palvgons

When we studied the intersections of similar right triangles, trapezoids and other objacts
whose edges were constrained to only a few slopes, we didn't really design a new algorithm.
Rather, we noted that some of the work done by the general algorithm didn't need to be done in
these special cases and that the time savings could be derived simply by not doing this work. We
presented two technigues for extending the class of inputs for which we could construct optimal
solutions to the intersection problem.

The first technigue consisted of applying a linear transformation to the inputs. The
imptemé'ntation of this is quite straightforward and only involves multiplying segment endpoints by a
2x2 matrix.

The second technique involved using some larger number of treaps to hold the hull
data. Once again, the adaptation of our original algorithm is straightforward. One need only add a
"which treap" parameter to each of the access functions and then change the calfing routines to
cycie through the various treaps making the appropriate calls for each one.

in each of these cases, we then remove the code concerned with updating the treaps
from HandleSegmentSwapEvent (probably only a cail to DeleteTreap followed by a call fo
InsertTreap) and we will have a program which runs in optimal time.

Cther researchers have devised ways to potentially speed up certain parts of most of

these algorithms and these comprise the next chapter.
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Chapter 5
Other Relevant Work

There are basically two types of results which affect this work: techniques to speed up
either one or both of the passes of the algorithm, and algorithms for similar types of problems. We
begin our study of other results with the former.

One of the embarassing problems with Bentley and Ottman's algorithm is that if the
number of intersections is greater than O(szlogN), then the naive algorithm performs better than
the sophisticated one. Thus, various researchers have attempted to improve this result. Chazelle
[Cha] has reduced the time bound to O(N*!ogzN/IoglogN + ) using a data structure which he calls
a hammock. This approach is usetul for the edge intersection pass of the algorithrm, but does not
help to speed up the containment pass, and has the disadvantage that it is not possible to directly
integrate it into the sweeping line method, thereby forcing us to increase the space requirements.
Myers [Mye] has produced an algorithm which runs in optimal time for the average case, but is not an
improvement in the worst case. Although it is easier to incomorate this result into ours than was the
case with Chazelle's algorithm (simply due to the relative complexity of the data structures involved),
it is still necessary to use the two pass approach with the incumbent time penalty. Myers' approach,
however, would seem to lend itself more readily to generalization. Littfe work has been published
on speeding up the containmert pass of the algorithm.

Of the work which has been published on problems similar to this one, Swart's
dissertation [Swal, is certainly the closest to this one with respect to the problem attacked and the
solution techniques. Published as a technical report just after the algorithms of Chapter 3 were
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developed, Swart's work makes slightly different assumptions about the input polygons. He admits
a larger class of polygons by allowing all simple polygons. His first step, however, is to decompose
these polygons into "chains” which effectively break them up into separate monotone polygons (in
a manner not unlike the one we used to split trapezoids into rectangles and triangles). He defines a
data structure which he calls a multiple version tree which he searches in much the same way
that we search the treap. His overall time bounds are equivalent to curs as are his space bounds.

.“His approach is based more loosely on the sweeping line technique than ours is, but
this is due to the additional constraints which he has put on the problem. In addition, he reports
much more information about the structure of the intersections ‘thereby adding a "hidden" cost to
his compiexity similar to the one which we sometimes incur by reporting intersections more than
once.

Other results involve different generalizations of the initial problems. Guting and Wood
[GutWoo] have presented a divide and conquer approach to the rectangle intersection problem,
and Edelsbrunner [Ede1,Ede2] has shown how to generalize that problem to arbitrary dimensions
(at a cost corresponding of O(long} where d is the number of dimensions). Edelsbrunner [Eded]
has also studied the problem for k-oriented objects (objects which are the intersections of
oriented half-planes) in higher dimension, but his results yield no direct improvement for the
problem in two dimensions since there is an extra O(logN) factor involved.

The approach which our third set of algorithms takes, namely splitting the input set into
subsets of easy-to4soive problems seems not to have been generalized, probably due to the fact

that the costs quickly multiply to the point where even naive algorithms will run faster.
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No work has been published related to our generalization of Mairson's algorithm.
Finally, an as yet unpublished paper by Edelsbrunner and Guibas [EdeGui] describes a
way to sweep a curved line across a set of objects which may intersect. They report an O(Nz)

algorithm which may report O(Nz) intersections, but not in sorted order.



Chapter 6

Conclusions

intersection of geometric objects in the plane has applications in marny fieids including
graphics and VLSI design. Previous algorithms worked on line segments and isothetic
rectangles. This thesis includes algorithms which generalize the input set to monotone polygons
or, under certain additional restrictions, to simple polygons.

The problem for line segments has been solved in general in O{{N+)*logN) time and in
O(N*logN + I) time for certain restricted classes of input. Qur algorithms maintain these time
bounds. In addition, we have generalized each of the classes of line segmentsto a
corresponding class of polygons and shown that most of the algorithms generalize as well. Some
data structures (e.g. interval trees) had to be discarded, and some had to be modified {e.g.
treaps), but the algorithms themselves use the same general techniques as their predecessors

and run in the same amount of time. These results are summarized in the table below:

Class of Input Tim n
Vertically Convex Polygens O((N+1*logN)

of Bounded Edge Size

2 Lists of Disjoint Polygons O(N*logN + 1)

K Lists of Disjoint Polygons O{K*N*iogN + 1}
Similar Right Triangles O(N*lagN + 1)
Polygons Whose Edges O(Dz*N*iogN +1)
Are Constrained to One

of D Slopes
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Several problems remain open. The first of these relates to Chazellg's aigorithm [Cha].
One of the many contributions of his result is that it presented an algorithm which detects
intersections but does not necessarily have to "sor" the intersections. No such result has been
proven for polygons although it would seem that one should exist. (Note that Edelsbrunner and
Guibas' work [EdeGui] will not yield this result as their algorithms do not report the intersections in
sorted order.)

We have also modified McCreight's data structure in significant ways. Since the bounds
on the pairs may now vary, questions arise concerning how to update the pairs. We showed in
Chapter 4 that some types of "updates” do not change the treap, but others do. [t remains an
open problem to discover ways of performing these updates in better than O(logN) time.

Other, more obvious generalizations exist as well. One can ask for a Tist of intersecting
polytopes in three (or more) dimensions, or perhaps just for a count of the number of intersecting
pairs (in two or more dimensions). Lastly, one could ask for an overall time improvement to the
general algorithm, or an enlargement of the class of problems for which we have optimal

solutions.



Appendix

Worked Example #1 - Benfley and Otman's Algorithm

This example is meant to highlight some of the features of Bentley and Ottman's
algorithm for segment intersection. We note that Shamos' detection algorithm performs identically
until it terminates part way through. We note this point of termination as well. The aigorithm is being
run on the input set below. At each step of the algorithm, we present the tree of segments
intersecting the sweeping line (as a linear list). (Note that since no segment in our list has more than
one intersection, we will not see any cases where Brown's improvement is used. Worked Example

#3 has some such cases.)

Input Set for Bentley and Ottman’'s algorithm
Figure Wk - 1 '
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Action taken
Segment 2 inserted.
Segment 6 inserted.

2 vs. 6 checked.
Segment 1 inserted.

1 vs. 2 checked.

(Intersection detected.)

{Shamos' algorithm stops here.)

Segment 3 inserted.
2 vs. 3 checked.
3 vs. 6 checked.
Segment 4 inserted.
3 vs. 4 checked.
4 vs. § checked.

Segments 1, 2 swapped/reported.

1 vs. 3 checked.
Segment 5 inserted.

4 vs. 5 checked.

5 vs. 6 checked.
Segment 1 deleted.

2 vs. 3 checked.
Segment 4 deleted.

3 vs. b checked.

{Intersection detected.)
Segments 5, 3 swapped/reported.

2 vs. 5 checked.

3 vs. 6 checked,
Segment 2 deleted.
Segment 3 deleted.

Tree af

6-2

6-2-1

6-3-2-1

6-4-3-2-1

6-4-3-1-2

6-5-4-3-1-2

6-5-4-3-2

6-5-3-2

6-3-5-2
6-3-5
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5 vs. 6 checked.
Segment 5 deleted.
Segment 6 deleted.

Algorithm terminates.

{empty ires)



Worked Example #2 - Mairson's Algorithm

Mairson's algorithm is a bit more complex than Bentley and Ottman's, so a more
compiicated input set is used. Once again, we will present the actions taken by the algorithm, but
this time we will not present the two trees at each step of the computation. The sample data given
below is taken from Guibas' lecture notes [Gui], but the explanation there contains many errors.

They are fixed here.

Mairson's Algorithm
Figure WE-2 [Gui, p. 6-11]

Segments ty, ty, 4, tg, Sg, 84 Inserted.
intersection 1384 reported; Segment t4 deleted.
Segment s, inserted.
Segment t, found in t4-sg cone.
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Intersection 1185 reported; Segment sq split.

Segment ty inserted.

Segment s4 found in 85-14 cone.

Intersections solg, Soty, Splp, Soty reported; Segment s, split,
Intersections sgtg, saty reported; Segment s4 split.
Intersections s4lg, s4ty reported; Segment s, split.
Segment s4 inserted.

Segments t4, t, deleted.

Segments tg, t7, 15 inserted.

Intersections t5s4 reported; Segment t; deleted.
Segment tg found in 15-3, cone.

Intersections tgsy, {584 reported; segment tg split.
Intersection tys, reported; segment t split.

Segment tg inserted.

Segments ty, tg, 54 deleted.

Intersection sotg reported; segment s, deleted.
Intersections satg, S5ty reported; segment 83 deleted.
Intersections sytg, s4t7 reported; segment s4 deleted.
Segments tg, 1+, tg deleted.

Algorithm terminates.



Worked Example #3 - Polvgeon Intersection Using Treaps

As was the case with Mairson's algerithm, we will not show the actual data structures at
any given time, but father we list the "evenis” that occur as we pass the sweeping line through our
input set (given below). In addition, for this implementation, we will use Brown's improvement to the
segment intersection algorithm which allows only one "swap event” to be stored for each edge.
(Note: the term "segment tree" is used here to mean the tree of segments and should not be

confused with the "interval/segment tree” of Section 2.4.)

General Polygonal Intersection Algorithm
Figure WE -3

Determine that Polygon A doesn't overlap with anything already in the treap.

Insert Polygon Ainto the treap.

Insert Segment A5 into the segment tree.

Insert Segment A1 into the segment tree.

Determine that Polygon D doesn't overlap with anything already in the treap.
70
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Insert Polygon D into the treap.

insert Segment D3 into the segment tree.

Insert Segment D1 into the segment tree.

Insert Swap Event D1-A5 into queue.

Update the treap for the D1-A5 swap.

Delete Segment A1 from the segment tree.

fnsert Segment A2 into the segment tree.

Swap Segments D1 and A5 in the segment tree.

Delete Segment D1 from the segment tree.

Insert Segment D2 into the segment tree.

insert Swap Event D2-A5 into the queue.

Determine that Polygon C is contained in Polygons A and D. (Note that C/D is actually a false
containment.)

Insert Polygon C into the treap.

Insert Segment C3 into the segment tree.

Remove Swap Event D2-A5 from the queue and insert Swap Event D2-C3 into the queue.

insert Segment C1 into the segment tree.

Remove Swap Event D2-C3 from the queue and insert Swap Event D2-C1 into the gqueue.

Update the treap for the D2-C1 swap.

Swap Segments D2 and C1 in the segment tree.

Insert Swap Event D2-C3 into the segment {ree.

Update the treap for the D2-C3 swap.

Swap Segments D2 and C3 in the segment tree.

Insert Swap Event D2-A5 into the queue.

Update the treap for the D2-A5 swap.

Swap Segments D2 and A5 in the treap.

Delete Segment A2 from the segment tree.

Insert Segment A3 into the segment tree.

Determine that Polygon B doesn't overlap with anything already in the treap.

insert Polygon B into the treap.



Insert Segment B4 into the segment tree.

Insert Segment B1 into the segment tree.

Delete Segment D3 from the segment tree.
Delete Segment D2 from the segment tree.

Delete Polygon D from the treap.

Delete Segment C1 from the segment tree.

Insert Segment C2 into the segment tree.

Delete Segment C3 from the segment tree.
Delete Segment C2 from the segment tree.

Delete Palygon C from the treap.

Delete Segment B4 from the segment tree.

Insert Segment B3 into the segment tree.

Delete Segment A3 from the segment tree.

Insert Segment A4 into the segment tree.

Delete Segment B1 fram the segment tree.

Insert Segment B2 into the segment tree.

Delete Segment B3 fram the segment tree.
Delete Segment B2 from the segment tres.

Delete Polygon B fram the treap.

Delete Segment A5 from the segment tres.

Delete Segment A4 from the segment tree.

Delete Polygon A from the treap.

Algorithm terminates.
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Worked Fxample #4 - Disjoint Lists of Polygons

Our fourth worked example shows the algorithm described in Section 3.3. Since
shielding is broken in the same way as in Mairson's normal algorithim, the test data this time has been
chosen in such a way as to avoid that. We simply list the actions of the algorithm on the data set

below.

SA4

Intersection of Disjoint Lists of Poiygons
Figure WE - 4

Insert Segment SA1 info the S tree.

Determine that the left endpoint of SA is not in any T-Polygon.

Insert Segment SA4 into the S tree.

Delete Segment SA4 from the S tree.

Insert Segmemnt SA3 into the S free.

Insert Segment TA1 into the T tree.

Determine that the left endpoint of TA is ingide SA and report the intersection.
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Insert Segment TA3 into the T tree.
Delete Segment TAT1 from the T tree.
insert Segment TA2 into the T tree.
Insert Segment SB1 into the S tree.
Determine that the left endpoint of 8B is not in any T-Polygon.
Insert Segment SB3 into the S tree.
Delete Segment SA1 from the S tree.
Insert Segment SA2 into the S tree.
nsert Segment TB1 into the T tree.
Determine that the left endpoint of TB is inside SA and report the intersection. (Note that
this is a "false containment".)
Insert Segment TB4 into the T tree.
Delete Segment TAZ2 from the T tree.
Delete Segment TA3 from the T tree.
Delete Segment SB3 from the S tree.
Insert Segment SB2 info the S tree.
Delete Segment TB4 from the T tree.
Discover the TB4-SA3 intersection.
Insert Segment TB3 into the T tree.
Delete Segment TB1 from the T tree.
Discover the TB1-SA2 intersection.
Insert Segment TB2 into the T tree.
Delete Segment SA2 from the S tree.
Delete Segment SA3 from the S tree.
Delete Segment SB1 from the 8 tree.
Delete Segment SB2 from the S tree.
Delete Segment TB2 from the T tree.
Delete Segment TB3 from the T tree.

Algorithm terminates.
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