









































































































































for congruence closure and by using a more sophisticated matching
technigue. Hoffmann and O'Donnell [HOB2a] discuss patterm matching in
trees and present several different algorithms that are faster than the
naive method suggested here. However, because the term graph is possibly
cyclic, not all the algorithms they present are applicable.

It is not possibie to bound the running time of Program NFs, Program
NFp, or Prgram NFo in terms of the size of the inputs. For any total
recursive time bound T we can find a regular term rewriting system and a
term D with a normai form such that the time it takes for one of these
programs to find the normal form for D is greater than T(n) where n is the
size of D plus the size of the term rewriting system. This is because we
can write axiom schemata that simulate a Turing Machine.

We can, however, compare Program NFo with an implementation of SR
(Straight Reduction). We assume SR reduces every outermost redex on
each cycle through its main loop.  Intuitively, Program NFo shouid not
require much more time than SR They both go through the same basic
steps:

0. Let D be the term fo be reduced to normal form.

1. Examine the current version of D. For 5R this is a single term. For

Program NFo this is the primary term corresponding to D.

2. Find all axiom instances that reduce outermost redexes of the

current version of D, If there are none then halt.

3. Apply the instances from step Z and go to step 1.

Intuitively, steps | and 2 are almost the same for SR and Program NFo,
so we will ignore the time spent on those steps. The major difference
between the two programs is in step 3.

By implementing 5K so that pointers are used to indicate the subtrees

substituted for variables in the axiom schemata, each reduction can be

46



done In constant Lime; thus, the total time spent on reductions is O{r)
where r is the number of reductions done.

Using the straightforward implementation of the Congruence Closure
Algorithm given in Section 4, the total time spent doing reductions by
Program Nfo is 0(e?) where e is the number of edges in the final term
graph. Since each reduction produces a bounded number of new edges (the
bound depends on A), Program NFo spends olrd) time doing reductions
where 15 the number of reductions done.

This could be improved to time O(r log r) by using the faster congruence
closure algorithm of Downey, Sethi, and Tarjan [DSTB0L, but, even with the
faster algorithm, it seems that Program NFo takes longer. However,
Program NFo has two advantages over SR
1. Since DCC remembers each axiom instance used, Program NFb may not

need to do as many reductions as SR
2. Program NFb can recognize certain cases where no normal form exists.

Unfortunately, there are examples for which it is a disadvantage to
remember each instance that s used,

Example, A 3y mpdpmd. . e o3
20 by=sboms. =D =D
3 g% e g0 me .. we g (X) = 00
4 h(a,Xmhib,g,(b))

S: b, X)=sb
6 gOmsf(GS0X)), (LX)

The last schema here is the trouble maker Each time it is used, it
produces four new classes and two new places where it can be applied;

thus, it causes an exponential growth in the number of classes. Using SR
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with an outermost strategy on nla;g,(b), both &'s and ¢g's would be

reduced, producing ha,glb}) after n cycles through the main loop {(2n
reguctions). At this point schema 4 can be applied, producing iib,,g,(b)),
and the process beging again using b's instead of a's. This finally produces

h(b,glb}) which, using schema 5, reduces in ong step to b, for a total of

2r+2 cycles through the main loop and 4n+2 reductions,

If Program NFo is used, the reduction sequence ¢;(b) =» go(0) = ... =
gntb) = gb) is remembered; thus, instead of repeating that sequence after

reaching hib,,g,(b)), the program knows that it can instead use h(b,,g(b)).

This turns out to be a disadvantage because schema 6, the schema that
causes exponential growth, can now be used Though the number of cycles
through the main loop 18 just 2Zn+2, the number of reductions done is
3ne 120

we believe that pathological examples, such as this one, do not often
occur in practice. Some experimentation IS necessary to determine if the
advantages of Directed Congruence Closure outweigh the slowdown that

may occur for certain pathological sets of axiom schemata.
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8 Proving tquivaience of Terms
Unfortunately, outermost reduction sequences cannot be used o prove
eguivalence of terms because the correct axiom instances might never be

found.
Example. A FCO=sf (T(XD)
el
Starting with f(a) and f(b), outermost reductions only increase the number
of f's without ever using the instance a=sb. The reduction a=sb is 2
necessary step to prove f(a) equivalent to f(b),
The following program (similar to Program NFp) will work, but, like

Program NFp, may do some unnecessary reductions.

Program ET:
input: A, aregular sel of axiom schemata;
A and B, terms to be tested for A equivalence;
pegin
S = signatures derived from A and B;
foop
T := the primary term of the class of A;
U= the primary term of the ¢lass of B;
H = all axiom instances of A that apply to T or U;
J = all axiom instances of A that apply to some primary ferm;
exit loop if (class of A = class of B)
or {J=4a)
or ({(H = @) and (T is in A normal form))
or ((H = @) and (U is in A normal form));
CLOSE(J);
end loop;
ifclassof A=classof B
then A and B are A equivalent;
else A and B are not A equivalent;
end.

Recall that a primary term is in A normal form if it contains no unlabeled
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vertices and no cycles and if no axiom schemata apply. Thus, the exif test
for the loop is not difficult, although a number of details need to be
considered.

Taken in order the exit tests are, intuitively, (1} quit if we have
already discovered the terms are equivalent, (2) quit if no useful work can
be done, and (3, 4) quit if one term has a normal form and the other term
cannot be further reduced toward a normat form. Note that test 3 includes

the case where normal forms have been found for both ferms.

Theorem 8.1. Let A be a regular set of axiom schemata [f A=B then
Program ET will find a proof. If both A and B have A normal forms and
if A=,B then the Program ET will show A=,B.

Proof. Similar te the proof of Theorem 7.2.1. O

Corollary 8.2, Let A be a reqular set of axiom schemata If A-3,C inm

steps and B-—:»&C in n steps then Program ET will prove A=,B within

max(m,n} cycles through the main loop.
Proof. See the proof of Theorem 7.2.1. O

Program ET is particularly usefui for showing A=,B when A and B do not

have normal forms. Other methods get into problems of the Toliowing sort.

A, the current version of A, is different from B;, the current version of B,

but is the same as some older version of B thal has been thrown away. The
equivalence of A and B may not be detected, since the A's may never ¢atch
up with the B's. Directed Congruence Closure aveids this probiem by
representing all intermediate reduction steps in a compact and easily
handled form.

An analysis similar to that presented for Program NFo shows that if
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Program ET halts then the time it takes is at most 0(e?) where e is the

total number of edges among all the signatures used by the program. This
should be contrasted with the time 1t takes to prove A=,B using CCA (the
Congruence Closure Algorithm). 1f the input to CCA is the same as the set
of axiom instances chosen by Program ET then the time it takes to prove
A=,B is either 0(e?) using the simple implementation given in Section 4 or
Ole log ) using an implementation as in [DSTBOL Of course, Program ET is

abie to choose appropriate axiom instances while CCA must be given the

axiom instances as input,

(]



9 Conclusions

Directed Congruence Closure (DCC) has several advantages over other
algorithms for working with regular term rewriting systems (systems
that are unequivocal, nonoveriapping, and have no repealed variables on the
teft). In particular, the data structure it uses allows DCC to remember
each reduction that is done; thus, no reduction is ever repeated For
finding normal forms, DCC has the advantage that it will often recognize
that no normal form exists in cases where other algorithms continue
working to find a nonexistent normal form,

For proving the equivalence of terms, DLC retains a compiete history of
the versions of each term. Other algorithms can retain only a current
version of each term; thus, there is the possibility of terms that are
equivalent, but the versions thal agree are never in memory at the same
time. DCC allows all versions of each term to be retained in a compact
data structure in which equivalent terms can be easily detected.

A particularly useful concept used in this work is that of the closure of
a set of axiom instances. If A is a regular set of axiom schemata and if K
is a set of axiom instances of A then K, the closure of K with respect to A,
is the smallest closed set of axiom instances containing K. The properties
of K that are most useful are:

1. Forany terms Aand B, A=,B iff A=g B,

2. K has the confiuence property.
This concept is a major tool used both here and in [Ch81] where it is used
to determine sufficient conditions for normal forms in term rewriting

systems with repeated variables.
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