










































































components have been promoted. They may not have been contracted, though. In
the final part of the phase:

All components are contracted to rooted stars, and representatives are identi-
fied.

Edges are renamed by their new endpoints.
All internal edges are identified and nullified.

All multiple edges are identified. One of them is kept as useful while the rest
are nullified as redundant. This is done as follows: First, we sort the edge list
of each component in lexicographical order. We note that there are optimal
sorting algorithms for both the CREW PRAM model [Col88, AKS83, Hag87]
and the CREW PPM model [GK89] that run in O(lgn) time. Then, blocks of
redundant edges are identified and nullified. This step takes O(lgn) time using
M PrOCESsors.

The edge-list of each component is prepared by deleting all the null edges.

Each of these steps take O(lg n)} parallel running time. So, the total running time
of the algorithm is O(1g*/* n) using at most n +m CREW PRAM processors.

7

The Algorithm

The important ideas have been presented in the previous sections. We now present
the algorithm in detail.

In the beginning, each component contains a single vertex v € V of the input
graph G = (V, E), so we initialize by setting root(v) to true for each v € V. We
also form the edge-list of each component. Then, we perform the procedure phase
imaz = |V1gn ] times. Finally, we execute procedure component identification,
after which the vertex set V' has been divided into a number of equivalence classes

CCr={viveVandplv)=v}, ke ld

containing the connected components.

Procedure phase

1.

{ Initialization }
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for each vertex v do in parallel

if root(v) then not(promoted(v))
stage(v) « 0
mate(v) «— v

. { Component Promotion }

fori —1to [Ign] do

execute stage(i).

CoMMENT: This step tries to promote the components to the next phase. At
the end of this step, each component is either promoted or done. Each stage

takes time O(/lgn ).

. { Contract the pseudoforest to rooted stars }

for each vertex v such that not(root(v)) do in parallel
bold(v) « td(v) < id(p(v))

for i — 1 to [a-lgn] do
for each vertex v in parallel do
v executes the appropriate CR rule

COMMENT: At the end of the last stage components were rooted stars, rooted
trees or pseudotrees. This step gives enough time to the last two categories to
become rooted stars before they enter the next phase. First we execute the rule
enabling step and then apply the CR rules.

. { Rename edges and identify internal edges }

for each edge (v,w) in parallel do
rename (v, w) to (p(v), p(w))

for each edge (v,v) in parallel do
null(v,v)

COMMENT: Internal edges of rooted stars are easily recognized and nullified.
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5. { Identify redundant edges }

Run list-ranking [Wyl81] on the edge-list of each component to find the distance
of each edge from the end of its list.

Copy each edge-list in an array using as index the results of the list ranking.
Sort the array [Col88, GK89] and use the results to form a sorted linked list.

COMMENT: The sorting places all multiple edges in blocks of consecutive iden-
tically named edges.

for each edge (v,w) in parallel do
if next(v,w) = (v,w) then null(v,w)

COMMENT: The last edge in a block of consecutive edges having identical (v, w)
names is kept as useful. The rest nullify themselves as redundant. Since the
useful edge (v,w) found in L{v) may, in general, differ from the useful edge
(w, v} found in L(w), some care must be taken for the fwin function to be
recomputed correctly. Step 7 below takes care of this.

6. { Remove internal and redundant edges. }

for j — 1 to 2[lgn] do
for each edge ¢ do in parallel
if null(next(e))

then next(e) « next(next(e))

CoOMMENT: This step tries to remove blocks containing up to B? consecutive
null edges. However, if the first edge, say e, on some list L(v) was null, it has
not been removed. This is so because no pointer jumped e,.

for each vertex v such that root(v) in parallel do
if null( first{ L{v)))
then first(L(v)) « next(first(L{v)))

CoMMENT: This step explicitly removes any null e, from first(L{v}). The
remaining edges satisfy Invariant 1.

7. { Recomputation of the twin function. }

for all useful edges (v,w) in parallel do
let (v, w') = next(v, w)
(v, w) writes its address to prev(v’,w’)
twin{v,w) — prev{next(twin(w,v)))
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CoMMENT: This final step recomputes the turn function of the useful edges
(v,w) in constant time as follows: First, observe that, after removing redun-
dant edges from an edge-list, all edges named (v,w), useful and redundant,
point at the same location. This location is the edge (v’,w’) that comes lexi-
cographically after (v,w). The useful edge (v,w) passes its address to a field
prev(v’,w'}. From there, the useful edge (w,v) reads it, by following pointer
nezt(twin(w,v)).

Procedure stage(i)

1. { The hooking step }

for each active vertex v such that reot{v) and not(promoted(v))
do in parallel
let {(z,y) « first(L{v))
if (z,y) = nil then done(v)
else if z 5 v then promoted(v)
else if (z,y) = (v, w) and null(v, w)
then promoted(v)
else mate(v) — w
plv) & w
not(root(v))

COMMENT: Roots of still active and possibly unpromoted components try to
pick an edge from their edge-list. If there is no edge in L(v), i.e. first(L(v)) =
ntl, its component is not connected to any other component and it is done. If
¢ # v then p(z) # v, then d2 > B. This indicates that v was the root of a tree,
not a star. If the edge found was null, v’s component had more than B? null
edges and therefore more than B vertices. In the last two cases, r’s component
is promoted. Otherwise, v can hook to its mate vertex w.

2. { Pseudotree contraction }

for each vertex v such that not(root(v)) do in parallel
bold(v) « id{v) < vd(p(v))

for j « 1to [a/lgn] do
for each vertex v do in parallel
v executes the appropriate CR rule
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COMMENT: First we execute the rule enabling statement and then apply the
CR rules for [a/Ign] times, which forces all components with fewer than B
members to become rooted stars. Observe that after this step components with
more than B members may become rooted trees or non-rooted pseudotrees.

This step takes O{+y/lgn ) time.

3. { Root recognition step }

for each vertex v such that p(v) = v do in parallel
root{v)
mate(v) « v
if stage(v)=¢—1
then stage(v) —1
else promoted(v)
next(twin( first(L(r)})) « next(last(L{r)})
next(last(L(r))) « nil

CoMMENT: The new roots of the newly formed trees or stars identify them-
selves. If root v was also root in the previous stage, its component may still
be unpromoted. But, if there was at least one stage j : stage(v) < j < ¢ dur-
ing which v did not hook, then during stage j vertex v belonged to either a
busy component or a rooted tree with height more than B that had an internal
hooking. In either case the component was promoted. Note that v performed
the edge-plugging step during stage stage(v). Lemma 6 of the next subsection
explains why the effect of v’s plugging step can be reversed by the last two
statements.

4. { The edge-plugging step }

for each vertex v such that not(root(v)) and stage(v) =t —1
do in parallel
next(last(L(v))) « next(twin{v,w))
nezt(twin{v,w)) «— first(L(v))

COMMENT: Non-root vertices that were roots in the previous stage and there-
fore hold an edge-list plug it into their mate’s edge-list. At this point each
unpromoted star has all the edges of its component members contained in its
root’s edge-list.

5. { Edge renaming and identification of internal edges }
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for each edge (v,w) do in parallel
if p{v) = r and root(r)
then rename (v, w) to (r,w)
if p(w) = r and root(r)
then rename (v, w) to (v,r)

for each edge (r,r) do in parallel
null(r,r)

for each vertex v such that not(root(v)) and root(p(v)) in parallel do
null{last(L(v)))

COMMENT: Edges identify their new endpoints. Those having both endpoints
on the same root are apparently internal and so nullify themselves. The root(r) =
true condition assures that lists of non-rooted pseudotrees are not altered. Fi-
nally, the last statement explicitly nullifies the unnecessary fake edges at the
end of the edge-lists.

6. { Null-edge removal }

for j « 1 to 2[vlgn]+1 do
for each edge e do in parallel

if null(next{e))
then next(e) « next{nezt(e))

for each vertex v such that reot(v) do
if null( first(L{v)))
then first(L(v)) « nezt(first(L{v)))

CoMMENT: Blocks composed of up to B? consecutive null edges are removed.
Unpromoted stars now contain no null edges. This ensures that they will have
a successful hooking at the next stage.

Procedure component identification

for i — 1 to [lg/Ign] do
for each vertex v € V in parallel do

p(v) — p(p(v))
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COMMENT: Let’s assume that the input graph was composed of k connected com-
ponents. The execution of the v/Ign phases has created a pseudoforest F = (V,p)
composed of k rooted trees, one for each connected component. The depth of these
trees is at most +/lgn. At the deepest level lie the vertices hooked in the first phase;
at the next level lie the vertices hooked in the second phase, etc.

The execution of this procedure contracts each of these trees to rooted stars. After
this step, vertices v and w are in the same connected component C'Cy if and only if

p(v) = p(w) = vy

8 Correctness and Time Bounds

Theorem 2 The algorithm correctly computes the connected components of a graph
in O(lgaf *n) parallel running time without concurrent writing.

Proof. Correctness follows from Lemma 13 below. The running time comes from
the fact that there are [v/Ign ] phases, each taking O(lgn} parallel time. ]

We will prove that in the beginning of each stage 7, the root r of each rooted tree
P holds in L{r) all the edges (v, w) which in the beginning of phase ¢ belonged to the
edge-lists L(v) of vertices v € P and were not deleted as internal in previous stages.

Let G; = (V;, E;) be the input graph of phase i. We define M; = (V}, mate) to be
the pointer graph composed of the mate pointers of V; at the beginning of stage j.
Note that each of the M;’s is a pseudoforest.

We say that the root r of a rooted tree P = (C,mate) satisfies invariant (2) if

¥{v,w) € E; such that v € C and not(null(v,w)) = (v,w) € L{r) (2)

Lemma 6 At the beginning of stage j each rootr of a rooted tree P = (C, mate) € M;
satisfies (2).

Proof. We will prove the lemma by induction on j. In the beginning of the first
stage M; is composed of [V4] vertices, and the lemma holds true.

We assume that the lemma is true at the beginning of stage j, that is, every root
of M; satisfies (2). We will show that the invariant holds true at the beginning of
stage 7 + L.

During stage j the unpromoted roots of M; hook to form larger components
(step 1). Then, in step 3, some roots will recognize themselves as the roots of M;y;.
We have to prove that these roots satisfy invariant (2) at the beginning of stage j+ 1.

We will distinguish two cases:

(1) Root r was also a root in the beginning of stage j. Then, for every vertex v that
belonged to a tree which during the hooking step hooked on r’s tree, there is a path
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r first(L{r))  ast

EL(?‘))

twin(r, w)
H—=ir T4 =

Figure 14: Assume that, at a later stage j, vertex r becomes the root of the pseudotree.
Then, r can easily reverse its edge-plugging. In the figure, the dashed line denotes
the pointer that must be changed.

of mate pointers from v to r. So, after the plugging step (step 4) Lemma 5 applies.
Moreover note that step 6 removes only null edges. Therefore, at the beginning of
stage j + 1, root r satisfies (2)

{(2) Root r was not a root in the beginning of stage j, therefore r was a part of
a promoted component. We can see that the effect of having all vertices in a cycle
execute the plugging step (Figure 14) is to break the edge-lists in two rings. To reverse
the effect of plugging, re-join these two rings of edges into a chain. This can be done
by r in stage j.

‘This operation is actually simple: r can reverse the steps of its own edge-plugging
by executing the following statements:

next(twin(first(L(r)))) — next(last{L{r)))

next(last(L(r)}) « nil

To prove that the above statements correctly re-join the rings, we have to show
that (a) first(L(r)) still points to edge (r,w), the edge that r chose during its most
recent hooking stage j* < j, (b) twin(r, w) = (w,r), and (¢) no edge shortcutted over
(ryw), (w,r), or last{L(r)) during stages j' to j.
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The first(L(r)) pointer is only altered by a hooking step, so (a) is true. Twin
functions are only computed at the end of a phase, not during stages, so (b) is also
true. Finally, as one can see by examining step 5 of procedure stage, these three
edges were never nullified; so, {(c) is also true. O

REMARK. Since only the edge-list of an already promoted component will ever
be divided into two rings, one can actually postpone dealing with them until the end
of the phase. Then one can construct the edge-lists of the components from scratch.
This takes O(lg n) time, so it can be done at no extra cost. The reason that we chose
to describe the rejoining steps as we did in Lemma 6 instead, was to provide the
details for an implementation of Algorithm 1 (section 4.3).

Lemma 7 If at the end of stage 5 some component is busy, it has been promoted.

Proof. By definition, a component is busy if at the end of a stage it is still a
pseudotree. Of course, such a component will not pick a mate in the beginning of
the next stage because it has no root to do the operation. Procedure stage contracts
the components for [alg B] steps. So, according to Lemma 4, pseudotrees with
circumnference less than or equal to B will be rooted trees at the end of stage 7 and
therefore not busy. Thus, a busy component had more than B members, and so it
has been promoted to the next phase. O

Lemma 8 Let C be a component which in stage j has an internal hooking. Then C
has been promoted.

Proof. Recall that internal hooking happens when C picks as a mate an internal
edge (without knowing it). Also note that such a hooking cannot happen in stage 1
because all components enter the first stage without internal edges. So, j > 1.

At the end of stage j — 1 all components within distance B from the root have
reached the root {Lemmas 3 and 4) and have nullified the appropriate entries in the
root’s edge list. So, an internal edge must be connecting the root of the component to
some vertex v in the tree, which was at a distance more than B from the root, since
it did not have enough time to reach the root. Thus, there are at least B components
that reached the root (namely those in the path from v to the root), and so C has
been promoted. O

Lemma 9 If a component C fails to find a mate at some stage 7, then either it has
been promoted or it is not connected to any other component.
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Proof. Let C be a component that cannot find a mate at some stage j of phase 2.
We will distinguish two cases: (a) C found no edges in its edge list, and (b) C found
a null edge in its edge list.

(a) According to Lemma 6, in the beginning of each stage the root of a component
C' holds all the edges of its members that have not been removed as null. So, if an
edge of C' was not null, it would be in C’s edge list. Therefore, C' is not connected to
any other component in the graph.

(b) First we observe that § > 1. Note that at the end of stage j — 1 the algorithm
performed the null edge removal step for 2[lg B] + 1 times. This removes any block
containing up to B* null edges from the edge list of the component’s root. Next
we observe that any component with fewer than B members cannot have more than
B(B — 1)/2 internal edges. So, a root may find a null edge in its edge list only if its
component is bigger than B and therefore is promoted. o

Lemma 10 Every active, non-promoted component at stage j will have a successful
hooking at stage 3 + 1.

Proof. Let C be a component that is not promoted at the end of stage 3. C
is a rooted star because |C| < B. Also, by Lemma 6, its root holds all the edges
that belonged to the edge-lists of its vertices and were not deleted in previous stages.
Moreover, L(r) contains no internal edges because they were all identified and deleted.
So, if L(r) contain any edges, r will have a successful hooking at the next stage. O

Lemma 11 Afier [lg B] successful hookings in some phase, a component has been
promoted.

Proof. First we show that if a root r is not promoted after performing k successful
hookings, it was continuously hooking to components having successful hookings. For,
if one of these components had an internal hooking, it was promoted; therefore, r's
component was part of a promoted component.

Next, we can easily prove by induction that, after each successful hooking at stage
j, components have sizes at least 2/. Therefore after [lg B successful hookings, r is
the root of a component of size B and thus has been promoted. 0

Lemma 12 At the end of phase 1 each component is either promoted or not connected
to any other components.

Proof. Each phase is composed of [lg B] stages. In the beginning of a stage
each component is either ready or busy. A busy component cannot pick a mate, but,
according to Lemma 7, it is a promoted pseudotree. On the other hand, a ready
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component is a rooted tree which can pick a mate from its edge list that contains all
the edges of its members (Lemma 6). So, the reason for which a ready component
may not be able to find a mate (according to Lemma 9), is that the component is
promoted or done. Otherwise the component will find a mate.

A hooking may either be successful or internal. An internal hooking, according
to Lemma 8, can only happen to an already promoted component. So, we only have
to follow components which have successful hookings for {lg B} stages. But these
components {Lernma 11) have been promoted at the end of the last stage. O

Lemma 13 [n the beginning and at the end of each phase i (a) The components are
rooted stars. (b) The size of each active component is af least [ B*|. (c) Invariant 1
is preserved. (d) There are no internal edges.

Proof. (a) This is obviously true in the first phase, where components are com-
posed of a single vertex, the root. During the stages, these components are hooked to
form a pseudoforest. Then, at step 2 of procedure phase, the pseudoforest is trans-
formed to a set of rooted stars. The remaining steps do not affect the structure of the
components, and so, in the beginning of the next phase, the components are stars.

{(b) This is immediate from Lemma 12.

(¢} Again, this is true for the first phase. For the remaining phases, step 4 of
procedure phase uses bucket sort to identify multiple edges and the step 5 removes
them.

(d) Internal edges are nullified in step 3 and are removed in step 5 of the procedure
phase. 0

9 Conclusions

We have presented an algorithm which finds the connected components of an undi-
rected graph for the CREW PRAM model of parallel computation. This algorithm
works in O(lg?’/ *n) time, and narrows the gap of the performance between several
CREW and CRCW PRAM graph algorithms by a factor of Ig!/? n. This result settles
a question that remained unresolved for many years: a connectivity algorithm for
this model with running time o(log? |V|) was a challenge that had thus far eluded
researchers [KR90].

The techniques presented in this paper have been used to design new parallel
algorithms for the minimum spanning tree problem [JM92]. Other algorithms having
running times that depend on the connectivity algorithm include the Euler tour on
graphs [AV84, AIS84], biconnectivity [TV85], the ear decomposition [MSV86, MRS6]

and its applications on 2-edge connectivity, triconnectivity, strong orientation, s-t
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numbering etc. See the surveys by Karp and Ramachandran [KRQO] and by Vishkin
[Vis91] for more details on this.

We should also mention that, with a minor modification our algorithm works on
the weaker CREW PPM (Parallel Pointer Machine) model [GK89]. The modification
is to substitute the sorting routine we use at the end of each phase by the optimal
sorting algorithm of Goodrich and Kosaraju [GK89]. In the PPM model, the memory
can be viewed as a directed graph whose vertices correspond to memory cells, each
having a constant number of fields. The PPM is based on the generalization of
Knuth’s linking automaton.
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