








we say that the problem is distance-limited. For r-dimensional meshes and tori, we
obtain that a problem is distance-limited if the number of packets per processor is k < 2r.
Otherwise it is bisection-limited.

It should be pointed out that the division of the routing problems into the two cat-
egories is based on worst case scenarios. Thus, there are problems that, according to
the above distinction, are bisection limited, (£ > 2 for rings), and still can be solved in
less time than that indicated by the distance limit. One such trivial example is when
all processors have to route their packets to the processor immediately after them in the
clockwise direction. Obviously, this routing problem can be solved in k steps.

In the rest of the paper we will concentrate on rings of processors. For a ring (r = 1)
the problem is distance limited if k¥ < 2 and bisection limited otherwise.

3 Distance Limited Routing Problem on a Ring

In what follows, we demonstrate a better lower bound for the case of distance limited
routing problems on rings. The channel utilization of the network is taken into consider-
ation in order to obtain the new lower bound. Then, we give an algorithm that matches

the lower bound.

3.1 Lower Bound on a Ring of Processors

Let us assume that we have a ring of n processors and we want to route a multipacket
permutation on it. Each processor has two packets that will be routed independently.
Consider the following situation: Initially, any processor i contains 2 packets destined
for processor (i + ) mod n. Processors are numbered from 0...n — 1 in the clockwise

direction (CW) (Figure 1).

Figure 1. The instance of the permutation routing problem that requires 232 steps.
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Hence, in the counter-clockwise direction (CCW), each packet has to travel distance %’l

If some packet decides to move in the CCW direction, then at least 22 steps are required,
since the distance between origin and destination is exactly 2 in the CCW direction.
So, if we want to achieve a better routing time, we have to send all packets in the CW
direction. In this case, each of a total of 2n packets will travel for § steps. Then, the
total movement (number of wire crossings) is 2%2— Since all packets are moving in the
same direction, only n communication links are used. Hence, this movement requires at

least %’-‘- routing steps to be accomplished. Thus, we have:

Theorem 1. There is a distance limited routing problem on a ring of n processors

that requires 2—3'1 routing steps for its solution.

3.2 An Algorithm that Tightens the Lower Bound

An algorithm that tightens the lower bound given in Theorem 1 is the following:

Algorithm Route_on.a_Ring.1

At step 1 Each processor determines the minimum distance its packets have to travel,
say s, where 0 < s < 2. It also determines the direction in which the packets have
to travel so that their distance to the destination is s. Let this direction be denoted

by K ( CW or CCW ).

e If s < 3, then both packets are send in direction K.
o If 5 < s < %, then the processor sends one packet in the CW direction and
one in the CCW direction.
at step 7,7 > 1 Each processor transmits a packet toward its destination, if it has one.
A processor never changes the direction of a packet.

The packet that has to go further in a given direction has higher priority.

Lemma 1. At any time ¢, using Algorithm Route_on.a.Ring.1, a processor has at most
2 packets that want to move in the same direction.

Proof. The Lemma is obvious, since: i) each processor transmits a packet toward a
given direction, if it has one, ii) at any step, it can receive at most one packet that must
be sent in that direction, and, iii) the initial load of each processor is at most 2 packets
that want to travel in the same direction.
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Lemma 2. Using Algorithm Route.on.a.Ring_I, there are at most -2?" packets that want
to cross any “cut” in the same direction.

Proof. W.l.o.g., we assume a “cut” after processor n — 1, and we will examine packets
moving only in the CW direction. The proof for the CCW movement is symmetric. Let
processors Pg, v Plgl-l constitute segment A of the ring, and processors P;én,..., P,
constitute segment B of the ring (Figure 2).

L

. X

2o
Jrss e
N

=

2

K3
28 oA
E}

S -

\

Figure 2. The ring is divided into three sections that are used in the proof of Lemma 2.

Initially, each processor in segment A has at most 1 packet that wants to move in the
CW direction and also wants to cross the “cut”. Assume that the number of packets in
segment A that want to cross the “cut” s m , 0 < m < 5. Then, these packets must
be destined for segment C, where processors Py, ..., Py _1 constitute segment C. Since
we are examining permutation routing, for any packet in segment A that wants to cross
the “cut” in the CW direction, there must exist a unique destination in segment C. This
means that, there exist m positions in segment C, none of which can be the destination of
a packet that is initially in segment B. Thus, in segment B, there must exist m processors
that initially have no packets that want to cross the “cut” and are also a distance d < 3
from the “cut”. (Note that these processors might have only one packet that wants to
cross the “cut”). So, the total number of packets which are initially in segment B and
want to cross the “cut” is at most (¥ — k). This implies that the total number of packets
that want to cross the “cut” in CW direction is at most (3 ~m)+m = .y

Theorem 2. Using Algorithm Route_on.a_Ring.1, a distance limited permutation prob-
lem on a ring of processors can be solved in 233 steps.
Proof. In order to prove this, we need to show that all packets that want to cross any

“cut” in a given direction, will have done so after %" steps. W.l.o.g, let us assume the



“cut” is after processor %’1 in the CW direction. We simulate the routing process as
follows: Assume we have two tapes, tape A and B. Tape A has -2—33 cells and can move
to the right. Tape B has 2 cells, is not allowed to move, and is placed, initially, on top

of the % rightmost cells of tape A. Each cell of a tape can hold at most one “pebble”.
A pebble represents a packet that wants to cross the “cut” in the CW direction. If a
pebble is placed on a cell of tape B, then a pebble must also exist on the underlying cell
of tape A. We now observe that, initially, we have the following situation: If k pebbles
are on tape B, then at least k cells in the % leftmost positions of tape A are empty. We
associate the i*? pebble of tape B, 0 < i < %’i, where we count from left to right, with
the i** empty cell (“hole”) of tape A, where we count from right to left (Figure 3). This

is a 1-1 relation.

Figure 3. The simulation of the routing by two tapes as used in the proof of Theorem 2.

Now, we start moving tape A to the right. In the worst case, each pebble in tape B will
drop into its corresponding “hole” in tape A. Since the whole tape A will cross the “cut”
after exactly 231‘- steps, all pebbles cross the “cut” in at most 23'1 steps. Thus, all packets
that want to cross the “cut” can do so in 25'1 steps. I

4 Bisection Limited Routing Problem on a Ring

In this section, we consider bisection limited problems on rings of n processors. Recall,
from Section 2, that a problem is bisection limited for rings when k, the number of
packets per processor, is greater than 2. The lower bound based on the bisection of the
ring is -"’f. We give an algorithm that completes the routing in %’-‘- -+ %’1 steps. The trivial
greedy algorithm that routes each packet along the shortest path to its destination takes,
in the worst case %"- steps.

4.1 The Algorithm

Before we proceed with the description of the algorithm, we need to give some definitions
for certain variables that we use: Let S; denote the distance that the packets initially



located at processor F; have to travel along the shortest path to their destination. S; can
be written as 5; = \n, 0 < A; < -%, where A; is a coefficient used in our algorithm. Our
algorithm routes a fraction of the packets which are initially at processor P; along the
shortest path to their destination, and routes the remaining packets along the longest
path. The number of packets that are routed along the shortest path and are originated
at processor P; is denoted by o;.

Algorithm Route_on_a_Ring.2

At step 1 Each processor P; determines the number of packets o; it will send along the
shortest path using the following rule:

o =k — [ Aik]

It then adds o, of the k packets to a queue associated with the link on the shortest
path, and the remaining packets to the queue associated with the other link.

The packets at the front of the queues are transmitted.

at step ¢,7 > 1 Each processor transmits a packet toward its destination, if it has one.
A processor never changes the direction of a packet.

The packets are transmitted using a FIFO policy .

Our efforts to analyze Algorithm Route_on.a_Ring.2 in a way similar to the analysis
of Algorithm Route_on_a_Ring_1 were not successful. In particular, we were not able to
introduce in a proof of that kind the fact that the routing problem is a permutation. So,
we proceed with a totally different approach. Again, we consider the number of packets
that cross any “cut” in any direction. But now, we prove that the given routing problem
is “easier” to be solved than a special kind of routing problem for which we can make
statements regarding its complexity. In what follows we assume that the ring consists of
an even number of processors.

Definition Let a ring be divided by a diameter into two sections. Each section consists
of % processors. A multipacket routing problem in which all packets from one section
are destined for the other is called a symmetric multipacket routing problem. All other
multipacket routing problems are asymmetric.
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Lemma 3 Assume any “cut” in any direction. Using Algorithm Route_on.a_Ring_2, an
asymmetric multipacket routing problem with initial load of k packets at each processor
sends at most as many packets to cross the “cut” in the given direction as a symmetric
one with load of k + 1 packets per processor where, the extra packet is routed towards
the “cut”.

Proof. Without loss of generality, assume a ring of n processors, and a “cut” between
processors Py and P,_;. We will concentrate in the number of packets that cross the
“cut” in the CW direction. A diameter that passes through the “cut” divides the ring
into two sections. Section A consists from processors Py, P, ..., Pz_y and Section B
consists of processors Py, P%_H, «ry Pa1. We will show how to transform any asymmetric
multipacket routing problem with initial load of k packets to a symmetric problem with
initial load of k + 1 packets. Furthermore , the solution of the new routing problem
will require greater or equal number of routing steps. (Both problems are solved by
Algorithm Route.on_a-Ring.2.) First observe that if there is a processor in section A
that has packets destined for section A, then, there exist a processor in section B that
has packets destined for section B. The above observation follows from the pigeonhole
‘principle.

Our transformation consists by picking two processors, one in each section, that have
packets destined for the sections they belong. Then, the destinations will be switched.
By performing the above transformation for at most % times, we will get a symmetric
multipacket routing problem. Now it remains to prove that if we load each processor at
the new problem with one additional packet, the new problem is at least as hard as the
initial one. We distinguish four cases.

Case 1

belore Afler

The packets at processor a are destined for processor b. Also, the packets at
processor ¢ are destined for processor d. After the switch of the destinations, the
packets at processor a are destined for processor d and the packets at processor ¢
are destined for processor b. Observe that before the switch no packet wants to
cross the “cut”. After the switch a portion of the packets located at processor a
might cross the “cut” in the CW direction. So, the new problem is of greater or
equal difficulty with the original one.
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The packets at processor b are destined for processor a. Also, the packets at
processor ¢ are destined for processor d. After the switch of the destinations, the
packets at processor b are destined for processor d and the packets at processor ¢
are destined for processor a. Observe that before and after the switch only packets
that are initially located at processor b will cross the “cut” in the CW direction.
After the switch, at least the same number of packets will cross the “cut” in the
CW direction since the distance the packets have to travel in the CW direction is
reduced.

Case 3

\ae,{zwe/

The packets at processor a are destined for processor b. Also, the packets at

processor d are destined for processor ¢. After the switch of the destinations, the
packets at processor a are destined for processor ¢ and the packets at processor
d are destined for processor b. Before the switch dnly packets initially located at
processor d will cross the “cut” in the CW direction. After the switch only packets
located at processor a will cross the “cut” in the CW direction. But the number
of packets that cross the “cut” now, is at least as large as before. This is because
the distance the packet which cross the “cut” have to travel is reduced.
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Case 4 -l o A \ d

The packets at processor b are destined for processor a. Also, the packets at
processor d are destined for processor ¢. After the switch of the destinations, the
packets at processor b are destined for processor ¢ and the packets at processor d are
destined for processor a. This is the most interesting case. Before the switch packets
from both origins want to cross the “cut” while, after the switch, only packets
initially located at processor d want to do so. Before the switch, processor b sends
at most £(ab)., packets towards the “cut”. Processor d sends at most £(ed)ew
packets towards the “cut”. Thus, before the switch, at most £ ((ab)ew + (cd)cw)
packets cross the “cut” in the CW direction. After the switch at least %(cb)cw -1
packets will cross the “cut” in the CW direction. But (¢b)ew > (ab)ew + (¢d)er-
Thus, if we load processor b with one extra packet and we force it to cross the “cut”
in the CW direction, the new problem is of equal or greater difficulty.

The observation that all of the transformations needed to convert an asymmetric
multipacket problem into a symmetric one might be of that described in case 4 proves
the lemma.

Lemma 4 Assume a symmetric multipacket routing problem with initial load of k pack-
ets per processor around a given “cut”. Also assume that its solution by Algorithm
Route.on_a_Ring.2 causes X to cross the “cut” in a given direction. Then, the symmet-
ric multipacket routing problem where the packets at any processor are destined after 2
positions in the given direction, causes at least X — -3-2-’1 packets to cross the “cut” in the
direction under consideration.( ie. loow Qach ot with 3 e\{;” ~ache
Proof Omitted. i

Lemma 5 Using Algorithm Route_on_a_Ring.2, there are at most %’1 + 57" packets that
want to cross any “cut” in the same direction.

Proof Lemmata 3 and 4 imply that a routing problem that is symmetric, and has initial
load of k + 4 packets per processor destined for the processor located after 2 positions
in the CW direction, is harder than any other multipacket routing problem with initial

load k packets per processor. (The 4 extra packets will be routed in the CW direction.)
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Algorithm Route_on.a_Ring.2 will send at most %’-‘- + % packets to cross the “cut”. The
routing of the 4 extra packets per processor will contribute 2n more packets to that

number. I

Theorem 3 Using Algorithm Route_on_a_Ring_2, a bisection limited permutation prob-
lem on a ring of processors can be solved in %’l + %"- routing steps.

Proof. The theorem is implied from Lemma 5. If at every step of the algorithm one
packet wants to cross the “cut”, the theorem is obviously true. In the case where there is
a period during the execution of the routing algorithm that no packet crosses the “cut”,
say p steps, then there are p processors that do not have any packets that want to cross
the “cut”. Thus, the number claimed at Lemma 5 was overestimated by at least u. So,
the theorem holds. I

5 Conclusions - Further work

In this paper, we have examined multipacket routing problems on rings. We divided these
problems into two categories, distance limited and bisection limited routing problems.
We presented a new lower bound for the case of distance limited problems and we gave an
algorithm that tightens the lower bound. For the case of bisection limited problems, we
presented an algorithm that solves any problem within k—4"- + %‘- routing steps. We believe
that the number of routing steps that Algorithm Route.on_a_Ring.2 actually requires is
at most -’°4—" +n, and we are working on improving our proofs. No matter if our conjecture
is true, we have succeed to present an algorithm that approximates within an additive
factor the number of routing steps required in the worst case.
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