



































































































































































































































































































































compute the new MST T". A sequential algorithm for this problem is given in {Fre83]
with O(y/m) running time.

It is obvious that if e is a tree edge and decreases its value, or if e is not a tree
edge and increases its value, then 7" = T. In the other two cases we have:

A TREE EDGE INCREASES. A simple solution is to consider the two connected
components that e divides the graph into, and to find the minimum weight edge

connecting them. So, a simple algorithm for it, is:
1. Preorder the tree using the Eulerian tour technique [TV85].

2. Using the preorder numbering, divide V into the two subsets V; and V; created

by removing ¢ from T

3. Put all edges connecting some vertex in V] to some vertex in V3 in an array of

length m = |E| and compute the minimum.

The running time of this algorithm is O(lgn) using m/Ign EREW PRAMs.

A NoNTREE EpGE DECREASES. Consider the cycle it creates in the tree when
this edge is added, and remove the MaxWE in it using a variation of the list raﬁking
algorithm in which the rank of a list element [ is defined to be the maximum of the
values appearing in the elements following [ in the list. The running time is O(lgn)
using n/lgn EREW PRAMs [CV86al.

This problem is a special case of the edge insertion in a MST problem for which
[CT178] have shown a simple reduction to the vertex insertion problem. Our algorithm

can be used to solve this problem in parallel as well.
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4.7 On the Multiple Vertex Updates Problem

4.7.1 Introduction

We define the problem of multiple vertez updates of a MST as follows: Let G =
(Ve, Eg) be a weighted graph on n vertices and m weighted edges and T = (Va, Er)
be its MST. Suppose G is augmented with k = |Vi| new vertices that are connected to
Vg by kn = |E| new weighted edges, but they are not connected among themselves.
We are asked to compute the new MST T".

We will prove the following Theorem:

Theorem 7 The multiple updates MST problem can be solved in parallel in time
Q(lgnlgk) using nk/lgnlgk EREW PRAM processors.

The problem of multiple vertex updates was considered in [Paw89] where a parallel
algorithm is presented. It runs in O(lgnlg k) time using nk CREW PRAM processors.
We will show how our solution for the (single) vertex update problem can be used to

achieve a better solution for the multiple updates problem.

4.7.2 Optimality

A sequential algorithm can solve the problem in time O(kn), by solving k single
update problems sequentially. Another approach would be to compute the MST of
the augmented graph G’ = (Vg U Vi, Er U E) from scratch. Again, the edges of G
that are not in the given MST do not need to be considered.

The augmented graph G’ can be sparse or dense depending on the value of k.
The best algorithms to compute the MST of a graph G = (V, E) sequentially run in
time O(mlglg n) for sparse graphs [Yao75, CT76] and in time O(n?) for dense graphs

(using Prim’s well known algorithm [Tar83, page 75]). Assuming that the number of
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edges connecting the new vertices to the tree is O(kn}), the k single updates solution
is preferable, since it is simpler and, for sparse graphs, asymptotically faster.

The solution we present solves the problem in O(lgnlgk) time using nk/lgnlgk
EREW PRAM processors. It is therefore optimal for graphs having O{kn) edges and

also uses a weaker model of parallel computation than the one used in [Paw89].

4.7.3 The algorithm

Our solution follows in general the solution presented in [Paw89] but in certain parts
uses different implementation techniques to achieve the tighter time and processor
bounds.

The algorithm consists essentially of three parts.
1. Make & copies of T, and solve k& update MST problems in parallel.

2. Combine the MSTs of the k solutions into a new graph (. This graph may

contain cycles. Transform it to an equivalent bipartite graph Gb.
3. Solve the bipartite MST problem on the graph Gi.

We will show that each of these parts can be implemented within the desired

time-processor bounds.

Sclving & Updating Problems

Making & copies of T' can be done efficiently as an application of Brent’s scheduling
principle, which we explained in Section 3.2: Making k copies of T' requires O(kn)
operations and can be done in constant time if kn processors are available. Therefore,

it can be done in O(lg nlg k) time using kn/(lgnlg k) processors.
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According to Theorem 1, a single updating of a MST can be done in O(n/p) time
when p processors are available. Here we have k problems to solve, each of size n.
Allocating n/(lgnlg k) processors per problem, it takes O{lgn lg k) time to solve each

problem in parallel.

Creating the Bipartite Graph

Next, we have to combine the & solutions found in the first part into a new graph G,
which in turn is transformed to an equivalent bipartite graph G. By equivalent here,
we mean that there is a cycle in Gy if and only if there is a cycle in G,. Graph G,
will never be explicitly created. It is only defined for the sake of description.

Consider the MST of some solution T; = {VU{z;}, E;). Then, E; consists of edges
(v, w) that belonged to the old MST T, along with new edges of the form (2;,v). An
important observation is that if some edge (v,w) of the old MST does not appear in
all k solutions, it will not be included in the final MST. This is so, because edge (v, w)
was the MaxWE of some cycle in one of the subproblems and thus must be excluded.
So, G, = (VU {z1,-+,2x}, E.) is composed of original edges (v,w) that appear in
all k solutions, along with edges of the form (z;,v), Vi € {1,---,k}. It is easy to see
that the formation of G, can be done within the desired bounds, because there are
at most n — 1 such edges per solution to examine.

We can view (3, as a collection of subtrees C; of the old MST that are held together
by the 2;’s (see Figure 4.15). Every cycle in G, can be viewed as starting at some
z;, then entering subtree C; at a node v, and visiting some of its nodes, then exiting
through a node v/, and visiting 2, etc, until returning back to z; (Figure 4.16). The
nodes v, that are adjacent to some z; are called e-nodes.

The transformed graph Gy = (Vb, {z1, -z}, £s) has a set of vertices ¥, which
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Figure 4.15: The graph G, results from putting together the & solutions. The figure
points out G;’s bipartite nature.

c, c,

Figure 4.16: Cycles in (,. They are composed of alternative visits to 2;’s and to tree
components. Vertices that are connected to z;’s are called e-vertices. In this picture
a cycle of length 4 is shown.
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contains one vertex v for each e-node v, of G;. Consider a path from z; to some e-node
ve, and let  be the MaxWE on this path. Then edge (z;,v) € E} corresponds to this
path and has cost equal to @’s cost. The algorithm needs, therefore, to compute all
MaxWE on all paths from z; to e-nodes v,. This is done as follows:

First, all e-nodes v, are recognized, and then we root each of the Ti's at z;. Both
of these operations can be done within the desired bounds. Now we have to compute
the MaxWEs on the paths between the z;’s and the e-nodes. So, we have to solve k
instances of the following problem:

ALL DISTANCES TO RoOT (ADR). Given a (regular binary rooted) tree with n
nodes having weights associated with its edges, find the MaxWE for each path from
a node to the root in O(n/p) time using p < n/lgn EREW PRAM processors.

A sequential algorithm for the problem uses depth first search and runs in linear
time. The paralle] algorithm reduces the problem to tree-contraction as follows: Asso-

ciate a function mwe(v) for each node v, where mwe(v) = max{(v, p(v)), mwe(p(v))}
if v is not the root and muwe(root) = §. Use tree contraction to contract the tree and
then tree expansion® to compute rwe(v) for all v. We can come up with simple rules
which are given in Figure 4.17.

THE MULTIPLE ADR PROBLEM. Given k (regular binary rooted) weighted trees
each one with n nodes, compute the ADR problem on each of them in time O(lg nlg k)
using nk/lgnlg k processors.

The solution is a simple application of the previous algorithm. We associate

n/lgnlgk processors per tree and compute the problem in time O(lgnlgk).

The expansion phase is needed because the definition of the function is top-down.
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PRUNING SHORTCUTTING

ax{(v,w), (u,v)}
max{ v,w), mwe(w)}

max{(v, w), mwe(w)}
Figure 4.17: Prunning and Shortcutting Rules for the CADR problem.

The Bipartite MST problem

For the third part of the algorithm we need the following definition of the bipartite-
MST problem: Let G = (Vi, Vi, E) be a weighted bipartite graph, where [Vi| = &

and |V,| = n, k¥ <n. We want to compute its MST.

Lemma 16 The bipartite-MST problem can be solved in O(lgnlgk) parallel time

using kn/(lgnlg k) processors.

Proof. The algorithm that we use is a well-known algorithm whose main idea is
a,ttributeci to Bortivka [Tar83, page T3] and was described in its parallel form in
[CLC82]. The analysis, though, and the time-processors bounds for the bipartite-
MST problem, are new.

First, let us give some definitions. A pseudotree is a digraph in which each node
has outdegree one. A pseudotree has, at most, one (simple) cycle. A pseudoforest is
a graph whose components are pseudotrees. The algorithm consists of a number olf

stages. In each stage, each vertex v selects the minimum weight edge (v,w) incident
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~to it. This creates a pseudoforest of vertices connected via the selected edges. In
this case the cycle of each pseudotree involves only two vertices, so it can be easily
transformed into a tree. Next, each tree is contracted to a star using pointer-doubling,
and vertices in the same component are identified with the root of the star.

A crucial observation here is that, after the first stage, there will be no more than
k vertices in the resulting graph and the problem can be solved in O(lg? k) time using
k?/1g? k processors. So, we only have to show that the first stage can be performed
within the desired bounds.

As we said, the first stage consists of finding the minima of O(n) sets of vertices,
each with cardinality O(k) and then to reduce the O(k) resulting pseudotrees of height
O(n) to stars. For the first part, Brent’s fechnique applies. For the second part, we

use the optimal list-ranking technique of [CV86a].
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Figure 4.18: Updating of a MST with 3 new vertices. In the lower part of the figure
the graph G, is shown.
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Chapter 5

Conclusion and Open Problems

5.1 Conclusions

We have presented new parallel algorithmic techniques for the pseudotree contraction
and the edge—liét augmentation problems. We also discussed some of the existing
parallel connectivity algorithms and argued that what they are missing is a scheduling
that carefully balances the work-performed versus progress-made ratio. Then we
presented the growth-control schedule that achieves this objective. These techniques
have been used to design new parallel algorithms for the minimum spanning tree
problem [JM91c].

The major contribution of this thesis is a simple connectivity algorithm for the
CREW PRAM model of parallel computation. This algorithm works in O(1g®?n)
time and narrows the gap of the performance between several CREW and CRCW
PRAM graph algorithms by a factor of 18t n.

Other algorithms having running times that depend on a connectivity algorithm
include the Euler tour on graphs [AV84, AIS84], biconnectivity [TV85], ear decom-
position [MSV86, MRS6] and its applications on 2-edge connectivity, triconnectiv-
ity, strong orientation, s-t numbering etc. The surveys by Karp and Ramachandran

[KR90], Eppstein and Galil [EG88], and Vishkin [Vis91] include more details on these

114



problems.

We should also mention that, with a minor modification, the algorithm works on
the weaker CREW PPM (Parallel Pointer Machine) model {GK89]. The modification
is to substitute the sorting routine we use at the end of each phase by the optimal
sorting algorithm of Goodrich and Kosaraju [GK89]. In the PPM model, the memory
can be viewed as a directed graph whose vertices correspond to memory cells, each
having a constant number of fields.

Other contributions of the thesis are the optimal parallel and sequential algorithms
for the vertex updating of a minimurm spanning tree problem and the algorithm for
the multiple updates of an MST problem. The algorithms for the former problem
run optimally in O(lg |V} time using Téul%i EREW PRAM processors, also leading to
optimal sequential algorithms. The algorithm for the latter problem runs in O(lgk -

lg |V]) parallel time using E—:—:{ﬂﬁ EREW PRAM processors.

5.2 Open Problems

We will now discuss some of the open questions that arise from our work.

The connectivity algorithm is an efficient but not optimal algorithm. Two natural
problems arising is how to reduce the number of processors employed by the algorithm
to (n + m)/lgn and/or how to use the weaker EREW PRAM model. For both
problems, the CR rules must be modified. Since these are essentially pointer jumping
rules, techniques analogous to those used in [AM88, CV89] and in [NM82] may apply.

The lg**n time bound in the algorithm is one that does not arise often in parallel
algorithms, and so it looks possible that it can be reduced. We remark that Wyllie
[WylSl] and Shiloach and Vishkin [SV82] conjecture that a O(lgn) bound can not be
achieved by the CREW PRAM model. Even if this is true, a O(Ig'** n) bound may
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be possible. One way to achieve this result is to remove efliciently the null edges that
are generated when the components grow in size. A bucket-sorting algorithm with
running time o(lgn) would suffice to improve the time bound, but it does not seem
possible. Probably the best way to go about it, is to create a better design of the
duratioﬁ of phases and stages and/or to apply growth-control arguments to null edge
removal proéédures.

Another interesting open problem is to examine the average case running time for
Algorithm 1: It is natural to assume that null edges will not always be found in the
beginning of some component’s edge-list, therefore some component may be able to
make progress even if it has not removed all of its null edges.

We should also mention that the techniques presented may apply to directed
graphs. Most of the directed graph algorithms use matrix multiplication techniques
which requires almost n® processors, making them highly impractical.

The vertex updating for a minimnum spanning tree showed an application of tree
contraction. It is interesting to find other tree problems for which the tree contraction
technique applies. Moreover, a relevant question is the following: Can one come up
with a general way of defining pruning and shortcutting rules for tree-contraction in
parallel, for those tree problems that are solved sequentially using depth-first-search?
Finally, developing simple and fast SCAN algorithms for tree contraction would lead
to implementation of several PRAM algorithms on machines which are described by

the SCAN model.
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Chapter 6

Appendix

6.1 On The SV Algorithm

Consider the following connectivity algorithm:

for lgn phases in parallel do

1. The representatives of the components hook, if they can. The hooking is done
by having all edges (r,z) that are adjacent to some component representative

r compete to be chosen by r.

2. The pseudotrees are contracted for a while by a constant number of CR rules

application.

3. Representatives of new components are recognized. Edges rename their end-
points according to the representative’s names. Internal edges become idle for

the remaining of the run of the algorithm.

As one can see, this algorithm solves correctly the connectivity problem in O(lgn)
steps using n + m ARBITRARY CRCW PRAM processors. The proof is similar to

the one given in [SV82].
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