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6.1. Performance of the Incremental Algorithm

The performance of the incremental algorithm is determined by the cost of point location and the
number of circle tests the algorithm performs. While the standard incremental algorithm spends
almost all of its time doing point location, the bucket-based point location routine effectively
removes this bottleneck. Figure 7 compares the performance of the two algorithms on uniformly
distributed sites.

Without Buckets With Buckets
28 .
I - 12

27

6 [ | : ! L 11.8
2° . y=.86vx . . ' .

Comps . s Comps
95 .-, ;! | - 11.6
Per Point~ I Per Point

2* 4 l L 114
23 - 112

2'8 ;9 2;0 2;! 2;2 2;3 2;4 2'15 2116 211{) 211 212 2;3 2;4 2;5 2;6 2;.7
Number of Points Number of Points

Figure 7: Comparison of point location costs.

The plots show that the standard incremental algorithm uses an average of O(Jn) comparisons
per point location step. Simple regression analysis indicates that the number of comparisons per
point grows as 0. 86n*°. Therefore, I have plotted the curve . 86+/n in with the data. The curve is
a close fit to the experimental data.

Adding the point location heuristic improves the performance of the incremental algorithm
substantially. It is apparent that the number of comparisons per site is bounded by a constant
near 12. Almost all of these comparisons are tests done during second phase of the algorithm,
after the spiral search. These tests take much longer than the simple comparisons needed in
spiral search. Therefore, although the spiral search accounts for about 10% of the total number
of comparisons, its contribution to the runtime of the point location algorithm is much less
significant.

The cost of point location depends on whether log, # is even or odd. This is easy to explain
when you remember that the algorithm rebuckets the sites at each power of four. Because of this,
at each power of four, the average search time dips, since one extra rebucket step reduces the
average bucket density in the later phases of the construction process. As the input size moves
towards the next power of four, the bucket density increases steadily. Thus, the cost of point
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location see-saws up and down.

The number of comparisons needed for point the point location steps also depends on the
average density of the sites in the bucket grid. If the density of points in buckets is too high, then
the point location routine will waste time examining useless edges. On the other hand, if it is too
low, the algorithm will waste time examining empty buckets. Figure 8 shows the dependence of
the density on the cost of point location:
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Figure 8: Effect of bucket density on point location speed.

The graph shows the average cost of point location over ten trials with n = 8192 and C ranging
from 0.25 to 8. Based on this data, I set C = 2 for my timing runs. Although the graph shows a
large variation in the namber comparisons needed per site, the actual effect on the runtime of the
algorithm was less than 10%.

The runtime of the incremental algorithm now depends on how many circle tests it
performs. Since the algorithm inserts the points in a random order, the analysis of Guibas, Knuth
and Sharir [12] shows that the total number of circle tests is asymptotically O(n). Sharir and
Yaniv [18] tightened this bound to about 9n. Figure 9 shows that this analysis is remarkably
accurate. Also shown on the plot is the cost of Dwyer’s divide and conquer algorithm. Since
this algorithm is also based primarily on circle testing, it makes sense to compare them in this
way. The plot shows that Dwyer’s algorithm performs about 25% fewer circle tests than the
incremental algorithm. Profiling both programs shows that circle testing makes up roughly half
the runtime of each, so Dwyer’s algorithm should run roughly 10 to 15 percent faster than mine.

There are still many aspects of this algorithm’s performance which I have not studied. In
particular, I would like to tighten the analysis of the cost of the point location routine. However,
this is likely to be difficult since it involves estimating the average number of edges in the
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Figure 9: Circle tests per site for two algorithms.

triangulation that cross a particular area of the unit square. Also, the behavior of the algorithm
on non-uniform point sets is suspect. Luckily, such input should only slow down the point
location algorithm. Since this is now relatively small percentage of the total runtime, using more
adaptive bucketing methods should be sufficient to keep those costs from dominating the rest of
the algorithm. Also, it should be possible to extend the algorithm to handle more exotic distance
functions, but that would involve working out many tricky details.

6.2. The Incremental Algorithm with a Quad-Tree

Ohya, Iri and Murota [16] describe a modification to the incremental algorithm which buckets
the points like my algorithm does but then inserts the points using a breadth-first traversal of a
quad-tree. In their paper, the anthors claim that their algorithm runs in linear time on average,
and they provide experimental evidence for this fact. Their analytical results are suspect,
however. In order to show that my algorithm was competitive with, or better than other similar
methods, I implemented this algorithm and compared its performance with mine,

Like before, a profile of this program showed that the algorithm spends most of its time
either testing circles or locating points. Therefore, I monitored these two operations in more
detail. My experiments showed that the quad-tree algorithm performs almost identically to my
algorithm, except that it does more edge tests in its point location phase. As figure 10 shows, the
quad-tree algorithm performs about 20% more edge tests than my algorithm. For the uniform
case, we can conclude that my algorithm performs slightly better than this more complicated
alternative.
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Figure 10: Point location cost for the quad-tree algorithm.

6.3. Fortune’s Algorithm

The runtime of Fortune’s algorithm is proportional to the cost of searching and updating the data
structures representing the event queue and the state of the sweepline. Fortune’s implementation
uses hash tables for this purpose. We would expect that these data structures would perform well
on random inputs. In fact, for small input sets, the algorithm seems to run in linear time.

Figure 11 shows the performance of the sweepline and priority queue data structures in
Fortune’s implementation. With sites that are uniformly distributed in the x direction, the bucket
structure representing the frontier performs exactly as we would expect. Figure 11a indicates that
the search procedure performs around 12 comparisons per point, on average.

"The main bottleneck in Fortune’s algorithm ends up being the maintenance of the priority
queve. The priority queue is represented using a uniform array of buckets in the y direction.
Events are hashed according to their y-coordinate and placed in the appropriate bucket. The
problem here is that while the sites are uniformly distributed, the resulting priorities are not.
Circle events tend to cluster in the upper part of the bucket array and in the buckets that are close
to the current position of the sweepline. This clustering increases the cost of searches in the
priority queue. Regression analysis shows that the number of comparisons per point grows as
9.95+, 25v/n (see figure 11b).

Given the behavior of the bucket data structure, it is natural to speculate as to whether a
tree-based data structure would provide better performance for larger problems. To investigate
this question, I instrumented the implementation of Fortune’s algorithm to give more detailed
information about the behavior of the queue data structure.



19

{a) Sweepline Maintenance

(b) Priority Queue Mainienance
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Figure 11: Cost of Fortune’s algorithm.

Fortune’s algorithm performs two queue operations for each vertex in the Voronoi
diagram. Since the number of vertices is roughly 2n, the total number of queue operations is at
least 4n on average. However, Fortune’s algorithm inserts some extra events into the priority
queue which later become invalid. The number of extra events that get inserted is difficult to
analyze. But, it is easy to make the program count such events because the algorithm invalidates
them as they occur. Monitoring Fortune’s program gave the results shown in figure 1lc, which
plots surplus event insertions as a function of #.



20

Based on the experimental data, we can conjecture that the average number of extra events
is bounded by 1. 6n. Thus, the total number of queue operations should be around 7. 2n. If this is
the true constant, then we can plot 7.2nlog, n against . 25Vn to find out when switching to a
heap structure would pay off. Figure 11d shows the results of this comparison. We see that in
terms of total comparisons, the heap structure will begin to pay off at around 2 x 10° points. This
could be an overestimate, since we can use a simple, low overhead array implementation of the
heap. But, given this data, we can conclude that for all but the largest problems, using a heap
won’t save a significant amount of time.

6.4. The Bottom Line

The point of all of this is, of course to develop an algorithm that has the fastest overall run time. I
gathered run times on a Sparcstation 2 using the get rusage () mechanism in UNIX I measured
user time, not real time, and I did not include system time in the measurements. I only ran tests
that did could fit in main memory, and I generated the test sets in main memory so /O and
paging would not affect the results.

Figure 12 shows the results of my timing experiments. The graph shows that Dwyer’s
algorithm gives the best performance overall. Fortune’s algorithm and the improved incremental
algorithm are about the same, but for large problems the incremental algorithm does better.
Fortune’s algorithm does the worst on the largest problems due to the problems with its priority
queue data structure.

Dwyer’s algorithm is faster because it does almost 1/3 fewer circle tests than the
incremental algorithm. Profiling information shows that each algorithm spends about haif of it’s
total time in circle testing, so this accounts for the fact that Dwyer’s program is about ten to
fifteen percent faster than the incremental. However, although the incremental algorithm is
marginally slower than Dwyer’s, it is much simpler to code. It would be interesting to see if the
number of circle tests that the incremental algorithm does could be reduced, though this is likely
to be difficult. In the meantime, I would claim that the simplicity and “on-line’ nature of the
incremental algorithm outweighs its small performance disadvantage.

Finally, the guad-tree order incremental algorithm is slower than my algorithm and
Dwyer’s algorithm, but is somewhat faster than the others. Again, the main difference between
my algorithm and the quad-tree algorithm is that my point location routine is faster. This
accounts for the fact that my algorithm is roughly 15% faster than the quad-tree algorithm.

7. Pathological Point Sets

Each of the algorithms that we have studied uses a uniform distribution of points to its advantage
in a slightly different way. The incremental algorithm uses the fact that nearest neighbor search
is fast on uniform point sets to speed up point location. Dwyer’s algorithm uses the fact that
Delannay edges tend to be short to speed up its merge steps. Fortune’s implementation uses
bucketing to search the sweepline and to maintain its priority queue.

From the analysis and experimental experience we gained previously, we would expect
that since it can do no more than O(xnlog n) operations, Dwyer’s algorithm would be the least
sensitive to pathological input. Next in line would be the incremental algorithm which would
perform O(n*?) operations on average if the distribution of the sites totally defeated the
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Figure 12: Comparison of different algorithms. Times are in microseconds.

bucketing strategy

Finally, we have already seen that Fortune’s heap implementation is not efficient for large
problems even when the input is uniform. If the input set were extremely: irregular, so that most
of the priorities fell into just a few buckets, we would expect the performance of the
implementation to be even worse than the incremental algorithm.

In order to investigate the sensitivity of each algorithm to non-uniform point distributions,
I ran further tests on some extremely bad point sets. Two distributions generated particularly
interesting results. The first distribution was generated using the formulas x = 0.5+ 0, and
y = 0.5+ 0, where o, and o, are chosen from a uniform distribution in the interval [£/2, #/2] for
some ¢ > 0. The algorithm generates x and y, then flips a coin and returns either (0.5,y) or
(x,0.5).

The second has the points distributed in one tight cluster. These point sets were generated
by choosing a center point p and then choosing the other points using the formula x = p, + 0,
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and y = p, +0, where o, and o, have an exponential distribution f(s) = (1/r) ¢™". Figure 13

shows examples of each of these point distributions for ¢ =, O1.
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Figure 13: Bad point distributions

As before, I performed ten runs of each algorithm for n = 1024,2048, - --,65536. I only
tested the incremental algorithm at powers of four to smooth out the response. This is because
the saw-tooth behavior that is apparent in figure 7 was even more pronounced. In the text below,
the “incremental algorithm” may refer to either my algorithm or the quad-tree algorithm. As
before, the performance of the two algorithms is almost the same, with the bucketing algorithm
being a small amount faster.

The incremental algorithm is fairly robust as long as there is some spread in the point
distribution. The algorithm slows down on point sets with heavy clustering because this makes
the point location algorithm perform badly. Figure 14 shows the performance of the point
location routine on the two point sets described above. The incremental algorithm does
surprisingly well on the “cross” distribution. The random input order keeps it from doing too
many circle tests, and the bucketing data structure is still effective here because the points are
spread out along the axes. Since there are vn buckets along each axis, we would expect that the
cost of the point location algorithm would be O(n®) per site where ¢ = 1/4. Figure 14a shows
that the algorithm actually does exhibit this behavior. The curve shown in the figure is
y=433+1. 59n%, which is a reasonable fit to the data. The residuals in this case are a bit
erratic, especially for small point sets.

Although the performance of the point location algorithm is somewhat worse in this case
than in the uniform case, we should remember that the tests performed in a point location steps
are relatively cheap compared to an in—circle test, thus the effect on the actual run-time of
the algorithm isn’t as great as it might seem. In fact, for the range of input sizes that I studied,
the incremental algorithm was actually faster than Dwyer’s on this kind of input.
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Figure 14: Performance of point location on bad inputs.

On the cluster distribution, the incremental algorithm does O(yn) comparisons per point.
The curve shown in figure 14b is 2. 28+/k, and is a fairly good fit to the data. The residuals in the
fit were not as well behaved as we might hope, but it seems safe to assume that the number of
comparisons per site is O(n).

Finally, although we have seen that the incremental algorithm can do very badly on
extremely non-uniform input, we haven’t examined a large range of “badness.” To do this, I ran
a final set of tests on data made up of clusters of sites generated using the formulas x = p+o,
and y = p‘;, + 0y, where o, and o, are normally distributed and p), and p) are chosen at random
fori=1,2,...,10. I ran ten tests each for n between 1024 and 65536. To vary the degree of
clustering, I ran three sets of tests with the normal distributions

Figure 15b shows the cost per site (in microseconds) of the algorithm throughout this
range of inputs. These scales represent a large range of “badness,” and figure 15b shows that the
run time of the incremental algorithm is still close to its average throughout the whole range.

The other two algorithms do most poorly on the cross distribution. In particular, this
distribution of points makes the priority queue structure in Fortune’s implementation perform
extremely badly. What happens is that when the sweepline reaches the sites along the x axis, the
event queue fills up with events that cluster heavily in the y direction. Most of these events fall
into a few buckets in the priority queue structure and causes the searches in the structure cost
close to O(n) operations each. Figure 16a shows the behavior of the priority queue structure on
this input when ¢ =.001. This behavior is another possible reason to replace the Fortune’s
bucket structure with a heap. &

The cross distribution is also close to the worst-case input for Dwyer’s algorithm. Of
course, Dwyer’s algorithm has a worst case runtime of O(n log n) operations, so it should still do
relatively well. Figure 16b shows how many circle tests the algorithm performs as a function of
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Figure 15: Performance of the incremental algorithm on clusters.

the input size. The tests were run with ¢ = . 001. Circle testing is still the dominant cost in the
algorithm, and figure shows that the algorithm is doing close to O(log n) tests per site. The
reason is because while the algorithm has the same linear runtime inside the horizontal and
vertical strips, it has no advantage over the normal divide-and-conquer algorithm when building
the edges which cross between the regions. Thus, as the strips become smaller and smaller, the
performance of the algorithm converges on the worst case.

8. Notes and Discussion

We have seen that that a simple modification to the incremental algorithm for constructing the
Delaunay triangulation yields a method that runs in linear expected time for uniformly
distributed points. The modification uses a simple bucket-based data structure to perform near
neighbor searches. This speeds up the point location phase of the incremental algorithm without
the complex tree-based data structures that other algorithms use. While substantially simpler
than most other algorithms for this problem, it still performs as well or better than the
competition. Experimental evidence indicates that the algorithm will perform poorly only on
extremely pathological (and contrived) inputs.

There are many published algorithms that I did not examine. I did not consider the divide
and conquer algorithm discussed by Guibas and Stolfi because other empirical studies have
already shown it to be substantially slower than the algorithms presented in this paper. I also did
not implement the algorithm of Guibas, Knuth and Sharir [12], because it is likely that their point
Iocation scheme is substantially slower than mine on the inputs that we considered. I also did not
ook at some of the known linear expected-time algorithms, because the papers which described
them contain empirical results or because no implementation of the algorithms were available for
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Figure 16: The performance of Fortune’s algorithm and Dwyer’s algorithm on the cross input.

study [13,14].

The real purpose of this paper, however, is not to advertise a new and superior algorithm,
but to illustrate some principles in the design and analysis of algorithms, First, a variety of tools
are available for doing in-depth experimental analysis of algorithms and programs. For example,
animation can be extremely useful for understanding algorithms and debugging code.
Concentrating on simple displays that are easily generated keeps the programmer from becoming
overly distracted, while still producing useful information. Bentley {2} and McGeoch [15] have
discussed other tools useful for performance analysis. These include data analysis programs,
profilers, data processing tools like Awk or Perl, and custom programs based on “little
languages” for many tasks including generating experiments, graphing data, or displaying
animations.

Using these tools, there is much more to experimental analysis than just runing
benchmarks. Only one of the graphs that I showed in this paper has anything to do with the
actual run-time of these algorithms on a real machine. For the most part my experiments have
concentrated on abstract costs which dominate the execution time of the algorithm in a way
which is machine independent.

Using these experiments, and some knowledge as to how much critical primitive
operations (such as distance computations, or in-circle tests) will cost on a given machine, we
can model the real execution time of the program with high accuracy. In addition, we can do this
without the burden of esoteric computational models that attempt to’ cover every possible
variable in the design of a computer system. Thus, I take a very pragmatic view of the world.
High level abstract analysis should guide the use of experiments and empirical models to
accurately predict performance. Neither theory nor experiments are more important to me, both
have equal weight.
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