



































Lemma 3.3 A minimum size h-v drawing of a binary tree with n nodes can be correctly
found in O(log® n) parallel time using O(n®) EREW processors.

Proof (sketch): In stage 1, there are four possible ways to arrange the subtrees T, and

5. All of them have been considered and the corresponding drawings have been obtained.
For stage 2, there is only one way to embed 7/ into =/ In addition, by the previous lemmas,
the prevail operation does not eliminate useful drawings. Thus, the algorithm correctly
computes a minimum size h-v drawing.

For the time and processor bounds of the algorithm we note the following. In stage
1, since  is a leaf, the tree T} includes only I. Thus, we may have only O(|7,) elements
in the set R;. Also, from lemma 2.1, the list R, contains at most O(min(ITy|,{Ts"|} -
|75 |2} drawings. This means that at most O(|T,,| - min(|T|, [T ) - |75 |*) drawings
are computed, on which we apply the prevail operation to get Ry . The number of drawings
in Ry is at most O(min(|T,| + [T5 [ 1T) - (1T ] + |75 ).

In stage 2, the number of computed drawings is [Rf|-|Rp| (= (min({T, | + 15|, | Ts)) -
([To] + |T57)? - man(|T7 L Tyl) - |T77*1?). Again, the prevail operation is applied on
them. Note that, at each phase of the parallel tree contraction algorithm, each tree node
contributes to the complexity of only one shunt operation (applied to a leaf [}, This comes
from the fact that the number of computed drawings depend on the number of nodes that
have already contracted to the nodes f, [ and s. Thus, on each phase of the parallel tree
contraction algorithm for both the computation of the elements and the implementation
of the prevail operation a total number of O(r®) processors is employed. O(logn) time is
needed for the implementation of the prevail. This gives a total of O(log2 n) parallel time
and O(n8/logn) processors for the parallel tree contraction algorithm. M

4 Reducing the Number of Processors

From the proof of lemma 3.3 we have that stage 1 needs roughly O(n*) processors while stage
2 requires O(n®) processors. An implementation of the second stage of the shunt operation
that needs a smaller number of processors would give a better bound on the total number
of processors that the algorithm requires. In this section, we preseni a procedure that given
the tuples Ly and Ly at the beginning of the second stage of the shunt operation, computes
the tuple L, and needs at most O(IT7 7} - men({T7 |, |Ty]) - (1T} + 155" - min(|T5, ] +
IT5'=, |T4])} processors. This gives a total number of O(n*) processors for the parallel tree
contraction algorithm, matching the requirements of stage 1.

We observe that the assignments that compute the tuples of R, (equations (V} on
page 9), once can see that W, and A; are functions of Wy, Ay, Wy and Ap. Similiarly, H,
and B, are functions of Hy, By, Hy and By, This observation suggests that one does not
need to combine the full R; and Ry lists (producing a new list of length O(n®)) to compute
R, but only parts of them. In fact one can work with lists of length O(n).

The problem can be formulated as a database query evaluation problem as follows:
Given two relations R(Wy, Hy, Ay, By) and Rp(Wy, Hpr, Agr, Byr), produce a new relation
R(Ws, H,, As, Bs) whose attributes obey the restrictions (V) of page 9.

We solve this problem by computing the products

WWf,Af(Rf) % WWII,AIJ(-RJ”) and ﬂ‘Hf,Bf(Rf) X Ter,,Bf,(Rf:)
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where 7 is the projection and X is the cartesian product operations. From the first product
we can compute the relations with attributes W, A, and from the second the relations with
attributes H,, Bs. We then combine the relations with natural join operation to compute R,.
Each intermediate relation has length at most O(|T" 7| - min(|T7 ), [T5]) - (|15, + [T -
min(| Ty, +1Ts |, |Ts])), therefore it can be computed in parallel in constant time using the
same amount of processors. This means that the parallel tree contraction algorithm needs

at most O{n*) processors.

Theorem 4.1 A minimum size h-v drawing of a binary tree with n nodes can be found in
O(log? n) parallel time using O(n*) EREW processors.

Proof: From the above discussion. ll
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