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Figure 2: Positive and Negative Anomalies. Per(c) is undeslined. Left discontinuities are indicated by a *(’,
and right discontinuities by a ). (a) shows a positive anomaly. (b) shows a negative anomaly. y and & are
also shown.
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Figure 3: Map of 2-Cycle Structure. All repeaters are (3, 3)-repeaters.

it cannot attain high overlap with another representative whose period is . A positive anomaly appears in
Figure 2a and can be pictured as a single solid entity (perhaps of size zero) which spans the gap between
copies of y. In this case ¢ is the positive anomaly. Each anomaly appears once every d(c).

We can identify the possible relationships which the various anomalies may have with respect to each other,
Let 0y,02,...,0m be the repeaters in some cycle. We say that two anomalies X,,, X, are properly nested if
Xo, is a negative anomaly and X, falls strictly within the region of X,,. We say that two anomalies X,
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X,, are disjoint if both endpoints of X, are to the right of both endpoints of Xa;, or visa versa.
3

We will show that any two anomalies of ( %, i )-repeaters are either nested or disjoint. This implies that
any set of anomalies is well parenthesized. (Here we take the view described above that negative anomalies are
pairs of parentheses and positive anomalies are single entities.) We will call X, a major enomaly if it is not
nested within any other anomaly. A minor anomaly X, is one which is nested within some negative anomaly.
We will sometimes refer to a major or minor repeaier o, meaning that X, is a major or minor anomaly.

This parenthesis structure naturally gives rise to a forest representation of the nesting of minor anomalies
within major ones. We can view each major anomaly as the root of a parse tree, and each minor anomaly as
another node in the tree according to its nested position, as pictured in Figure 7. Parent-child relationships are
thus well-defined and we have a tree for each major anomaly. We will use this representation in our algorithm
to handle minor anomalies.

The properties of high-overlap two-cycies in the second cycle cover CC, taken together, form a map from
which we can read the possible structure of a two-cycle for a given set of parameters. In certain regions,
the picture is more structured as the number of anomalies may be limited or the structure may be more
clearly identified. We display this map in Figure 3, which is a two-dimensional plot of what is actually a
three-dimensional space. We have labeled the axes by |y| and {o, normalized by d(c). Consider a cycle ¢ and
let o be the largest {in terms of |o]} (£, £)-repeater of ¢, and let y be its witness. In order to characterize ¢
on this graph, plot the point (iy{/d{c), |o|/d(c)).

The rest of the section will be devoted to describing how the our choice of representative is affected by
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Figure 4: Proof of Lemma 3.7, part 3

the region in which a cycle falls. If a cycle falls in Begion {iv) its representative cannot participate in a
high-overlap 2-cycle. In Region (i) which has relatively small o and/or long witness y, we are able to ptove
strong uniqueness properties. In Reglon (ii) only a simple parenthetical structure is possible. In Region (iii) a
maore complicated parenthetical structure can arise, and we are able to exploit this structure to extend 2-cycles
inexpensively.

We can now state some properties of (g, h}-repeaters and their anomalies. Representative proofs appear
in the Appendix. We first show that for vaiues of ¢ and h which include the lower portion of both Region (i)
and Region (ii), there can be only one (g, h)-repeater. Our analysis will use this uniqueness to bootstrap to
larger values of |a|.

Lemma 3.4 Let ¢ be an irreducible cycle. Then there is at most one ¢ such that o is g (3, 2)-repeater of c.

For a range of parameters which inciudes the rest of Region (i), we can show that a cycle can have no
more than two repeaters, We can also show that in Region (ii) there can only be one major anomaly, although
nested minor anomalies are possible.

Lemma 3.5 Let ¢ be an irreducible cycle. Then there are af most two (%, %)-repeaters of ¢, o1 end o1, such
that io;| < }d(c),i e {1,2}.

Lemma 3.6 Let o be the largest (in terms of {o|) (2, 3 )-repeater in cycle ¢, and ils witness y with |y} > d(c)
and |y] > 3|, Then if there is some other repeater ¢ in ¢, Xy s sirictly contained within X,.

In Region (iil}, where the size of |o] is large relative to d(c) and ly|, we have no useful bound on the number
of major (2, 2)-repeaters. However, as discussed above we can show that major and minor anomalies in this
region are well parenthesized and thus are naturally represented as a forest. The proof of Part 1 is a simple
application of Corollary 2.3. We include below the proof of Part 3, which illustrates an important technique;
the proof of Case 2 is similar.

Lemma 3.7 Let 0,0 be (2, 3)-repeaters in cycle ¢, |o| > [o'], with witnesses y, y'. Then

1. If both y, i < dic), then X, and X, ave disjoint.
2 Ify>die), ¥ <dlc), then either X, and X, are disjoint or Xy is properly nested within X,

3. If both y,y > d(c), then X, and X, ave digjoint or properly nested.

Proof: Part 3. Suppose for purpose of contradiction that the two negative anomalies X, and X, are neither
digjoint nor properly nested. Then Figure 4 reflects the situation; in particular note that a copy of y and of
y' must overlap by at least-d(e) in per (¢). We wili consider the region of size d(c) which starts with the first
character of y. Our strategy will be to show that the first character to the left of the overlap region (labeied
“position # 07 in the Figure) is the next character which is required to extend y one more character to the
left, contradicting y being the maximal witness for o.



We will accomplish this by a series of shifts. When we shift by lo| or ia’] from some position j to position
J +1 both positions must be contained within the same copy of ¥ and ' respectively. We may also be allowed
to shift by multiples of |o/| as Jong as we stay within 3 when doing so; this larger period of ¥ we will refer to
as ¢''; we may assume that Jo"’] > 2d(c). For ease of exposition we will use the convention that we will shift
by |o| in the string marked y and by "] in the string marked 3/, and when necessary we will “cross” to the

appropriate string. Of course we can shift by d{e) anywhere in per (c).

Following is the sequence of positions, with reference to Figure 4; “+” moves are to the right, “—” moves
are to the left. Starting at Position #0 in ¢/, we move +d(c) to #1, —ic”| to #£2, cross to #3, +jo| to #4,
—d(c) to #5, cross to #6, o] to #7, cross to #8, and —|o| to #9.

It remains to show that these moves are legal; that is, that each shift remains within the range of the
appropriate witness. While Figure 4 is only representative, that is different values of |o| and |o’| yield slightly
different pictures, most of the positions are easily verified to be within bounds. The one which might be an
issue 18 from Position #3 to #4. Here it is necessary that ly] — d(e) > |0} — |¢”}. Supposing the contrary, we
get |o| —|o”| > y—d{c) > 2d(c) + 2| — d{c). Solving for [o"] we get |¢”'| < Ld(c) but we know |¢”'] > 1d(c).

¥

4 The Algorithm

QOur algorithm begins by forming a cyclte cover on the distance graph, choosing a set of representatives, and then
forming a second cycle cover on the representatives. We choose representatives by identifying (;3,‘-, %)qepeaters
and their corresponding anomalies.

Let v and w be the representatives of two cycles in a distance graph and # the string formed by merging v
and w to form {v, w} and extending it to the left to include each string in v’s cycle and to the right to include
each string in w’s cycle. Then the extension cost Ext(v, w) = {3] — [{v, w}|. If v is the two-cycle containing v
and w, we will sometimes also write also write Ext(y}, meaning min(Ext(v, w), Ext{w, v}). (This is the notation

“we introduced informally in Section 2. By the discussion in Section 2 we know that Ext(v, w) < d(v) + d(w)).
For cycles of size 3 and larger that is more than sufficient to achieve our bound. For 2-cycles we will be able
to bound Ext{~v) more tightly without sacrificing the overlap achieved by the second cycle cover. The idea is
that the 2-cycle gives us the freedom to choose one end or the other on which to extend cheaply.

Our algorithm, SHORTSTRING appears below. At a high level it resembles the generic algorithm, but in
Step (2) we are more careful about choosing representatives and in Step (4), we are more careful about how
we extend. : ‘

ALGORITEM SHORTSTRING
{1} TForm minimum cycle cover ' on distance graph
} Call FnpREPS(c) on each cycle ¢ € ' to choose representatives R
{3} Form minimum cycle cover CC on the graph induced by R
} Break each cycle v in CC:
(a) if v is a 2-cycle (v,t) such that min{ov(v,t},0v(t,v)) > 3{d(cy) + dic:))
if Ext{v,t) < Ext(t, v}
then Discard edge (t,v) ; Extend (v, by Ext(v,t)
else Discard edge {v,t); Extend (t,+) by Ext(t,v)
(b} Otherwise discard edge of cycle v with least overlap; Extend each vertex w by d(cw)
(5) Concatenate strings from (4) to form superstring o

Our procedure FINDREPS (c) is the key to owr improved approximation bound. We begin by identifying
all of the (ﬁ-, %)wrepeaters of the cycle, and the corresponding major and minor anomalies. Qur first choice
for representative is a string which falls in Region (iv) and hence does not contain a (2, £)-repeater; such
a string cannot achieve high overlap on both edges of a two-cycle. It may be that every string in the cycle
has a (%, %)—repeater; in this case we use a more precise notion of the relationship between a string and the
anomalies in its cycle.

Definition 4.1 Suppose a cycle ¢ containg an anomaly X,. Consider a string 2 in e. If X, is positive, we say
that z fouches X, each time it passes through X, or includes at least one character of X,. If X, is negative,
we say that z touches X, each time that X, is strictly included in z.
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For each major anomaly X,,, let ¢; be the maximum number of times any string touches o;. If a string
touches each anomaly exactly ¢; times, then it is called a consensus candidate. If every string in the cycle
has a (%, %)-repeater, then our next choice is a consensus candidate. The choice of a consensus candidate
guarantees that the representative covers most of the total length required by all of the strings in the cycle,
and our cost of extension will be low.

The cycle may not contain a consensus candidate. It may be that one string s will touch one anomaly X,
the most times, while another string ¢ touches X, one less time but touches X,/ one more time than s. In
this case we choose a string which has the largest {%, %)—repeater.

In either of the latter two cases, we might have more than one string which meet our criteria in terms of
major anomalies. We break ties in this case by examining the nested minor anomalies in a similar manner.
(Given the parse tree representation of this nesting described in Section 3, the method for doing so can be
eagily deseribed. If we find no way to break ties even with the minor anomalies, then the strings are very
closely grouped and any choice will be equally good. The pseudocode for this appears below. If a node w in
a parse tree corresponds to some anomaly X, , we will use the notation o{w) to refer to o.

ProceDpURE FNDREPS ()
Find all (£, {)-repeaters and associated anomalies in ¢
Label major anomalies Xo,, Xo,, ..., Xo, such that |o1] > |g2] > ... > |or]
Build the parse tree for each major anomaly X,
if there are one or more strings without a (%, £)-repeater
then r. — longest such string
else if there is at least one consensus candidaie
then let X be the major anomaly in which all consensus candidates begin
else let X be X,
Let a be the leftmost string in X; let z be the rightmost string in X
fa#z
then r. — TEBrEAK(E, 2, X)
else r. — a

ProcEDURE TIEBREAK(A,Z,X) {X is a parse tree}
w +~ lea{e, 2} in X
fw=aorw=z

then return w

else

Let ancg,anc: be the children of w which are ancestors of a and z respectively
i |e(anca)] 2 |o(ancs)]

then Return a

else Return z

We now analyze the algorithm. Recall from Sectior 2 that given a 2-cycle v in CC composed of vertices v
and ¢, we use ov] to denote the overlap on the edge not taken and ovff to0 denote the overlap taken. Recall
also from Lemma 2.2 that in order to improve the approximation bound from 3 dewn to 1+ g for 8 > %, we
need only to show that for all 2-cycles v, ovl + Ext{y) < B{d(c. } + d(c:)).

Lemma 4.2 Let v be a Z-cycle in CC with v the representalive of cycle ¢, and t the representative of c;.
Then

ol + Brtly) < (d(en) + dled)).

Proof: Assume without loss of generality d(c;) > d(c,). If min(ov(v,t),ov(t,2)) < 2(d{cy) + d(c;)) then
ov] < %(d(cu) + d{c:}) and we can achieve the stated bound with an extension cost of die,) + d(c;). Either

our algorithm sueceeded in finding a representative with no (%, %)—repeaters, or there was not an r, available
such that per(v) = o for any (3, 3)-repeater in t.
Now suppose min{ov(v,t),0v(t,v)) > 2(d(e,) + d(c;)). Since v achieves this much overiap at both ends of

1, there must be at least one (%, %)—repeater o’ in ¢;, and in fact ¢’ = per(v). Furthermore, we observe that
all strings in ¢, must have at least one (2, 2)-repeater; if some string ¢’ did not, we would have chosen it as

the representative of ¢; and this high-overlap two-cycle could not have occurred.
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Figure 5: Cases 1a, 1b, and 2 from Proof of Lemma 4.2.

Let o be the largest (2, 4) repeater found in FINDREPS(e;). We will consider three cases as described in
Figure 3, determined by the size of the largest {2, 2)-repeater ¢ found in ¢; and by the length of its maximal
witness y:

L. 3(d(e) + [o]) < Iyl < dc)
2. |yl 2 d{c} and ly| > 3|o}
3. 2d(c)+ o) < |yl < 3|o]

Case 1. Since |y} < d(c), |o! < 2d(c) and by Lemma 3.5 there can be at at most two (4, 3)-repeaters in
¢. First suppose there is only one, say . Then FindReps(c) must have chosen as ¢ a string that had more
touches of X, than any other string in e. Since ¢ could only contain ¢ as a (4, % )-repeater, o = per{v).

To extend ¢ to include another string ¢ in ¢;, we align the copies of X, in ' with those in ¢. By our choice
of £, ¢’ can’t extend beyond the next copy of X, {the rightmost line in Figure 5 Case 1la). By the definition
of anomaly, the overlap with v cannot touch X,. So the remaining cost of extending to include # is at most
d{e¢) — ovy. We still have to extend to include other strings in ¢,; that requires no more than dfc, ), giving us

ovy + Ext(y) < ovi +d{e;) — ov] +d{cy) = dler) + d(ew).

Suppose we had two (4, 4) repeaters in ¢, with anomalies X, and X . If in FINDREPS{¢;} we chose t because
it had the most touches of both anomalies, the analysis would be the same as that above with only one (4, 4)
repeater Suppose there was not such a string, so ¢ was chosen because it has o, the largest ( o 4) -repeater
as a (2, 2)-repeater. {See Figure 5.) The extension cost to the next copy of X, is ci{c,) —ov}. However, since
some t' might include one more copy of X,, we also might have to extend to the next copy of X,+. Because
ALGORITHM SHORTSTRING extends on the less expensive side, this distance is no more than $d(e;). Again

assuming that v will have to be extended by its full period, we have

< (e + d(e)).

1 1
ovy + Ext(v) < ovy +d{e) —ovl] + §d(c1) 4+ d(ey) = dle) + diey) + gd(cr) 5

This last bound follows since by Lemma 3.4 there can only be one (%, 2)-repeater in ¢;. So for the larger of
the (3, 2)-repeaters, it must be that 2(d(c¢) + d{c,)) < |yl < 1(d{e) + 2d(ey)) which solves to d(c,) > Fd{er),
0 dee) < E(d(er) + d(e.)).
Case 2. In this case we have |y{ > d(¢) and |y| > 3|o] which are the precenditions required for Lemma 3.6.
So we know that X, is the only major anomaly, and it might be positive or negative. If it is negative, it might
have minor anomalies nested within in. If so, however, by Lemma 4.4 they must be simply nested, not side
by side. (See Figure 5.) Since there was not a string in ¢; without a (2, 2)-repeater, there must be at least
two strings ¢ and ¢/ which start and end in X, and so TIEBREAK{L,1', X;) must have been called.

In general there are two ways in which ties might be broken by TIEBrEAK. If one candidate was an
ancestor of the other in the parse tree representation, we will say that the tie was broken strongly; otherwise,
each had an ancestor that were siblings, and we say that the tie was broken weakly. Since in Region (ii} minor



anomalies can only be simply nested, TieBreak must have broken the tie between t and ¢’ strongly. Therefore
regardless of whether per(v) is actually o or some ¢’ whose anomaly X, is nested within X,, the overlap
begins within one copy of X, and cannot extend past the next copy. Also note that no # can extend past
Xg, or it would have had more touches of X, than f. Qur analysis then is

ov] + Ext(7) < 0v] + d(er) + d(en) — oV’ + dles) = der) + 2d(en) < 3(d(er) + d(en))

This last follows because in this case d(ey) < 2d(cy) < E(d(es) + d(cy)).

Before proceeding to Case 3 we need some further details about the parenthesization of anomalies in the
remaining region, where |ol is larger. The proofs of these Lemmas follow in a straightforward way from the
definition of (#, $)-repeaters and anomalies, and the application of Corollary 2.3.

Lemma 4.3 Let X, be a major anomaly in cycle ¢ and X, a minor anomaly nested within X,. Then
o} > 2d(c).

Lemma 4.4 If two minor anomalies Xy and X,n ave nested separately within another anomaly X,, then
lel > 2d(c), and |o'| +|o"| > d(c).

Lemma 4.5 Let X, be a major anomaly in cycle ¢ and X5 ¢ minor enomaly nested within X,. Then if @
string t is o witness to bolh o and o’ then d(y,y') > £d(c) — |o’|.

Lemma 4.6 Let X, be any negative anomaly in cycle c. Then | X, < |ol.
Case 3. Recall that in this case we have 2(d(c}+|of} < 1yl < 8|¢]. In this region we may have several major
anomalies as well as minor anomalies nested according to the constraints of Lemmas 3.7 and 4.4

There are two ways that ¢ could have been chosen as a representative; either it was a consensus candidate,
or it had the largest {2, 3)-repeater . It also couid have had ties between itself and another string ¢’ broken
strongly or weakly. We consider each of the resulting four cases; the first appears below and the remainder in
the Appendix.

Subcage A. Suppose ¢ was a consensus candidate, and any ties were broken strongly. Let X,/ be the major

anomaly in which ¢ begins and ends. (See Figure 6.) If per(v) = ¢/, and using Lemma 4.6, then
3
ovy + Ext(y) < ovy +d(e) + [ Xor| — ovh + d{ey) < dee) + 2d(cy) < §(d(ct) +d(cy)).
It could be that per(v) = o'/, with X;» nested within X, .. In this case we apply Lemma 4.5 and get

1
ovi 4+ Ext(y) < ovl 4 2d{e) —ovl — (§d(c1) — o'l + dley)

IA

2d(ey) + d(e.)) - (e

AN

Fi
T(d(en) + d(e))
We now combine Lemmas 2.2 and Lemma 4.2 with the results of Section 3 to obtain:

Theorem 4.7 Algorithm ShoriSiring is a 2%-appromimaiion for the shortest superstring problem.

5 Discussion

We believe that the machinery presented here will ultimately lead to beiter approximation bounds than 2-2—
for the shortest superstring problem. We know more about the structure than is included in this extended
abstract. We have studied the properties of (g— %)»?epeaters and believe that they can be used to achieve a
bound of 2%. We further conjecture that, by combining the structure of high-overlap 2-cycles with some recent
maximum TSP work [7], we may achieve improved bounds. We also hope that the understanding we have
developed about the particular structure of strings will help in solving real biological problems, which may
have similar structure.
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Appendix
Representative Proofs of Results of Section 3
Following are proofs of some of the technical results of Section 3.

Lemma 3.4 Let ¢ be an irreducible cycle. Then there is at most one ¢ such that ¢ is a (%, 2)-repeater of c.

Proof: Suppose for purpose of contradiction that there are two distinet ( , 2)-repeaters, o and o’. Consider
their maximal witnesses y and 3. By the definition of a (2,2) -repeater, we know

1 1
lvi 2 5d(e) +2lo] and |¢/] 2 5d(c) + 2}0”].
These lower bounds on length guarantee that
ov(y, o)+ ov(y ) 2 lul + 1| - d(e) > 2lof + 2}0].

1t follows that max(ov(y, v/}, ov(y', y)) > |o| + |o’|. We complete the proof by applying Corollary 2.3. )

Lemma 3.5 Lefc be an irreducible cycle. Then there are at most two (4, % )-repeaters of ¢, o1 and o9, such
that |oy] < 4d(e),i€ {1,2}.

Proof: Suppose for purpose of contradiction that there are three such repeaters o,04, and o3 with maximal
witnesses 1,2, and ya. We will sum the overlaps of the witnesses, and show that at least one overlap will be
larger than the respective lo| + |0}, leading to a contradiction by Lemma 2.3.

Consider the three overlaps in the order ov{yy, ¥}, ov(ys, Ja) ov(ya, ¥1). Wehave ov(yi, u;) = {vil~d(wi, v5)-
Summing the three overlaps and applying the definition of (2 e 3) -repeater gives us

Yoovluy) = Y fwl—d(e

i i
2 )+ 3 kel ~ )
= O+ 33l

To avoid a contradiction by Corollary 2.3, we would need for each pair (oi, ;) to sum to more than the
overiap of their witnesses. Summing over the three overlaps we have :

22|o~,1> ~d(e 421"4

Solving for 3, |oy] gives us J_; lovi > d(c) which contradicts the condition of the Lemma that each |o;{ < 5d(c).
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Remaining Cases in Proof of Lemma 4.2

In Section 4 we proved the first of four subcases of Case 3 of the analysis. Recall that in this case we know
2(d(c)+lol) < |yl < 3le|. Our four subcases we determined by whether ¢ was chosen as a consensus candidate
or because it had the largest (%, 2)-repeater, and by whether any ties were broken strongly or weakly.

Subease B. In this case t was chosen because it had the largest (3, 2)-repeater 7, and any ties were broken
strongly. No other string t' in ¢ can touch the last major anomaly before the next copy of X, or such a
string would have had the maximum number of touches of each major anomaly and would have been made
the representative. (See Figure 6.) First suppose that per(v) = o. Because we're in case 3, we know that

] > %d(c,) and

7
v + Extl(y) < ov? + 2d(er) — ov? +d(eo) < 2d(er) + d(en) € Fdled) +d(e))
It could also be that per(v) = o, with X, nested within X. The analysis in this case follows exactly that of
Case A, giving us a bound of ov} + Ext{y) < T{d(ed) + dlev))

Subcase . Now suppose ¢ was a consensus candidate, and there was a tie which was broken weakly.
Suppose t started and ended in major anomaly .. ‘Then any other string ¢’ in the cycle can be aligned with
¢ and not extend beyond the end of X,s. (See Figure 6.) By Lemma 4.4 we know that |of > £d(er), and
lo'| = %d(c,). We might have per(v) = o or per{v) = ¢'; in either case we have

5
ovl + Ext(y) < ovy + d(er) + ol = ovik + d(ey) £ 2d(e) + d(cy) € g(d(ct) +d(ey))

Gubcase D. Finally, consider the case when { was chosen because it had the largest (-3—, 2)-repeater o, and

there was a tie broken weakly. As in Case B, no other string ¢’ can touch the last major anomaly before the

next copy of X,, or it would have been chosen representative on the basis of maximum touches. Since we
know that dfc,) > td(c:),

5
ov + Ext(y) < ovy + 2d{c;) — ovl +d(ey) £ g(d(ct) + d(ew)

This completes the four subcases of Case 3, which completes the proof of the Lemma. | 8
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Figure 6: Proof of Lemma 4.2 Case 3A-D.
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