







































































Throughout, X is a distance transitive graph: Thus, X is a finite metric space with integer-
valued distance d (taken to be the usual distance of shortest path on the graph) with G a group of
isometries of X (acting on the left) satisfying the property of two-point homogeneity:

If z,y,2",y" € X are such that d{z,y) = d(a'y’), then there ewists g € G such that gz = =’ and
qy=1y.

In this case, X is also said to be a two-point homogeneous space (with respect to G and d).

It is perhaps instructive at this point to recall the analogy here with the usual 2-sphere in R3. In
this case we know that any pair of points on the sphere which are a fixed distance apart can be moved
into any other two such points by a rotation - or isometry of R®. Thus, the rotation group SO(3) acts
two-point homogeneously on the 2-sphere. Stanton’s papers [St1, St3] do a terrific job of spelling out
these analogies.

Thus, since d(z,z) = 0 = d(2',2") for every z,2’ € X, there is a ¢ € & such that gz = &', i.e.,
G acts transitively on X. Let zp € X denote a fixed basepoint and H = {g € G | gzo = zo}
denote the stabilizer subgroup of zy. Since G acts transitively on X, any element z € X can be
written as ¢ = szg for some s € G and if szp = ¢ = txg, then s~ zg = 2o and hence s~ € H and
t € sH. Thus, there is a natural correspondence between X and the coset space G/ H, associating
any element o = szq with the coset sH. Keeping in mind the analogy with the 2-sphere, consider the
subgroup # = §0(2) < SO(3) of rotations which fix the north pole. Cosets are represented by circles
of latitude, with coset representatives in 1:1 correspondence with a choice of points at all possible
latitudes. Any two points of the same latitude differ only by a rotation about the north pole.

Under the correspondence between points in X and cosets in G/H the vector space of complex-
valued functions on X, L?(X) is isomorphic to the vector space of complex-valued functions on G/ H,
L} G/H), by defining

f(sH) = fszo).

Any function on G/H then naturally extends to f, a function defined on the entire group G, by
declaring it to be constant on cosets,

fs) = flsH).
It is not hard to check that f is well-defined and that
flshy = f(s). (31)

Thus, f is a (right) H-invariant function on G. Conversely, it is easy to see that for any subgroup
H < (G the subspace of L*(G) satisfying {31)) is equivalent to the L*(G/H). Following along the
analogy with the 2-sphere, L*(SO(2)\S0O(3)/50(2)) can be identified with the subspace of functions
on the 2-sphere which are constant on latitudes.

The action of (7 on X gives rise to a representation of G in L%(X) by translation. More precisely,
for every s € G and f € L*{X) a new function p(s}f € L*(X) can be defined by

p(s)f] () = f(s7 a).
p(s)]

In this manner, each p(s) defines a linear operator on L*(X) such that p(st) = p(s)p(t) and thus
is a representation of the group (<. This representation is in general reducible in the sense that
there exist proper subspaces of Wy,..., W, such that each W; is G-invariant (i.e. p(s)W; C W; for
all s € G) and LA X) = Wy & --- ® W,. A subspace W is G-irreducible if it contains no proper
(i-invariant subspaces. For L#(X), an irreducible decomposition can be understood by considering
the action of H.
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Let {2y denote the sphere of radius & about zg,
i = {o € X [ d(z, 20} = k). (32)

‘Then the €y are exactly the H-orbits in X. That is X is the disjoint union of the Q; and if z,y € Oy
then hz = y for some h € H and conversely, if hz = y, then z,y € Qi for some k. In the case of the
2-gphere, the associated “Q," are the circles of latitude.

A subspace W of L*(X) is H-invariant if for all f ¢ W, p(h)f € W for all h € H. Thus,
a function constant on each of the 0y is H-invariant and conversely. IHence, if N is the maximum
distance occurring in X, then the subspace of H-invariant functions in L*(X) is of dimension N + 1.
This may be immediately translated into a statement about functions on G: Under the association of
L*(X') with right H-invariant functions on G, the H-invariant functions of L2(X) become functions
which are both left and right H-invariant, i.e., functions f € L*(G) such that

flhishs) = f{s)

for all hy,hy € H. Such H-biinvariant functions are then naturally associated with the space of
functions constant on double cosets H\G/H and thus are denoted as L*( H\G/H). Hence we see that
L*(H\G/H)is of dimension N + 1.

Note that the subspaces L?(X ) and L?*(H\G/H) are in fact algebras under convolution: if f,g €
L*(X) then define fxg € L} X) by

Frglzy=13" f(s)g(s™ w) (33)

seF

where f is the function on & derived from f by extending it to be constant on cosets of # as in (31}
1t is easy to check that if f and ¢ are H-invariant then their convolution is as well.

As a complex representation space for a finite group G, L*(X) may be decomposed into G-
irreducible subspaces {c¢f. [S], Section 1.4, Theorem 2). In the general situation of decomposing
the permutation representation arising from a finite group G acting transitively on a set X, this ir-
reducible decomposition need not be unique. However, under the assumption of distance transitivity,
an irreducible decomposition is indeed unique.

Theorem 3 ([Stl], Theorem 2.6) Let all notation be as above. Then as a representation of G, the
space L*( X'} has a unique decomposition into irreducible subspaces as

PFXY=Vo® Vi - & Vy.

where the V; are all pairwise inequivalent - that is, the representation of G in L?(X) is multiplicity-
free.

The proof of this theorem is not crucial for the main results, but it is worth remarking that it
depends only on the fact that G acts two-point homogeneously on X and as such is a general fact
about permutation representations (cf. [W], Chapter 5, Section 29). In this context a proof follows
from the fact that Theorem 3 is equivalent to the statement that the intertwining algebra of the
permutation representation is commutative. (The intertwining algebra is the algebra of linear operators
T that commute with the permutation representation p - i.e., the set of T such that Tp(s) = p(s)T
for all s € G.) To show this commutativity, choose a basis for L*( X} consisting of “delta functions”
or point masses concentrated at single points. For 0 < k < N, define the | X'| x | X'| matrices Dy by

1 ifday)=k
Di(z,y) = { 0 otherwise. o
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Straightforward combinatorial arguments (eg. [St1, 5t3]) show that the Dy commute and span the
intertwining algebra, which must then be of dimension N + 1. Even more, the algebra is generated by
Dy since the Dy satisfy the following three-term recurrence ([St1, 5t31),

D Di =iy Digr +aiDi + b1 Diq (35)
where
civ1 = |[{z:d(z,z)=1,d{y,z) = i} | for any fixed =,y with d(z,y) =i + 1,
a; = |{z:d{z,z)=1,d(y,z)=i}] for any fixed z,y with d(z,y} = i,
biot = [{z:d(z,2)=1,d(y,z) =14} | for any fixed z,y with d{z,y) =7 ~ L.

Consequently, D, is a polynomial in Dy,
D; = pi(Dy). (36)

Since Dy is real symmetric and generates an algebra of dimension N 41 it has distinct real nonzero
eigenvalues {Ay < --- < An}. Also, since Dy is in the intertwining algebra for the representation p
and the intertwining algebra is commutative, the A; eigenspaces must be the G-irreducible subspaces.

The importance of Theorem 3 is that it shows that in this special case, the isotypic and irreducible
decompositions coincide, so that the irreducible decomposition is independent of choice of basis. It
is a direct consequence of Theorem 3 that in each V; there exists a unique one-dimensional H-fixed
subspace {e.g. see [D], p.54, Theorem 9). We choose a basis vector ¢; for this subspace by demanding
that ¢;(xq) = 1. Note that this is possible, since the previous reference - or Frobenious Reciprocity
(cf. [S]) - shows the existence of some nonzero H-fixed element (Lence constant on each of the ()
¢; € V. Since

D1y = Aigs (37)

and ¢; is constant on each £, the fact that ¢; is not identically zero implies that ¢;(z¢) # 0. Hence
¢; can be normalized so as to assume ¢i{zg) = 1.

Note that ¢; may be viewed as either an H-invariant function on X or an H-biinvariant function
on (. As an H-invariant function on X it is constant on the spheres Q. We call ¢; the #** spherical
function. By counting we see that the spherical functions give a basis for the H-invariant functions
on X. :

I'or distance transitive graphs, the polynomial nature of the spherical functions is derived from the
selfsame property of the commuting algebra for the representation of G in L*(X).

As shown in [St1], by evaluating the eigenvalue equation (37} at £z we move the recurrence {35}
to the ¢;:

i Q) = Y@ Qisr) + i Qi) + Budi(Qe—y), (38)
where for any z € Q,
v o= 1{z:iz€ Qpyr and d(z,2) = 1} ],
ar = |{z:2€Q and d(z,z) =1}, and
Be = {z:2€Qand d(z,z})=1}].

Examination of the combinatorics yields,

[k ] @:(Clk) = pu( ). (39)
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The orthogonality relations for the spherical functions take on the form

1 X 1
X7 kz:;} Gi( Q)i Q) | e |= 5:‘5W (40)

where ¢;({2;) makes sense as ¢; is constant on ;. In addition we have a “dual orthogonality relation”,

}\T
r}; 3 (O im(V) = ékjga. (41)

We summarize this with the following theorem.
Theorem 4 Let X be a finite distance transitive graph with respect to a group of isometries G. Let
HXy=Vop - @ Vy

be the isotypic, and hence irreducible, decomposition of L%(X) so that N is the mazimum distance
occurring in X . Let ¢; be the spherical function for V; and A; as in (37) and Q, as in (32). Then

[t (D) = pr( i)

Jor some set of orthogonal polynomials {py(z) | 0 < k < N} such that p; is of degree k and the
polynomials satisfy a three-term recurrence (35).

Remarks:

1. It is worth noting that while the spherical functions ¢; are determined by the polynomial func-
tions described above, Theorem 4 does not say that ¢;(} is polynomial in % (i.e., equal to
some fixed polynomial evaluated at N + 1 fixed points). Rather this is a statement that the
dual functions p; are an orthogonal polynomial system with respect to the weights dim(V}),
although for many examples this will also be true of the spherical functions (cf. section 4). As
a consequence, in general the inverse spherical transform is always projection onto polynomials,
and would thus benefit from general results on fast projection onto polynomials. In fact such an
algorithm can then be transposed to obtain an algorithm for the direct transform with the same
complexity, whether or not the direct transform is obtained by projection onto polynomials.

2. The existence of spherical functions depended only on the fact that the permutation represen-
tation of G on L*(G/H )} was multiplicity-free. This is often summarized by saying that (G, H)
form a Gelfand pair. Gelfand pairs have been much studied of late. See Gross [Gr] for a survey
with applications to number theory and Diaconis [D] for applications to statistics and probability
as well as an extensive bibliography. Helgason’s book [He| gives a thorough introduction to the
study of spherical functions for compact and locally compact groups with a full bibliography.

As remarked, the polynomial nature follows from the polynomial relation of the D;. This is true
in a slightly more general setting than distance transitive graphs. It can be extended to finite
two-point homogeneous spaces in which the metric satisfies some technical properties (cf. [St1],
p. 90).

Spherical functions may also be computed by character theoretic methods. Travis [Tr] generalizes
this approach to construct “generalized” spherical functions attached to any pair of characters
¢ and x for representations of a finite group G and subgroup H respectively.
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3. While the existence of the spherical functions depends only on the multiplicity-free nature of
the representation, their expression as certain sampled values of orthogonal polynomial sets, and
consequent relations via the recurrence (38) uses the integer-valued property of the metric.

4, We should point out that many of the problems and results discussed here may be phrased in the
langnage of association schemes, Bannai and Ito [BI] give a beautiful treatment of this subject.
We have not pursued this connection.

3.2 Fast spherical transforms on distance transitive graphs

The terminology is that of Section 3.1. In particular, recall that A < G is the isotropy group of a fixed
basepoint zg € X so that L2(H\G/H) is identified with the subspace of L?(X) of functions constant
on spheres around zg.

Theorem 5 For distance transitive graphs with mazimum distance N, the spherical transform and
its inverse can be computed in at most O{N log? N) operations.

Proof: Let f € L*(H\G/H). Then the components of [ are

N N
Fle) =3~ F0)ou( ) | i= 3 Flai)pr( ). (42)
ka3 k=0
qsing
| Q| i) = pe( i) (7)

from Section 3.1,
This has the form of polynomial evaluation, or multiplication by the transpose of the generalized
Vandermonde matrix associated with the polynomials p; and the evaluation points A; :

F(40) poldo)  pr(o) -+ pn(Ao) J(€) |9

f(qbl) _ pG(AI) pl( l) pN()‘l) f(Qfl) EQ}-' — P(A)tfg

fon)) N piow) o owOw)/ \son) 1]

Likewise, the inverse spherical transform can be written in terms of (P(A)")Y, = P(A) itself; by the
dual orthogonality equation (41}

N
F(S%) = Z F(0)oi( Qe )dim(V5).
=0

Using equation (40) we rewrite this as

N
IQk|f Qk Z qﬁe pk(}\ dzm(V)

Up to scaling, this has the form of projection onto the polynomials pg, or multiplication by the
generalized Vandermonde matrix P(A). The three-term recurrence relation is already known explcitly;
consequently, the methods of Section 2 apply directly to this computation. Thus, the inverse spherical
transform can be done in O(N log® N} operations.

We can also conclude that the transpose problem, the direct spherical transform, is also fast. This
follows, for instance, from the results of N. Bshouty et. al. [BKK]. Roughly speaking they observe
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that if a straight line algorithm can compute a matrix product M - v in time O(T(n)) (for M an n x n
matrix and v a column vector}, then there exists an algorithm computing the transposed product Mtv
in the same time. They note that any such algorithm may be encoded in a directed graph and in this
context the “transposed” algorithm is essentially given by reversing all arrows on the graph.

In our case, the inverse spherical transform algorithm amounts to a factorization of the matrix
P{A). The order reversed and transposed factors comprise a factorization of P(A}!, which effects the
direct transform by matrix multiplication. The individual factors have block structure with Toeplitz
blocks, and this does not change upon their transposition. Therefore, the direct transform is computed
with the same complexity as the inverse.

Finally, consider convolution of two functions f,¢ € L*(H\G/H). Recall that this is simply the
convolution over & (cf. equation (33) of H-biinvariant functions which is again H-biinvariant. As
such it makes sense to compute the DST of the convolution. It can be shown that for such functions

X fxo(en) = F(g0)al )

with a quick proof using the multiplicative properties of a Fourier transform on a finite group and the
fact that a spherical function is a particular matrix coefficient for the symmetry group (cf. [D], pp.
54-56). Thus, we obtain

Theorem 6 Let f,g € L*(H\G/H). Given as initial input the spherical transforms {f(¢;)}i, the
function f may be recovered in O{N log® N) operations. The convolution f x g can be computed in
at most O{Nlog? N) operations. The implied constants here are universal and depend only on the
universal constant for the FFT.

Example 2 Some particular distance transitive graphs.

1. K-sets of an N-set:

This is the collection of size K subsets 2 ¢ {1,2, ..., N}jel= K, with metric d(z,y) = K —|2Ny|,
Sy as symmetry group, and made into a graph in the usual way: put edges between those K -sets
whose distance is 1. Assuming 2K < N, the largest distance is K, occurring for disjoint & -sets.
Picking a basepoint K -set o, the stabilizer is 2 Sg X Sy-K, so we may identify this graph with
Sn/{Sk x Sn_ic).

This is a distance transitive graph of size (g) . The weights in the spherical function orthogo-
N—_K) .

nality relations are the sizes of the spheres at fixed distances from the basepoint: [£,} = ( J

Recall that the spherical functions satisfy
1251 (&) = pi(As)

for a family of orthogonal polynomials defined on the collection of eigenvalues for the adjacency
operator. We saw that the spherical functions are eigenvectors of the adjacency operator, and
that this provides the three-term recurrence from which the A; and the p; may be determined:

Aipi(A) = PR (M) + (K = J)N = K = )piald)
FE(N = K) =~ §% = (K~ §)(N = K — /)]p;( ).
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This is the recurrence for the Eberlein, or dual Hahn polynomials. From the case j = 1 we get
Ai= K(N - K)—4#{N+1-1i). We can now compute the spherical functions as

sy = SO () (L)

-4~

This is the Hahn polynomial Q;(j; K — N — 1, -K — 1, K} [KM, St1]. As we have already seen,
these are orthogonal polynomials satisfying a three-term recurrence, equation 3.3. The norms
can be determined from dimV; = (N) — ( N )

B i1
In this case we have the recurrence relation needed to make the forward spherical transform fast,

as discussed in Example 1 of the last section. On the other hand, we know that in every case we
have the recurrence relation for the pg needed to make the inverse transform fast.

2. The hypercube:

The hypercube Z} has the Hamming metric and symmetries consisting of the hyperoctohedral
group, the semidirect product SyxZ5. This is a distance transitive graph. The three-term
recurrence from the adjacency operator eigenequation is

Aipi (M) = JAips—1 (A} + (N = G)pjea ()

from which we determine the eigenvalues A; = N — 2i, and the spherical functions

5105 = 3 () (52 e

=0

Again, these are orthogonal polynomials with respect to weights |Q;] = (;V ) = dimV;, known
as the Krawtchouk polynomials K;(7,1/2, N). This is a particularly nice case in that the dual
polynomials and the spherical polynomials are the same up to a constant. So the forward
spherical transform and its inverse are effectively the same, and can be done fast using the
three-term recurrence as before.

4 Computation of Isotypic Projections

As remarked in Section 1, a fast DST algorithm has applications in spectral analysis for data on
distance transitive graphs. In this section we wish to explain this in a little more detail. Diaconis’
book ([D], especially Chapter 8) is an excellent introduction to these ideas and also gives many pointers
to the existing literature. (See {[DR] for a more thorough account of the following discussion as well
as for other approaches to this problem.)

In general, let G be a finite group acting transitively on a set

X =A{zey 21, .. 20}

The action of G on X then determines the associated permutation representation p of G in L3(X)
given by translation,

(p(s)f)z) = f(s™ a).
Il 7 and 7' are two representations of &, then we will write 5 ~ 5’ if 1 is equivalent to 7. Recall
that the isotypic decomposition of L*(X),
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Lz(X)ng@---@VN
is defined by

(1) Fach V; is G-invariant.
(2) If p!¥) 1= p lv; then,
P(i) ~ T

where the 1; are irreducible representations of G, m; some positive integer and i # 7 tmplies that
;-

The isotypic decomposition is canonical in the sense that it is independent of choice of basis for
LX),

In appropriate settings, data on a such a finite homogeneous space X is viewed as a vector f €

L*(X). The relevant statistics then become the projections of f onto the isotypic components. To
state things a bit more sharply the computational problem is

Given as input f = (f(zp),..., f(zy)), compute for i = 0,..., N the projection of f, into the i'"

isotypic, denoted fI{€ Vi) as . . :
f(z) = (f(“)(mg), “ees f(l)(wn))

One way to proceed here is via character theory. Let x; be the character corresponding to ;. Then
([S], Theorem 2.7),

xi{l
$9) = XS ) s7'e). (43)
selx
This gives a naive upper bound of | X' || G| operations to compute all projections. Note that in the
example of the California Lottery of Section 1, this would give 49!(469) operations, which is beyond the
capabilities of any machkine,

Careful analysis of this formula permits significant speed-ups, even in the general case.

Theorem ([DR], Theorem 2.4) For any fived i, the projection onto the i*" isotypic can be computed
in at most | X |* operations. Consequently, all projections can be computed in at most (N + 1) | X |?
operations.

Let us now specialize the case of interest, that in which L?(X) has a multiplicity-free decomposition
so that the isotypic decomposition is actually an irreducible decomposition. As previously, let H denote
the isotropy subgroup of the chosen basepoint z¢ and let {sg = 1,...,s,} denote a fixed set of coset
representatives. Let {¢;}YY, denote the corresponding spherical functions. In this case the character
formula (43) can be rewritten as

FO () = kam;,}qx () 191 (44)

T Z
where

Q)—W!Zf(s (45)

z€{l;

Computation of the f; is a preprocessing of the original data whose complexity will depend on the
geometry of X. In any event this always may be done in at most | X | additions.
Finally, using the notation of the previous sections, we rewrite (44) as
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() = %M(l)ﬁ(@)-

Consequently using the results of Section 3, we have the following

Theorem 7 Let X be a distance transitive graph for G with mazimum distance N. Then the set of
projections fU) e V;, (i =0,...,N) may be computed in at most

O{| X * +|X| Nlog? N)
operations,

Remark. In some cases the projections can also be computed combinatorially using variations of the
discrete Radon transform (cf. {D, DR, BDRR]).

5 Final Remarks

Of course, distance transitive graphs are not the only source of orthogonal polynomials. Another
example closely related to this setting is the construction of orthogonal polynomial systems from
group actions on posets {St2]. If P is a ranked poset, then L?(P) has a natural decomposition into
“harmonics”. In [St2] Stanton shows that under certain assumptions about the automorphism group
G of P, the space of functions on the maximal elements of P, gives a multiplicity-free representation
of G. Again these functions can be written in terms of discretely sampled orthogonal polynomials.

More generally, one might consider other special function systems satisfying recurrence relations
that arise in a continuum setting. Results similar to those of this paper can be obtained, provided
an appropriate sampling theorem is available to reduce the computations to finite ones. Some initial
work along this line, for the case of the homogeneous space SO(3)/50(2) may be found in [DrH].
Dave Maslen has recently extended these ideas to more general compact groups [M)].

Beyond the example of spectral analysis, we are actively seeking other applications for the tech-
niques presented here. A recent book by Nikiforov, Suslov and Uvarov [NSU] cites a large number of
tantalizing possibilities.
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