












































input hypergraph G}, into sets of size at most k, and P, be the optimal partition of Gj; into sets of size
at most k. Clearly, |J; P¢*, the union of optimal partitions of hypergraphs Gj; into sets of size at most k,
partitions the input hypergraph G}, into sets of size at most k. We have that |J; Px; < Pj. Furthermore,
Lemma 3.2 holds for all the O(log(I(Vi)/k)) = O(logn) levels in the partition tree while we were applying
balanced bipartitioning. (The argument is the same as in the previous case.) Combining the above we
have that if ¥ = O(logn), then the cost of MULTIWAY is O(log(n - m) -logn) - Pg). O

Algorithm MULTIWAY also applies to the case when each set must satisfy a lower bound of k/3,
in addition to the upper bound k. Both Lemmas 3.1 and 3.2 hold in this case. Furthermore, the 3-
balanced bipartitioning algorithm always preserves the lower bound. The time complexity of MULTIWAY
is O(logn - T'), where T is the complexity of the balanced bipartition algorithm presented in the previous

section.

3.2 An alternative approach

In this section we show that the algorithm of the previous section can be modified to derive approximations
for special cases of multiway hypergraph partitioning. The bounds derived will be nontrivial if either &k (the
maximum set size), or 7 (the maximum hyperedge size) is o(n). We will call this algorithm MU LTIW AY 1.
Let Gy, = (Vh, En) be a hypergraph with n nodes and m hyperedges.

Algorithm MULTIWAY1

Step 1 Given Gp = (Vi, Ep), remove all the hyperedges that connect more than k£ nodes. Let D; be
the set of the removed hyperedges. Let Gy = (Vh, Ep1) be the resulting hypergraph.

Step 2 Represent Gj; by a graph G/, in which every hyperedge that connects r nodes is substituted
by a chain of length r - 1 that connects these r nodes. In G’, merge all possible multiple edges in one
weighted edge.

Step 3 Apply the generalization of Leighton-Rao’s algorithm as presented in [20] on G’ recursively,
exactly as we applied the algorithm of the previous section on the input hypergraph, to end up with sets
of size at most k. Compute the number of hyperedges that connect nodes in different sets. Let Dy be the
set of these hyperedges. The hyperedges in D; together with the hyperedges in D, form the solution to
our partitioning problem.

End of MULTIWAY1

Let AP Py be the partition (and its cost) obtained by algorithm MULTIW AY'1, and Py be the optimal
partition (and its cost) for partitioning G}, into sets of size at most k. Similarly, let APP; be the partition
(and its cost) obtained by the algorithm in [20, 29] for partitioning G’ into sets of size less than or equal
to k, and P/ be the optimal partition (and its cost). Finally, we use r to denote the number of nodes in
the largest hyperedge of G. The solutions obtained by algorithm MULTIW AY'1 are bounded by the

following theorem.
Theorem 3.2 APP; < O(min{k,r}-log?n)-Ps11)4). Ifk < logn, then APP; < O(min{k,r}-log’n)-P).

Proof: Clearly, all the removed hyperedges at Step 1 are participating in any partition and thus in the
optimal. We now prove the theorem for the case when k£ > logn. Similar arguments can be used for the

case when k£ < logn.
We have that APP, < APP[, and we only need to prove that APP] < O(min{k,r}-log?n)- Pry1)/4)-
Using arguments similar to the ones in Theorem 3.1, we can show that if we apply the algorithm in [21]
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on G’ recursively (as we described in MULTIWAY on Gj) we have that APP} < O(log?n) - Fleta)/4)-
(Recall that the algorithm in [20] guarantees an approximation bound of O(logn) from the optimal balanced
bipartition.) Thus, we only need to show that OP (’k+1)/4 < O(min{k,r})- Ps41)/4)- Observe that there
exists a partition of G’, call it APP,;'/3, such that APP(/;c+1)/4 < min{k,} - Prt1)/4- This is true since
the largest hyperedge on G can connect at most min{k,r} nodes. However, P; < APP[ since P} is the
optimal partition of G’. O

Let ¢mqar be the maximum capacity on any edge of G and dj be the maximum node degree of Gy.

The theorem below can be shown with arguments as in [20].

Theorem 3.3 Algorithm MULTIW AY 1 can be implemented in O(n?-m-log(n?/m)-log(n-cmaz)) expected
time. If Gy, has uniform weights on its nodes then it can be implemented in O(n - dj - m - log?n) time.

Similar results can also be derived for the case when we impose a lower bound of k/3 for each set. The
justification is identical to the one presented for the algorithm in the previous section.

3.3 Planar hypergraphs

In this section, we consider the special case of partitioning a planar hypergraph Gy, = (Vj, E}) into sets of
size at most k = O(logn). As mentioned in the Introduction, we define a hypergraph G}, to be planar if
its bipartite graph representation is planar. Our algorithm for planar hypergraph multiway partition uses
the separator algorithm obtained in [22] for planar graphs. An initial a preliminary step in our multiway
planar hypergraph partitioning algorithm is to transform the input hypergraph G = (Vj, Er) to a planar
graph G = (V, E), so that V = V}, and each hyperedge e € F} connecting nodes v;, 1 < ¢ < p, corresponds
to a chain connecting the same nodes in V. (Each edge in the chain has weight equal to the weight of the
hyperedge. If parallel edges are formed between any two nodes in V', we consider them as distinct edges.)
Clearly, G is planar. Let dj, and wy, denote the maximum node degree of G}, and the maximum weight in
any hyperedge e € Ej. Similarly, let d and w denote the maximum node degree of GG, and the maximum
weight in any hyperedge e € E. It can be easily observed that d = dj, and w = wy,.

In this section, we will describe a multiway partitioning algorithm, we call it PLAN AR, that guarantees
that the sum of the weights in the returned partition on G is at most O(vw-d - I(V)/\/Togn). This
implies that the sum of the weights on the hyperedges cut by the same node partitioning of G} is also
O(Var s - (V) /V/IogR).

Assume w.l.o.g. that graph G consists of one connected component, otherwise the procedure described
below is applied to every connected component of G. Let Py be the optimal partition (and its cost) of G},
into sets of size at most k. We have that P, > I{(V)/k — 1= O(l(V)/k). Assume now that the cost of the
partition returned by PLAN AR is O(v/wy, - dy, - I(V)/+/logn). Clearly, the cost of the partition is never
more than Py + O(y/wy, - dj, - {(V)/+/logn), and from the above equalities we can quickly deduce that the
cost is O(1 + k - y/dp, - wp/+/Togn) - Py, which is the main result of this section.

Therefore it remains to show to describe algorithm PLANAR on G, and show that the cost of the
partition that it returns is O(v/wy, - dp - I(V)/+/Togn). Algorithm PLAN AR is presented below.

Algorithm PLANAR

Step 1 Apply recursively the algorithm given in [22] until every resulting set is of size at most logn.
At each recursive call, we keep the removed edges in a variable named D.

Step 2 Search for connected components in each of the resulting sets.
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Step 3 Apply an exponential algorithm on each connected component with size more than k, to end

up with components with size at most k.
End of PLANAR

In order to show that the cost of the partition returned by PLANAR is O(y/wy - dy, - n//Togn), it
suffices to show that the sum of the weights in the edges in D is O(vw - d - n/+/Tog n). This is shown in
the following.

Assume that the numbering of the levels at the partition tree is bottom-up starting from 7 := 0. Let |.5]
be the the number of sets at each level 7 in the partition tree created by PLANAR. Clearly, each set at level
1 has more than logn nodes. It follows that each set at level 4, for each i > 1, has at least (3/2)"~!-logn

nqdes. Therefore

(2/3)=* - 1(V)

<
151 < logn

(18)

Let ay ..., a, be p sets, each having size /(V;) and such that 3°%_; I(V;) < n. We observe that

SV < i) ‘ (19)
J=1

(19) is shown by squaring both its sides, rewriting it (after some calculations) as
P
> 2l UV S DUV (0~ 1) (20)
§,7€{1,..p}AiES J=1
However, (20) is expressed as
P

0 IV)-(p-1)— > /i) V)0 0 (V) - UV;) +2-,I(VE) - U(Vy)),

J=1 4,7€{1,...p}Ai#] Hi€{1,..,pINiE]

which is always satisfied since it can be expressed as

0 Y (VW) - VI

i’je{l,",p}/\iij

Let d; be the maximum node degree among the nodes in the set V;. Let d denote the maximum node
degree among the nodes of G. Let n be the number of nodes of G, and p be the number of sets. Observe

that 5_y 1/I(V;) - dj < 3F_; 1/U(V;) - d. By (19), we have that 3°F_, /I(V;)-d < \/I(V) - p- d, and that
P

Y Ai(Vi)-di < Vnop-d. (21)
pt

We now use (18) and (21) to show that D is O(I(V) - vd - w/+/logn. We have the following lemma.

Lemma 3.3 D is O(ﬁal-o—— ‘::U).

Proof: Let a; be a set of n; nodes at level ¢ of the partition tree that is partitioned by a recursive call

of PLAN AR. The size of D is expressed as

O(Z Vng-d; - w).
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By (18), we rewrite the latter as
IOg logn)( )p-— logn

O(Z Z Jni-d-w),

where I(V;) < UV)AL(V;) > 0.
Using (21), we have that

0g (122
o3 [T 2y o
logn 3 A

p=1

ned-w- (V) 2

e (37 (22)

If we set i = p - 1, (22) becomes

() -vw- (V)-Vd-w

O(—F=—=— Jogn )}:( ) = O(~—L=em Jogn ) (23)

which proves the lemma. O
We use Lemma 3.3 to obtain the approximation bound of PLANAR.

Theorem 3.4 If k < logn, then the cost of the partition is O(1 + & ) Py, where Py is the optimal

partition of Gy. Moreover, if k < \/logn, d, = O(1) and the hyperedges have uniform weights, then the
cost is O(1 + €) - Py, for some € < 1.

The same approximation bound holds even if we insist that the size of a set is never less than k/3, and
subject to the upper bound restriction described earlier. Furthermore, it is easy to observe that the time
complexity of the described algorithm is only O(n -logn). This is justified since the algorithm in [22] has
O(n) time complexity, and the depth of the partition tree is O(log(I(V)/k)) = O(logn).

4 Conclusions

We presented approximation algorithms for balanced bipartitioning and multiway partitioning problems
into bounded size sets on hypergraphs. The bounds are within polylogarithmic factors to the optimal. Most
of the presented techniques use concurrent flow arguments. The presented approximation algorithms can be
combined with existing heuristics to improve the cost of the obtained partitions. Extensive experimentation
will then show whether provably good initial solutions, obtained as shown in this paper, trap us to local
minima when used in established heuristics as in [5, 12].

The following are interesting open problems:

a) Improve the presented approximation bounds using flow or other techniques.
g
(b) Improve the time complexity of the presented algorithms.

(c) Obtain polynomial time approximation algorithms for the bisection problem which finds numerous
applications in VLSI. The goal is to partition G} into two equal sets so that the number of inter-
connecting hyperedges (or the sum of their weights) is minimized. Approximation algorithms for
hypergraph bisection have been presented only for special cases of hypergraphs [29]. We are not
aware of any polynomial time approximation algorithm that applies to any hypergraph Gj.
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