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To proceed we now follow ~Mallow’s method”. considering inner producis of
the projections with naturally interpretable functions in the isotypics of interest.
Note that the inner product {f*, v} = (f#,v*).

Following the discussion of Sgaction 2.3, for the (10, I)-isotypic, cne natural set
of spanning functions are the AY’, defined by,

GYn 11 if ¢ is ranked in position j
A _“{ 0 otherwise.
Table 4 gives the table of inner products of the (10.1)-isotypic projection with
AW =123 j=1,...,11}L

il 2345]678 9 (10| 11

374 ]-104 1 5.6 | 149.6 0.6;42.4 -5141 -64 | -454} 3.6 1 36

fn] 3 S I B

i
28470 9.6 (2881 59.6 [ 106] -84 [ 1341641 12414347 -134
S34.4 | 226 1AT6 ] 8.6 76 | -h4 | -314]-104]-314]286] 78

Table 4: Inner products of the functions {1010 Al

A quick inspection of the entries of Table 4 shows a very large (1, 4) entry indi-
cating that many respondents feel strongly about choosing charity 4 first. Indeed,
referring back to Table 2, notice that the counts for 3-tuples with first entry 4 are
by and large the greatest. Entries (3,2),(2,3),(3,3),(2,4),(2,10) and (3, 10) are of
the next scale. indicating strong interest in charities 2. 3, and 10 as well. Negative
numbers of a similar scale in columns 1, 7 and 9 indicate a corresponding disinterest
in these charities {¢.¢., small counts for 3-tuples involving these charities).

Remarks. 1. Computational aspects. For the spectral analysis described
above, the main computational component necessary is an efficient algorithm for
the computation of the isotypic projections. For this the algorithms described in
(28, 82] obtain.

2. Other approaches. The above evaluation of the relative interest of the dif-
ferent projections is rather ad hoc. As described in [30] a more rigorous procedure
would take the form of independently generating many data sets from a distribution
which 1s uniform over all data sets with the same first order statistics and conse-
quent computation of a sample distribution of the lengths of the projections of the
higher order projections. Comparision of any particular projection from the origi-
nal data set with the experimentally generated distribution could then be used as
an evalutive criterion. In {30} Diaconis and Sturmfels show how Grobner bases may
be used o efficiently generate the data sets and hence. the subsequent distribution
of projeciion lengths.
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Appendix B. Applications of an FFT on the 2-sphere’

with

Dennis M. Healy Jr.”

rithm for the computation of spherical harmonic expansions and convolutions of
bandlimited functions on the 2-sphere has a wide range of applications. These
include possibilities in computer vision {66, 73, 92]. nonparametric density esti-
mation for directional data with application in quality contrel [51, 52], medical
imaging [65, 14], and climate modeling [53, 93]. This Appendix collects these
applications, and also quickly outiines the theoretical background upon which they
depend.

The recent discovery [31] and subsequent improvements [5T] of a fast algo-

B.1. Background. The Fourier expansion of an integrable function f on the
2-sphere (f € L*{5?)) is the expansion of f in the basis of spherical harmonics.

F=3" %" fiemyr, (25)

€20 |m|<¢

The spherical harmonic ¥;™ has degree ¢ and order m, and in the usual spherical
coordinates (as a function of ¢ and 8 with 0 < ¢ < 27 and 0 < F < 7y, can
be written as ¥, (8, ¢) = ce,m 7" (cos 8)e'™® where PJ" is the associated Legendre
function of degree ¢ and order m and ¢y, is a normalization constant. The Fourier
coefficients f((?, m} are computed as the inner products {f, Yy = f52 f.}"’?‘”dw where
dw is the usual Haar measure on 5% {cf. {100] for a2 complete discussion).

Convolution of integrable functions on 5% is defined by lifting these functions
to right SO(2)-invariant functions on the transitive symmetry group SO(3) and
computing the convolution on SO(3) (cf. [31], Section 3). The relation between
convolution and the Fourier transform is analogous to the situation in the abelian
case {cf. {31], Theorem 1). It is given by the formula

Fegttom) =20/ e myhie o) (26)
) 2841707 U

Of particular interest is the efficient expansion and convolution of band-limited
functions, defined as functions which have only a finite Fourier expansion. A func-
tion f is said te have bandwidth B if f{¢,m) = 0 for all ¢ > B. Notice that a
function of bandwidth B has at most N = B? nonzero Fourier coefficients.

The paper [31] gives the first exact (in exact arithmetic) and efficient expansion
algorithm, computing the N = B? Fourier coefficients in O(N log® N) operations.
The accompanying convolution algorithm given there requires O( N 3} operations.
More recently, an improved inverse transform has been obtained [57], thereby re-
ducing the complexity of the entire convolution to O(N log'“’ NY). Previous efficient
sotutions proposed to this problem were approximate (see e.g. [86]). Fast muitipole
methods designed to address the related problem of efficient Legendre polynomial

!Some of this Appendix has appeared as an extended abstract with S. Moore in Volume 3
of the Proceedings of the 1996 ICASSP, pp. 1323-1326 [56] as “An FFT for the 2-sphere and
Applications”. which serves as a highly abbreviated summary of [57]
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expansions scale in the desired accuracy [1]. Initial tests show that the nesw algo-
rithms are not merely of theoretical interest as they are both numerically reliable
and faster than standard methods at usefu} problem sizes.

B.2. Applications. The efficient expansion and convolution algorithms have
a wealth of applications, several of which are outlined below. The applications to
control theory and computer vision use the efficient matched flter possibilities of
the algorithms. Applications to scientific computing come about frem their use
in efficient algorithms for spectral method approaches to the numerical solution of
comnmon partial differenzial equations in spherical geometries used to model certain
physical phenomena. In particular, this may be useful in numerical climate mod-
eling and geophysics. Lastly, spherical harmonic expansions have been suggested
for certain aspects of cardiac imaging. Again. efficient algorithms will be a critical
component of any successful implementaticn.

B.2.1. Malched filters for the 2-sphere. One application of the techniques of
this paper may be found in certain problems of detection, estimation, and pattern
matching for data defined on $°. As described in Section 3.6 this can be phrased
as the problem of constructing matched fitters for $2.

To restate the problem in this case, we consider the situation in which we require
the determination of the presence or absence of a function f € L?(S?) (also called
a signal) in data which comes from measurements of some real world phenomenon,
This is often made more difficult by the presence of some random interference, or
noise, in the measurements. In the simplest cases, one of two hypotheses is assumed
to obtain for the measured data, y{w):

¢ Ho: y{w) = n(w)
e Hyi:y(w) = flw) + n(w),

where n{w) is a random process on the sphere representing the noise. Thus, [y
represents the situation in which we have detected only noise, while H, is the case
in which we have detected the sought-after signal with noise added. Our goal is
to devise an algorithm which takes a particular instance of the measured data and
returns an assessment of whether or not the signal is present in the data.

A more interesting version of this problem occurs when, in addition to the
additive noise, the pattern signal f may have undergone an unknown rotation.
That is, f is present, and the measured data has the form

vi{w) = Alg) f(w) + nlw),

where g is an unknown element of SO(3), and A(g) is the associated operator.
A{g)f(w) = f(g~'w). This is a more complicated detection and estimation problem:
to determine if a rotated version of the pattern is present. and if so, estimate the
value of the rotation parameter g.

A potential application is to computer vision. The “camera-eye” paradigm
analyzes a 3-D scene as an image intensity function defined on a hemisphere. This
is meant to model the human vision system as processing an intensity function
defined on the retina {15, 66} so that f(#,¢) is the light intensity at the point
r(f, &} on the retina. Ohject identification is carried out by convolving a fixed
image against the intensity function representing the input scene.

The intuitive approach to this prohlem involves a template matching operation.
As mn the case of the circle explained in Section 3.6 this requires the correlation of
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the data against the pattern signal or template. which in turn amounts t0 comput-
ing the inner product of the data with a large number of transiated {which in this
case means rotated) versions of the pattern. A large inner product for any given
translated version indicates that there is a good chance that such a translate is the
sought-after pattern. possibly additionally obscured by some noise. Statistical Jus-
tification for this approach is given by the theory of maximum likelihood estimators
(see e.g. [68]), the idea being to construct a likelihood function L whose value at
a given g € SO(3) gives the likelihocod of the presence or absence of the pattern
translated by g, under the hypothesis of the bresence or absence of the signal. In

this case, under some natural assumptions, the maximum likelihcod estimate of g
(ef. I51, 52, 57]) is

Arg Max [ y(1A(0)Fl) o

gE50{3} Jg2
which is computed efficiently for all g by the fast convolution algorithm.

As an example, consider a simple case in which the pattern signal is rotationally
symmetric. In particular, let f be the anatog of the normal density on 579, the
Fisher von-Mises density (', exp(x cos ). Here, x is a concentration parameter, (',
a normalizing factor. In this case. the matched filter expression actually reduces
to a function defined on the sphere, rather than the entire group, due to rotation
invariance. Figure 6 displays the results of some experiments in which f is rotated
and buried in white noise, and then passed through a matched flier.
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FIGURE 6. From left to right, this is The pattern signal f(w) is
the Fisher-von Mises density C exp{x cosf), with concentration
parameter £ = 64, and rotated by an arbitrary rotation g on the
sphere; A(g)f(w) has been buried in additive white noise n{w) to
simulate noisy measured data y(w}; The likelihood function L(g)
computed by using the fast convolution algorithm to convolve y{w)
with a matched filter. The position gmaz of the maximum value of
L(g) indicates the maximum likelihood estimate of the position of
the pattern signal f{w).

B.2.2. Spherical deconvolution. The efficient spherical convolution algorithm
also makes possible efficient spherical deconvolution. useful for the estimation of
densities on the 2-sphere. The goal is to recover statistically a S%.valued signal
X which has been corrupted by the application of a random rotation. In other
words, we wish to measure Z = ¢X where ¢ is a random rotation. In terms of
probability densities, this implies that the density of the measured signal is given
by the convolution of the true signal density with the density associated with the
random rotation. (In fact, the convolution takes place over SO(3), but the Fourier
analysis is essentially the same and the algorithms of {31, 55, 57] stiil apply.) Thus,
if fz is the probability density of the measured data Z and fx the density of the
underlying signal X and f. the density of the random rotation ¢ of f, then

fz = fexfx.

Deceonvolution is the recovery of fx from f, and fz. To accomplish this empirically
first estimate fz and assuming a known density for f, compute the Fourier expan-
sions ?E and }'\f The irreducible representations are indexed by the nonnegative
integers. so that using the fact that the Fourier transform converts convolution to
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{matrix} multiplication. we have

f2(8) = J(0) Fx ()
where all quantities are 2641 x 2¢ + 1 matrices. Thus, assuming that each f,(7) is

- -1 o~
invertible, we have (fc-(f}) “fz(8) = fx(£) and fx may be recovered via Fourier
inversion.

One particular possible application of the above arises in geometric quality
agsurance, an aspect of computer-aided quality control. Briefly put, the idea is as
follows. The latest advances in computer aided design (CAD) tachnology allow a
prototype part to be designed entirely in the form of a computer description. A data
file takes the place of the traditional blueprint, or specification for the manufacture
of actual parts. The surface of the computer image of the ideal part is covered with
a fine mesh with both spatial coordinates, and the coordinates of the unit normal
vector (orientation} are generated for each mesh point of the grid. The resulting
file 1s called the CAD file. ‘

Specifications are now transmitted to a manufacturer and the desired part
is made. Once manufactured, a Coordinate Measuring Machine (CMM) can be
used to record spatial coordinates. Briefly, the part is held firmly in position, and
points on the surface of the part are touched with the CMM probe. The spatial
coordinates and orientations of these surfaces are accurately measured and recorded.
These measurements are compared with the ideal reference values specified at the
corresponding positions in the CAD design. The measured coordinates are taken
with respect to an axis system internal to the CMM. Reference vectors in the CAD
file are expressed relative to some coordinate system determined by the software
that created the CAD file. Therefore, the measurements and the reference points
are expressed in what are generally different coordinate systems. The problem is
therefore to construct a transformation between the two coordinate systems. This
is the orientation parameter. When this is accomplished, the CMM measurements
can then be transformed and checked against the CAD file.

Estimation of the orientation parameter permits the estimation of the rotation
or error density f.. This is accomplished by using the methods of spherical regres-
ston [12] to find a least-squares solution to the problem of lining up corresponding
sets of CMM directional measurements and CAD reference points. Assuming that
the alignment errors then follow a matrix Fisher distribution (cf. [69]), the esti-
mated orientation parameter produces an error distribution with invertible Fourier
transforms (cf. [52]). Finaily, additional CAD points are used to generate the esti-
mate for fz, and deconvolution is performed and an estimate of the density which
give the CMM points is found and is ready for analysis.

This procedure permits an assessment of the quality of the actual manufactured
part. For a thorough discussion on CMM’s and the geometric quality assurance
problem, see [13] and the references cited therein.

Remark. The above is a particular instance of the statistical study of directional
data. This arises in many areas including earth sciences, astrophysics, and com-
puter aided quality control. The general situation is concerned with data modeled
as observations from a sample space taken as the p — I dimensional unit sphere,
5P} where p > 2. The field traces its origins at least as far back as the early
developments by Fisher [39]. The references {64, 78, 79, 101, 38] are an excellent
collection of source material for this subject.
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B.2.3. Apphications fo scientific computing. Important applications for the
FFT on the 2-sphere comes from many areas in applied sciences which need to
solve partial differential equations in spherical geometry. This arises, for example,
in global climate modeling 93] and geophysics [45]. The FFT on S? can make
efficient the use of spectral methods for numerically solving these PDEs and for
displaying the results graphically.

A simple but standard example is provided by the nonlinear PDE

s _ 0f
Vit f = i (27)
for f 1 57 xR — R with initial condition f(z,0) = g(x). Here ¥V f{z,t) denotes the
spherical Laplacian operator applied to f in the spherical variable z. The spherical
harmonics ¥;™ are eigenfunctions of this operator with VY™ = (¢ ~ 1)¥", s0 it
is naturat to expand in terms of spherical harmonics for numerically solving this
PDE. This is the spectral method.
Using the approximation
af
At 5}-5‘0 A flz,to) — flz,to + Al) (28)

an approximation to f(x,ts + At} can be obtained from f(z,t) as follows. First
(efficiently) compute the expansion f(z,t) = ¥ f(¢,m}(t)Y;". Then Vf(z,t) =

ST — (e, m)(1)Y,”. Now use the inverse transfom to efficiently construct
samples of V f(z,t) on S*. Appropriate pointwise multiplications and linear com-
binations yield samples of V f(z,t4) + f2 = %{ito so that finally the approximation
to f(z,te + At) is obtained by

flat+ Aty = f(z,40) — At (Vf(z, 8) + flz,1)?) . (29)

The fast forward and inverse transform on S° permit efficient iteration of this
scheme, and can be used for implementing simulations a$ a tractable complexity.

B.2.4. Efficient computation of multiple correlations on the 2-sphere and ap-
plications to cardiac imaging. For functions on the real line, the triple correlation
is the integral of the product of the function with two independently shifted copies
of itself. The resulting function on R? determines the original function up to trans-
lation. The usefulness of computing the tripie correlation derives from the fact
that it is (1) insensitive to additive Gaussian noise: {2) retains most of the phase
information of the underlying signal and (3) is invariant under transiation of the
underlying signal. This makes it useful in recovering a signal from multiple obser-
vations in situations in which the signal may be translating on a noisy background.

Kakarala has generalized the techniques of multiple correlations and higher
order spectra to nonabelian Lie groups and their homogeneous spaces [65}. For
particular examples of interest such as the sphere, a suitably defined triple corre-
lation of a band-limited function is again unique up to translation, (assuming that
the Fourier coefficients are nonsingular) and insensitive to additive Gaussian noise.
This suggests possible applications for global rotational motion compensation and
hence possible applications to imaging the heart [14].

An FFT for 57 makes possible the efficient computation of the Fourier trans-
form of the triple correiation (the bispectrum) and in so doing treats the algorith-
mic component of the suggested imaging applications. In [65] Kakarala shows that
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generically, the hispectrum of a band-limited function can be computed as a ten-
sor product of Fourier transforms of functions on S0(3}, which can be compited
efficiently by a suitably modified FFT for 52,
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