





































































































for suitable indices j;(/,!).

Theorem ([30], Lemma 3.2.3) With the notation as above,

as.(1,0) = J() ® FUNCLe | FGUL DT & fGal )T @2 fGm(L I ], (54)

When f € L*(S0(3)) comes from a function on the sphere, (i.e. f & L*H(50(3)) is right SO(2)-
invariant) then the matrix f(/) will have entries all 0 except, possibly, for a single column which (up
to a normalization constant) will contain the associated Legendre transforms

{f(l>_l)~7f(170)77f(l7l)}

Thus, if f is band-limited, then the bispectrum will only involve a finite number of Fourier trans-
forms. For each [,/, @3 ¢(/,1') can then be computed directly as follows. Compute first the spherical
harmonic expansion as described in Section 3. This precomputes all possible Fourier transforms f(l)
for any f € L*(S5?). The inner direct sum of the matrices

FGuL N e FGL ) @ - & fm(L 1)

is then constructed by retrieving the appropriate associated Legéndre transforms and organizing them
together into a single sparse block diagonal matrix. This is then conjugated by the precomputed
change of basis matrices Cyy. Finally the lefthand factor

fhe fw)

simply requires the computation of all possible pointwise products f(l,m)fA(l’,m") organized as the
appropriate single nonzero column in some suitably defined matrix. These matrices are then all
multiplied together, giving the relevant component of the bispectrum.

7.2 DMatched filters

One simple application of the techniques of this paper may be found in certain problems of detection,
estimation, and pattern matching for data defined on the sphere. This sort of data arises in geophysics,
computer vision, or quality assurance for computer designed and manufactured parts.

A simple problem arising in this area may be stated as follows: Suppose we are considering a
known signal or pattern in the directional data setting, described by a function, f(w) on the sphere.
In many situations, we are interested in determining the presence or absence of this signal in data
coming from measurements of some real world phenomenon. This is often made more difficult by the
presence of some random interference, or noise, in the measurements. In the simplest cases, we assume
that one of two hypotheses obtains for the measured data, y(w):

¢ Hy y(w) = nw)
o Hi: y(w) = f(w) + n(w),

where n(w) is a random process on the sphere representing the noise. Our task is then to devise
an algorithm which takes a particular instance of the measured data and returns an assessment of
whether or not the signal is present in the data.
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A more interesting version of this problem occurs when, in addition to the additive noise, the
pattern signal f may have undergone a rotation which is unknown to us. That is, when f is present,
the measured data has the form

y(w) = Mg)f(w) + n(w),

where g is an unknown element of SO(3), and A(g) is the associated operator, A(g)f(w) = f(g~ 1), In
this case we have the more involved detection and estimation problem; determine if a rotated version
of the pattern is present, and if so, estimate the value of the rotation parameter g. We will concern
ourselves with this question.

The intuitive approach to this involves a template matching operation. That is, one correlates the
data with the pattern one is looking for, which amounts to forming the inner product of the data with
a large number of shifted versions of the pattern. Those shifts which produce a large inner product,
or correlation, between the pattern and the data are regarded as good indicators that there really is
a copy of the pattern shifted to the corresponding location and buried in the noise. This correlation
process is known as matched filtering; it amounts to computing the function

X(9) = [ u(@)M9) ) do.

This matched filter is also indicated by a standard statistical analysis for these sorts of problems.
This analysis yields optimal detection and estimation solutions involving a computation of the appro-
priate likelihood function, [32, 51, 49]. Basically, for a given measurement of data, the value of this
function gives the likelihood of having made that particular observation given a certain hypothesis
(signal present or signal absent) or a given value of the unknown parameter.

For example, suppose we know that a rotated version of the signal is present, in the data process
y(w), and we wish to know where it is. This is the same as estimating the rotation parameter g. We
assume that the additive noise n(w) is Gaussian and white. The latter term refers to the covariance
structure of the noise, implying first that the covariance R(wq,w;) = E[n(w;)n(ws)] is actually rotation
independent, so that R(wi,w;) = R(gwy, gw?2) for any rotation g € SO(3). This property is sometimes
referred to as “stationarity.” A consequence of stationarity is that R is determined by the values R(w)
= R(w,n), for n the north pole of the sphere. White noise is a particular stationary noise with point
mass covariance; R(w) = o%6,(w). Strictly speaking, this requires the usual sorts of mathematical
temporizing required when dealing with distributions; we’ll assume that is familiar.

The likelihood L(g) of a particular value of the parameter g given the data y is the probablhty
density for the random variable y = A(g)f + n evaluated at the particular observed measurement
values y,; this is the same as py(¥o;9) = pPn(¥ — A(g)f). Using our assumptions on n and some
limiting arguments, we obtain for our likelihood:

llyo—A(g) F112
L(g) X 6— 202

Syo.AMg)f>
x e P} ,
. _ ol A 113 AL
as the other terms which come from expanding the norm,e” 207 and e™~ 207 =¢~ 202 are constant,

independent of g. Thus the maximum likelihood estimate of ¢ is
Arg Max,eso(s) /S y(@)A(g)wdw.

Let us consider now a simple case in which the pattern signal is rotationally symmetric. In
fact, we take f to be the analog of the normal density on the sphere, the Fisher von-Mises density
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Ciexp(kcost). Here, k is a concentration parameter. (', a normalizing factor. In this case, the
matched filter expression actually reduces to a function defined on the sphere, rather than the entire
group, due to rotation invariance. Below we show the results of some experiments in which f is rotated
and buried in white noise, and then passed through a matched filter. The results are shown in Figure
14.

Figure 14: (a) The pattern signal f(w) is the Fisher-von Mises density C, exp(x cosf), with concen-
tration parameter x = 64, and rotated by an arbitrary rotation g on the sphere; (b) A(g)f(w) has been
buried in additive white noise n(w) to simulate noisy measured data y(w); (c) The likelihood function
L(g) computed by using the fast convolution algorithm to convolve y(w) with a matched filter. The
position gmae of the maximum value of L(g) indicates the maximum likelihood estimate of the position
of the pattern signal f(w).

8 Summary and Future Directions

We have presented a divide-and-conquer algorithm for the efficient and exact computation of the
forward and inverse Fourier transform of a band-limited function on the 2-sphere, which in addition
provides a fast algorithm to compute the exact convolution of two such functions. We give evidence
that by fine-tuning different variations of the basic algorithm, highly efficient and numerically reliable
implementations can be obtained. These algorithms have a wide range of applicability in a great range
of scientific disciplines. '

We view this work as another step in the still nascent development of algorithms and applications
for efficient nonabelian harmonic analysis. Given the small ratio of nonabelian to abelian papers, it
seems that there are still many potentially fruitful directions to pursue (see also [36].
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1. Fine-tuning. Different computational environments will require different adaptations of the basic
algorithm for maximum performance. This will undoubtedly require much more experimentation.

2. Vector and tensor harmonic expansions. For various applications in meteorolgy, it is also im-
portant to compute the expansions of vector and tensor fields in terms of vector and tensor harmonics.
With an appropriate definition, this may be reduced to the computation of several individual Fourier
transforms on the 2-sphere, so that our algorithms may be applied (cf. [25]).

3. Paralellizabilty. The divide-and-conquer nature of the basic algorithm indicates that efficient
parallel implementations may be possible. The technical report [26] is a first step.in this direction.

4. Improved complexity. Our algorithms only use one of the recurrences satisfied by the Pp.
Perhaps through the use of other recurrences the overall complexity can be reduced to O(nlogn)

5. Other compact groups and their quotients. Due to its applicability, we have concentrated
our efforts on developing algorithms for the 2-sphere. The basic ideas shown here work (in theory) for
any compact group: and its quotients (cf. [35, 36]). Identification of new applications in this setting
would probably dictate the priorities of related software development. The papers [28, 27, 42] give
some indication of the wide variety of applications being found for these generalized FFTs.
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