









































Appendix

A different bound for column-restricted PIP’s. We show how one can modify the first two
steps of algorithm COLUMN_PARTITION to obtain a new approximation bound in addition to those
stated in Theorem 2.2.

Let 65,63 be constants in (0,1) such that (03 = 6(1 — ;). Note that given a 6 < 1, it is always
possible to select &3, so that ¢ > 1 and vice versa. We partition the interval (0, 1] of demands into
¢ geometrically increasing subintervals (0, 63(65)672%], ..., (63(62)+, 63(82)'], . . ., (8362, 63), (63, 1], such
that 63(82)¢~2 < 1/n* for suitably large constant k > 1. We now run COLUMN_PARTITION from Step
3 and on. Each of the three vectors i, %, Z solves a packing problem with demands lying in (0,1/n"],
(1/n*,85] and (é3,1] respectively. Let P, P, P be the three induced packing problems. The optimal
solution to the linear relaxation of at least one of them will have value at least 1/3 of the optimal
solution to the linear relaxation of P. It remains to lower bound the approximation achieved by each
of the three vectors on its corresponding domain of demands. Since m, B, ¢ and « are fixed for all
subproblems, note that ¢ is a function of one variable, y*.

Vector § solves P optimally. The solution is feasible since all demands are less than 1/n* and
thus the value of the left-hand side of any packing constraint cannot exceed 1. By Lemma 2.1 vector
g outputs a solution to P of value at least o(m, B, a, 63yf3"1).

Deriving the analogue of Lemma 2.3 one can establish for P that the value of the solution output
is given by the sum A = Ef;f a(m, (B, a, (1 — 5)yfs(52)"’53(52)7_1). If function o is convex the sum
above is minimized when all the terms yfa(&")l’és(&z)wl, 1 <1< ¢ -2, are equal to yf—k"ss/(k’log n)
where k' is a constant chosen so that &' log n is equal to £ —2. Instantiating o(y.) with Q(y.(y«/m)/P)
we obtain the following theorem.

Theorem 4.4 Let P = (A,b,c) be a column-restricted PIP. Let y* be the optimum of the linear
relazation of P and ( be a constant greater than or equal to 1. There is a polynomial time algorithm
that outputs a solution to P of value

L y,}-k,% 1/(¢B) e /B
T(m,(B,y*) = Q | max 0"y % | = it | E— :
mlogn m

Let us comment on the above bound. Comparing the function y*(y*/mlog n)l/(CB) to the function
y*(y*/m)l/(B) there is a logn in the denominator. However the exponent is 1/(¢B) for any constant
¢ which makes this bound particularly powerful and in fact w(y*(y*/m)"(B)) in the case when the

. . —k .
middle term dominates and s 03 < mlogn.

Proof of Theorem 3.2. The algorithm is similar to MAX_RoOUTING but omits the Steps 2 and 3
that find the single-path fractional routing. Step 4 is modified as follows. Let 1,..., M be an arbitrary
ordering of the paths in the flow decomposition of f. A has M + |7 total columns, one for each path
in the decomposition and an additional |7 special columns. The number of rows is | 2]+ |7|. The first
| B| rows correspond to capacity constraints in G and their entries are filled in the manner described
in Algorithm Max_RovuTING. The remaining rows correspond to constraints that enforce that only
one path is chosen per commodity in the final integral solution. In particular row |E|+4,1 <1 < |7},
has p; in column 7, 1 < j < M, if the j-th path in the flow decomposition carries flow for commodity
i; otherwise the entry is zero. The entries of column M + [, 1 <1 < |7, are all zero except for the
(|E|+1)-th row where the entry is equal to 1 —p;. Finally each entry b4, 1 < @ < |71, of the b-vector
is set to 1. We set ¢;, 1 <1 < M to the weight of the commodity that flows along the ¢-th path in the
decomposition. The entries in the c-vector past the M-th position are set to 0.
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It is straightforward to verify that the above construction enforces an integral solution where at
most one of the fractional paths is chosen for each commodity. The resulting PIP is column-restricted
with fractional optimum y* and maximum number of non-zero entries in a column equal to d + 1. The
theorem follows.
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