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For many simple context-free grammars (CFGs), visual examination suffices to convince one that the CFG generates what
it is supposed to. But once one deals with more complex CFGs, formal proof becomes necessary. For instance, here is one
possible CFG for the language L = {« € {0,1}* : Ny(z) = Ni1(z)}, where N,(x) denotes the number of appearances of
the character « in the string x:

S — 0515|1508 | @)

We shall formally prove that this CFG “works.” Before doing so, we recall the formal definition of what it means for a
CFG to generate a string.

Definition: Let G = (V,%, R, S) be a CFG. For strings s, s’ € (V UX)*, we write s = ¢' if 3o, 8,y € (VUX)*andv e V
such that

® 5 =quvy

.« s’ =apy
e v — fisarulein R.

We write s = s if 351, 82,...,8, € (VUX)*such that s = s1 = s9 = -+ = s, = §’. We say that G generates x € X* if
S = z. Finally, we define £(G) := {z € £*: S = x}.

Theorem: Let G denote CFG (1) above. Then £(G) = L.

Proof: We are trying to prove equality between two sets. As usual, the proof breaks down into two major steps.

Step 1: L(G) C L: The application of any of the three rules in G always produces an equal number of Os and 1s: either
one of each is produced (S — 0515 and S — 1505) or else none of them is produced (S — ¢). Therefore any string
generated by G must have an equal number of 0s and 1s. In other words, £(G) C L.

Step 2: L C L(G): The argument for this is much more involved, so we give a detailed proof using mathematical
induction. We shall prove the statement “vz € L (z € £(G))” by induction on |z|.

The base case is when |z| = 0. This is trivial: we must have x = ¢ and we indeed have ¢ € L(G).

For the induction step, suppose = ajaz...a; € L with k > 0 and each a; € {0, 1}. We shall assume that a; = 0 (the
proof is essentially the same for the other case, a; = 1). Let us define

di = No(alag...ai)—Nl(alag...ai), fOI'OSiSk‘,
t := min{i >0: d; =0}.

Putting these definitions in words, d; is the difference between the numbers of 0s and 1s in the length-i prefix of z
(it is a signed difference, so it could be positive, zero or negative). Since a; = 0, we have d; = 1. We also have
dr, = No(x) — N1(z) = 0, because = € L. Thus, there must exist a smallest positive index i such that d; = 0: this value of
is defined to be ¢.
Since ¢ was chosen to be the smallest possible and d; > 0, we must have d;_; > 0. Since d;_; > 0 and d; = 0, we
must have a; = 1. Therefore, we have
r = 0agas...ar—11lasy1...aK.

Let y := agas...a;—1 and z := as41 ... ag. Since d; = 0, we have Ny(a;y...a;) = Ni(ay...as), i.e., No(Oyl) = N1 (0yl),
which in turn implies Ny(y) = N1(y), so that y € L. It is also clear that Ny(z) = Ny(z), so that z € L.

It is time to apply the induction hypothesis. Since |y| < k and |z| < k and y, z € L, we have y, z € L(G). By definition,
this means S = y and S = z. Now, consulting the rules of G, we see that

S = 0518 = ylS = Oylz = z,

which shows that € £(G). This completes the induction step and the proof of the theorem. QED.
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