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Your textbook (Sipser) states, in Lemma 2.21, that any context-free grammar (CFG) can be converted into an equivalent
pushdown automaton (PDA). The proof given there takes a CFG G and constructs a certain “3-state” PDA M, and gives
intuition for why £(M) = £(G). (In fact, the number of states could be much greater than 3, once we unroll the shorthand
notation that allows us to push multiple symbols on the stack in a single move.) The textbook stops short of giving a full
formal proof, though. Here is a formal proof.

Theorem: For the PDA M constructed in the textbook (Figure 2.24), we have £L(M) = L(G).

Proof: First, we introduce some notation. For y € ¥* and v € (V U X)*, we let M|y, ] denote the statement “M can be
in state gio0p, having read the prefix y of the input string, and with 4$ on its stack.” Note that M|z, €] iff M can make the
transition to gaccept, after reading z, i.e., iff x € L(M).

Part 1: £L(G) C L(M): Suppose = € £(G). Then S = z in n steps for some positive integer n, via a leftmost derivation.
Let S =59 = s; = sy = --- = s, = x be such a leftmost derivation. Suppose

si = Yilivi,
where y; €e ¥, A, €V, andy;, € (VUX)*, for0<i<mn,
andy, = 2,4, =y, =¢.

In other words, A; denotes the leftmost variable in s; (or ¢, in the case 1 = n when s; has no variables). We claim that
Mly;, Aivys] for all 4, 0 < ¢ < n. In particular, this proves that M|z, €], i.e., that # € L(M). The proof of the claim is by
induction on .

The base case is ¢ = 0. The transition out of gsar, Shows that M can be in state gioo, having read no input and with
S$ on its stack, i.e., M|e, S], Note that yg = 79 = ¢ and Ag = S; therefore Myo, Aoyo]-

For the induction step, suppose we have shown M|y;, A;7;], for some i with 0 < ¢ < n. The derivation step s; = s;41
must expand the leftmost variable in s;, i.e., A;. Let A; — «; be the CFG rule used in this step. Then

Yir1 Aip17it1 = Sip1 = YiQiVi -

Since y; is a prefix of y;, 1, we can write a;y; = 2;A;117:11 for some z; € ¥* (note, in particular, that this continues to
hold even if ¢ + 1 = n). This implies y; 1 = y;2;. Since M has a loop transition at state ¢, that can pop A; and push
«;, we have My;, a;vi], i-e., M[y;, ziAix17vi+1]. Finally, since M has a loop transition at ¢, that can read any input
character a € ¥ while popping «a off the stack, and since y;z; = y;+1 is a prefix of the input z, we have My;z;, Ai+17Yi+1],
i.e., M[yit1, Ait17i+1])- This completes the induction step and the proof of Part 1.

Part 2: £L(M) C L(G): The proof of this is similar to the proof in Part 1. The details are left to you as an exercise. (It’s
good practice; please try writing out the details.)

Addendum: The Lashof-Regas Lemma Here is the formal proof that Matthew had wanted to see in Lecture 17.

Let M = (Q,%,T',A,r,{f}) be a PDA in normal form. Recall that we wrote (q,s) % (¢, ') if a € . could take M
from the configuration (g, s) to the configuration (¢’,s’). We wanted to show that if a string € ¥* can take M from
(go,€) to (gn,¢), then, for any stack symbol b € I', = can also take M from (qo,b) to (gn,b). This is a consequence of

ay

applying the following lemma to each step of the computation chain (go, s0) 2 (q1,51) 2 ------ X (qn, 5n)-
Lemma: Suppose ¢,¢' € Q,a € Y., beT and s,s’ € T*. If (¢,5) = (¢, s') then (¢, sb) % (¢, D).

Proof: By definition of the “%” relation, there exist ¢,d € I" and t € T'* such that s = c¢t, s’ = dt and (¢, d) € §(q, a,c).
Therefore, we also have sb = ctb, s'b = dtb and (¢’,d) € d(q,a,c). Since tb is just another string in T'*, this proves

(a,5b) = (¢','D).
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