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1. We consider, from the general problem of homeomorphy, the problem of finding an algorithm
that determines whether two given polyhedra are homeomorphic. In this case, polyhedra are
combinatorially given through their triangulation and we must understand the term “algo-
rithm” in the precise sense what the it offers i.e., e.g., as a “classifying algorithm”.

In addition to the general problem of the Homeomorphy, there are, of course, different sub-
problems which themselves refer to polyhedra or the those resulting classes. One may, for
example, set up the problem of homeomorphy for polyhedra of degree no higher than n, a
fixed natural number. One may, in exactly the same way, set up the problem of homeomorphy
for the n-manifolds, if one could clearly decide what a “manifold” is.

Another natural restriction that can be made to the polyhedra to be matched is fixing one
of them. In this case, the problem of the homeomorphy of a given polyhedron A consists of
finding an algorithm which, for any polyhedron, determines whether it is homeomorphic to
the polyhedron A.

One of these problems has been solved for a long time, i.e. the problem of homeomorphy for
2-manifolds or the problem of the homeomorphy of a given 2-manifold. However, we have
found the following results:

Theorem 1 For every natural number n > 3, one can create an n-manifold M™, such that
the problem of homeomorphy of manifolds to M™ is undecidable.

Here, we use Poincaré’s and Veblen’s definition of a “manifold”.

Corollary 1 The problem of homeomorphy of n-manifolds is undecidable for n > 3.

Corollary 2 The problem of homeomorphy for polyhedra of degree no higher than n is
undecidable for n > 3.

Corollary 3 The general problem of homeomorphy is undecidable.

*Translated from German by Afra Zomorodian on February 8, 1998 at the University of Illinois at Urbana-
Champaign. German translation by Rolf Herken.



2. Outline of the Proof for Theorem 1

Let K* be a 4-dimensional ball in the 4-dimensional spherical space S%; S2 its boundary; K3,
a 3-dimensional ball; I, the interval [-1,1] on the number line;

Z = K3xI,

where X is the sign of topological multiplication and r is a natural number. We create a
system of r pairwise-different differentiable representations ¢1, ..., ¢,, for the space Z in 54,
which has the the following characteristics:

GiZNG;Z=0 (i,j=1,....mi#j)
K4ﬂ(;5iZCSS -
S N¢iZ = (K3 x {—1,1}) [T LT
where () is the empty set.

We may form a polyhedron
L. = K* U U:;:l (blZv

in other words, we attach 7 handles to the 4-dimensional ball K*
gf)lZ(Z = 1,. . .,T‘).

In the space Z, linear sections form naturally. We agree to characterize the linear section
through [z,y] in Z with endpoints z and y. We also employ the same designation for the
linear sections in the ball K% with endpoints = and y.

We define 2r-letter alphabet:

— 1 1,1 -1
r, = {og,...,00,07 ..., "}

Let P be a word over the alphabet I',. We agreee to call every simple closed curve W,
obtained as described below, an image of P. If P is empty, any arbitrary circumference that
lies in the interior of K4 may be taken as W.

Given P not empty and

P = a,... a0 (1)

117" ig?

where i1, ...,i, are the numbers 1,...,r and ¢; = £1(j = 1,...,s). We choose in the interior
of the ball K3 the points x1, ..., s, y1,...,Yys so that the following conditions are fulfilled:

(x5, =€), (Wi, )] N [(zh, —€n), (Yn,en)] = O (G,h=1,...,87 # hyi; =1in),

[(bij (yja ej)v ¢ij+1 (IE]‘+1, _€j+1)] N [¢lh (yh7 6h)7 ¢ih+1 (xh+17 _6h+1)] = (2) (ja h = 17 o S;j 7é h)7

where x5 is 1 and ys41 is y1. This is always possible. Supposing that

W = Uj=i(4; U By)



where

Bj = [d)lg (yj76j)7¢ij+1 (‘Tj-‘rl? _6j+1)] 7 ’
It is clear that the representation of every word over the alphabet I',. is a piece-wise linear
simple closed curve in the interior of L.

The representation W of a word without blanks (1) may be built up just as shown. It char-
acterizes ¢ as the center of the ball K3. The topological representation ¥ of the polyhedron
K3 x W in the interior of L, may be built so that it has the following characteristics:

T1. ¥(c,z) = z(x € W).

T2. ¥ is differentiable on every polyhedron K3 x A;.

T3. W is differentiable on every polyhedron K3 x B;.

T4. \IJ(K3 X AJ) C ¢1JZ

T5. U(K3 x Bj) C K%

If ¥ has these qualities, we will say over the interior of the quantities W(K? x W), that it is
a tunnel of the word P. For an empty word, the tunnels are defined analogously with one
difference that ¥ must be the differentiable image of the polyhedron K3 x W in the interior
of the ball, which fullfills condition. It is not hard to see, that the tunnel of a word over the
alphabet I';. is contained in the neighborhood of the image of that word. Let Py *---% P, be

a system of words over the alphabet I',. We construct for each i(1 < ¢ < m) a tunnel 7; of
the word P; so that the following is satisfied:

TNT; = 0 (i,5=1,....,m;i #j)

where the lines over the alphabetic characters characterizes the operation of closure in S*.
We construct a polyhedron

Jo = L\UMLT,
Ji = SN\T; (i=1,...,m),
H,1 = Lr X {—1},
Hi = JZX{Z} (i:O,l,...,m),
Finally, we design the polyhedron M from the polyhedra H;(i = —1,0,...,m) by gluing

following points:

(1) the two points (z,0) and (z, —1) are glued, whenever x is on the boundary of L, in S*

(2) the two points (z,0) and (z,?) are glued, whenever x lies on the boundary of the tunnels
T;in S*, (i=1,...,m).

The described construction seems partly arbitrary. But the result of the construction, the
polyhedron M, is unambiguous with respect to the homeomorphy of the defined word system
Py x---x P, and the number . On the other hand, one can eliminate this arbitrariness easily.
We characterize the resulting polyhedron with the symbol

M(Py -+ % Py x ).



One may easily see that this is always a 4-manifold. The construction of this polyhedron, as
described, is a certain specification of the construction of a 4-manifold by Seifert and Trelfall
with a given fundamental group.!. Using the methods presented in their book, we prove
Lemma 1:

Lemma 1 There is always a word system Pj * --- x Py, over an alphabet I', such that the
fundamental group of the manifold M(P; % --- % Py, % r) is isomorphic to the group,
defined by the system of interrelationships

P - A@l=1,...,m). (2)

between the elements ai, ..., al.
In this case, one considers the alphabetic characters afl, ...,a; ! to be elements, opposite to
the elements ai, ..., al.2 Further, one can prove the following lemmas about the homeomor-

phy of the manifold M(Py * - - % Py, % 1):

Lemma 2 The manifolds M(P; - -* Py, 7)) and M(Qq *- - - * Qm, *7) are homeomorphic if
the word system @1, ..., Qy, is the result of the substitution of the empty word instead

of the insertion of the word afa; “(i = 1,...,7r;e = £1).

Lemma 3 The manifolds M(Py -« % Py, 1) and M(Qq *- - % Q, *r) are homeomorphic if
there exists a number 7 in 1,...,m such that @); is the result of the cyclical interchanging
of the alphabetic characters in the word P and that

Qj = P (3)

with 1 < j <m and j # 7.

Lemma 4 The manifolds M(P; *--- % Py, xr) and M(Qq * -+ - * Qu, * 1) are homeomorphic
if there exists a number ¢ in 1,...,m, such that @Q); is a group transformation from the
word P; and equality (3) holds with 1 < j7 <'m and j # i.

We define the group transformation on the word P over the alphabet I';. as the transformation
which results from reversing the alphabetic characters with subsequent replacement of every
alphabetic character o by the alphabetic character 04]-_5.

Lemma 5 The manifolds M(P; * -+ % Py, xr) and M(Qq * -+ - % Qu, * 1) are homeomorphic
if there exist numbers ¢ and h in 1,...,m with ¢ # h, such that

Qi = PP,

and equality (3) holds with 1 < j < m and j # i.

1

Lxr) and M(+%0) are homeomorphic, where k is

Lemma 6 The manifolds M(x*al *--- %«
a natural number.

Lef. 2, page 208
For this group over the alphabet T'., we can do the corresponding group calculations (cf [3], page 341) through
a system of interrelationships, adding aja; © < A(t =1,...,r);e = £1 to (2).



With help from lemma 2-6, we can easily prove the following:

Lemma 7 If the group with generating elements o}, ..., al that is determined by the system
of relationships

R « Ali=1,...,k) (4)

over the alphabet I, is the unit group, then manifold
M(Ry %% Ry ™1 p)
is homeomorphic to the manifold M (x*0).

On the other hand, this follows from Lemma 1:

Lemma 8 If the group defined in Lemma 7 is not the unit group, then the manifold
M(Ry % -+ % Ry "1 1) is not homeomorphic to the manifold M (x*0).

We may now fix natural numbers r and k. We will consider the group with the generating
elements af, ..., al that is defined by any system of k relations (4) over the alphabet T',.. We
name these groups the (r, k)-groups. It follows from lemmas 7 and 8 that with the help of an
algorithm which can determine whether a given manifold is homeomorphic to the manifold
M(¥*0), we may construct an algorithm which can determine whether an (r,k)-group is
nontrivial. Meanwhile, it is immediate from the construction in the work of S. I. Adjan
[1]3, that “numbers r and k can be given such that it is impossible to find an algorithm for
recognizing the triviality of (r, k)-group”. We take such a pair (r,k) and take the case that

MYt = M(xF0)

The problem of the homeomorphy of manifolds then proves itself to be unsolvable for the
4-dimensional M. It is not hard to see that for every natural number n greater than four,
the problem of the homeomorphy of the n-manifold

MY = M*'x st
is unsolvable, where S" is the h-dimensional sphere. This ends the proof of Theorem 1.

3. We may look at homotopy equivalence problems in an analogous way. One gets the for-
mulation from the formulation of the problem of homeomorphy by just replacing the word
"homeomorphy’ with "homotopy equivalent.” But this replacement is obviously possible in
lemmas 7 and 8. This replacement yields the following results:

Theorem 2 For each natural number n greater than 3, the problem of homotopy equivalence
of manifolds to M™ is undecidable.

Corollary 1 The problem of homotopy equivalence of n-manifolds is undecidable for n > 3.

Corollary 2 The problem of homotopy equivalence of polyhedra of degree no greater than
n is undecidable for n > 3.

Corollary 3 The general problem of homotopy equivalence is undecidable.

3¢f. also [6]



