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Abstract

In this paper, we provide the theoretical foundation andfatve algorithm for localizing topological attributes
such as tunnels and voids. Unlike previous work that focused-manifolds with restricted geometry, our theory is
general and localizes arbitrary-dimensional attributesrbitrary spaces. We implement our algorithm to validate o
approach in practice.

1 Introduction

Topology describes how a space is connected, re ecting tbggmce of certaiqualitativefeatures in the space, such
as the tunnel in Figure 1(a). While topology, and speci gdlie formalism othomology is capable of detecting the
existencef such features, it cannot directly tell us about thaeation It is possible to augment the classical reduction
scheme [25] for homology to produce descriptions of the lmgioal attributes. This is not done in practice, however,
as the resulting descriptions are geometrically unpraflet For example, homology may produce the long solid loop
in the gure as a description of the tunnel. While topolodiig@orrect, this description is geometrically uselesseTh
localization problems determining the location of topological features withispace.

In this paper, we formulate a theoretical foundation foralamation. Our theory has a computational nature,
yielding an effective implementable algorithm. All preuwork address the localization of one type of attribute
within one type of space: tunnels within closed surfacescantrast, our theory is general and localizes arbitrary-
dimensional attributes in arbitrary spaces.

The localization problem arises naturally in many discipé that analyze low-dimensional geometry. Often, the
topology of a space may have signi cant repercussions oraltiléy of geometric algorithms to perform effectively
or even terminate. lkomputer graphicsundersampling and noise result in extraneous topologh 88 spurious
handles in reconstructed surfaces [22]. For example, taef&d head model for Michelangelo3avid has 340
small tunnels, none of which are present in the sculpturg [THis topological noise hinders subsequent geometry
processing, such as simpli cation, smoothing, and paranmgition. We need to locate, measure, and remove these
tunnels to facilitate our geometric algorithms [17, 29].sknsor networksnonuniform distribution, terrain features,
or catastrophic failure of nodes may lead to regions withvoarkking sensors. These holes break ef cient but greedy
communication algorithms. We need to locate these holessmay route messages around them [14].

The localization problem also appears within abstractdrigtimensional spaces. tabotics a compact represen-
tation of thecon guration spaceof a robot that captures the connectivity is useful for fashputation of ensemble
properties, such as the probability of foldingfold) of a protein conformation [1]. Ishape descriptiorocating the
topological attributes of theangent complerllow us to nd the features, such as corner points or edgéhjmthe
shape itself [6]. Icomputer visionunderstanding the local structure of natural images caaatthe design of novel
compression algorithms. Recently, analysis of the nimeedisional Mumford dataset uncovered topological strectur
that was previously unknown and unexploited in compred&ibrAgain, we need to localize the topological attributes
to discover their geometric implications.
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(a) Tunnel (b) Torus (c) Cycle (d) Tetrahedron

Figure 1. (a) The localization problem. Both the solid and dashedsadgscribe the tunnel. But topology cannot distinguish betwthem. (b)
Homological description. A surface of a donuttoaus has ¢ = 1 component, 1 = 2 tunnels (one outside, one inside), and encloses 1
void. The drawn cycles are representatives for the two etas$ 1-cycles. (c) A homology basis element may have maltgimponents. We
computed this particular element in a complex represerttiegHIV Protease molecule. (d) A tetrahedron has four faoesits 1-skeleton has
cycles that form a vector space of dimension= 3.

1.1 Prior Work

Researchers in computer graphics and computational gephaste mostly analyzed a limited form of the localization
problem in the past, focusing on nding tunnels within cldsurfaces. In the terminology of topology, they address
the speci ¢ problem of describinty-cyclesonoriented 2-manifolds without boundayften with additional geometric
restrictions such as embeddedness, smoothness, or ha®igrannian structure. Based on different notions of
optimality, there have been various approaches to thisgmatsuch as growing regions on the surface [17], searching
within the associateBeeb graphj29], cutting a surface into a disk either along t@onical polygonal schenfal,

28] or thecut-graph[12], nding a system of loopsorresponding to a minimal presentation of thedamental group

of the surface [7], or obtaining a shortest set of loops tleategate the fundamental group or the rst homology
group [13].

The prior results exploit two structural assumptions. Téegrch for a one-dimensional attribute doap, gener-
ally represented with a set of edges; and they search withiwalimensional closed surface, generally represented
with a triangulation, where each edge is in exactly two glas. These are simplifying assumptions that allow for
tailored algorithms. Some of these algorithms may be exaéridr more general spaces [11] such as surfaces with
non-manifold structure or portions of different dimensipsuch as the space in Figure 12. However, our result is
the rst that generalizes to localizing higher-dimensibattributes, such as enclosed volumes, and searchingnwithi
higher-dimensional space, such as localizing the voidsersblid in Figure 13.

Recently, Freedman and Chao take the approach of meastiiigitgs by the minimum enclosing ball in the
ambient space [15]. They show that this notion of size alléavsa greedy algorithm to nd an optimal basis. For
attributes of co-dimension greater than one — such as lodpsée-dimensions —this is a weak measure, so the optimal
result may not provide tight localized descriptions.

1.2 Our Work

We address the localization problem in the most generahgetOur space is simply anppological spacea set of
points where each point knows its neighbors. Also, we attémimcalize arbitrary-dimensional attributes. We place
no restrictions on the geometry, such as requiring a Eumtignetric, but include it via aover. a set of spaces that
contain the original space in their union. The key advant#ghis approach is the decoupling of geometry from
topology. We allow the domain specialist to design and expemt with different covers on different spaces to ful ll
the requirements of a particular application.

Given a cover, our task in this paper is to localize the togiclal attributeselative tothat cover. We emphasize,
therefore, thalocality is de ned with respect to the cover, and different covergglifferent results. Our focus in this
paper is on extracting the geometric information containedcover. We show, however, that even simple covers give
information and may be used recursively to construct moosrgric covers that yield tighter descriptions.

Algebraic topology can be described roughly as the studpatss through their algebraic images [18]. A funda-
mental tool for this study is functor, a map that not only forms algebraic images of the spacessiess, but also of
maps between them. Functors play a key rolexact sequencemachinery that allow deduction of properties about
spaces. These sequences are not algorithmic in nature eydhthst be worked out by hand on a case by case basis.
We believe the key contribution of our paper is the insiglat the recent theory of persistent homology [9, 31] is in



fact an algorithmic view of functoriality. This paper is apgication of this insight, but it has a much broader scope
and may be applied to convert other functors into powerfolséor computation using a computer.

In this paper, we introduclecalized homologys a synthesis of persistent homology with the classicaligto
construction [27]. Our theory is general and works for alNes and spaces. More importantly, our theory has a
computational nature, so we derive a simple algorithm ardidate it through experiments. While our method is
grounded in theory, the main ideas are accessible, so we kétli a complete non-technical overview in the next
section. We then provide the technical details to formatine method and derive the algorithm. As part of this
process, we show that the persistence algorithm works fooadxlass of cell complexes and we give a speci cation
that computes descriptions of non-boundary cycles. We kradaper with some experimental results where our
algorithm localizes topology in spaces where other algorg fail.

2 Overview

In this section, we motivate our method by examining the matd the localization problem, introducing a possible
solution, exposing the dif culties through simple exangland resolving them through an algebraic approach. We
begin with an intuitive description of homology.

2.1 Homology

Homologyis the topological invariant that is frequently used in picecas it is computable by linear algebraic methods
in all dimensions. This method characterizes the connigctif a spaceX through the structure of its holes [18],
studying them via equivalence classe$mle$alledhomology classesA homology cycldas an intuitive meaning

in R3: A O-cycleis a formal linear combination ,,, ryx of points in the space and can be interpreted as an oriented
multiset of points< with multiplicity jryj and orientatiorsign(rx). A 1-cycleis a loop or union of loops going around
a tunnel. And a2-cycleis a surface that encloses an empty space. We obtain homolagses from cycles by
passing to a quotient vector spade by a subspace dfoundaries For instance, 4-dimensional homology class is
an equivalence class dfcycles, where two cycles are equivalent provided theretigoadimensional surface iX
whose boundary is the union of the two cycles, viewed as anumiidoops. Thekth Betti number  of the space is
the dimension of the homology vector space in dimenkiohhe 1-cycles in Figure 1(b) represent two classes which
form a basis foH ; of thetorus the surface of a donut.

Any vector space has many equivalent bases. To compute dbgyimasis, we transform boundary matrices using
thestandard reduction scheman extension oGaussian eliminatiomo coef cient sets other thaR [25]. Indeed, all
known algorithms for computing homology are a variant o ththeme, including thegersistence algorithrthat we
utilize in this paper. This reduction is inherently nonlbaa we have no geometric control over the selection: the
chosen basis is often geometrically ugly and may have neltpmponents, such as the basis element shown in
Figure 1(c). Since homology computes a basis without refgegdometry, any cycle in the 1-skeleton of a tetrahedron
in Figure 1(d) is a candidate basis element and not thoseatieatieometrically “local.” Similarly, for the graph
in Figure 2(a), homology may choose one of the nonlocal bésed) instead of the local one (b). The examples
demonstrate that homology does not favor localization liynea It has no knowledge of the geometry of the space,
so it cannot identify local bases.

(a) Graph (b) (© (d)

Figure 2. A graph (a) and three possible bases (b, c, d) fadifs Only (b) is local.



2.2 Measures and Covers

We wish to provide geometric knowledge to homology for stheclocal bases. To do so, we must rst de ne what
we mean by the wortbcal. Intuitively, the idea is to determine which homology ckessirise from small parts of a
space and which are more global. There are many ways to fatenthiis notion. Suppose that our space is equipped
with a metric. One approach is by de ning a norm on the homyplogsses and de ning small classes to be local
given that norm. For instance, we could measurealihmeterof the image of the classes within the space, such as the
length of the shortest loop for 1-cycles [13] or the area efgmallest enclosing void for 2-cycles. Alternatively, we
could de ne the radius of the minimum enclosing ball to be theasure of a cycle [15]. In this paper, we develop a
exible framework that incorporates many different metlsod et us begin with a preliminary de nition of what we
mean by local.

De nition 1 LetX be a topological space arld = fX'g; be a collection of subse' X suchthatx [ X'.
A homology class i)-localiff it is in the image of the induced homomorphisi(X') ! Hy(X), whereHy is the
kth homology group.

As we shall see, our nal de nition is slightly different timathis de nition, although we may derive descriptions
corresponding to this de nition easily. The collectibhcoversthe space and its pieces provide us with a notion of
what locality means: a homology class of the space is logakiists in one of the pieces of the cover. This notion
of size is well-adapted to the minimum enclosing ball measiomove. We could ldfl be the set of all balls of radius
r, in which case the norm would simply be the smallest valuesafch that the class I3-local.

Given a coverindJ, the goal of this paper is to point out that persistent homyptan be used to determine whether
a homology class ig-local. We also obtain an algorithm for generating a homyluasis that is localized with respect
to the cover. We do not directly address the problem of cimgpgseful covers. This is because the notion of size may
be application-dependent, in which case we may wish to uterelt methods for generating covers. We illustrate
with a few examples.

Example 1 (hypercubes)Suppose our spacé is embedded irR". We may then consider a coveriXgy, of R"
that consists of overlapping hypercubes of lentthl + 2r, centered at vertices of a lattice of siteN. To get a
cover, we intersect the hypercubes with

Example 2 (landmarks) If our spaceX is metric, we may sample a nite set &fndmarkpointsL X and de ne
a Voronoi cellV (p) forp 2 L by

V(p)= fx2 X jd(x;p) d(x;p%; 8p°2 Lg

The collectionU = fV (p)gp21 is a cover. Note that this construction only requires a roetn the space itself and
not in the ambient space, so it may be used for non-Euclideses; such as when the metric is tree-based.

Example 3 (Morse functions) Let X be the torus, embeddedR? on its side withh: X ! R its z coordinate. We
may now cover the torus with overlapping slices,}([k=N  r; (k + 1) =N + r]) for xed values ofN andr. Note
that classes that are local with respect to this cover aad trdy in the direction oh.

In summary, our framework is exible enough to incorporaiffedtent notions of size through the notion of covers. In
the future, we hope to address speci ¢ methods of generatimgrs for different applications. In this paper, we focus
on computing a localization, given a cover.

2.3 Our Framework

We begin by applying by blowing up the space into local piemesording to the cover. For example, the graph
containing three cycles covered by two sets in Figure 3(a)oan up into two pieces in (b), each with two 1-cycles.
Since the middle cycle of the original space is containedéibtersection of the cover sets, it exists in both local
pieces. To recover the global topology, we equate the twiesapf the middle cycle by gluing a cylinder to them.
The resulting construction in Figure 3(c), which we call Mayer-Vietoris blowup complekas the same number of
cycles as the original space but also incorporates the geieroever information within its structure.
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(a) Space and cover (b) Local piecest(=0) (c) Blowup ¢ =1) (d) Persistence barcode

Figure 3. Our approach. Given a space equipped with a cover (a), weblost up the space into local pieces (b) and then glue backidtep
to get the blowup complex (c), giving us a ltration consigfiof two complexes at times= 0 andt = 1, respectively. The persistence barcode
barcode (d) localizes the topology of the original spacé wéspect to the cover.

We now need to compute homology bases for the blowup compbkxare compatible with bases for the local
pieces. Fortunately, the theory pérsistent homologfurnishes the required bases [31]. We incrementally askemb
the blowup complex so that the local pieces are includedrag 6 and the cylinder is sewn in at time 1, completing
the structure. Persistence computes compatible homolaggsbacross this growth history. Therefore, it can track
individual basis elements, representing their lifetinrea imultiset of intervals called a barcode [6]. The barcode fo
our example, shown in Figure 3(d), has three half-in nitéeivals, corresponding to the three 1-cycles in both the
original space and its blowup complex. But we can also cdierliarcode to show where the 1-cycles are located.
There are four intervals at time 1, representing the four local 1-cycles in Figure 3(b). Atdifiy the cylinder equates
the two copies of the middle 1-cycle, so one of the two intisrttzat represent the two copies ends. The choice of the
interval corresponds to the choice of the basis represemtaftthe middle cycle lying in either of the two sets of the
cover. As the two are homologous, the choice is arbitrarypbaourse, we may choose the one that is geometrically
more pleasant.

To summarize, given a space equipped with a cover, we incatgthe geometry contained within the cover into
homology by building the blowup complex and computing itsspent homology. We call this methdokcalized
homology Our localization naturally re ects the quality of the giveover, and covers that re ect the geometry of the
space give better descriptions. We will show, however,éliah naive covers give quick and useful information about
the location of attributes.

3 Background

In this section, we review the algebraic tools required inwark. As it is infeasible to include a complete treatment,
we sketch some of the basic ideas and include formal conigtnsonly when necessary. For a more complete account,
we refer to standard texts in the area [16, 18] as well as thd piapers. We organize this section as a ow of ideas
for capturing the topology of the spaces in Section 3.1: fghoial (3.2), to local (3.3), to product (3.4), to persisten
(3.5).

3.1 Topological Space

The fundamental object in topology is@pological spacean abstraction of a metric space. Rather than using a metric
to de ne open setsa topological spack comes equipped with a set of open sets that de ne its convitgcth subset
Xo X can be given the subspace topology whose open sets aredteeittions oK o with the open sets iX . The,
we callX ¢ asubspacgand(X; X ) apair. A family U = fX g of subspaceX' X is acover (coveringpf X if
X [ iX'. We sayU coversX .

Suppose we have topological spaéesandY and continuous mads: X | Y andg: Y ! X between them.
If gf andfg are equal to the identity maps on the respective spacespres arbomeomorphiand have the same
topological type X Y. This is the most restrictive notion of equivalence in t@gyl. We get a relaxation through
the notion ofhomotopy Given two mapgo;f1: X ! Y, if there is a continuous map: X  [0;1]! Y such that
h(x; 0) = fo(x) andh(x; 1) = f1(x), thenf andf,; arehomotopicvia homotopyh; fo ' f1. Now, for our mapg
andg above, ifgf andfg are merely homotopic to the respective identities, tkeandY arehomotopy equivalent
X'Y.

bethe rstn+1 natural numbers. A-simplex is the convex hull oh+1 af nely independenterticesS = fv! Gi2[n]
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Figure 4. (a) The shaded standafdsimplex 2 is the convex hull of the labeled vertices. Subdividing using the barycenters of the edges
and the triangle gives the simplicial compl&x? whose underlying space is2. (b) The product of two edgd®; 1] is the shaded quadrangle.
Using< as the order on the vertices gives the product simplicialgterishown. (c) The functiog: 2! Ris de ned in Section 4.1 using
the subdivision compleX 2 in (a): g is 0 on the vertices of 2, 1 on the edge barycenters, 2 on the triangle barycenterisandended linearly
elsewhere.

inRY%d n. Asimplex denedbyT Sisafaceof . A simplicial compleXX is a nite set of simplices that
meet along faces, all of which arel. A subcomplexfK is a subset K thatis also a simplicial complex. The
k-skeletorK () of K is the subcomplex containing simplices with dimension tass or equal td. Theunderlying
spacejK j of a simplicial compleXX isjKj = [ 2k . A triangulationof a topological spacX is a simplicial
complexK suchthajKj X.

There is a standard realization for arsimplex as follows. Le€” be the origin inRR" and€ = (0;:::;1;:::;0),
1 i n, be theith standard basis vectdior R" with a 1 in theith position and)'s elsewhere. Thetandard
n-simplex " is the convex hull ofe‘giz[n]. The shaded triangle in Figure 4(a) is the standasimplex. For any
indexing setl  [n], 7 isthe face of " spanned by € gj»;. Note that " = M. The standard simplex may be
subdivided using the barycenters of its faces to producsithplicial complexK " withjK "j =  ". Each non-empty
face 7 of " hasan associated vertek in K". 7 is triangulated by subcomplé«? K" with jK7j= 7.
Figure 4(a) displays this subdivision on the standard Zpkm

3.2 Homology

For a topological spack¥ , thehomology group$i, (X ) are a family of Abelian groups for integens 0 with the
following properties [18]:

Functoriality: EachH, is afunctor, that is, for any continuous mdp X ! Y, there is an induced homomorphism
Hn(f): Ha(X) ! Hp(Y),suchthaH,(fg) = Hn(f)Hn(g) andH (ix) = iy, (x), wherei is the identity.

Homotopy Invariance: If f;g: X ! Y are homotopic, therl,(f) = H,(g). If f is a homotopy equivalence, then
Hn (f) is an isomorphism.

Forany eldF, there is a version of homology with coef cientsinthat takes values iR -vector spaces. Throughout
this paper, we always compute over eld coef cients. The dimsion of the vector space is théh Betti number , (X))
of the space.

3.3 Subspace Homology

Since we are interested in localizing homology, we need tetstand the relationship between local and global
homology of a space. The algebraic gadget that elucidatesafationship is thélayer-Vietoris sequenc@o de ne
it, we rst need to discuss the notion of &tact sequence

De nition 2 (long exact sequence)A sequence
A" B19 C

of homomorphisms of Abelian groups (or linear transformasi of vector spaces over a ekl) is said to beexactif
of Oandthekernel of is equal to the image déf as subgroups (or subspacesB®if A sequence of homomorphisms
(or linear transformations)

fi fi fi fi
oA ™ AT A A



is exact if each subsequengg.; ! Ax ! Ay 1isexact. Such a sequence is calleldag exact sequence

As an aside, we note that the second requirement of an exgutisee clearly implies the rst, but it is customary
within algebraic topology to itemize requirements accogdio increasing restrictive power, a practice we follow in
our formalism. A long exact sequence morally means thatéftwas information about two of every three consecutive
groups in the sequence, one can obtain information abouhttte One such sequence, the Mayer-Vietoris, relates
the homology in the intersection of subspaces to that ofrtiidual pieces and that of the whole space.

Theorem 1 (Mayer-Vietoris) Suppose we have a topological spacevith coverf Y; Zg such that the interiors of
andZ also coverX . Then, there exists a long exact sequence

POoHi(YN Z) D Hi(y) Hi(2) ! Hi(X)! Hi «(YVNZ)! Hi o(Y) Hi 1(2)!

3.4 Product Homology

The Mayer-Vietoris sequence allows for computation by hadis not algorithmic. Fortunately, there is a geometric
counter-part, thélayer-Vietoris blowughat is de ned as a subspace of a product space. For topalogpaces<
andY, theproduct spaceX Y is also a topological space. Given simplicial compleXesandY, we triangulate
the product spacgX Y| with a simplicial complexX Y as follows [19, Page 262]. Assume we are given total
ordering< x and<y onthe vertex setgx andVy , respectively. The vertexset¥f Y thenisVx y = VW W.
And a subset  Vyx v spans a simplex iff there exist simpliceg 2 X and v 2 Y so that X y and
the restriction of the partial ordery <y to is a total ordering. It is easy to construct a homomorphisimfr
X YjtojXj j Yij.

Example 4 (two edges)Figure 4(b) displays the product of two edgés= [0; 1]andY = [0; 1] with < as the total
order on each vertex set. The product simplicial complexXMyasy = f (0;0); (0; 1); (1;0); (1;1)gand an edge from
(0;0) to (1;1) since(0;0) < (1;1) but(1;0) 8 (0;1)and(0;1) 8 (1;0).

The connectivity of a product space is clearly related tactivnectivity of its factors, as made explicit by the folloi
theorem. BelowC is thechain complex

I Ct!® C1® ¢ 1

whereCy is the free Abelian group on oriented simplices in the compdd@: Cx ! Cy 1 is the boundary
homomorphism.

Theorem 2 (Alexander-Whitney) Let X andY be simplicial complexes with vertex orderingg and<y de ning
the product simplicial complex Y. For maps of simplicial complexes that preserve the vendgrings, there are
natural chain maps

C (X wica)cwx 1)

that induce isomorphisms on homology groups. Hares theAlexander-Whitneynap andSis theshuf e homomor-
phism [4]. For pairs(X; X o) and(Y; Yp), we get a relative version

C X Yi(X wnmov»zcmma C (Y;Yo): @

In other words, we can obtain the homology of a product space the homology of its factors through the Alexander-
Whitney map.



3.5 Persistent Homology

As sketched in Section 2.3, we put together the blowup coxiplrementally to see the local and global topologies
at different times. For a topological spa¥e this construction gives dtration fX"g, o, a nested sequence of
subspaces

;= X% xt X:

We then callX a Itered space We may similarly Iter a simplicial complex to obtain #ered complex Over elds,
each spac&! has akth homology grougHk(X'), a vector space whose dimension(X!) counts the number of
topological attributes in dimensidn Viewing a ltration as a growing space, we see that topatagiattributes appear
and disappear. If we could track an attribute through theatlbn, we could talk about itsfetime within this growth
history. The theory opersistent homologyalidates this intuition [31]. A Itration yields a@irected space

c=x0 ) X
where the mapsare the respective inclusions. Applying tkiln dimensional homology functdit, from Section 3.2
to both the spaces and the maps, we get another directed space

H(i) Hk(@ H(i) (H()

;= Hie X0 ! He X1 1 Hi (X)

whereH (i) are the respective induced maps. Persistent homology steteany directed vector space has a simple
description [31]. For an intervgd; b,a2 Z* ;b2 z* [flg ,letF[a;b = fF;g o be adirected vector space over
eld F that is equivalent t¢ within the interval and empty elsewhere, and with identisnsformations; ! F;
within the interval. Under suitable niteness hypothedesttare satis ed for all our spaces, the homology directed

space may be written as a direct sum

Flai;bl;
i=0
where the description is unique up to reordering of summaimdayman's terms, persistent homology states we may
indeed track topological attributes and measure theiitifes as intervalg; ; b ]. Thepersistence barcods the nite
multiset of lifetime intervals [6]. We can compute barcof@sarbitrary dimensional simplicial spaces over arbitrar
elds using the persistence algorithm [31].

We also need to compute descriptions of the homology cydlks.original paper on persistence did not discuss
descriptions, although the algorithm could compute dpsoris for cycles that eventually became boundaries [9] and
these descriptions were used subsequently for computikimi numbers [10]. Our subsequent theoretical extension
also did not discuss descriptions [31]. For this paper, vasvsimat the persistence algorithm works for a broad class
of cell complexes and we enable it to compute descriptionsoofboundary cycles. We describe this extension in
Section 4.4.

4 Localized Homology

In this section, we formalize our approach. To be matherallyicigorous, we begin in Section 4.1 by giving a
de nition for localized homology in the most general sedtinopological spaces and singular homology. We do this
to place our work within the traditional framework of algalartopology. This de nition, however, is not immediately
useful for computation as singular homology deals with iterdimensional spaces. So, in Section 4.2, we give
a combinatorial de nition for simplicial complexes. Whileis known that singular and simplicial homology are
equivalent, the same is not known of our two de nitions, somext show the simplicial de nition gives the same
results as the singular de nition. In Section 4.3, we camstia chain complex that yields equivalent barcodes and
once again show its equivalence to the previous de nitiohisTast de nition allows us to specify a natural basis
and the boundary operator for the chain complex in SectibnWe may now construct a Itration directly from our
space and cover. Feeding this Itration into the persistealgorithm, we get our localized solution. We note for the
specialist that an equivalent route entails giving de anits for simplicial sets and cellular homology.



4.1 Singular De nition

Given an arbitrary topological space equipped with a cowerblow upthe space to incorporate the geometry con-
tained in the cover: Each piece of the space expands acgdalthe number of cover sets it falls within.

De nition 3 (Mayer-Vietoris blowup complex) Given a topological spacX with a coverU = X igiz[n 1 of
n =card Usets, leX? =\ j,;XJ ford [n 1] Theblowup complexxV X n lofX andUis
XY= [ P G
&J [n 1]

®)

X Y is equipped with two natural projection mapg : XY ! X and : XY ! n 1 given by the inclusion
XVl X n 1 followed by projection onto the respective factors [27, pa@8].

While the construction is standard, there is no standanditeriogy, so we have adopted our own for which we provide
justi cation at the end of this section.

Example 5 (cover with two sets)SupposeX comes with covet) = f X 9; X 1g as shown in Figure 5(a), where we
represenX as an interval and draw ellipses to indicate the extent oftiver sets. The cover de nes the intersection
pieceX F%19 = X [ The blowupX Y is a subset oK 1 as shown in Figure 5(b), where we draw as the
interval[0; 1]. Following Equation (3)X Y is the union of three pieces, corresponding to the thred tegions the
cover de nes:

X0 109 =x0 f qog;

Xt Me=x!f 1g;

x M 1 = x [ [0; 1]:

Example 6 (cover with three sets)Suppose our space is a single point and our cover is thredtsgtsontain it.
Then, the blowup is a triangle, as shown in Figure 4(a). Wethisessimple example extensively, especially in proving
one of the main theorems in the paper.

In constructing the blowup complex, we simply stretch darfd@eces, so we don't tear or glue. Clearly then, the
blowup complex has the same topology as the original spaedo¥khalize this next.

Lemma 1 (global) The projection x : XY | X is a homotopy equivalence in the following cases:
U is an open covering of a normal space, e.g. any subspaRé of
U is a covering of a simplicial complex by subcomplexes.

Therefore, x induces an isomorphism at the homology level. Thatié," X andH (XY) = H (X).

XO £ {0} X -
X |
XO _—
,,,,,,,,, u Dt
Xt — *e
< X £ Dt Xog o
X1 - Q, {0y
XTE {1} e
(a) Space (b) Blowup (c) Height function

Figure 5. Blowup complex. (a) The covés = fX ©; X 1gfor spaceX also de nes intersectio f 019 = X [1] (b) The blowupx Y X 1
is the union of three pieces shown. Here! is V|suaI|zed as intervgD; 1]. (c) The functionf onXY X .



Proof: The proof essentially follows from Segal, whose result istfe case of coverings admitting a subordinate
partition of unity [27, Theorem 4.1]. This occurs when thevexing isnumerable It is quite standard that these
hypotheses hold for open coverings of spaces homeomorphiiteé CW-complexes. Moreover, one can easily show
that they also hold for coverings of nite simplicial compgks by subcomplexes.

Throughout this paper, we assume our cover satis es theiregents of Lemma 1. We now de ne a functiénon

X Y that assembles the pieces such that the persistent homaildlgy resulting Itration gives the localization. We
rstde ne afunctiongon " ! by utilizing its triangulatiork " 1, assigning a value to the centroid of each face and
interpolating linearly.

De nition 4 (height functions f;g ) Forthe face; & J of " 1, letv’ be the associated vertex " 1. De ne
g: " 1! Rlinearly onthe complex witg(v’) =dim 7,andon " ! byidentication. De nef : XY ! R by
the compositiorx ! nyd R

Figure 4(c) illustrategy on 2 and we sed on the blowup complex in Figure 5(c). We lter the blowup colew
usingf .

De nition 5 ( Itered blowup) LetX\” = f 1([0;t]). The Itered blowup complexis the familyf X Y g; o.

In other words, when we visualie as a height function oX Y as in the guresX is everything inX Y below
heightt.

Example 7 (cover with two sets)In Example 5, we constructed the blowup complex for a spéosith a two-set
coverU = X ©; X 1g, as shown in Figure 5. Filtering the complex, we have:

Xg
X7

X0 f oglLx?! f 1g;
Xg [ XM [o1F ;

where is the identi cation along< ™ f 0; 1g shown in Figure 5(c).

Example 8 (cover with three sets)In Example 6,X is a point,U consists of three sets that contain andX Y is
K 2. Using functiong in Figure 4(c), we may lIter the blowup to get the Itered blay complexX ”, shown for the
speci ed values in Figure 6. Note that the complex changpsltmically only at integer values far This should be
intuitively clear from the construction.

' [N
: A D N

(a) 0:0 (b) 0:5 (c) 1.0 (d) 1:5 (e) 2.0

Figure 6. Singular blowupX Y for speci edt in Example 8. The spacé is a point and its coved is three sets that contain it.

Attime 0, the blowup complex contains the local pieceXofFor Example 5X § consists of the two segments shown
at the bottom of the hat shape in Figure 5. For Exampk 8 consists of the three copiesXfshown in Figure 6(a).
We formalize this concept next.

Lemma 2 (local) The spaceX§ is the disjoint union of the local pieces of the space, Xy Li2n 1]Xi.
Therefore, M

Hie X¢ = Hie X' ;
i2[n 1]
that is, we get the homology of the local pieces at time 0.

10



Proof: The corresponding chain complexes clearly split as thedtdirect sum, and homology preserves direct
sums.

So, we capture the local homology at tifieAt timen 1, the incremental construction is complete afd ; = X V.
Therefore, Lemma 1 asserts ti¥gf ; has the global homology &f . We may now state our de nition for localization.

De nition 6 (localized homology) Given a topological spack¥ and a coveld = fX igiz[n 1. leti: xgr Xy,
be inclusion, inducing : H (X{)! H (XY ;). TheU-localized homology oK is the image of . We say that a
homology class in the imagelislocal.

In contrast to our initial de nition (De nition 1), this denition allows a homology class to be a sum of cycles in
different pieces in the cover, but is also algorithmic. Appd persistent homology to the ltration, we get barcodes
that describe the relationship between the local and gletvalology of the space. THé-local homology classes are
those that exist at tim@and continue to exist till tima 1. These classes correspond to persistence barcode isterval
that contain botl® andn 1.

We note that our de nition for localized homology only uskg inclusionX§ ! XY ; and not the intermediate
Itration levels X Y. We now show that the intermediate Itrations also carryfuk@formation. We begin by creating
coarser versions of a given cover.

De nition 7 (U[l]) Given a topological spack , a coverU = fx‘giz[n 1, and0<1 n, we de neU[l] to be the
cover ofX whose elements are th& 1-fold unions of elements &f. Thatis,U[I] = f U’g;, where [n  1]with
cardJ = landU’? = [j,,X].

The following result relates these coarser covers to ingeliate Itrations of the blowup complex.
Theorem 3 (intermediate) A U[l]-local class inH (X)) lies in the image of the homomorphism

He X711 He X§ 1 = He(X): 4)

Proof: By De nition 6, ak-dimensional class ig[l]-local iff it lies in the image of the homomorphism
He XgW 1 He x20 (5)
wherem = ’l‘ . By Lemma 2, the domain of homomorphism (5) is

M
He Xgl = He U
J [n 1]
card J=1
whereU’ = [,3X! is a set in the coarsened cover. By de nition and by Lemma & crdomain of homomor-
phism (5) is

He X9 = He XU = H(x):
Therefore, we may rewrite homomorphism (5) as
M
He U7 1 He(X):
J [n 1]
card J=1

Thatis, a class iB[l]-local if it is a sum of classels; which lie in homomorphismbsl, (U7) ! H (X)), respectively.
Since the image of homomorphism (4) is a subgroup, it sufiweshow that each cladg is contained in it. Let

11



W = U’ with coveringW = fX/gj,;. There is an evidentinclusign WW | XY so that the following diagram
commutes: )
He WwW k—J//Hk N

Hi( w) Hie( x)

Hil(W) ——H(X)

The homomorphisrhlk ( w ) is an isomorphism by Lemma 1, so it follows immediately thats in the image of the
homomorphism iff it is in the image of the homomorphisig( x) Hk(j) and we know the former is is true. But
the image of is clearly contained withitd, X" ; , which gives the result.

The converse to the above theorem is false, as the followdngter-example demonstrates.

Example 9 (counter) Consider the cover of the torus in Figure 7. The sets in thercmtersect pairwise, but not
triple-wise, so clearly)< XY ' X. Therefore, the generator (X ) is in the image oH,(X}), but is not
U[2]-local as it cannot come from the homology of any twofold undd the sets in the cover: each set is a cylinder
with the homotopy type of a circle and vanishiHg.

Figure 7. A torus covered with three sets that overlap pairwise.

In algebraic topological terms, the lItration gives abstructionto a class beingJ[l]-local, but forl 2, itis nota
complete obstruction.

We end this section by giving an explicit relationship beawehe blowup complex and the Mayer-Vietoris se-
guence, justifying the former's name. Consider the covén wivo sets in Example 5. We write the Mayer-Vietoris
sequence for this space by settvg= X °, Z = X 1, and therefor¢y \ Z = X M in Theorem 1:

IoH X% Hf X1 O Hi(X)! H; 1 XE

Note that we only write three groups in the sequence as it tiaga-fold periodicity: groups that differ in multiples
of three in the sequence differ only in dimension. Alterveli, we may write a sequence using the blowup complex.
The long exact sequence for the p@iry’ ; X ') computed in Example 7 is:

I Hi Xg ! Hi X{ ! Hi X{;Xg ! ; (6)
whereH; (X {; X§) is the reduced homology of the quotient spacE=X§ [18, Page 115]. We now relate two

sequences. By Lemma 2, the rst terms match. The second @snsnatch by Lemma 1 a&Y = X Y. For the third
term of Sequence (6), we have

Hi X2:x§ =H x® jo1x® £ 019 ;
by the Excision Theorenfil8, Page 119]. But by a standard application dfimneth Formuld18, Page 218], the
right hand side is isomorphic td; 1(X 1), showing that the third terms are isomorphic. To reitertdte Jong exact

sequence for the pair composed of pieces of the blowup corhplethe form of the Mayer-Vietoris sequence for the
space.

12



4.2 Simplicial De nition

The de nitions in the last section assumed tatvas a topological space, so the homology groups wergrajular
homology groups rather than those attached to a simpliomlptex. Singular homology is de ned on all topological
spaces as the homology of a complex of in nite dimensionateespaces over the ground eld. Therefore, it is not
directly computable from the de nitions. On the other hande can prove numerous properties of the construction
which allows computation by hand in many cases. In order teenm@mology accessible to machine computation, we
need to deal with nite structures. When our space is equdppi¢h additional structure, such as beingimplicial
complexwe can compute nite structures that agree with singulanblmgy in the following sense: There is a canon-
ical isomorphism from the simplicially computed homologytie singular homology. In this section, we rede ne the
blowup for simplicial complexes, producing a space whichiself a simplicial complex, and is therefore amenable
to nite computation. We assume that we are given a simglioienplexX that represents a space of interest. We
also restrict the coved to consist of subcomplexes &f. Our task is twofold: we need to triangulate the blowup
complexX Y and show that the simplicial homology of the resulting siicipl complex gives the same localization as
the singular method.

We begin by triangulatingk V. Equation (3) states thatV is a union of pieces of fornx J. Both terms
X3 =\, X1 and 7 are simplicial, giving us a product of simplicial complex¥¢e impose total orderings on the
vertices ofX and to triangulate each product as in Section 3.4. We now de rt@ ke simplicial blowup and its
Itration at once.

De nition 8 ( Itered simplicial blowup) LetX be a simplicial complex and = f X igiz[n 1) be a cover consisting
of n subcomplexes. Faf [n 1] letX? =\ ;X! and
[
X = XJ I @)

J [n 1]
O<cardJ t+1

Theblowup complex ofX andUis XV = XY ; X n 1 with projections x : XY ! X and :XVY!
" 1 The Itered blowup complexs the familyf X Y g; o.

De nition 8 mimics the singular de nitions 4 and 5. Note th4t/ is de ned for allt 2 R;t 0, but the complex
changes only at integer values.

Example 10 (cover with two sets)Figure 8 constructs the blowup complex for Example 5 in siagllform. The

pieceX 11 [0; 1]is completed at time 1 in Figure 5(c), and the triangulatibtine corresponding piecé ! [1]
in Figure 8(b) also arrives at time 1.

XO £ {0} X

+
<
&°

oo

X1 — .

X[ —

X1E {1}

(a) Simplicial cover (b) Blowup

Figure 8. (a) The simplicial covet) = X 2;X 1g = fac; bdg for simplicial complexX denesX f%19 = X[ = pc (b) The simplicial
blowup complexx Y X 1

Example 11 (cover with three sets)Figure 9 shows the Itered simplicial blowup compl¥x” for the space in Ex-
ample 6 and 8. Compare with the singular blowup complex iufed. Note that the simplicial de nition allows
changes only at integralvalues.

To complete our task, we need to show that the new simpligalition has the same structure as the singular
one from the last section. The underlying spgX¢ of X is a topological space with the coviélj = fj X'jgi2in 1.
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(a) 0:0 (b) 0:5 (c) 1.0 (d) 1.5 (e) 2.0
Figure 9. Simplicial blowupxtU for speci edt in Example 11. The space is a point and its covel is three sets that contain it. Compare with

the singular version in Figure 6.

Compare the singular and simplicial Itered blowup compmexn Figures 6 and 9. Clearly, the blowups are homotopic
at allt, with topology changes at integer values only. We formatlide next.

Theorem 4 Given a simplicial compleX and a covelJ = fX ‘giz[n 1) of subcomplexes, Igtj = fj X ijgiz[n 1]-
There exists a canonical homeomorphismiX Vj 1j X jiVl with restriction' {: jX”j!j XjiVl such that:

1. Fort 0,'¢ XY j xjy.
2. Fort 2 [n 1],' { isahomeomorphism onto its image.

3. Fort 0,'.isahomotopy equivalence.

Proof: We begin by constructing the map Note that the construction of a triangulation of a prodsatguipped
with a canonical homeomorphism

(X)Xt Xjgoh
such that if we have any mdp X ! Y of simplicial complexes, then we have the following comntiveadiagram:

. . (X) - .
X ——hxiq

it id ifij id ]

. . (Y) .. .
iy o i —hyjj o

These diagrams, applied to the various inclusi¥nls] X, show that the restriction of(X ) to the subspaciX Yj
has its image inX Y. This restriction now gives the required map We now examine the three statements in the
theorem.

1. Given the construction above, it is clear that its restic’ ; tojX ”j has its image ifX j{uj.

2. Recall that a continuous map between compact Hausda@tfespthat is a bijection on points is a homeomor-
phism [24]. Since any nite simplicial complex is a compapése, and any closed subspace of a compact space
is compact, it is immediate that boj Vj andjX j’V) are compact Hausdorff spaces, and consequently, so are

the subspacgX U] andej{Uj. Therefore, it will suf ce that ; is an injection on points for integer valuestof
which is clearly the case from the de nitions.

3. We begin with some useful notation, describing the pogiof spaces that are allowed gynside the singular
blowup complex.

( ")=fx2j ‘jgx) tg
( HP=tx2j( H9x) tg
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' N N
L L X A X

@Y= X¥s () Y () © Y@= jXjh

Figure 10. The sequence of spac¥gl) that shows the homotopy equivalence of (xa)U to (c)jX j{uj att = 0:5. Note that there is a deformation
retraction from the right to the left, which is the homotomu®alence.

Above,( 7)) denotes thé-skeleton of 7, as de ned in Section 3.1. Below, we uls to denote theoor of
t, the largest integer smaller than or equat.tdVe may now write equivalent expressions for De nitions Slan
8, respectively.

[
XtU - JXJJ ( J)(btc)
J
i by
Xip= )
J

There is a natural mapX ’j ! j Xj‘tUJ that is induced by the various inclusions on the second facto
ig:( )®e 1 (). Now, observe that ilim( ?) b tc, then( ?)®) = ( J),. For example, at

t = 1:5, both complexes in Figures 9(d) and 6(d) have comgletkeletons. Idim( 7) > btc, the barycenter
of 7 is not contained irf 7);, so we may produce a deformation retractignfrom ( ?) to ( ?)(t©) by
radial projection to the boundary of? from its barycenter. In Figure 6(d), for instance, we mayaetthe
surface to the boundary of the triangle, the complex in FB(d). The deformation retraction and its inverse
are the homotopy equivalence we need.

We now de ne a sequence of spaces
Y= X (),
J
as shown in Figure 10 for our example witkr 0 :5. Note that
Y(0)= X ;
Y(n 1= X

so if we can show that the inclusiofn(l) ! Y (I +1) is a homotopy equivalence for eaghwe are done. To
show this, we note that

Y(+1)= Y() [ [ X7

dim J=1+1

For example, we add portions of the edges in going from Fi@Q(a) to Figure 10(b). For eadh we can apply
idys ; tothespacgX’?j ( 7). toobtain a retraction into the subspace

vt L ()Y
dim J=1+1

= Y():

This prove the inductive step and we are done. Completingegample, in Figure 10, we retract the edge
fragments to the vertices, and the surface pieces to theseithgern.
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The following corollary follows immediately from the honuogqity equivalence.

Corollary 1 The map' of ltered spaces in Theorem 4 induces an isomorphism ofctie Abelian groups from
Hi(iX 7)) to He (jX j{U’) for non-negative integetlsandt 0. So, their barcodes are equivalent.

Instead of using the singular de nition in the last sectire may now use the simplicial de nition. The former
de nition ensures our concepts are general, applicabl®tanly simplicial spaces, but other spaces as well.

4.3 Chain Complex De nition

Given the Itered simplicial blowup complex, persistentrhology is computed using the associated chain complex.
In this section, we de ne a smaller chain complex that givesiealent barcodes and is computed directly from the
complex and the cover.

We begin by examining the chain complex attached to the simpblowup complex. It follows directly from
Equation (7) that the Iltered chain complex for the blowuprgalex is the familyf C (X Y),g; o, whereC (X V),
C (X n1)is X

c xY = c X’ I (8)
J [n 1]
O<cardJ t+1

andC (XY) = C (XVY), 1. For each piec€ (X"’ ), we triangulate J J'in the previous section. To
avoid triangulating the product, we de ne a smaller chaimptex.

De nition 9 ( Itered blowup chain complex) LetX be a simplicial complex and = f X ‘giz[n 1) be a cover oh
subcomplexes. Far  [n 1], letX? =\j,;XJ andCY(X); C (X) C( " 1) be

X
cY(X), = c x? ¢ 7 (9)
J [n 1]
O<cardJ t+1
Theblowup chain complex oK andU is CY(X) = CY(X), ;. The Itered blowup chain complexs the family
FCY(X gt o

The two Itered complexes de ned by Equations (8) and (9)ayitie same results. Observe that both complexes sum
over the same variablg, and the summand of the rst compléx (X7 7) maps naturally via the Alexander-
Whitney to the summand of the second comp@exX’) C ( ?), according to Equation (1).

De nition 10 LetA: C (XY) I CY(X) be the map whose the restriction to any summeangX ’ J) in
Equation(8) is the Alexander-Whitney map with valuegin(X?) C ( 7).

There is at most one ma}p that satis es the requirements as we specify the map on argtmg family of subcom-
plexes. The existendk is guaranteed by two facts: the naturality of the Alexandéitney map and€C (Xo\ X1) =

C (Xo)\ C (X1) for subcomplexeXo; X1 X. Clearly,A(C (XY);) CY(X);, SoA is a chain map. We now
prove that the two chain complexes give equivalent barcodes

Theorem 5 Given simplicial spac& and simplicial coveld = fX igiz[n 1], there is a chain ma@ : C (X Uy !
CY(X) thatinduces an isomorphism of directed Abelian groups #riC (X Y);) toH (CY (X)) for non-negative
integersk andt 0. Consequently, the barcodes of the two chain complexegjareadent.

Proof: It suf ces to show that the restrictiod, : C (X V), ! CY(X), induces anisomorphism on homology groups
on the integer values afwhere topological changes occur. To prove this, we will gerfan induction ort. Recall
the notion of arshort exact sequenad chain complexes [18]. Observe that we have a commutaiagraim of chain
complexes:

o—lc XUI14//C xUt_//c xUt:c xUtl_llo

0 —levx), , ——lcV(x), —IcY(x),=c¥(x), , —o
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Therefore, we have a long exact sequence:

— Iy c x¥,, ——JIH;c x¥, —IH; c x¥ = xV, , ——}

R / T ) Iy -
M, cY(x), , ———H;i cYx), I cYx), =c¥(x), , ——

It follows from theFive Lemmd18, Page 129] that if the homomorphisms

Hic xY | ! H c'X) ,

Hi ¢ XY =Cc xY | 1 H;cYX)=C"(X), , (10)

are isomorphisms for ail then the homomorphisms
Hi c XY I H; CcY(X),

are isomorphisms for all. It is immediate that we can do induction orprovided we can prove that homomor-
phisms (10) are isomorphisms for alindt. In turn, it suf ces to prove that the following induced mapsubquotients
induces an isomorphism on homology groups:
Ai:c xY =C xY 1 CYX) =CY(X), :
From Equation (8) we have a direct sum decomposition for treain ofA::
M
c xY =c xY = c x? ix) @’; (12)
J [n 1]
card J = t+1

whzre@s the boundary operator. Similarly, from Equation (9) weéha direct sum decomposition for the codomain
of A;:
M
cY(X),=CY(X), ;= c x? ¢ e’ : (12)
J [n 1]
card J = t+1

The restriction off; to each summand in Equation (11) maps the summand to thesponrding summand in Equa-
tion (12),

c x? 3.x3 @J!/% c x> c ‘@’
as the restriction is the Alexander-Whitney map obtaineddifingX = X7,Y = J Xo=;,andYp = @ J in
Equation (2). Therefore, the restriction induces an isgrhism on homology groups and the theorem follows.

4.4 Persistence Algorithm

In this section, we give a revised persistence algorithindbmputes descriptions of the representatives of homology
classes, as well as barcodes. We present the algorithmZgveoef cients, but the same algorithm may be easily
adapted to other elds. This is the most complete descriptbthe algorithm and, we believe, the nal form in
its evolution. The algorithm works for a large class of celhplexes which we formalize after its description. To
emphasize this, we assume we have a ltered cell complexutitrout this section, but use the Itered simplicial
complex in Figure 11 as an example.

A ltration implies a partial order on the cells. We begin byrsng cells within each time snapshot by dimension,
breaking other ties arbitrarily, gettingall order. The algorithm, listed in pseudo-code in the procedwi& FCELLS,
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"'Ic d c d c d c
[0][ab] [2][se%] [2][cdab] [3][ac] [4][ad] [5][abc]

Figure 11. A simple ltration with newly added simplices highlighteaha listed.

o-----0

d d

o> e

takes this full order as input. Its output consists of péesise information: It partitions the cells intweatorsand
destroyerof homology classes, and pairs the cells that are assod@thd same class. Also, the procedure computes
a generator for each homology class. As we shall see, thisnietion is stored within theascadefor each cell.
Unlike the previous versions of the algorithm, the procedsrcapable of computing generators for all homology
classes, including those that never merge with the bourdasg. This is the key extension described in this section.

The procedure RR-CELLS is incremental, processing one cell at a time. Each cstbres itgartner, its paired
cell, as shown in Table 1 for the lItration in Figure 11. Once Wave this pairing, we may simply read off the
barcode from the ltration. For instance, since vertsx paired with edged, we get interval0; 2) in the -barcode.
Each cell also stores itgascade a k-chain, which is initially itself. The algorithm focuses the impact o6
entry on the topology by determining wheth@r is already a boundary in the complex using a call to the proaed
ELIMINATE -BOUNDARIES. After the call, there are two possibilities on line 5:

1. If @cascadd ]) = 0, we are able to writé® as a sum of the boundary basis elements@sads already a
(k  1)-boundary. But nowcascadg ] is a newk-cycle that completed. That is, creates a new homology
cycle and is &reator.

2. If @cascadd ]) 6 0, then@ becomes a boundary after we addso destroys the homology class of its
boundary and is destroyer We pair with theyoungestell in @cascadd ]), thatis, the cell that has most
recently entered the ltration.

During each iteration, the algorithm maintains the follogiinvariants: It identi es théth cell as a creator or destroyer
and computes its cascade; ifis a creator, its cascade is a generator for the homology itlaseates; otherwise, the
boundary of its cascade is a generator for the boundary.class

PAIR-CELLS(K)

1 for 1to h 2K
do partner[ ] ;
cascaddg ]
ELIMINATE -BOUNDARIES( )
if @cascadd 1) 60
then Y OUNGEST(@cascadg 1))
partner[ ]
partner[ ]

O~NO O WN

The procedure EMINATE -BOUNDARIES corresponds to the processing of one row (or column) in Gawiss
elimination. We repeatedly look at the youngest calt @cascadg ]). If it has no partner, we are done. If it has one,
then the cycle that created was destroyed by its partner. We then &lgartner's cascade to's cascade, which has
the effect of adding a boundary @cascadg ]). Since we only add boundaries, we do not change homologyedas

ELIMINATE -BOUNDARIES( )

1 while @cascadd ]) 6 0

2 do YOUNGEST(@cascadd 1))

3 if partner[ ] =;

4 then return

5 elsecascadd¢ | cascadg ]+ cascaddgpartner| ]]
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Table 1 shows the stored attributes for our Itration in Figd 1 after the algorithm's completion. For example, trgcin
ELIMINATE -BOUNDARIES(cd) through the iterations of thehile loop, we get:

# | cascaddcd] partner [ ]
1]|cd d ad
2 | cd+ ad C bc

3 |cd+ad+bc b

Sincepartner [b] = ; at the time ofbcs entry, we pairb with cd in PAIR-CELLS upon return from this procedure,
as shown in the table. The primary difference between theritiign presented here and in prior work is that we

a b ¢ d bc ad cd ab ac acd abc
partner [ ] cd bc ad ¢ d b abc acd ac ab
cascadd ]|a b ¢ d bc ad cd ab ac acd abc

ad cd «cd acd
bc ad ad
bc

Table 1. Data structure after running the persistence algorithmhenltration in Figure 11. The simplices without partners,with partners that
come after them in the full order, are creators; the otherslastroyers.

storecascadg ] for all cells, instead o@cascadd ]) just for boundaries. In practice, we maintain both separate
Itration order, so the function YWUNGESTsimply returns the last cell in the boundary. If we do not iegjgenerators,
we just storedcascadd ]) and eliminate destroyers from the chains, giving us ther@lgorithm [31].

Table 1 contains all the persistence information we requfir€@cascadg ]) =0, is a creator and its cascade is
a representative of the homology class it created. Theshewescriptions that prior versions of the algorithm could
not compute and which we utilize in this paper. Specicathgl cycles and-cycles displayed in Figures 12 and
13 are the homology class representatives for the blowupmprojected down (usingy ) to the base space. On
the other hand, if is a destroyer, its cascade is a chain whose boundary is eseqative of the homology class
destroyed. This the description that was used for comptiti@dinking numbers [10].

We end this section by formalizing the types of complexesiiiay serve as input to the persistence algorithm. A
persistence complég a family of chain complexesC g, o together with chain maps: C i ! C .+ [31].

De nition 11 (based persistence complex)A based persistence complisxa persistence complex equipped with a
choice of basis in every dimension and persistence level, that the basis in one xed dimension and level maps to
a subset of the bases in the same dimension and higher lenads inclusion.

Note that a broad class of Itered cell complexes give risbdsed persistence complexes, including simplicial com-
plexes, simplicial sets [8, 23], -complexes [18], and cubical complexes [20], and blowup glexes. In each case,
we can choose a standard basis of cells, where the cellsapéics, cubes, or simplicial sets.

Theorem 6 (persistence algorithm)The proceduréalR-CELLS computes persistent information for any based per-
sistence complex.

Proof: It is clear from the speci cation of the algorithm that we pnise basis elements and the boundary operator
for each given complex and nothing special to the geomettliyotinderlying complex. Therefore, our derivation and
proofs in the prior paper extend [31].

4.5 Localization Algorithm

In Section 4.3, we showed that the chain compléX(X ) has the same localized homology as the simplicial blowup
complex, so we may use it for computation. To compute hompoleging the persistence algorithm from the last
section, all we need to specify is a basis @t (X ) and the boundary homomorphism.

Lemma 3 (basis) A basis forC{ (X ) is the set composed of elements  J forall ;6 J [n  1]and simplices
2 X7 wheredim +dim 7 =

19



Proof: CJ(X) contains chains i€ (X ) with dimensiork. By De nition9, CY(X) C (X) C ( " l)isasum
of complexes of the forr@ (X?) C ( 7). Fromthe de nition of the tensor product, a basis@®i(X) C ( " 1)
is the set of elements 7 with dimension equaltdim +dim 7. Note that each summa@ (X’) C ( )
is the subcomplex spanned by the subset of this basis dogsistelements J for which 2 X7. Since each
summand is a subcomplex spanned by a subset of the basishet sum.

To de ne the boundary, we impose total orderings on the vestofX and " 1.

Lemma 4 (boundary homomorphism) Let J be a basis element f@/ (X ). Then,
. & . o dig . A
@ ‘=@ ’+(u"™ @’= (ynN Ty (1 73
i=0 j=0

where?; indicates that théth vertex is deleted from the sequence.

Proof: This is just the standard formula for the boundary magiiX) C ( " ') [18, Page 273], restricted to
the basis set described in Lemma 3.

The algorithm follows from our de nitions and theorems. Wegin by computing the generators of the blowup
complex according to Lemma 3. We represent each element ’ as a paif ;J ) and we sort the set of pairs rst
according to the cardinality of, and then the dimension of to get the Itration in De nition 8. We then feed this
Itration, along with the boundary operator in Equation J1® the persistence algorithm in the last section to get the
barcode. According to De nition 6, the localized attribsiteorrespond to intervals in the barcode that contain both
Oandn 1. Our modi ed persistence algorithm also generates thelia descriptions through the cascades for
creator cells.

We now brie y discuss the complexity of our algorithm. For lration with m generators, the persistence algo-
rithm has running timé&(m?), although in practice, linear performance has been obddoremany cases [30]. In
our casem is the number of generators for the blowup complex, or edemily, the number of its cells. Clearly, the
size of the blowup complex is dependent on the cover. In thstease, all of the simplices in our space are contained
within all n sets in the covel, that is, each simplex ha®veragen. Then, each simplex generates the cell n
a cell with2" faces. That is, the blowup complblows upour space to b2" times larger and truly deserves its name.
However, this is an arti cial case as this cover has no geamitformation and would never be used in practice. We
need to reduce the coveragardJ for each simplex to reduce the size of the contributed cell .

In general, we do not need to compute the entire blowup com@emputing thekth homology group requires
the (k + 1) -skeleton cells with dimension less than or equalke 1. Since only the rstd homology groups of a
d-dimensional space may be nontrivial, the largest compleuild is the(d + 1) -skeleton. For uniform coverage
this skeleton has less thanid:)’ol o cells for each simplex.

4.6 Experiments

We have implemented our algorithm as part of a library of paags for algebraic topology. Our implementation is in
C++ and utilizes thgeneric programmingnethodology to achieve a one-to-one correspondence betivealgebraic
structures and their implementations [2]. We use the same f computing homology and persistent homology of
a simplicial complex and that of its blowup complex, represd as a abstract complex of simplex products. Since
our focus here is on demonstrating our method, we only censio naive methods for cover generation based on
random -balls andtilings. We time our examples on a Dell PC with a 2.53 GHz P4 and 1 GB RAhhing CentOS
4.3. Our examples satisfy two criteria: they are simple gihao be visualized and thoroughly understood, and their
homology cannot be localized by any existing algorithm. lde@r, our algorithm can handle complicated complexes
easily as its complexity is dependent on the cover and nohemihderlying space. In each case, we rst compute a
description using the reduction scheme for comparison.

The complex in Figure 12 models a defective surface with8gifhplices. This complex has extraneous edges
and tetrahedra attached to it. Computing homology, we gebésis 1-cycles shown on the top right, where one cycle
goes around two holes. We now use randeballs to cover our complex. The maximum coverage can berge ks
the size of the cover, but the expected coverage is low. We bsdl of radiusl0%the diameter of the space as our
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Figure 12. Top left: A defective surface with extra edges and tetratedovered by transparently colored sets based-oalls. Top right: The
1-cycles computed with homology are nonlocal and one goasdrowo holes. Bottom left: The complex highlighting thet iets in the cover
that contain the small and medium holes, respectively.ddottight: The projection (x ) of the 1-cycles of the blowup complex localizes the two
smaller holes. The large 1-cycle has portions that projetti gertices, as indicated.

local element and take the closure of simplices that fatinit ball as a set of the cover. We try 60 random sets and
place all remaining uncovered simplices in a 61st set. Inghee, we color the sets transparently and identify the two
sets that contain the two smaller holes. It takes 2.60 seccmnconstruct the 26,627 cells of the blowup complex and
2.06 seconds to compute persistence. We show the projegftitve blowup 1-cycles to the base space: our random
cover localizes the two smaller holes but the not the largiese it is not contained within a single set in the cover.
We note that no existing localization algorithm accepts ttomplex as input, as the complex is not a triangulated
2-manifold. Our algorithm handles this case without chamgeeed for special preprocessing.

We next localize a tunnel and two voids carved out from a salidical block, as shown in Figure 13. We cover
the complex of 20,158 simplices using a systematic metheddan tiling Euclidean spaces. The method generates
covers of size at mo + 1 for complexes embedded R? (i.e. 9 inR?®) and guarantees localization of cycles half
the size of a tile. Therefore, the coverage provided heraifoum and xed. It takes 73.56 seconds to compute the
3-skeleton with 470,484 cells and 58.54 seconds to compmrgigbence. The gure shows the localization relative to
our cover. Note that homological descriptions for sameizids may be wildly different in size, but our localized
descriptions are guaranteed to respect the cover. We knave ather method that works for three-dimensional
complexes, or can localize two-dimensional attributedpoalize multiple types of attributes at once. Our algarith
works without change across spaces, dimensions, and covers

5 Conclusion

In this paper, we address the problem of localization in thetrgeneral setting. Unlike previous work that focused on
closed 2-manifolds, we allow for arbitrary-dimensiongdadogical spaces. Also, we localize all topological atitds,
and not just one-dimensional ones as in previous work. Anthotkthat aims to solve the localization problem in
the general case must resolve the intrinsic non-localitppblogy, externalized in the Mayer-Vietoris sequence. We
achieve a resolution through a new understanding of pergi$iomology as a computational view of functoriality.
On the theory side, we begin with de nitions at the singukardl to be mathematical complete, but also provide
provably equivalent de nitions for simplicial complexes be practical, deriving an ef cient method that works at
the chain complex level. On the practical side, we implenmmtalgorithm and show results for large two- and
three-dimensional complexes.

A major issue we do not address is cover construction. Imetudeometry through covers allows us to place
arbitrary metrics on the spaces under study. We do not plageestriction on the geometry or the topology of the
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Figure 13. We carve a tunnel and two voids from a solid cubical block. IEfp the simplicial complex representing our space, addby the 8
sets in the cover. Bottom left: a set in the cover has compgsr@dimensions 1, 2, and 3. On the right, we show the deganpbn a transparent
rendering of the volume. The top row renders the descriptfonnd by homology for the 1-cycle (tunnel) and two-cyclesids), and the bottom
row shows our localized descriptions.

cover sets, as seen in our two examples, so we can tailor thex construction to the localization requirements in
different settings and even utilize multiple covers in tamd Our approach means, however, that the localization is
only as good as the cover. We do show that even naively catisttigovers provide immediate information. We may
therefore utilize a multilevel approach: we rst use a nabewer to nd an initial localization. We then recursively
localizewithin each set containing an attribute to tighten the descriptiGince we do not need to re ne sets that are
not topologically interesting, our recursive re nemenagaptiveand does not need to be large. For instance, we may
use hierarchical space decomposition, suchBSR-treg26] or akd-tree[3], using the blowup complex descriptions
at each level to guide the decomposition.
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