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Abstract

In this paper, we provide the theoretical foundation and an effective algorithm for localizing topological attributes
such as tunnels and voids. Unlike previous work that focusedon 2-manifolds with restricted geometry, our theory is
general and localizes arbitrary-dimensional attributes in arbitrary spaces. We implement our algorithm to validate our
approach in practice.

1 Introduction

Topology describes how a space is connected, re�ecting the presence of certainqualitativefeatures in the space, such
as the tunnel in Figure 1(a). While topology, and speci�cally the formalism ofhomology, is capable of detecting the
existenceof such features, it cannot directly tell us about theirlocation. It is possible to augment the classical reduction
scheme [25] for homology to produce descriptions of the topological attributes. This is not done in practice, however,
as the resulting descriptions are geometrically unpredictable. For example, homology may produce the long solid loop
in the �gure as a description of the tunnel. While topologically correct, this description is geometrically useless. The
localization problemis determining the location of topological features withina space.

In this paper, we formulate a theoretical foundation for localization. Our theory has a computational nature,
yielding an effective implementable algorithm. All previous work address the localization of one type of attribute
within one type of space: tunnels within closed surfaces. Incontrast, our theory is general and localizes arbitrary-
dimensional attributes in arbitrary spaces.

The localization problem arises naturally in many disciplines that analyze low-dimensional geometry. Often, the
topology of a space may have signi�cant repercussions on theability of geometric algorithms to perform effectively
or even terminate. Incomputer graphics, undersampling and noise result in extraneous topology, such as spurious
handles in reconstructed surfaces [22]. For example, the Stanford head model for Michelangelo'sDavid has 340
small tunnels, none of which are present in the sculpture [17]. This topological noise hinders subsequent geometry
processing, such as simpli�cation, smoothing, and parameterization. We need to locate, measure, and remove these
tunnels to facilitate our geometric algorithms [17, 29]. Insensor networks, nonuniform distribution, terrain features,
or catastrophic failure of nodes may lead to regions withoutworking sensors. These holes break ef�cient but greedy
communication algorithms. We need to locate these holes so we may route messages around them [14].

The localization problem also appears within abstract higher-dimensional spaces. Inrobotics, a compact represen-
tation of thecon�guration spaceof a robot that captures the connectivity is useful for fast computation of ensemble
properties, such as the probability of folding (p-fold) of a protein conformation [1]. Inshape description, locating the
topological attributes of thetangent complexallow us to �nd the features, such as corner points or edges, within the
shape itself [6]. Incomputer vision, understanding the local structure of natural images can impact the design of novel
compression algorithms. Recently, analysis of the nine-dimensional Mumford dataset uncovered topological structure
that was previously unknown and unexploited in compression[5]. Again, we need to localize the topological attributes
to discover their geometric implications.
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(a) Tunnel (b) Torus (c) Cycle (d) Tetrahedron

Figure 1. (a) The localization problem. Both the solid and dashed loops describe the tunnel. But topology cannot distinguish between them. (b)
Homological description. A surface of a donut, atorus, has� 0 = 1 component,� 1 = 2 tunnels (one outside, one inside), and encloses� 2 = 1
void. The drawn cycles are representatives for the two classes of 1-cycles. (c) A homology basis element may have multiple components. We
computed this particular element in a complex representingthe HIV Protease molecule. (d) A tetrahedron has four faces,but its 1-skeleton has
cycles that form a vector space of dimension� 1 = 3 .

1.1 Prior Work

Researchers in computer graphics and computational geometry have mostly analyzed a limited form of the localization
problem in the past, focusing on �nding tunnels within closed surfaces. In the terminology of topology, they address
the speci�c problem of describing1-cyclesonoriented 2-manifolds without boundary, often with additional geometric
restrictions such as embeddedness, smoothness, or having aRiemannian structure. Based on different notions of
optimality, there have been various approaches to this problem, such as growing regions on the surface [17], searching
within the associatedReeb graph[29], cutting a surface into a disk either along thecanonical polygonal schema[21,
28] or thecut-graph[12], �nding a system of loopscorresponding to a minimal presentation of thefundamental group
of the surface [7], or obtaining a shortest set of loops that generate the fundamental group or the �rst homology
group [13].

The prior results exploit two structural assumptions. Theysearch for a one-dimensional attribute or aloop, gener-
ally represented with a set of edges; and they search within atwo-dimensional closed surface, generally represented
with a triangulation, where each edge is in exactly two triangles. These are simplifying assumptions that allow for
tailored algorithms. Some of these algorithms may be extended for more general spaces [11] such as surfaces with
non-manifold structure or portions of different dimensions, such as the space in Figure 12. However, our result is
the �rst that generalizes to localizing higher-dimensional attributes, such as enclosed volumes, and searching within
higher-dimensional space, such as localizing the voids in the solid in Figure 13.

Recently, Freedman and Chao take the approach of measuring attributes by the minimum enclosing ball in the
ambient space [15]. They show that this notion of size allowsfor a greedy algorithm to �nd an optimal basis. For
attributes of co-dimension greater than one – such as loops in three-dimensions – this is a weak measure, so the optimal
result may not provide tight localized descriptions.

1.2 Our Work

We address the localization problem in the most general setting. Our space is simply anytopological space, a set of
points where each point knows its neighbors. Also, we attempt to localize arbitrary-dimensional attributes. We place
no restrictions on the geometry, such as requiring a Euclidean metric, but include it via acover: a set of spaces that
contain the original space in their union. The key advantageof this approach is the decoupling of geometry from
topology. We allow the domain specialist to design and experiment with different covers on different spaces to ful�ll
the requirements of a particular application.

Given a cover, our task in this paper is to localize the topological attributesrelative tothat cover. We emphasize,
therefore, thatlocality is de�ned with respect to the cover, and different covers give different results. Our focus in this
paper is on extracting the geometric information containedin a cover. We show, however, that even simple covers give
information and may be used recursively to construct more geometric covers that yield tighter descriptions.

Algebraic topology can be described roughly as the study of spaces through their algebraic images [18]. A funda-
mental tool for this study is afunctor, a map that not only forms algebraic images of the spaces themselves, but also of
maps between them. Functors play a key role inexact sequences, machinery that allow deduction of properties about
spaces. These sequences are not algorithmic in nature and they must be worked out by hand on a case by case basis.
We believe the key contribution of our paper is the insight that the recent theory of persistent homology [9, 31] is in
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fact an algorithmic view of functoriality. This paper is an application of this insight, but it has a much broader scope
and may be applied to convert other functors into powerful tools for computation using a computer.

In this paper, we introducelocalized homologyas a synthesis of persistent homology with the classical blowup
construction [27]. Our theory is general and works for all covers and spaces. More importantly, our theory has a
computational nature, so we derive a simple algorithm and validate it through experiments. While our method is
grounded in theory, the main ideas are accessible, so we begin with a complete non-technical overview in the next
section. We then provide the technical details to formalizeour method and derive the algorithm. As part of this
process, we show that the persistence algorithm works for a broad class of cell complexes and we give a speci�cation
that computes descriptions of non-boundary cycles. We end the paper with some experimental results where our
algorithm localizes topology in spaces where other algorithms fail.

2 Overview

In this section, we motivate our method by examining the nature of the localization problem, introducing a possible
solution, exposing the dif�culties through simple examples, and resolving them through an algebraic approach. We
begin with an intuitive description of homology.

2.1 Homology

Homologyis the topological invariant that is frequently used in practice as it is computable by linear algebraic methods
in all dimensions. This method characterizes the connectivity of a spaceX through the structure of its holes [18],
studying them via equivalence classes ofcyclescalledhomology classes. A homology cyclehas an intuitive meaning
in R3: A 0-cycleis a formal linear combination

P
x 2 X r x x of points in the space and can be interpreted as an oriented

multiset of pointsx with multiplicity jr x j and orientationsign(r x ). A 1-cycleis a loop or union of loops going around
a tunnel. And a2-cycle is a surface that encloses an empty space. We obtain homologyclasses from cycles by
passing to a quotient vector spaceH k by a subspace ofboundaries. For instance, a1-dimensional homology class is
an equivalence class of1-cycles, where two cycles are equivalent provided there is atwo-dimensional surface inX
whose boundary is the union of the two cycles, viewed as a union of loops. Thekth Betti number� k of the space is
the dimension of the homology vector space in dimensionk. The1-cycles in Figure 1(b) represent two classes which
form a basis forH1 of thetorus, the surface of a donut.

Any vector space has many equivalent bases. To compute a homology basis, we transform boundary matrices using
thestandard reduction scheme, an extension ofGaussian eliminationto coef�cient sets other thanR [25]. Indeed, all
known algorithms for computing homology are a variant of this scheme, including thepersistence algorithmthat we
utilize in this paper. This reduction is inherently nonlocal as we have no geometric control over the selection: the
chosen basis is often geometrically ugly and may have multiple components, such as the basis element shown in
Figure 1(c). Since homology computes a basis without regardto geometry, any cycle in the 1-skeleton of a tetrahedron
in Figure 1(d) is a candidate basis element and not those thatare geometrically “local.” Similarly, for the graph
in Figure 2(a), homology may choose one of the nonlocal bases(c, d) instead of the local one (b). The examples
demonstrate that homology does not favor localization by nature. It has no knowledge of the geometry of the space,
so it cannot identify local bases.

(a) Graph (b) (c) (d)

Figure 2. A graph (a) and three possible bases (b, c, d) for itsH 1 . Only (b) is local.
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2.2 Measures and Covers

We wish to provide geometric knowledge to homology for selecting local bases. To do so, we must �rst de�ne what
we mean by the wordlocal. Intuitively, the idea is to determine which homology classes arise from small parts of a
space and which are more global. There are many ways to formulate this notion. Suppose that our space is equipped
with a metric. One approach is by de�ning a norm on the homology classes and de�ning small classes to be local
given that norm. For instance, we could measure thediameterof the image of the classes within the space, such as the
length of the shortest loop for 1-cycles [13] or the area of the smallest enclosing void for 2-cycles. Alternatively, we
could de�ne the radius of the minimum enclosing ball to be themeasure of a cycle [15]. In this paper, we develop a
�exible framework that incorporates many different methods. Let us begin with a preliminary de�nition of what we
mean by local.

De�nition 1 Let X be a topological space andU = f X i gi be a collection of subsetsX i � X such thatX � [ i X i .
A homology class isU-local iff it is in the image of the induced homomorphismH k (X i ) ! H k (X ), whereH k is the
kth homology group.

As we shall see, our �nal de�nition is slightly different than this de�nition, although we may derive descriptions
corresponding to this de�nition easily. The collectionU coversthe space and its pieces provide us with a notion of
what locality means: a homology class of the space is local ifit exists in one of the pieces of the cover. This notion
of size is well-adapted to the minimum enclosing ball measure above. We could letU be the set of all balls of radius
� r , in which case the norm would simply be the smallest value ofr such that the class isU-local.

Given a coveringU, the goal of this paper is to point out that persistent homology can be used to determine whether
a homology class isU-local. We also obtain an algorithm for generating a homology basis that is localized with respect
to the cover. We do not directly address the problem of choosing useful covers. This is because the notion of size may
be application-dependent, in which case we may wish to use different methods for generating covers. We illustrate
with a few examples.

Example 1 (hypercubes)Suppose our spaceX is embedded inRn . We may then consider a coveringX N;r of Rn

that consists of overlapping hypercubes of length1=N + 2 r , centered at vertices of a lattice of size1=N. To get a
cover, we intersect the hypercubes withX .

Example 2 (landmarks) If our spaceX is metric, we may sample a �nite set oflandmarkpointsL � X and de�ne
a Voronoi cellV (p) for p 2 L by

V (p) = f x 2 X j d(x; p) � d(x; p0); 8p0 2 Lg

The collectionU = f V (p)gp2 L is a cover. Note that this construction only requires a metric on the space itself and
not in the ambient space, so it may be used for non-Euclidean cases, such as when the metric is tree-based.

Example 3 (Morse functions) Let X be the torus, embedded inR3 on its side withh : X ! R its z coordinate. We
may now cover the torus with overlapping slices,h� 1([k=N � r; (k + 1) =N + r ]) for �xed values ofN andr . Note
that classes that are local with respect to this cover are local only in the direction ofh.

In summary, our framework is �exible enough to incorporate different notions of size through the notion of covers. In
the future, we hope to address speci�c methods of generatingcovers for different applications. In this paper, we focus
on computing a localization, given a cover.

2.3 Our Framework

We begin by applying by blowing up the space into local piecesaccording to the cover. For example, the graph
containing three cycles covered by two sets in Figure 3(a) isblown up into two pieces in (b), each with two 1-cycles.
Since the middle cycle of the original space is contained in the intersection of the cover sets, it exists in both local
pieces. To recover the global topology, we equate the two copies of the middle cycle by gluing a cylinder to them.
The resulting construction in Figure 3(c), which we call theMayer-Vietoris blowup complex, has the same number of
cycles as the original space but also incorporates the geometric cover information within its structure.
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(a) Space and cover (b) Local pieces (t = 0 ) (c) Blowup (t = 1 )

0 1 t

(d) Persistence barcode

Figure 3. Our approach. Given a space equipped with a cover (a), we �rstblow up the space into local pieces (b) and then glue back the pieces
to get the blowup complex (c), giving us a �ltration consisting of two complexes at timest = 0 andt = 1 , respectively. The persistence barcode
barcode (d) localizes the topology of the original space with respect to the cover.

We now need to compute homology bases for the blowup complex that are compatible with bases for the local
pieces. Fortunately, the theory ofpersistent homologyfurnishes the required bases [31]. We incrementally assemble
the blowup complex so that the local pieces are included at time 0 and the cylinder is sewn in at time 1, completing
the structure. Persistence computes compatible homology bases across this growth history. Therefore, it can track
individual basis elements, representing their lifetimes in a multiset of intervals called a barcode [6]. The barcode for
our example, shown in Figure 3(d), has three half-in�nite intervals, corresponding to the three 1-cycles in both the
original space and its blowup complex. But we can also color the barcode to show where the 1-cycles are located.
There are four intervals at time< 1, representing the four local 1-cycles in Figure 3(b). At time 1, the cylinder equates
the two copies of the middle 1-cycle, so one of the two intervals that represent the two copies ends. The choice of the
interval corresponds to the choice of the basis representative of the middle cycle lying in either of the two sets of the
cover. As the two are homologous, the choice is arbitrary, but of course, we may choose the one that is geometrically
more pleasant.

To summarize, given a space equipped with a cover, we incorporate the geometry contained within the cover into
homology by building the blowup complex and computing its persistent homology. We call this methodlocalized
homology. Our localization naturally re�ects the quality of the given cover, and covers that re�ect the geometry of the
space give better descriptions. We will show, however, thateven naive covers give quick and useful information about
the location of attributes.

3 Background

In this section, we review the algebraic tools required in our work. As it is infeasible to include a complete treatment,
we sketch some of the basic ideas and include formal constructions only when necessary. For a more complete account,
we refer to standard texts in the area [16, 18] as well as the cited papers. We organize this section as a �ow of ideas
for capturing the topology of the spaces in Section 3.1: fromglobal (3.2), to local (3.3), to product (3.4), to persistent
(3.5).

3.1 Topological Space

The fundamental object in topology is atopological space, an abstraction of a metric space. Rather than using a metric
to de�neopen sets, a topological spaceX comes equipped with a set of open sets that de�ne its connectivity. A subset
X 0 � X can be given the subspace topology whose open sets are the intersections ofX 0 with the open sets inX . The,
we callX 0 a subspace, and(X; X 0) a pair. A family U = f X i gi of subspacesX i � X is acover (covering)of X if
X � [ i X i . We sayU coversX .

Suppose we have topological spacesX andY and continuous mapsf : X ! Y andg: Y ! X between them.
If gf andfg are equal to the identity maps on the respective spaces, the spaces arehomeomorphicand have the same
topological type: X � Y . This is the most restrictive notion of equivalence in topology. We get a relaxation through
the notion ofhomotopy. Given two mapsf 0; f 1 : X ! Y , if there is a continuous maph : X � [0; 1] ! Y such that
h(x; 0) = f 0(x) andh(x; 1) = f 1(x), thenf 0 andf 1 arehomotopicvia homotopyh; f 0 ' f 1. Now, for our mapsf
andg above, ifgf andfg are merely homotopic to the respective identities, thenX andY arehomotopy equivalent:
X ' Y .

For computation, we need a combinatorial structure for representing a topological space. Let[n] = f 0; 1; : : : ; ng
be the �rstn+1 natural numbers. An-simplex� is the convex hull ofn+1 af�nely independentverticesS = f vi gi 2 [n ]
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(0,1)

(1,0)

(a)
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�K 2

�
� = � 2

(0,0) (1,0)

(0,1) (1,1)

(b) Product of two edges

(1,0,0)(0,1,0)

(0,0,0)

g

(c) g(� 2 )

Figure 4. (a) The shaded standard2-simplex � 2 is the convex hull of the labeled vertices. Subdividing� 2 using the barycenters of the edges
and the triangle gives the simplicial complexK 2 whose underlying space is� 2 . (b) The product of two edges[0; 1] is the shaded quadrangle.
Using < as the order on the vertices gives the product simplicial complex shown. (c) The functiong: � 2 ! R is de�ned in Section 4.1 using
the subdivision complexK 2 in (a): g is 0 on the vertices of� 2 , 1 on the edge barycenters, 2 on the triangle barycenter, andis extended linearly
elsewhere.

in Rd; d � n. A simplex� de�ned by T � S is a faceof � . A simplicial complexK is a �nite set of simplices that
meet along faces, all of which are inK . A subcomplexof K is a subsetL � K that is also a simplicial complex. The
k-skeletonK ( l ) of K is the subcomplex containing simplices with dimension lessthan or equal tol . Theunderlying
spacejK j of a simplicial complexK is jK j = [ � 2 K � . A triangulation of a topological spaceX is a simplicial
complexK such thatjK j � X .

There is a standard realization for ann-simplex as follows. Lete0 be the origin inRn andei = (0 ; : : : ; 1; : : : ; 0),
1 � i � n, be thei th standard basis vectorfor Rn with a 1 in the i th position and0's elsewhere. Thestandard
n-simplex� n is the convex hull off ei gi 2 [n ]. The shaded triangle in Figure 4(a) is the standard2-simplex. For any
indexing setJ � [n], � J is the face of� n spanned byf ej gj 2 J . Note that� [n ] = � n . The standard simplex may be
subdivided using the barycenters of its faces to produce thesimplicial complexK n with jK n j = � n . Each non-empty
face� J of � n has an associated vertexvJ in K n . � J is triangulated by subcomplexK J � K n with jK J j = � J .
Figure 4(a) displays this subdivision on the standard 2-simplex.

3.2 Homology

For a topological spaceX , thehomology groupsHn (X ) are a family of Abelian groups for integersn � 0 with the
following properties [18]:

Functoriality: EachHn is afunctor, that is, for any continuous mapf : X ! Y , there is an induced homomorphism
Hn (f ) : Hn (X ) ! Hn (Y ), such thatHn (fg ) = Hn (f )Hn (g) andHn (i X ) = i H n (X ) , wherei is the identity.

Homotopy Invariance: If f; g : X ! Y are homotopic, thenHn (f ) = Hn (g). If f is a homotopy equivalence, then
Hn (f ) is an isomorphism.

For any �eldF , there is a version of homology with coef�cients inF that takes values inF -vector spaces. Throughout
this paper, we always compute over �eld coef�cients. The dimension of the vector space is thenth Betti number� n (X )
of the space.

3.3 Subspace Homology

Since we are interested in localizing homology, we need to understand the relationship between local and global
homology of a space. The algebraic gadget that elucidates this relationship is theMayer-Vietoris sequence. To de�ne
it, we �rst need to discuss the notion of anexact sequence.

De�nition 2 (long exact sequence)A sequence

A
f

�! B
g

�! C

of homomorphisms of Abelian groups (or linear transformations of vector spaces over a �eldF ) is said to beexactif
gf � 0 and the kernel ofg is equal to the image off as subgroups (or subspaces) ofB . A sequence of homomorphisms
(or linear transformations)

� � � ! A i +1
f i +1���! A i

f i�! A i � 1
f i � 1���! A i � 2

f i � 2���! � � �
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is exact if each subsequenceAk+1 ! Ak ! Ak � 1 is exact. Such a sequence is called along exact sequence.

As an aside, we note that the second requirement of an exact sequence clearly implies the �rst, but it is customary
within algebraic topology to itemize requirements according to increasing restrictive power, a practice we follow in
our formalism. A long exact sequence morally means that if one has information about two of every three consecutive
groups in the sequence, one can obtain information about thethird. One such sequence, the Mayer-Vietoris, relates
the homology in the intersection of subspaces to that of the individual pieces and that of the whole space.

Theorem 1 (Mayer-Vietoris) Suppose we have a topological spaceX with coverf Y; Zg such that the interiors ofY
andZ also coverX . Then, there exists a long exact sequence

� � � �! H i (Y \ Z ) �! H i (Y ) � H i (Z ) �! H i (X ) �! H i � 1(Y \ Z ) �! H i � 1(Y ) � H i � 1(Z ) �! � � � :

3.4 Product Homology

The Mayer-Vietoris sequence allows for computation by hand, but is not algorithmic. Fortunately, there is a geometric
counter-part, theMayer-Vietoris blowupthat is de�ned as a subspace of a product space. For topological spacesX
andY , theproduct spaceX � Y is also a topological space. Given simplicial complexesX andY , we triangulate
the product spacejX � Y j with a simplicial complexX � Y as follows [19, Page 262]. Assume we are given total
orderings< X and< Y on the vertex setsVX andVY , respectively. The vertex set ofX � Y then isVX � Y = VX � VY .
And a subset� � VX � Y spans a simplex iff there exist simplices� X 2 X and� Y 2 Y so that� � � X � � Y and
the restriction of the partial order< X � < Y to � is a total ordering. It is easy to construct a homomorphism from
jX � Y j to jX j � j Y j.

Example 4 (two edges)Figure 4(b) displays the product of two edgesX = [0 ; 1] andY = [0 ; 1] with < as the total
order on each vertex set. The product simplicial complex hasVX � Y = f (0; 0); (0; 1); (1; 0); (1; 1)g and an edge from
(0; 0) to (1; 1) since(0; 0) < (1; 1) but (1; 0) 6< (0; 1) and(0; 1) 6< (1; 0).

The connectivity of a product space is clearly related to theconnectivity of its factors, as made explicit by the following
theorem. Below,C� is thechain complex:

� � � ! Ck+1
@k +1���! Ck

@k�! Ck � 1 ! � � � ;

whereCk is the free Abelian group on oriented simplices in the complex, and@k : Ck ! Ck � 1 is the boundary
homomorphism.

Theorem 2 (Alexander-Whitney) Let X andY be simplicial complexes with vertex orderings< X and< Y de�ning
the product simplicial complexX � Y . For maps of simplicial complexes that preserve the vertex orderings, there are
natural chain maps

C� (X � Y )
A
�
S

C� (X ) 
 C� (Y ) ; (1)

that induce isomorphisms on homology groups. Here,A is theAlexander-Whitneymap andSis theshuf�e homomor-
phism [4]. For pairs(X; X 0) and(Y; Y0), we get a relative version

C� (X � Y; (X � Y0) [ (X 0 � Y ))
A
�
S

C� (X; X 0) 
 C� (Y; Y0) : (2)

In other words, we can obtain the homology of a product space from the homology of its factors through the Alexander-
Whitney map.
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3.5 Persistent Homology

As sketched in Section 2.3, we put together the blowup complex incrementally to see the local and global topologies
at different times. For a topological spaceX , this construction gives a�ltration f X n gn � 0, a nested sequence of
subspaces

; = X 0 � X 1 � � � � X:

We then callX a �ltered space. We may similarly �lter a simplicial complex to obtain a�ltered complex. Over �elds,
each spaceX j has akth homology groupH k (X j ), a vector space whose dimension� k (X j ) counts the number of
topological attributes in dimensionk. Viewing a �ltration as a growing space, we see that topological attributes appear
and disappear. If we could track an attribute through the �ltration, we could talk about itslifetimewithin this growth
history. The theory ofpersistent homologyvalidates this intuition [31]. A �ltration yields adirected space

; = X 0 i
,! � � �

i
,! X j � � �

i
,! X;

where the mapsi are the respective inclusions. Applying thekth dimensional homology functorH k from Section 3.2
to both the spaces and the maps, we get another directed space

; = H k
�
X 0� H k( i )

���! � � �
H k( i )
���! H k

�
X j � H k( i )

���! � � �
H k( i )
���! H k (X )

whereH k (i ) are the respective induced maps. Persistent homology states that any directed vector space has a simple
description [31]. For an interval[a; b], a 2 Z+ ; b 2 Z+ [ f1g , let F [a; b] = f Fi gi � 0 be a directed vector space over
�eld F that is equivalent toF within the interval and empty elsewhere, and with identity transformationsFi ! Fj

within the interval. Under suitable �niteness hypotheses that are satis�ed for all our spaces, the homology directed
space may be written as a direct sum

sM

i =0

F [ai ; bi ];

where the description is unique up to reordering of summands. In layman's terms, persistent homology states we may
indeed track topological attributes and measure their lifetimes as intervals[ai ; bi ]. Thepersistence barcodeis the �nite
multiset of lifetime intervals [6]. We can compute barcodesfor arbitrary dimensional simplicial spaces over arbitrary
�elds using the persistence algorithm [31].

We also need to compute descriptions of the homology cycles.The original paper on persistence did not discuss
descriptions, although the algorithm could compute descriptions for cycles that eventually became boundaries [9] and
these descriptions were used subsequently for computing linking numbers [10]. Our subsequent theoretical extension
also did not discuss descriptions [31]. For this paper, we show that the persistence algorithm works for a broad class
of cell complexes and we enable it to compute descriptions ofnon-boundary cycles. We describe this extension in
Section 4.4.

4 Localized Homology

In this section, we formalize our approach. To be mathematically rigorous, we begin in Section 4.1 by giving a
de�nition for localized homology in the most general setting: topological spaces and singular homology. We do this
to place our work within the traditional framework of algebraic topology. This de�nition, however, is not immediately
useful for computation as singular homology deals with in�nite-dimensional spaces. So, in Section 4.2, we give
a combinatorial de�nition for simplicial complexes. Whileit is known that singular and simplicial homology are
equivalent, the same is not known of our two de�nitions, so wenext show the simplicial de�nition gives the same
results as the singular de�nition. In Section 4.3, we construct a chain complex that yields equivalent barcodes and
once again show its equivalence to the previous de�nition. This last de�nition allows us to specify a natural basis
and the boundary operator for the chain complex in Section 4.5. We may now construct a �ltration directly from our
space and cover. Feeding this �ltration into the persistence algorithm, we get our localized solution. We note for the
specialist that an equivalent route entails giving de�nitions for simplicial sets and cellular homology.
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4.1 Singular De�nition

Given an arbitrary topological space equipped with a cover,we blow upthe space to incorporate the geometry con-
tained in the cover: Each piece of the space expands according to the number of cover sets it falls within.

De�nition 3 (Mayer-Vietoris blowup complex) Given a topological spaceX with a coverU = f X i gi 2 [n � 1] of
n = card U sets, letX J = \ j 2 J X j for J � [n � 1]. Theblowup complexX U � X � � n � 1 of X andU is

X U =
[

;6= J � [n � 1]

X J � � J : (3)

X U is equipped with two natural projection maps� X : X U ! X and � � : X U ! � n � 1 given by the inclusion
X U ,! X � � n � 1 followed by projection onto the respective factors [27, page 108].

While the construction is standard, there is no standard terminology, so we have adopted our own for which we provide
justi�cation at the end of this section.

Example 5 (cover with two sets)SupposeX comes with coverU = f X 0; X 1g as shown in Figure 5(a), where we
representX as an interval and draw ellipses to indicate the extent of thecover sets. The cover de�nes the intersection
pieceX f 0;1g = X [1] . The blowupX U is a subset ofX � � 1 as shown in Figure 5(b), where we draw� 1 as the
interval [0; 1]. Following Equation (3),X U is the union of three pieces, corresponding to the three local regions the
cover de�nes:

X 0 � � f 0g = X 0 � f 0g;

X 1 � � f 1g = X 1 � f 1g;

X [1] � � [1] = X [1] � [0; 1]:

Example 6 (cover with three sets)Suppose our space is a single point and our cover is three setsthat contain it.
Then, the blowup is a triangle, as shown in Figure 4(a). We usethis simple example extensively, especially in proving
one of the main theorems in the paper.

In constructing the blowup complex, we simply stretch certain pieces, so we don't tear or glue. Clearly then, the
blowup complex has the same topology as the original space. We formalize this next.

Lemma 1 (global) The projection� X : X U ! X is a homotopy equivalence in the following cases:

� U is an open covering of a normal space, e.g. any subspace ofRn ,

� U is a covering of a simplicial complex by subcomplexes.

Therefore,� X induces an isomorphism at the homology level. That is,X U ' X andH � (X U ) �= H � (X ).

X

X0

X1

X [1]

(a) Space

µX [1]£
D [1]

D1

X £ D1

XX0 £ {0}

X1 £ {1}

(b) Blowup

X 0£ {0}
X 1£ {1}

X

(c) Height function

Figure 5. Blowup complex. (a) The coverU = f X 0 ; X 1g for spaceX also de�nes intersectionX f 0;1g = X [1] . (b) The blowupX U � X � � 1

is the union of three pieces shown. Here,� 1 is visualized as interval[0; 1]. (c) The functionf on X U � X � � 1 .
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Proof: The proof essentially follows from Segal, whose result is for the case of coverings admitting a subordinate
partition of unity [27, Theorem 4.1]. This occurs when the covering isnumerable. It is quite standard that these
hypotheses hold for open coverings of spaces homeomorphic to �nite CW-complexes. Moreover, one can easily show
that they also hold for coverings of �nite simplicial complexes by subcomplexes. �

Throughout this paper, we assume our cover satis�es the requirements of Lemma 1. We now de�ne a functionf on
X U that assembles the pieces such that the persistent homologyof the resulting �ltration gives the localization. We
�rst de�ne a functiong on� n � 1 by utilizing its triangulationK n � 1, assigning a value to the centroid of each face and
interpolating linearly.

De�nition 4 (height functions f; g ) For the face; 6= � J of � n � 1, let vJ be the associated vertex inK n � 1. De�ne
g: � n � 1 ! R linearly on the complex withg(vJ ) = dim � J , and on� n � 1 by identi�cation. De�nef : X U ! R by
the compositionX U � ���! � n � 1 g

�! R.

Figure 4(c) illustratesg on � 2 and we seef on the blowup complex in Figure 5(c). We �lter the blowup complex
usingf .

De�nition 5 (�ltered blowup) Let X U
t = f � 1([0; t]). The�ltered blowup complexis the familyf X U

t gt � 0.

In other words, when we visualizef as a height function onX U as in the �gures,X U
t is everything inX U below

heightt.

Example 7 (cover with two sets)In Example 5, we constructed the blowup complex for a spaceX with a two-set
coverU = f X 0; X 1g, as shown in Figure 5. Filtering the complex, we have:

X U
0 = X 0 � f 0g _[ X 1 � f 1g;

X U
1 = X U

0 [ X [1] � [0; 1]= � ;

where� is the identi�cation alongX [1] � f 0; 1g shown in Figure 5(c).

Example 8 (cover with three sets)In Example 6,X is a point,U consists of three sets that containX , andX U is
K 2. Using functiong in Figure 4(c), we may �lter the blowup to get the �ltered blowup complexX U

t , shown for the
speci�ed values in Figure 6. Note that the complex changes topologically only at integer values fort. This should be
intuitively clear from the construction.

(a) 0:0 (b) 0:5 (c) 1:0 (d) 1:5 (e) 2:0

Figure 6. Singular blowupX U
t for speci�ed t in Example 8. The spaceX is a point and its coverU is three sets that contain it.

At time 0, the blowup complex contains the local pieces ofX . For Example 5,X U
0 consists of the two segments shown

at the bottom of the hat shape in Figure 5. For Example 8,X U
0 consists of the three copies ofX shown in Figure 6(a).

We formalize this concept next.

Lemma 2 (local) The spaceX U
0 is the disjoint union of the local pieces of the space, i.e.X U

0 � _[ i 2 [n � 1]X i .
Therefore,

H k
�
X U

0

� �=
M

i 2 [n � 1]

H k
�
X i � ;

that is, we get the homology of the local pieces at time 0.
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Proof: The corresponding chain complexes clearly split as the stated direct sum, and homology preserves direct
sums. �

So, we capture the local homology at time0. At timen� 1, the incremental construction is complete andX U
n � 1 = X U .

Therefore, Lemma 1 asserts thatX U
n � 1 has the global homology ofX . We may now state our de�nition for localization.

De�nition 6 (localized homology) Given a topological spaceX and a coverU = f X i gi 2 [n � 1] , let i : X U
0 ,! X U

n � 1

be inclusion, inducing� � : H � (X U
0 ) ! H � (X U

n � 1). TheU-localized homology ofX is the image of� � . We say that a
homology class in the image isU-local.

In contrast to our initial de�nition (De�nition 1), this de�nition allows a homology class to be a sum of cycles in
different pieces in the cover, but is also algorithmic. Applying persistent homology to the �ltration, we get barcodes
that describe the relationship between the local and globalhomology of the space. TheU-local homology classes are
those that exist at time0 and continue to exist till timen � 1. These classes correspond to persistence barcode intervals
that contain both0 andn � 1.

We note that our de�nition for localized homology only uses the inclusionX U
0 ,! X U

n � 1 and not the intermediate
�ltration levels X U

t . We now show that the intermediate �ltrations also carry useful information. We begin by creating
coarser versions of a given cover.

De�nition 7 ( U[l ]) Given a topological spaceX , a coverU = f X i gi 2 [n � 1], and0 < l � n, we de�neU[l ] to be the
cover ofX whose elements are the

� n
l

�
l -fold unions of elements ofU. That is,U[l ] = f UJ gJ , whereJ � [n � 1] with

cardJ = l andUJ = [ j 2 J X j .

The following result relates these coarser covers to intermediate �ltrations of the blowup complex.

Theorem 3 (intermediate) A U[l ]-local class inH k (X ) lies in the image of the homomorphism

H k
�
X U

l � 1

�
! H k

�
X U

n � 1

� �= H k (X ) : (4)

Proof: By De�nition 6, a k-dimensional class isU[l ]-local iff it lies in the image of the homomorphism

H k

�
X U[l ]

0

�
! H k

�
X U[l ]

m � 1

�
; (5)

wherem =
� n

l

�
. By Lemma 2, the domain of homomorphism (5) is

H k

�
X U[l ]

0

�
�=

M

J � [n � 1]
card J = l

H k
�
UJ �

;

whereUJ = [ j 2 J X j is a set in the coarsened cover. By de�nition and by Lemma 1, the co-domain of homomor-
phism (5) is

H k

�
X U[l ]

m � 1

�
= H k

�
X U[l ]

�
�= H k (X ) :

Therefore, we may rewrite homomorphism (5) as
M

J � [n � 1]
card J = l

H k
�
UJ �

! H k (X ) :

That is, a class isU[l ]-local if it is a sum of classeshj which lie in homomorphismsH k (UJ ) ! H k (X ), respectively.
Since the image of homomorphism (4) is a subgroup, it suf�cesto show that each classhj is contained in it. Let
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W = UJ with coveringW = f X j gj 2 J . There is an evident inclusionj : W W ,! X U so that the following diagram
commutes:

H k
�
W W �

H k
�
X U �

H k (W ) H k (X )
��

H k( � W )

//H k( j )

��
H k( � X )

//'

The homomorphismH k (� W ) is an isomorphism by Lemma 1, so it follows immediately thathj is in the image of the
homomorphism' iff it is in the image of the homomorphismH k (� X ) � H k (j ) and we know the former is is true. But
the image ofj is clearly contained withinH k

�
X U

l � 1

�
, which gives the result. �

The converse to the above theorem is false, as the following counter-example demonstrates.

Example 9 (counter) Consider the cover of the torus in Figure 7. The sets in the cover intersect pairwise, but not
triple-wise, so clearlyX U

1 � X U
2 ' X . Therefore, the generator inH2(X ) is in the image ofH2(X U

1 ), but is not
U[2]-local as it cannot come from the homology of any twofold union of the sets in the cover: each set is a cylinder
with the homotopy type of a circle and vanishingH2.

Figure 7. A torus covered with three sets that overlap pairwise.

In algebraic topological terms, the �ltration gives anobstructionto a class beingU[l ]-local, but forl � 2, it is not a
complete obstruction.

We end this section by giving an explicit relationship between the blowup complex and the Mayer-Vietoris se-
quence, justifying the former's name. Consider the cover with two sets in Example 5. We write the Mayer-Vietoris
sequence for this space by settingY = X 0, Z = X 1, and thereforeY \ Z = X [1] in Theorem 1:

� � � �! H i
�
X 0�

� H i
�
X 1�

�! H i (X ) �! H i � 1

�
X [1]

�
�! � � � :

Note that we only write three groups in the sequence as it has athree-fold periodicity: groups that differ in multiples
of three in the sequence differ only in dimension. Alternatively, we may write a sequence using the blowup complex.
The long exact sequence for the pair(X U

1 ; X U
0 ) computed in Example 7 is:

� � � �! H i
�
X U

0

�
�! H i

�
X U

1

�
�! H i

�
X U

1 ; X U
0

�
�! � � � ; (6)

whereH i (X U
1 ; X U

0 ) is the reduced homology of the quotient spaceX U
1 =X U

0 [18, Page 115]. We now relate two
sequences. By Lemma 2, the �rst terms match. The second termsalso match by Lemma 1 asX U

1 = X U . For the third
term of Sequence (6), we have

H i
�
X U

1 ; X U
0

� �= H i

�
X [1] � [0; 1]; X [1] � f 0; 1g

�
;

by theExcision Theorem[18, Page 119]. But by a standard application of aKünneth Formula[18, Page 218], the
right hand side is isomorphic toH i � 1(X [1] ), showing that the third terms are isomorphic. To reiterate,the long exact
sequence for the pair composed of pieces of the blowup complex has the form of the Mayer-Vietoris sequence for the
space.
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4.2 Simplicial De�nition

The de�nitions in the last section assumed thatX was a topological space, so the homology groups were allsingular
homology groups rather than those attached to a simplicial complex. Singular homology is de�ned on all topological
spaces as the homology of a complex of in�nite dimensional vector spaces over the ground �eld. Therefore, it is not
directly computable from the de�nitions. On the other hand,one can prove numerous properties of the construction
which allows computation by hand in many cases. In order to make homology accessible to machine computation, we
need to deal with �nite structures. When our space is equipped with additional structure, such as being asimplicial
complex, we can compute �nite structures that agree with singular homology in the following sense: There is a canon-
ical isomorphism from the simplicially computed homology to the singular homology. In this section, we rede�ne the
blowup for simplicial complexes, producing a space which isitself a simplicial complex, and is therefore amenable
to �nite computation. We assume that we are given a simplicial complexX that represents a space of interest. We
also restrict the coverU to consist of subcomplexes ofX . Our task is twofold: we need to triangulate the blowup
complexX U and show that the simplicial homology of the resulting simplicial complex gives the same localization as
the singular method.

We begin by triangulatingX U . Equation (3) states thatX U is a union of pieces of formX J � � J . Both terms
X J = \ j 2 J X j and� J are simplicial, giving us a product of simplicial complexes. We impose total orderings on the
vertices ofX and� to triangulate each product as in Section 3.4. We now de�ne both the simplicial blowup and its
�ltration at once.

De�nition 8 (�ltered simplicial blowup) LetX be a simplicial complex andU = f X i gi 2 [n � 1] be a cover consisting
of n subcomplexes. ForJ � [n � 1], let X J = \ j 2 J X j and

X U
t =

[

J � [n � 1]
0 < card J � t +1

X J � � J : (7)

Theblowup complex ofX andU is X U = X U
n � 1 � X � � n � 1 with projections� X : X U ! X and� � : X U !

� n � 1. The�ltered blowup complexis the familyf X U
t gt � 0.

De�nition 8 mimics the singular de�nitions 4 and 5. Note thatX U
t is de�ned for all t 2 R; t � 0, but the complex

changes only at integer values.

Example 10 (cover with two sets)Figure 8 constructs the blowup complex for Example 5 in simplicial form. The
pieceX [1] � [0; 1] is completed at time 1 in Figure 5(c), and the triangulation of the corresponding pieceX [1] � � [1]

in Figure 8(b) also arrives at time 1.

X

X0

X1

X [1]

a b c d

(a) Simplicial cover

µ

XX0 £ {0}

X1 £ {1}

X
[1]£

D
[1] D[1]

(b) Blowup

Figure 8. (a) The simplicial coverU = f X 0 ; X 1g = f ac; bdg for simplicial complexX de�nes X f 0;1g = X [1] = bc. (b) The simplicial
blowup complexX U � X � � 1 .

Example 11 (cover with three sets)Figure 9 shows the �ltered simplicial blowup complexX U
t for the space in Ex-

ample 6 and 8. Compare with the singular blowup complex in Figure 6. Note that the simplicial de�nition allows
changes only at integralt values.

To complete our task, we need to show that the new simplicial de�nition has the same structure as the singular
one from the last section. The underlying spacejX j of X is a topological space with the coverjUj = fj X i jgi 2 [n � 1].
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(a) 0:0 (b) 0:5 (c) 1:0 (d) 1:5 (e) 2:0

Figure 9. Simplicial blowupX U
t for speci�ed t in Example 11. The spaceX is a point and its coverU is three sets that contain it. Compare with

the singular version in Figure 6.

Compare the singular and simplicial �ltered blowup complexes in Figures 6 and 9. Clearly, the blowups are homotopic
at all t, with topology changes at integer values only. We formalizethis next.

Theorem 4 Given a simplicial complexX and a coverU = f X i gi 2 [n � 1] of subcomplexes, letjUj = fj X i jgi 2 [n � 1].
There exists a canonical homeomorphism' : jX U j ! j X j jU j with restriction' t : jX U

t j ! j X j jU j such that:

1. For t � 0, ' t
� �
�X U

t

�
� � � j X j jU j

t .

2. For t 2 [n � 1], ' t is a homeomorphism onto its image.

3. For t � 0, ' t is a homotopy equivalence.

Proof: We begin by constructing the map' . Note that the construction of a triangulation of a product is equipped
with a canonical homeomorphism

� (X ): jX � � j ! j X j � j � j;

such that if we have any mapf : X ! Y of simplicial complexes, then we have the following commutative diagram:

jX � � j jX j � j � j

jY � � j jY j � j � j

//� (X )

��
j f � id � j

��
j f j�j id � j

//� (Y )

These diagrams, applied to the various inclusionsX J ,! X , show that the restriction of� (X ) to the subspacejX U j
has its image injX j jU j . This restriction now gives the required map' . We now examine the three statements in the
theorem.

1. Given the construction above, it is clear that its restriction ' t to jX U
t j has its image injX j jU j

t .

2. Recall that a continuous map between compact Hausdorff spaces that is a bijection on points is a homeomor-
phism [24]. Since any �nite simplicial complex is a compact space, and any closed subspace of a compact space
is compact, it is immediate that bothjX U j andjX j jU j are compact Hausdorff spaces, and consequently, so are
the subspacesjX U

t j andjX j jU j
t . Therefore, it will suf�ce that' t is an injection on points for integer values oft,

which is clearly the case from the de�nitions.

3. We begin with some useful notation, describing the portions of spaces that are allowed byg inside the singular
blowup complex.

(� J )t = f x 2 j � J j; g(x) � tg

(� J )( l )
t = f x 2 j (� J )( l ) j; g(x) � tg
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(a) Y (0) =
�
�X U

0:5

�
� (b) Y (1) (c) Y (2) = jX j j U j

0:5

Figure 10. The sequence of spacesY (l ) that shows the homotopy equivalence of (a)
�
�X U

t

�
� to (c) jX j j U j

t at t = 0 :5. Note that there is a deformation
retraction from the right to the left, which is the homotopy equivalence.

Above,(� J )( l ) denotes thel-skeleton of� J , as de�ned in Section 3.1. Below, we usebtc to denote the�oor of
t, the largest integer smaller than or equal tot. We may now write equivalent expressions for De�nitions 5 and
8, respectively.

�
�X U

t

�
� =

[

J

jX J j � (� J )(bt c)

jX j jU j
t =

[

J

jX J j � (� J )t

There is a natural mapjX U
t j ! j X j jU j

t that is induced by the various inclusions on the second factors
i J : (� J )(bt c) ! (� J )t . Now, observe that ifdim(� J ) � b tc, then(� J )(bt c) = (� J )t . For example, at
t = 1 :5, both complexes in Figures 9(d) and 6(d) have complete1-skeletons. Ifdim(� J ) > btc, the barycenter
of � J is not contained in(� J )t , so we may produce a deformation retraction� J

t from (� J )t to (� J )(bt c) by
radial projection to the boundary of� J from its barycenter. In Figure 6(d), for instance, we may retract the
surface to the boundary of the triangle, the complex in Figure 9(d). The deformation retraction and its inverse
are the homotopy equivalence we need.

We now de�ne a sequence of spaces

Y (l ) =
[

J

jX J j � (� J )(max( l; bt c))
t ;

as shown in Figure 10 for our example witht = 0 :5. Note that

Y (0) =
�
�X U

t

�
� ;

Y (n � 1) = jX j jU j
t ;

so if we can show that the inclusionY (l ) ,! Y (l + 1) is a homotopy equivalence for eachl , we are done. To
show this, we note that

Y (l + 1) = Y (l ) [
[

dim � J = l +1

jX J j � (� J )t

For example, we add portions of the edges in going from Figure10(a) to Figure 10(b). For eachJ , we can apply
idX J � � J

t to the spacejX J j � (� J )t to obtain a retraction into the subspace

' Y (l ) [
[

dim � J = l +1

jX J j � (� J )( l )
t

= Y (l ):

This prove the inductive step and we are done. Completing ourexample, in Figure 10, we retract the edge
fragments to the vertices, and the surface pieces to the edges, in turn.

�
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The following corollary follows immediately from the homotopy equivalence.

Corollary 1 The map' of �ltered spaces in Theorem 4 induces an isomorphism of directed Abelian groups from
H k (jX U

t j) to H k (jX j jU j
t ) for non-negative integersk andt � 0. So, their barcodes are equivalent.

Instead of using the singular de�nition in the last section,we may now use the simplicial de�nition. The former
de�nition ensures our concepts are general, applicable to not only simplicial spaces, but other spaces as well.

4.3 Chain Complex De�nition

Given the �ltered simplicial blowup complex, persistent homology is computed using the associated chain complex.
In this section, we de�ne a smaller chain complex that gives equivalent barcodes and is computed directly from the
complex and the cover.

We begin by examining the chain complex attached to the simplicial blowup complex. It follows directly from
Equation (7) that the �ltered chain complex for the blowup complex is the familyf C� (X U )t gt � 0, whereC� (X U )t �
C� (X � � n � 1) is

C�
�
X U �

t =
X

J � [n � 1]
0 < card J � t +1

C�
�
X J � � J �

; (8)

andC� (X U ) = C� (X U )n � 1. For each pieceC� (X J � � J ), we triangulatedX J � � J in the previous section. To
avoid triangulating the product, we de�ne a smaller chain complex.

De�nition 9 (�ltered blowup chain complex) Let X be a simplicial complex andU = f X i gi 2 [n � 1] be a cover ofn
subcomplexes. ForJ � [n � 1], let X J = \ j 2 J X j andCU

� (X )t � C� (X ) 
 C� (� n � 1) be

CU
� (X )t =

X

J � [n � 1]
0 < card J � t +1

C�
�
X J �


 C�
�
� J �

: (9)

Theblowup chain complex ofX andU is CU
� (X ) = CU

� (X )n � 1. The�ltered blowup chain complexis the family
f CU

� (X )t gt � 0.

The two �ltered complexes de�ned by Equations (8) and (9) give the same results. Observe that both complexes sum
over the same variableJ , and the summand of the �rst complexC� (X J � � J ) maps naturally via the Alexander-
Whitney to the summand of the second complexC� (X J ) 
 C� (� J ), according to Equation (1).

De�nition 10 Let A : C� (X U ) ! CU
� (X ) be the map whose the restriction to any summandC� (X J � � J ) in

Equation(8) is the Alexander-Whitney map with values inC� (X J ) 
 C� (� J ).

There is at most one mapA that satis�es the requirements as we specify the map on a generating family of subcom-
plexes. The existenceA is guaranteed by two facts: the naturality of the Alexander-Whitney map andC� (X 0 \ X 1) =
C� (X 0) \ C� (X 1) for subcomplexesX 0; X 1 � X . Clearly,A(C� (X U )t ) � CU

� (X )t , soA is a chain map. We now
prove that the two chain complexes give equivalent barcodes.

Theorem 5 Given simplicial spaceX and simplicial coverU = f X i gi 2 [n � 1], there is a chain mapA : C� (X U ) !
CU

� (X ) that induces an isomorphism of directed Abelian groups fromH k (C� (X U )t ) to H k (CU
� (X )t ) for non-negative

integersk andt � 0. Consequently, the barcodes of the two chain complexes are equivalent.

Proof: It suf�ces to show that the restrictionA t : C� (X U )t ! CU
� (X )t induces an isomorphism on homology groups

on the integer values oft where topological changes occur. To prove this, we will perform an induction ont. Recall
the notion of anshort exact sequenceof chain complexes [18]. Observe that we have a commutative diagram of chain
complexes:

0 C�
�
X U �

t � 1 C�
�
X U �

t
C�

�
X U �

t =C�
�
X U �

t � 1 0

0 CU
� (X )t � 1 CU

� (X )t CU
� (X )t =CU

� (X )t � 1 0

// //

��

//

��

//

��
// // // //

16



Therefore, we have a long exact sequence:

� � � H i

�
C�

�
X U �

t � 1

�
H i

�
C�

�
X U �

t

�
H i

�
C�

�
X U �

t =C�
�
X U �

t � 1

�
� � �

� � � H i
�
CU

� (X )t � 1

�
H i

�
CU

� (X )t

�
H i

�
CU

� (X )t =CU
� (X )t � 1

�
� � �

// //

��

//

��

//

��
// // // //

It follows from theFive Lemma[18, Page 129] that if the homomorphisms

H i

�
C�

�
X U �

t � 1

�
�! H i

�
CU

� (X )t � 1

�

H i

�
C�

�
X U �

t =C�
�
X U �

t � 1

�
�! H i

�
CU

� (X )t =CU
� (X )t � 1

�
(10)

are isomorphisms for alli , then the homomorphisms

H i
�
C�

�
X U �

t

�
! H i

�
CU

� (X )t

�

are isomorphisms for alli . It is immediate that we can do induction ont provided we can prove that homomor-
phisms (10) are isomorphisms for alli andt. In turn, it suf�ces to prove that the following induced map on subquotients
induces an isomorphism on homology groups:

Â t : C�
�
X U �

t =C�
�
X U �

t � 1 ! CU
� (X )t =CU

� (X )t � 1 :

From Equation (8) we have a direct sum decomposition for the domain ofÂ t :

C�
�
X U �

t =C�
�
X U �

t � 1
�=

M

J � [n � 1]
card J = t +1

C�
�
X J � � J; X J � @� J �

; (11)

where@is the boundary operator. Similarly, from Equation (9) we have a direct sum decomposition for the codomain
of Â t :

CU
� (X )t =CU

� (X )t � 1
�=

M

J � [n � 1]
card J = t +1

C�
�
X J �


 C�
�
� J; @� J �

: (12)

The restriction ofÂ t to each summand in Equation (11) maps the summand to the corresponding summand in Equa-
tion (12),

C�
�
X J � � J ; X J � @� J � Â t��! C�

�
X J �


 C�
�
� J ; @� J �

;

as the restriction is the Alexander-Whitney map obtained bysettingX = X J , Y = � J , X 0 = ; , andY0 = @� J in
Equation (2). Therefore, the restriction induces an isomorphism on homology groups and the theorem follows. �

4.4 Persistence Algorithm

In this section, we give a revised persistence algorithm that computes descriptions of the representatives of homology
classes, as well as barcodes. We present the algorithm overZ2 coef�cients, but the same algorithm may be easily
adapted to other �elds. This is the most complete description of the algorithm and, we believe, the �nal form in
its evolution. The algorithm works for a large class of cell complexes which we formalize after its description. To
emphasize this, we assume we have a �ltered cell complex throughout this section, but use the �ltered simplicial
complex in Figure 11 as an example.

A �ltration implies a partial order on the cells. We begin by sorting cells within each time snapshot by dimension,
breaking other ties arbitrarily, getting afull order. The algorithm, listed in pseudo-code in the procedure PAIR-CELLS,
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Figure 11. A simple �ltration with newly added simplices highlighted and listed.

takes this full order as input. Its output consists of persistence information: It partitions the cells intocreatorsand
destroyersof homology classes, and pairs the cells that are associatedto the same class. Also, the procedure computes
a generator for each homology class. As we shall see, this information is stored within thecascadefor each cell.
Unlike the previous versions of the algorithm, the procedure is capable of computing generators for all homology
classes, including those that never merge with the boundaryclass. This is the key extension described in this section.

The procedure PAIR-CELLS is incremental, processing one cell at a time. Each cell� stores itspartner , its paired
cell, as shown in Table 1 for the �ltration in Figure 11. Once we have this pairing, we may simply read off the
barcode from the �ltration. For instance, since vertexbis paired with edgecd, we get interval[0; 2) in the� 0-barcode.
Each cell� also stores itscascade, a k-chain, which is initially� itself. The algorithm focuses the impact of� 's
entry on the topology by determining whether@� is already a boundary in the complex using a call to the procedure
ELIMINATE -BOUNDARIES. After the call, there are two possibilities on line 5:

1. If @(cascade[� ]) = 0 , we are able to write@� as a sum of the boundary basis elements, so@� is already a
(k � 1)-boundary. But now,cascade[� ] is a newk-cycle that� completed. That is,� creates a new homology
cycle and is acreator.

2. If @(cascade[� ]) 6= 0 , then@� becomes a boundary after we add� , so � destroys the homology class of its
boundary and is adestroyer. We pair� with theyoungestcell � in @(cascade[� ]), that is, the cell that has most
recently entered the �ltration.

During each iteration, the algorithm maintains the following invariants: It identi�es thei th cell as a creator or destroyer
and computes its cascade; if� is a creator, its cascade is a generator for the homology class it creates; otherwise, the
boundary of its cascade is a generator for the boundary class.

PAIR-CELLS(K )

1 for �  � 1 to � n 2 K
2 do partner [� ]  ;
3 cascade[� ]  �
4 ELIMINATE -BOUNDARIES(� )
5 if @(cascade[� ]) 6= 0
6 then �  YOUNGEST(@(cascade[� ]))
7 partner [� ]  �
8 partner [� ]  �

The procedure ELIMINATE -BOUNDARIES corresponds to the processing of one row (or column) in Gaussian
elimination. We repeatedly look at the youngest cell� in @(cascade[� ]). If it has no partner, we are done. If it has one,
then the cycle that� created was destroyed by its partner. We then add� 's partner's cascade to� 's cascade, which has
the effect of adding a boundary to@(cascade[� ]). Since we only add boundaries, we do not change homology classes.

ELIMINATE -BOUNDARIES(� )

1 while @(cascade[� ]) 6= 0
2 do �  YOUNGEST(@(cascade[� ]))
3 if partner [� ] = ;
4 then return
5 elsecascade[� ]  cascade[� ] + cascade[partner [� ]]
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Table 1 shows the stored attributes for our �ltration in Figure 11 after the algorithm's completion. For example, tracing
ELIMINATE -BOUNDARIES(cd) through the iterations of thewhile loop, we get:

# cascade[cd] � partner [� ]
1 cd d ad
2 cd + ad c bc
3 cd + ad + bc b ;

Sincepartner [b] = ; at the time ofbc's entry, we pairb with cd in PAIR-CELLS upon return from this procedure,
as shown in the table. The primary difference between the algorithm presented here and in prior work is that we

� a b c d bc ad cd ab ac acd abc
partner [� ] cd bc ad c d b abc acd ac ab
cascade[� ] a b c d bc ad cd ab ac acd abc

ad cd cd acd
bc ad ad

bc

Table 1. Data structure after running the persistence algorithm on the �ltration in Figure 11. The simplices without partners, or with partners that
come after them in the full order, are creators; the others are destroyers.

storecascade[� ] for all cells, instead of@(cascade[� ]) just for boundaries. In practice, we maintain both separately in
�ltration order, so the function YOUNGESTsimply returns the last cell in the boundary. If we do not require generators,
we just store@(cascade[� ]) and eliminate destroyers from the chains, giving us the prior algorithm [31].

Table 1 contains all the persistence information we require. If @(cascade[� ]) = 0 , � is a creator and its cascade is
a representative of the homology class it created. These arethe descriptions that prior versions of the algorithm could
not compute and which we utilize in this paper. Speci�cally,the1� cycles and2-cycles displayed in Figures 12 and
13 are the homology class representatives for the blowup complex, projected down (using� X ) to the base space. On
the other hand, if� is a destroyer, its cascade is a chain whose boundary is a representative of the homology class�
destroyed. This the description that was used for computingthe linking numbers [10].

We end this section by formalizing the types of complexes that may serve as input to the persistence algorithm. A
persistence complexis a family of chain complexesf C� ;i gi � 0 together with chain map'sf i : C� ;i ! C� ;i +1 [31].

De�nition 11 (based persistence complex)A based persistence complexis a persistence complex equipped with a
choice of basis in every dimension and persistence level, such that the basis in one �xed dimension and level maps to
a subset of the bases in the same dimension and higher levels under inclusion.

Note that a broad class of �ltered cell complexes give rise tobased persistence complexes, including simplicial com-
plexes, simplicial sets [8, 23],� -complexes [18], and cubical complexes [20], and blowup complexes. In each case,
we can choose a standard basis of cells, where the cells are simplices, cubes, or simplicial sets.

Theorem 6 (persistence algorithm)The procedurePAIR-CELLS computes persistent information for any based per-
sistence complex.

Proof: It is clear from the speci�cation of the algorithm that we only use basis elements and the boundary operator
for each given complex and nothing special to the geometry ofthe underlying complex. Therefore, our derivation and
proofs in the prior paper extend [31]. �

4.5 Localization Algorithm

In Section 4.3, we showed that the chain complexCU
� (X ) has the same localized homology as the simplicial blowup

complex, so we may use it for computation. To compute homology using the persistence algorithm from the last
section, all we need to specify is a basis forCU

� (X ) and the boundary homomorphism.

Lemma 3 (basis) A basis forCU
k (X ) is the set composed of elements� 
 � J for all ; 6= J � [n � 1] and simplices

� 2 X J wheredim � + dim � J = k.
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Proof: CU
k (X ) contains chains inCU

� (X ) with dimensionk. By De�nition 9, CU
� (X ) � C� (X )
 C� (� n � 1) is a sum

of complexes of the formC� (X J ) 
 C� (� J ). From the de�nition of the tensor product, a basis forC� (X )
 C� (� n � 1)
is the set of elements� 
 � J with dimension equal todim � + dim � J . Note that each summandC� (X J ) 
 C� (� J )
is the subcomplex spanned by the subset of this basis consisting of elements� 
 � J for which � 2 X J . Since each
summand is a subcomplex spanned by a subset of the basis, so istheir sum. �

To de�ne the boundary, we impose total orderings on the vertices ofX and� n � 1.

Lemma 4 (boundary homomorphism) Let � 
 � J be a basis element forCU
k (X ). Then,

@
�
� 
 � J �

= @�
 � J + ( � 1)dim � � 
 @� J =
dim �X

i =0

(� 1)i �̂ i 
 � J + ( � 1)dim �
dim � J

X

j =0

(� 1)j � 
 ^� J
j ; (13)

where�̂ i indicates that thei th vertex is deleted from the sequence.

Proof: This is just the standard formula for the boundary map inC� (X ) 
 C� (� n � 1) [18, Page 273], restricted to
the basis set described in Lemma 3. �

The algorithm follows from our de�nitions and theorems. We begin by computing the generators of the blowup
complex according to Lemma 3. We represent each element� 
 � J as a pair(�; J ) and we sort the set of pairs �rst
according to the cardinality ofJ , and then the dimension of� , to get the �ltration in De�nition 8. We then feed this
�ltration, along with the boundary operator in Equation (13), to the persistence algorithm in the last section to get the
barcode. According to De�nition 6, the localized attributes correspond to intervals in the barcode that contain both
0 andn � 1. Our modi�ed persistence algorithm also generates the localized descriptions through the cascades for
creator cells.

We now brie�y discuss the complexity of our algorithm. For a �ltration with m generators, the persistence algo-
rithm has running timeO(m3), although in practice, linear performance has been observed for many cases [30]. In
our case,m is the number of generators for the blowup complex, or equivalently, the number of its cells. Clearly, the
size of the blowup complex is dependent on the cover. In the worst case, all of the simplices in our space are contained
within all n sets in the coverU, that is, each simplex hascoveragen. Then, each simplex� generates the cell� � � n ,
a cell with2n faces. That is, the blowup complexblows upour space to be2n times larger and truly deserves its name.
However, this is an arti�cial case as this cover has no geometric information and would never be used in practice. We
need to reduce the coveragecardJ for each simplex to reduce the size of the contributed cell� � � J .

In general, we do not need to compute the entire blowup complex. Computing thekth homology group requires
the (k + 1) -skeleton, cells with dimension less than or equal tok + 1 . Since only the �rstd homology groups of a
d-dimensional space may be nontrivial, the largest complex we build is the(d + 1) -skeleton. For uniform coveragec,
this skeleton has less than

P d+1
i =0

� c
i

�
cells for each simplex.

4.6 Experiments

We have implemented our algorithm as part of a library of programs for algebraic topology. Our implementation is in
C++ and utilizes thegeneric programmingmethodology to achieve a one-to-one correspondence between the algebraic
structures and their implementations [2]. We use the same code for computing homology and persistent homology of
a simplicial complex and that of its blowup complex, represented as a abstract complex of simplex products. Since
our focus here is on demonstrating our method, we only consider two naive methods for cover generation based on
random� -ballsandtilings. We time our examples on a Dell PC with a 2.53 GHz P4 and 1 GB RAM running CentOS
4.3. Our examples satisfy two criteria: they are simple enough to be visualized and thoroughly understood, and their
homology cannot be localized by any existing algorithm. However, our algorithm can handle complicated complexes
easily as its complexity is dependent on the cover and not on the underlying space. In each case, we �rst compute a
description using the reduction scheme for comparison.

The complex in Figure 12 models a defective surface with 3,404 simplices. This complex has extraneous edges
and tetrahedra attached to it. Computing homology, we get the basis 1-cycles shown on the top right, where one cycle
goes around two holes. We now use random� -balls to cover our complex. The maximum coverage can be as large as
the size of the cover, but the expected coverage is low. We usea ball of radius10%the diameter of the space as our
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Figure 12. Top left: A defective surface with extra edges and tetrahedra, covered by transparently colored sets based on� -balls. Top right: The
1-cycles computed with homology are nonlocal and one goes around two holes. Bottom left: The complex highlighting the �rst sets in the cover
that contain the small and medium holes, respectively. Bottom right: The projection (� X ) of the 1-cycles of the blowup complex localizes the two
smaller holes. The large 1-cycle has portions that project onto vertices, as indicated.

local element and take the closure of simplices that fall within a ball as a set of the cover. We try 60 random sets and
place all remaining uncovered simplices in a 61st set. In the�gure, we color the sets transparently and identify the two
sets that contain the two smaller holes. It takes 2.60 seconds to construct the 26,627 cells of the blowup complex and
2.06 seconds to compute persistence. We show the projectionof the blowup 1-cycles to the base space: our random
cover localizes the two smaller holes but the not the largestsince it is not contained within a single set in the cover.
We note that no existing localization algorithm accepts this complex as input, as the complex is not a triangulated
2-manifold. Our algorithm handles this case without changeor need for special preprocessing.

We next localize a tunnel and two voids carved out from a solidcubical block, as shown in Figure 13. We cover
the complex of 20,158 simplices using a systematic method based on tiling Euclidean spaces. The method generates
covers of size at most2d + 1 for complexes embedded inRd (i.e. 9 inR3) and guarantees localization of cycles half
the size of a tile. Therefore, the coverage provided here is uniform and �xed. It takes 73.56 seconds to compute the
3-skeleton with 470,484 cells and 58.54 seconds to compute persistence. The �gure shows the localization relative to
our cover. Note that homological descriptions for same-sized voids may be wildly different in size, but our localized
descriptions are guaranteed to respect the cover. We know ofno other method that works for three-dimensional
complexes, or can localize two-dimensional attributes, orlocalize multiple types of attributes at once. Our algorithm
works without change across spaces, dimensions, and covers.

5 Conclusion

In this paper, we address the problem of localization in the most general setting. Unlike previous work that focused on
closed 2-manifolds, we allow for arbitrary-dimensional topological spaces. Also, we localize all topological attributes,
and not just one-dimensional ones as in previous work. Any method that aims to solve the localization problem in
the general case must resolve the intrinsic non-locality oftopology, externalized in the Mayer-Vietoris sequence. We
achieve a resolution through a new understanding of persistent homology as a computational view of functoriality.
On the theory side, we begin with de�nitions at the singular level to be mathematical complete, but also provide
provably equivalent de�nitions for simplicial complexes to be practical, deriving an ef�cient method that works at
the chain complex level. On the practical side, we implementour algorithm and show results for large two- and
three-dimensional complexes.

A major issue we do not address is cover construction. Including geometry through covers allows us to place
arbitrary metrics on the spaces under study. We do not place any restriction on the geometry or the topology of the
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Figure 13. We carve a tunnel and two voids from a solid cubical block. Topleft: the simplicial complex representing our space, colored by the 8
sets in the cover. Bottom left: a set in the cover has components of dimensions 1, 2, and 3. On the right, we show the descriptions on a transparent
rendering of the volume. The top row renders the descriptions found by homology for the 1-cycle (tunnel) and two-cycles (voids), and the bottom
row shows our localized descriptions.

cover sets, as seen in our two examples, so we can tailor the cover construction to the localization requirements in
different settings and even utilize multiple covers in tandem. Our approach means, however, that the localization is
only as good as the cover. We do show that even naively constructed covers provide immediate information. We may
therefore utilize a multilevel approach: we �rst use a naivecover to �nd an initial localization. We then recursively
localizewithin each set containing an attribute to tighten the descriptions. Since we do not need to re�ne sets that are
not topologically interesting, our recursive re�nement isadaptiveand does not need to be large. For instance, we may
use hierarchical space decomposition, such as aBSP-tree[26] or akd-tree[3], using the blowup complex descriptions
at each level to guide the decomposition.

References

[1] A PAYDIN , M. S., BRUTLAG, D. L., GUESTRIN, C., HSU, D., LATOMBE, J.-C.,AND VARMA , C. Stochastic
roadmap simulation: An ef�cient representation and algorithm for analyzing molecular motion.Journal of
Computational Biology 10(2003), 257–281.

[2] AUSTERN, M. H. Generic Programming and the STL: Using and Extending the C++Standard Template Library.
Addison-Wesley, Boston, MA, 1998.

[3] BENTLEY, J. L. Multidimensional search trees used for associative searching.Comm. ACM 18(1975), 509–517.

[4] BROWN, K. S. Cohomology of Groups, vol. 87 ofGraduate Texts in Mathematics. Springer-Verlag, New York,
NY, 1982.

[5] CARLSSON, G., ISHKHANOV, T., DE SILVA , V., AND ZOMORODIAN, A. On the local behavior of spaces of
natural images.International Journal of Computer Vision 76, 1 (2008), 1–12.

[6] CARLSSON, G., ZOMORODIAN, A., COLLINS, A., AND GUIBAS, L. J. Persistence barcodes for shapes.
International Journal of Shape Modeling 11, 2 (2005), 149–187.
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