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Abstract

Relationships among amino acids determine stability and function and are also constrained
by evolutionary history. We develop a probabilistic hypergraph model of residue relation-
ships that generalizes traditional pairwise contact potentials to account for the statistics of
multi-residue interactions. Using this model, we detected non-random associations in protein
families and in the protein database. We also use this model in optimizing site-directed recom-
bination experiments to preserve significant interactions and thereby increase the frequency of
generating useful recombinants. We formulate the optimization as a sequentially-constrained
hypergraph partitioning problem; the quality of recombinant libraries with respect to a set of
breakpoints is characterized by the total perturbation to edge weights. We prove this problem
to be NP-hard in general, but develop exact and heuristic polynomial-time algorithms for a
number of important cases. Application to the beta-lactamase family demonstrates the utility
of our algorithms in planning site-directed recombination.

Keywords: multi-order residue interactions, protein engineering, directed evolution, experiment planning,
dynamic programming
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1 Introduction

The non-random association of amino acids, as expressed in pairwise potentials, has been usefully
applied in a number of situations. Such pairwise contact potentials (Tanaka and Scheraga, 1976;
Miyazawa and Jernigan, 1985) play a large role in evaluating the quality of models in protein
structure prediction (Maiorov and Crippen, 1992; Simons et al., 1997; Kihara et al., 2001; Godzik,
2003). It has been suggested, however, that “it is unlikely that purely pairwise potentials are
sufficient for structure prediction” (Betancourt and Thirumalai, 1999; Carter Jr. et al., 2001).

To better model evolutionary relationships that determine protein stability and functionality, it
may be necessary to capture the higher-order interactions that are ignored in simple pairwise mod-
els (Fig. 1(a)). Researchers have begun to demonstrate the importance of accounting for higher-
order terms. A statistical pseudo-potential based on four-body nearest neighbor interactions (as
determined by Delaunay tessellations) has successfully predicted changes in free energy caused
by hydrophobic core mutations (Carter Jr. et al., 2001). Similar formulations have been used to
discriminate native from non-native protein conformations (Krishnamoorthy and Tropsha, 2003).
Geometrically less restricted higher-order interactions have also been utilized for recognition of
native-like protein structures (Simons et al., 1999). Recent work on correlated mutation analysis
has moved from identifying pairwise correlations (Gobel et al., 1994) to determining clusters or
cliques of mutually-dependent residues that identify subclasses within a protein family and provide
mechanistic insights into function (Lockless and Ranganathan, 1999; Thomas et al., 2005).

This paper develops a rigorous basis for representing multi-order interactions within a protein
family. We generalize the traditional representations of sequence information in terms of single-
position conservation and structural interactions in terms of pairwise contacts. Instead, we define a
hypergraph model in which edges represent pairwise and higher-order residue interactions, while
edge weights represent the degree of “hyperconservation” of the interacting residues (Sec. 2). Hy-
perconservation can reveal significant residue interactions both within members of the family (aris-
ing from structural and functional constraints) and generally common to all proteins (arising from
general properties of the amino acids). We then combine family-specific and database-wide statis-
tics with suitable weighting (Sec. 2.1), ensure non-redundancy of the information in super- and
sub-edges with a multi-order potential score (Sec. 2.2), and derive edge weights by mean potential
scores (Sec. 2.3). Application of our approach to beta-lactamases (Sec. 4) shows that the effect of
non-redundant higher-order terms is significant and can be effectively handled by our model.

Protein recombinationin vitro (Fig. 1(b)) enables the design of protein variants with favor-
able properties and novel enzymatic activities, as well as the exploration of protein sequence-
structure-function relationships (Saftalov et al., 2006; Stemmer, 1994; Ostermeier et al., 1999;
Lutz et al., 2001; Sieber et al., 2001; Voigt et al., 2002; O’Maille et al., 2002; Aguinaldo and
Arnold, 2003; Coco, 2003; Castle et al., 2004). In this approach, libraries of hybrid proteins are
generated either by stochastic enzymatic reactions or intentional selection of breakpoints. Hybrids
with unusual properties can either be identified by large-scale genetic screening and selection, or
many hybrids can be evaluated individually to determine detailed sequence-function relationships
for understanding and/or rational engineering. We focus here on site-directed recombination, in
which parent genes are recombined at specified breakpoint locations, yielding hybrids in which
different sequence fragments (between the breakpoints) can come from different parents. Both
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screening/selection and individually evaluated experiments benefit from recombination that pre-
serves the most essential structural and functional features while still allowing variation. In order
to enhance the success of this approach, it is necessary to choose breakpoint locations that optimize
preservation of these features.

The labs of Mayo and Arnold (Voigt et al., 2002; Meyer et al., 2003) have established cri-
teria for non-disruption of contacting residue pairs and demonstrated the relationship between
non-disruption and functional hybrids (Voigt et al., 2002). There is an on-going search for al-
gorithms to select breakpoints for recombination based on non-disruption (Meyer et al., 2003;
Endelman et al., 2004), although none has yet been experimentally validated. Optimizing re-
tainment of multi-order interactions after recombination (Fig. 1(c)) should help identify the best
recombinants and thus the best locations for breakpoints. In support of this optimization, we de-
velop criteria to evaluate the quality of hybrid libraries by considering the effects of recombination
on edge weights (Sec. 2.4). We then formulate the optimal selection of breakpoint locations as
a sequentially-constrained hypergraph partitioning problem (Sec. 3), and prove it to be NP-hard
in general (Sec. 3.1). We develop exact and heuristic algorithms for a number of important cases
(Secs. 3.2–3.5), and demonstrate their practical effectiveness in design of recombination experi-
ments for members of the beta-lactamase family (Sec. 4).
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2 A Hypergraph Model of Evolutionary Interactions

In order to more completely model statistical interactions in a protein, it is necessary to gen-
eralize single-position sequence conservation and pairwise structural contact. We model a pro-
tein and its reference structure with a weighted hypergraphG = (V, E, w), where verticesV =
{v1, v2, · · · , v|V |} represent residue positions in sequential order on the backbone, edgesE ⊆ 2V

represent mutually interacting sets of vertices, and weight functionw : E → R represents the rela-
tive significance of edges. We construct an order-c edgee = 〈v1, v2, · · · , vc〉 for each set of residues
(listed in sequential order for convenience) that are in mutual contact; this construction can readily
be extended to capture other forms of interaction,e.g. long-range interaction of non-contacting
residues due to electrostatics. Note that subsets of vertices associated with a higher-order edge
form lower-order edges.

The definition of the edge weight is key to effective use of the hypergraph model. In the case
where the protein is a member of a family with presumed similar structures, edge weights can be
evaluated from the general database or a specific family. There are many observed residue values
(across the family or database) for the vertices of any given edge. We thus build up to an edge
weight by first estimating the probability of the residue values, then decomposing the probability
to ensure non-redundant information among multi-order edges for the same positions. Finally we
determine the effect on the pattern of these values due to recombination according to a set of chosen
breakpoint locations.

2.1 Distribution of Hyperresidues in Database and Family

Let R = 〈r1, r2, · · · , rc〉 be a “hyperresidue,” ac-tuple of amino acid types (e.g. 〈Ala, Val, Ile〉).
Intuitively speaking, the more frequently a particular hyperresidue occurs in functional proteins,
the more important it is expected to be for their folding and function. We can estimate the overall
probabilityp of hyperresidues from their frequencies in the databaseD of protein sequences and
corresponding structures:

p(R) =
#R in D
|D|

, (1)

where|D| represents the total number of tuples of the same order in the database. When consid-
ering a specific protein familyF with a multiple sequence alignment (MSA) and shared structure,
we can estimate position-specific (i.e., for edgee) probability of a hyperresidue:

pe(R) =
#R at e in F

|F|
, (2)

where|F| is the total number of tuples at positions forming edgee in the family MSA,i.e. the total
number of sequences in the family MSA.

Estimation of probabilities from frequencies is valid only if the frequencies are large. Thus
the general probability estimated from the whole database (Eq. 1) is more robust than the position-
specific one from a single family (Eq. 2). However, family-specific information is more valuable as

4



it captures the evolutionarily-preserved interactions in that family. To combine these two aspects,
we adopt the treatment of sparse data sets proposed by Sippl (Sippl, 1990):

qe(R) = ω1 · p(R) + ω2 · pe(R) , (3)

but employing weights suitable for our problem:

ω1 =
1

1 + |F|ρ
and ω2 = 1− ω1 , (4)

whereρ is a user-specified parameter that determines the relative contributions of database and
family. Note that whenρ = 0, qe(R) = p(R) and the family-specific information is ignored;
whereas whenρ = ∞, qe(R) = pe(R) and the database information is ignored. Using a suitable
value ofρ, we will obtain a probability distribution that is close to the overall database distribution
for a small family but approximates the family distribution for a large one.

2.2 Multi-order Potential Score for Hyperresidues

Since we have multi-order edges, with lower-order subsets included alongside their higher-order
supersets, we must ensure that these edges are not redundant. In other words, a higher-order
edge should only include information not captured by its lower-order constituents. The inclusion-
exclusion principle ensures non-redundancy in a probability expansion, as demonstrated in the case
of protein structure prediction (Simons et al., 1999). We define an analogous multi-order potential
score for hyperresidues at edges of orders 1, 2, and 3, respectively, as follows:

φvi
(rα) = log qvi

(rα) , (5)

φvivj
(rαrβ) = log

qvivj
(rαrβ)

qvi
(rα) · qvj

(rβ)
, (6)

φvivjvk
(rαrβrγ) = log

qvivjvk
(rαrβrγ) · qvi

(rα) · qvj
(rβ) · qvk

(rγ)

qvivj
(rαrβ) · qvivk

(rαrγ) · qvjvk
(rβrγ)

. (7)

Here,φvi
(rα) captures residue conservation atvi; φvivj

(rαrβ) captures pairwise hyperconserva-
tion and is zero ifvi andvj are not in contact or their residue types are completely independent;
φvivjvk

(rαrβrγ) captures3-way hyperconservation and is zero ifvi, vj, andvk are not in mutual
contact or their residue types are completely independent. The potential score of higher-order hy-
perresidues can be defined similarly. The potential score of a higher-order hyperresidue contains
no information redundant with that of its lower-order constituents.

An alternative understanding of the hyperconservation score is as a measurement of over/under-
representation of hyperresidues. Letq′e(R) be the probability of hyperresidueR at edgee assuming
no order-|R| conservation (there might be lower-order conservation). Then we can write the gen-
eral definition of the hyperconservation score as follows,

φe(R) = log
qe(R)

q′e(R)
, (8)

which includes Eq. 5 – 7 as special cases.
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2.3 Edge Weights

In the hypergraph model, edge weights measure evolutionary optimization of higher-order interac-
tions. For a protein or a set of proteinsS ⊆ F , we can evaluate the significance of an edge as the
average potential score of the hyperresidues appearing at the positions forming the edge:

w(e) =
∑

R

#R at e in S
|S|

· φe(R) . (9)

2.4 Edge Weights for Recombination

A particular form of edge weights serves as a guide for breakpoint selection in site-directed re-
combination. Suppose a setS ⊆ F of parents is to be recombined at a setX = {x1, x2, · · · , xn}
of breakpoints, wherext = vi indicates that breakpointxt is between residuesvi andvi+1. We can
view recombination as a two-step process:decomposingfollowed byrecombining. In the decom-
posing step, each protein sequence is partitioned inton + 1 intervals according to the breakpoints,
and the hypergraph is partitioned inton + 1 disjoint subgraphs by removing all edges spanning a
breakpoint. The impact of this decomposition can be individually assessed for each edge, using
Eq. 9 for the parentsS.

In the recombining step, edges removed in the decomposing step are reconstructed with new
sets of hyperresidues according to all combinations of parent fragments. The impact of this recon-
struction can also be individually assessed for each edge, yielding a breakpoint-specific weight:

w(e,X) =
∑

R

#R at e in L
|L|

· φe(R) . (10)

In this case, the potential score of hyperresidueR is weighted by the amount of its representation
in the libraryL. Note that we need not actually enumerate the set of hybrids (which can be
combinatorially large) in order to determine the weight, as the frequencies of the residues at the
positions are sufficient to compute the frequencies of the hyperresidues (see Sec. 3.6).

The combined effect of the two-step recombination process on an individual edge, theedge
perturbation, is then defined as the change in edge weight:

∆w(e, X) = w(e)− w(e,X) . (11)

If all vertices ofe are in one fragment, we havew(e) = w(e, X) and∆w(e,X) = 0. The edge
perturbation thus integrates essential information from the database, family, parent sequences, and
breakpoint locations.
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3 Optimization of Breakpoint Locations

Given parent sequences, a set of breakpoints determines a hybrid library. The quality of this hybrid
library can be measured by the total perturbation to all edges due to the breakpoints. The hypothesis
is that the lower the perturbation, the higher the representation of folded and functional hybrids in
the library. We formulate the breakpoint selection problem as follows.

Problem 3.1 c-RECOMB. GivenGc = (V, Ec, w) and a positive integern, choose a set of break-
pointsX = {x1, x2, · · · , xn} minimizing

∑
e∈Ec

∆w(e,X).

whereGc represents a hypergraph with edge order uniformlyc. Since lower-order edges can be
regarded as a special kind of higher-order ones,Gc includes “virtual” lower-order edges.

This hypergraph partitioning problem is significantly more specific than general hypergraph
partitioning, so it is interesting to consider its algorithmic difficulty. As we will see in Sec. 3.1,
c-RECOMBis NP-hard forc = 4 (and thus also forc > 4), although we provide polynomial-time
solutions forc = 2 in Sec. 3.2 andc = 3 in Sec. 3.4.

A special case ofc-RECOMBwith even more structure provides an efficient heuristic approach
to minimize the overall perturbation. By minimizing the total weight of all edges removed in the
decomposing step, fewer interactions need to be recovered in the recombining step.

Problem 3.2 c-DECOMP. GivenGc = (V, Ec, w) and a positive integern, choose a set of break-
pointsX = {x1, x2, · · · , xn} minimizing

∑
e∈EX

w(e). WhereEX ⊆ Ec is the set of edges span-
ningX.

c-DECOMPcould also be useful in identifying modular units in protein structures, in which case
there is no recombining step.

3.1 NP-hardness of4-RECOMB

4-RECOMBis combinatorial in the setX of breakpoints and the possible configurations they can
take relative to each edge. The number of possible libraries could be huge even with a small
number of breakpoints (e.g. choosing7 breakpoints from262 positions for beta-lactamase results
in combinations at the order of1013). The choices made for breakpoints are reflected in whether
or not there is a breakpoint between each pair of sequentially-ordered vertices of an edge, and thus
in the perturbation to the edge. We first give a decision version of4-RECOMBas follows and then
prove that it is NP-hard. Thus the related optimization problem is also NP-hard. Of course edges
are not arbitrary in real protein structures; it remains interesting future work if the problem is still
NP-hard in such “geometrically-constrained” situation.

Problem 3.3 4-RECOMB-DEC. GivenG4 = (V, E4, w), a positive integern, and an integerW ,
does there exist a set of breakpointsX = {x1, x2, · · · , xn} such that

∑
e∈E4

∆w(e, X) ≤ W .

Theorem 3.4 4-RECOMB-DEC is NP-hard.
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Proof: We reduce from3SAT. Let φ = C1 ∧ C2 ∧ · · · ∧ Ck be a boolean formula in 3-CNF with
k clauses. We shall construct a hypergraphG4 = (V, E4, w) such thatφ is satisfiable iff there is
a 4-RECOMB-DECsolution forG4 with n = 3k breakpoints andW = −|E4| (see Fig. 2). For
clauseCi = (li,1 ∨ li,2 ∨ li,3) in φ, add toV four vertices in sequential ordervi,1, vi,2, vi,3, andvi,4.
ElongateV with 3k trivial vertices (v′j in Fig. 2), where we can put trivial breakpoints that cause
no perturbation. Let us define predicateb(i, s, X) = vi,s ∈ X for s ∈ {1, 2, 3}, indicating whether
or not there is a breakpoint betweenvi,s andvi,s+1. We also use indicator functionI to convert a
boolean value to 0 or 1. We constructE4 with three kinds of edges: (1) For the4-tuple of vertices
for clauseCi, add an edgee = 〈vi,1, vi,2, vi,3, vi,4〉 with ∆w(e, X) = −I{b(i, 1, X) ∨ b(i, 2, X) ∨
b(i, 3, X)}. (2) If two literalsli,s andlj,t are identical, add an edgee = 〈vi,s, vi,s+1, vj,t, vj,t+1〉 with
∆w(e,X) = −I{b(i, s, X) = b(j, t, X)}. (3) If two literalsli,s andlj,t are complementary, add an
edgee = 〈vi,s, vi,s+1, vj,t, vj,t+1〉 with ∆w(e,X) = −I{b(i, s, X) 6= b(j, t, X)}.

There are7k vertices and at mostk+3
(

k
2

)
= O(k2) edges, so the construction takes polynomial

time. It is also a reduction. First, ifφ has a satisfying assignment, choose breakpointsX =
{vi,s|li,s is TRUE} plus additional breakpoints between the trivial vertices to reach3k total. Since
each clause is satisfied, one of its literals is true, so there is a breakpoint in the corresponding edge
e and its perturbation is−1. Since literals must be used consistently, type 2 and 3 edges also have
−1 perturbation. Thus4-RECOMB-DECis satisfied withn = 3k andW = −|E4|. Conversely, if
there is a4-RECOMB-DECsolution with breakpointsX, then assign truth values to variables such
that li,s = b(i, s, X) for s ∈ {1, 2, 3} andi ∈ {1, 2, · · · , k}. Since perturbation to type 1 edges is
−1, there must be at least one breakpoint in each clause vertex tuple, and thus a true literal in the
clause. Since perturbation to type 2 and 3 edges is−1, literals are used consistently. �

We note that4-RECOMB-DECis in NP, since given a set of breakpointsX for parentsS we
can compute∆w(e,X) for all edges in polynomial time (O(S4E)), and then must simply sum and
compare to a provided threshold.

3.2 Dynamic Programming Framework

Despite the NP-hardness of the general sequentially-constrained hypergraph partitioning problem
c-RECOMB, the structure of the problem (i.e. the sequential constraint) leads to efficient solutions
for some important cases. Suppose we are adding breakpoints one by one from left to right (N-
to C-terminal) in the sequence. Then the additional perturbation to an edgee caused by adding
breakpointxt given previous breakpointsXt−1 = {x1, x2, · · · , xt−1} can be written:

∆∆w(e,Xt−1, xt) = ∆w(e,Xt)−∆w(e, Xt−1) , (12)

whereX0 = ∅ and the additional perturbation caused by the first breakpoint is∆∆w(e, X0, x1) =
∆w(e,X1). Reusing notation, we use∆∆w(E, Xt−1, xt) to indicate the total additional perturba-
tion to all edges. Now, if the value of∆∆w(E, Xt−1, xt) can be determined by the positions of
xt−1 andxt, independent of previous breakpoints, then we can adopt the dynamic programming
approach shown below. When the additional perturbation depends only onxt−1 andxt, we write it
as∆∆w(E, xt−1, xt) to indicate the restricted dependence.
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Let d[t, τ ] be the minimum perturbation caused byt breakpoints with the rightmost at position
τ . If, for simplicity, we regard the right end of the sequence as a trivial breakpoint that causes
no perturbation, thend[n + 1, |V |] is the minimum perturbation caused byn breakpoints plus this
trivial one,i.e. the objective function for Problem 3.1. We can computed recursively:

d[t, τ ] =

{
∆w(E, {τ}), if t = 1 ;
min

λ≤τ−δ
{d[t− 1, λ] + ∆∆w(E, λ, τ)}, if t ≥ 2 . (13)

whereδ is a user-specified minimum sequential distance between breakpoints. The recurrence can
be efficiently computed bottom-up in a dynamic programming style, due to its optimal substruc-
ture. In the following, we instantiate this dynamic programming formulation with different forms
of ∆∆w for different cases ofc-RECOMBandc-DECOMP.

The special case of2-DECOMP (disruption of pairwise interactions) has been previously
solved as a shortest path problem (Endelman et al., 2004). A complexity analysis accounting for
both the edge weight calculation and dynamic programming shows that the total time isO(SE +
V E + nV 2) (see Sec. 3.6).

The instantiation for2-RECOMBis as follows. Each order-2 edge〈vi, vj〉 has two states:
either there is breakpoint betweenvi andvj or not (Fig. 3). The state ofe is changed by adding
breakpointxt iff xt−1 < vi < xt < vj. Thus the additional perturbation caused by addingxt

can be determined by the positions ofxt−1 andxt, and is independent of previous breakpoints.
Our dynamic programming framework Eq. 13 is therefore applicable to2-RECOMB; the time
complexity isO(S2E + V E + nV 2) (see Sec. 3.6).

3.3 Reduction fromc-DECOMPto 2-DECOMP

A significant property of our multi-order potential score (Sec. 2.2) is that the score of a higher-
order edge captures only higher-order hyperconservation and contains no information about its
lower-order constituents. Thus in the decomposition phase, a higher-order edge is broken if there
is a breakpointanywherein the set of residue positions it spans. The lack of breakpoints between
any adjacent pair of its vertices will be captured by the weight of the appropriate lower-order
constituent edge. By this reasoning, we can reduce thec-DECOMPproblem to the2-DECOMP
problem: given hypergraphGc = (Vc, Ec, wc), construct graphG2 = (V2, E2, w2) such thatV2 =
Vc and each edgeec = 〈v1, v2, · · · , vc〉 ∈ Ec is mapped to an edgee2 = 〈v1, vc〉 ∈ E2 connecting
the first and last vertex ofec, putting weightwc(ec) onw2(e2). There is a breakpoint decomposing
ec in Gc iff there is one decomposinge2 in G2. G2 can be constructed inO(V +E) time, and optimal
solutions forc-DECOMPon Gc correspond to optimal solutions for2-DECOMPon G2. Under
this reduction (which adds onlyO(E) computation), the total time complexity forc-DECOMPis
O(SE + V E + nV 2) (see Sec. 3.6). Thus protein modules can be computed underc-DECOMPin
polynomial time for any order of edge.

3.4 Dynamic Programming for 3-RECOMB

We have seen that thec-RECOMBproblem is NP-hard whenc ≥ 4 (Sec. 3.1) and solvable in
polynomial time whenc = 2 (Sec. 3.2). In this section, we instantiate our dynamic programming
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framework to give a polynomial-time solution whenc = 3.
An order-3 edge has four possible states, according to whether or not there is at least one

breakpoint between each pair of its vertices listed in sequential order. As Fig. 3 illustrates, given
only xt−1 andxt, all breakpoint configurations that cause additional perturbation can be uniquely
determined, and the additional perturbation can be computed as in Eq. 12. This edge perturbation
calculation meets the restriction required for our dynamic programming framework, and Eq. 13
and be used to optimize3-RECOMBin O(S3E + V E + nV 2) time (see Sec. 3.6).

3.5 Stochastic Dynamic Programming for4-RECOMB

Tetrahedra are natural building blocks of 3D structures, and Delaunay tetrahedra in the protein
core have been shown to capture interactions important for protein folding (Carter Jr. et al., 2001).
Our results below show significant information in general order-4 hyperconservation. In order to
solve4-RECOMBproblems, we develop here a heuristic approach based on stochastic dynamic
programing. Unlike2-RECOMBand3-RECOMB, the additional perturbation of a breakpoint can-
not always be determined by reference just to the current and previous breakpoint locations. As
Fig. 3 shows, givenxt−1 andxt, there is ambiguity only between configurations6 and7.

We can still employ the dynamic programming framework if we move from a deterministic
version, in which both the additional perturbation and next state are known, to a stochastic version,
in which they are predicted as expected values. In the ambiguous case of configurations6 and7
with t ≥ 2, let us assume that breakpoints beforext−1 are uniformly distributed in the sequence.
Then the probability of finding no breakpoint betweenvi andvj, i.e. being in configuration6 rather
than7, is

p = (1− vj − vi

xt−1

)t−2 , (14)

sincevj−vi

xt−1
is the probability of a breakpoint being located betweenvi andvj andt−2 is the number

of breakpoints before positionxt−1. Therefore, for the ambiguous cases, the expected additional
perturbation toe caused by addingxt is

∆∆w(e, xt−1, xt, t) = p ·∆∆w6(e,Xt−1, xt) + (1− p) ·∆∆w7(e,Xt−1, xt) , (15)

where the subscript of∆∆w indicates the configuration. Note that, unlike our previous formu-
lations, the additional perturbation depends on the number of previous breakpoints. Thus the
time complexity of this stochastic dynamic programming is increased toO(S4E + nV E + nV 2)
(see Sec. 3.6). This stochastic dynamic programming technique can also be applied toc > 4 c-
RECOMBproblems, but the effectiveness of the approximation is expected to decrease with an
increasing number of ambiguous states.

3.6 Time Complexity Analysis

Sincec-DECOMP is a special case ofc-RECOMBand is always easier, we focus on the time
complexity of c-RECOMB. The hyperresidue potential scoreφe(R) needs to be computed only
once for each family and requires time polynomial in the size of the database and family. Thus we
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assume thatφe(R) is precomputed before breakpoint selection. Then the time complexity of the
dynamic programming algorithms includes three parts:

1. Computation of∆w(e,X) for all edges.
Althoughw(e,X) is defined over the whole library, we do not really need to enumerate all
hybrids because the number of hyperresidues is bounded byO(Sc), when all vertices in an
order-c edge are separated by breakpoints and can combine freely. Since each combination
shows up exactly the same number of times in the library, the time complexity of computing
w(e,X) is O(Sc). In fact, this bound can be improved if|S| > 20. We first count the
frequencies of residues at each position inO(S) time, and then compute the frequencies of
hyperresidues inO(20c) time, thereby improving the time complexity of computingw(e,X)
to a total ofO(S+20c). Doing either of these computations for all edges results in total time
of O(min {ScE, (S + 20c)E}). For 2-DECOMP, we only need to computew(e), which
takesO(SE) time.

2. Computation of∆∆w(E, λ, τ) for λ ∈ {1, 2, · · · , |V | − δ} andτ ∈ {δ + 1, δ + 2, · · · , |V |}.
In a naive approach, we can check which edges are broken for each combination ofλ andτ ,
and compute the additional perturbation; this takes timeO(V 2E). This time complexity can
be improved toO(V E) as follows. For each position ofλ, first compute∆∆w(E, λ, λ + δ),
in O(E) time. Then in sweeping fromλ + δ to |V |, the state of an edgee will be changed
at most2c−1 − 1 times. Thus∆∆w(E, λ, τ) for τ ∈ {λ + δ, · · · , |V |} can be computed
in total O(E) time in an incremental manner by adjusting it at each step for those edges
whose weight changes fromτ to τ + 1. Thus the total time complexity isO(V E) for 2-
RECOMBand 3-RECOMB, andO(nV E) for the stochastic dynamic programming of4-
RECOMBsince we need to compute the additional perturbation fort ∈ {2, 3, · · · , n}.

3. Computation ofd[n + 1, |V |] in Eq. 13.
We must computed[t, τ ] for t ∈ {1, 2, · · · , n, n + 1} andτ ∈ {δ + 1, δ + 2, · · · , |V |}. Each
evaluation takesO(V ) time to choose the minimum, so the time complexity isO(nV 2).

Therefore, the time complexity of dynamic programming forc-RECOMBis O(ScE + V E +
nV 2) for 2 ≤ c ≤ 3 andO(ScE + nV E + nV 2) for c = 4, where the first term in each can be
improved toO((S + 20c)E) for largeS.
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4 Results

We demonstrate our hypergraph model and recombination planning algorithms in analysis of the
beta-lactamase protein family, since previous site-directed recombination experiments have em-
ployed beta-lactamase parents TEM-1 and PSE-4 (Meyer et al., 2003). We identified136 beta-
lactamases forF , including TEM-1 and PSE-4, with no more than 80% sequence identity, and
constructed a multiple sequence alignment with at most 20% gaps in any sequence. PDB file
1BTL was used as the representative family structure. Vertices were considered as located at the
average position of non-hydrogen side-chain atoms (Cα atoms not included except for Glycines),
and edges formed for sets of vertices whose positions were within 8Å of each other.

For the databaseD, we started with a subset of sequences culled from the protein data bank
according to structure quality (R-factor less than 0.25) and mutual sequence identity (at most 60%)
by PISCES(Wang and R. L. Dunbrack, 2003). To minimize the effect of structural errors on statis-
tical results, chains with nonconsecutive residue numbers, gaps (Cα-Cα distance greater than 4.2
Å between consecutive residues), or incorrect atom composition of residues were excluded (Carter
Jr. et al., 2001). This left 687 chains. Contact maps were constructed as with the family.

We first considered the information content in higher-order interactions. Fig. 4 shows the
distributions of hyperresidue potential scores in both the database and family, for increasing hy-
perresidue order. By the non-redundant decomposition, a higher-order potential score would be0
if the lower-order terms were independent. Non-zero scores represent positive and negative cor-
relation. The figure shows that there is clearly information in the higher-order constraints. Note
that the family distribution is biased (µ not at zero) because many sets of amino acid types are not
observed in the MSA. It is also more informative (largerσ, with those for higher-order interactions
comparable to that for pairwise interactions). Dicysteine pairs are expected to be informative (i.e.,
cysteines are not independent), and they are clear outliers marked in thec = 2 database potential.

A limited amount of data is currently available for evaluating the experimental effectiveness
of the hyperconservation score and a recombination plan. Here, we use the beta-lactamase hybrid
libraries of (Meyer et al., 2003; Hiraga and Arnold, 2003). For each hybrid in a library, we com-
puted both the total potential score and the mutation level. The total potential score is the sum, over
all edges up to order-4, of the edge potential (Eq. 5 – 7) for the residues in the hybrid sequence.
The mutation level is the number of residues in the hybrid that are different from the closest parent.
Hybrids with small mutation levels are expected to be functional. Fig. 5 shows that, especially for
high mutation levels, the hybrids with better potential scores are enriched in measured functional
activity.

Next we applied our dynamic programming algorithms to optimize 7-breakpoint sets for differ-
ent beta-lactamase parents (Fig. 6), using minimum effective fragment lengthδ = 10, database/family
weightρ = 0.01, and maximum order of edgesc = 3. We found the results to be insensitive to
ρ, beyond very small values placing all the emphasis on the database (data not shown). In the
1-parent case, the plan amounts to decomposing the protein (PDB file 1BTL as representative fam-
ily structure) into modules preserving multi-order interactions. The 2-parent and 12-parent cases
illustrated here would be useful in site-directed recombination experiments. We note that some lo-
cations can “float” due to parent sequence identity (e.g., in positions 17–20 with 2 parents). These
all represent viable experiment plans, optimizing multi-order interactions according to sequence
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characteristics of different parents.
Finally, we considered the error that could be caused by the stochastic approximation in solving

4-RECOMB. Fig. 7 shows the distribution, over all order-4 edges, of differences in perturbations
between the ambiguous states. The differences are expressed in terms of perturbation standard
deviationsε = |∆∆w6−∆∆w7|

(std(∆∆w6)+std(∆∆w7))/2
. Edges with identical residues atvi or vj are excluded, since

the perturbation is necessarily the same. Even so, in a majority of cases the heuristic would lead
to no or very small error. Thus the stochastic dynamic programming will provide a near optimal
solution, which makes it reasonable to include4-way interactions in practice.
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5 Discussion and Conclusions

We have developed a general hypergraph model of multi-order residue interactions in proteins,
along with algorithms that use the model to optimize site-directed recombination experiments.
Our multi-order potential provides a natural means for identifying and representing conservation
across sets of residues. Our experiment planning algorithms take advantage of the structure of this
potential, along with the sequential constraint imposed by recombination experiments, in order to
efficiently determine optimal sets of breakpoints maintaining important interactions.

Our model of multi-order interactions may be productively applied to other problems, after
suitable parameterization. For example, our multi-order potential generalizes the four-body in-
teractions employed in prediction of∆G◦ of unfolding (Carter Jr. et al., 2001), and may prove
useful in prediction of stability mutagenesis. To apply our approach to functionality mutagen-
esis, it may be necessary to separate and appropriately weight the contributions to stability and
functionality from the multi-residue interactions (e.g., accounting for relationships with known
functional sites). The hyperedges and their weights are by no means limited to spatially proximate
sets of residues, and non-contacting interactions may also be usefully incorporated for these con-
texts. Indeed, studies of pairwise residue coupling have identified many important non-contacting
relationships (Lockless and Ranganathan, 1999; Thomas et al., 2005). Finally, as we illustrate in
Fig. 6, multi-order interactions may also be applied to identify modular units of protein structure
(finer-grained than domains). Optimization of breakpoints for modularity may require a potential
that appropriately balances intra-fragment interactions with inter-fragment interactions.

The design of an optimal library for recombination must account for and balance multiple cri-
teria of optimality. Various approaches have been explored such as making trade-off between the
diversity and activity of all hybrids and the best hybrid in a library (Ostermeier, 2003), or minimiz-
ing the average number of clashes per hybrid (Saraf et al., 2005). Our approach focuses on obtain-
ing a high representation of folded and functional hybrids, by preserving significant interactions
observed in the family and database. We take the diversity of hybrids into account only indirectly,
by limiting the minimum effective fragment length. To more directly account for diversity, it may
be helpful to weight our potential to provide varying amounts of freedom to maintain or perturb
different interactions. Once we have learned the rules, we know how to break them. Alternatively,
a planning algorithm may keep these aspects separate in a multi-dimensional optimization.

We have assumed that parent sequences are given and focused on breakpoint selection by min-
imizing hyperconservation perturbation. The influence of parent sequences on library quality has
been studied by optimizing breakpoints for each possible set of parents (Endelman et al., 2004).
Such an exhaustive approach will not scale beyond small problems. Since our potential score inte-
grates essential information from the database, family, parent sequences, and breakpoint locations,
it can naturally be exploited for parent sequence selection. Extended planning algorithms may
simultaneously optimize parent sequences and breakpoint locations.

Finally, after the planned recombination experiments have been conducted, we may desire to
improve the model according to consistency with experimental data. Some interactions determined
to be important from the database and family information may prove to be highly conserved in the
folded, functional hybrids, while some may have more flexibility. An improved model can then be
used in subsequent rounds of planning.
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Figure 1: Hypergraph model of evolutionary interactions, and effects of site-directed protein re-
combination. (a) Higher-order evolutionary interactions (here, order-3) determining protein sta-
bility and function are observed in the statistics of “hyperconservation” of mutually interacting
positions. The left edge is dominated by Ala,Val,Ile and Val,Leu,Leu interactions, while the right
is dominated by Glu,Thr,Arg and Asp,Ser,Lys ones. The interactions are modeled as edges in a
hypergraph with weights evaluating the degree of hyperconservation of an interaction, both gen-
erally in the protein database and specific to a particular family. (b) Site-directed recombination
experiments mix and match sequential fragments from homologous parents to construct a library
of hybrids with the same basic structure but somewhat different sequences and thus different func-
tions. (c) Site-directed recombination experiments perturb edges that cross one or more recombi-
nation breakpoints. The difference in edge weights derived for the parents and those derived for
the hybrids indicates the effect of the perturbation on maintenance of the evolutionarily preserved
interactions.
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Figure 2: Construction of hypergraphG4 = (V, E4, w) from an instance of3SATφ = (z1 ∨ z̄2 ∨
z3) ∧ (z2 ∨ z3 ∨ z̄4). Type 1 edgese1 ande2 ensure the satisfaction of clauses (−1 perturbation iff
there is a breakpoint iff the literal is true and the clause is satisfied), while type 3 edgee3 and type
2 edgee4 ensure the consistent use of literals (−1 perturbation iff the breakpoints are identical or
complementary iff the variable has a single value).
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Figure 3: All breakpoint configurations that cause additional perturbation to an edge as breakpoints
are added one by one from left to right in the sequence. The dynamic programming formulation
requires that we be able to distinguish these configurations from each other and from configurations
with no additional perturbation. For an order-2 edge〈vi, vj〉, there is additional perturbation if and
only if the current breakpoint (right bar) is added betweenvi andvj and the previous breakpoint
(left bar) is to the left ofvi. Similarly, the configurations on an order-3 edge〈vi, vj, vk〉 can be
distinguished by the positions of the current breakpoint and the preceding one with respect to the
intervals[vi, vj] and[vj, vk]. However, for an order-4 edge, configurations6 and7 are ambiguous
with respect to the intervals of〈vi, vj, vk, vl〉. We cannot be certain about the (non-)existence of a
breakpoint betweenvi andvj without potentially looking back at all previous breakpoints (dots).

21



−5 0 50

10

20

30

φ(R)

Fr
eq

ue
nc

y 
(%

)

CC

−5 0 50

10

20

30

φ(R)

Fr
eq

ue
nc

y 
(%

)

−5 0 50

10

20

30

φ(R)

Fr
eq

ue
nc

y 
(%

)

c = 2: µ = −0.06, σ = 0.47 c = 3: µ = −0.07, σ = 0.28 c = 4: µ = 0.06, σ = 0.50

−5 0 50

10

20

30

φe(R)

Fr
eq

ue
nc

y 
(%

)

−5 0 50

10

20

30

φe(R)

Fr
eq

ue
nc

y 
(%

)

−5 0 50

10

20

30

φe(R)

Fr
eq

ue
nc

y 
(%

)

c = 2: µ = 1.46, σ = 1.82 c = 3: µ = 0.01, σ = 1.45 c = 4: µ = −0.45, σ = 1.30

Figure 4: Multi-order potential scores, derived from the database (top) and the beta-lactamase
family (bottom). For each orderc of hyperresidues, the distribution of potential scores among bins
of size0.2 is shown (pooled over all edges for the family version). Base2 logarithm is used for
computing potential scores.
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Figure 5: Potential scoreφ(E) (sum over all interactions up to order-4) vs. mutation levelm (to the
closest parent) for all hybrids in a beta-lactamase library with (left) 13 breakpoints (Meyer et al.,
2003) and (right) 7 breakpoints (Hiraga and Arnold, 2003). Dots indicate hybrids, and circles those
determined to be functional.
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Figure 6: (Left) Optimized breakpoint locations for beta-lactamase when planning with 1, 2, or
12 parents. The sequence is labeled with residue index, with helices in black andβ-sheets in
gray. (Right) Fragments of beta-lactamase in 3D structure (PDB id: 1BTL) according to optimized
breakpoint locations for the 1-parent case.
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Figure 7: Distribution of differences in edge perturbations in ambiguous4-RECOMBcases. The
differences are expressed in terms of perturbation standard deviationsε.
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