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Abstract

We call a market competitive if increasing the endowment of one buyer does not increase the
equilibrium utility of another. We show every competitive uniform utility allocation market is
a submodular utility allocation market, answering a question of Jain and Vazirani, (2007). Our
proof proceeds via characterizing non-submodular fractionally sub-additive functions.
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1 Introduction

In the past few years, there has been a surge of activity to design efficient algorithms for computation
of market equilibrium [7, 12, 8, 6] which in turn have given insights into various properties of the
markets themselves. Recently, Jain and Vazirani [13] proposed a syntactic study of markets by
introducing a new class of markets called Fisenberg-Gale markets or simply EG markets. In 1959,
Eisenberg and Gale [9] gave a convex program for obtaining the equilibrium when agents have linear
utilities and their endowments are proportional (the Fisher model). Jain and Vazirani define an EG
market as any market whose equilibrium is captured by a similar convex program.

[13] showed that this class captured many interesting markets including several variants of re-
source allocation markets defined by Kelly [14] to model TCP congestion control.

Jain and Vagzirani studied various properties of EG markets of which one was competitiveness
(they used the term competition-monotone instead). A market is called competitive if increasing
the money of one agent cannot lead to increase in the equilibrium utility of some other agent.
The main result of this paper is to provide a characterization of competitive markets in a class of
Eisenberg-Gale markets called uniform utility allocation markets which were also introduced by [13].

The convex program capturing equilibria of EG markets maximizes the money weighted geometric
mean of the utilities of buyers over all feasible utilities, which form a convex set. If the constraints
on feasible utilities are just those which limit the total utility obtainable by any set of agents, the
EG market so obtained is called an uniform utility allocation (UUA) market. UUA markets can be
represented via a set-function called the valuation function, where the value of any subset of agents
denotes the maximum utility obtainable by that set. If the valuation function is submodular, the
market is called a submodular utility allocation (SUA) market. In fact, the Fisher example above
turns out to be a SUA market.

In their paper, [13] prove that every SUA market is competitive and ask if there all competitive
UUA markets are SUA. We answer the question in the affirmative. We do so by obtaining non-trivial
properties of a broad class of non-submodular functions which might be of independent interest.

2 Preliminaries

Traditionally, a market consists of a set of agents A and a set of divisible items J, and each agent i
has an utility u; : RS — R and comes to the market with an initial endowment e; € RJ of goods.
The market sets prices p : J — R4 and trade occurs in the market. A market equilibrium is given
by (z;,p*) where z; denotes the final bundle of goods assigned to agent i and the prices are market
clearing prices having the following properties: for every agent the prices his final bundle equals that
of his initial endowment, and at the given prices every agent gets his optimal bundle. A fundamental
theorem of Arrow and Debreu [1] is that under certain very broad assumptions, market equilibrium
always exists.

A significant sub-class of these general markets are when the set A consists of one seller and
all others are buyers, where sellers have all the items and buyers have money, and the seller has
utility only for money and buyers have utilities only for items. This class of markets are called
Fisher markets[11] (see also [4]) and predate general Arrow-Debreu markets. In 1959, Eisenberg
and Gale[9] showed that for the Fisher markets when all buyers have linear utility functions, there
exists a convex program whose optimum captures the equilibrium utilities of the agents and whose
Lagrangean dual variables capture the equilibrium prices of the items. Motivated by this, Jain and
Vazirani[13] defined the following syntactic class of markets.

Definition 1 An EG market M with agents [n] is one where the feasible utilities u € RY of the
agents can be captured by a polytope

P={vjeJ: Z a;ju(i) <b;  wu() >0}
i€[n]



with the following free disposal property: If u is a feasible utility allocation, then so is any u’
dominated by u.

Examples: The convex program of Eisenberg and Gale[9] which captures the equilibrium utilities
of linear utility Fisher markets is precisely an EG market with

P ={Vi, u; = Zuijxiﬁ Vj, inj <1}

jeJ icA

where J is the set of items and A is the set of agents. Another example is the following resource
allocation market defined by Kelly. Given a network, agents own source-sink pairs and wish to buy
capacities on edges so as to send flows from source to sink. The utility u(i) of each agent is the
amount of flow it sends. The various flow vectors are constrained via capacity constraints on each
edge, which form the convex flow polytope P above.

Remark: The definitions in [13, 5] also include auxiliary variables (as in the example of linear
utility Fisher above) in the definition, but the above is an equivalent definition which will be suffi-
cient for the purposes of this paper.

An instance of an EG market M is given by the money of the agents m € R%. The equilib-
rium utility allocation of an EG market is captured by the following convex program similar to the
one considered by Eisenberg and Gale [9] for the Fisher market with linear utilities.

n
mamei logu(i) st. ueP
i=1

Since the objective function is strictly concave and P is non-empty, the equilibrium always exists
and is unique. Applying the Karash-Kuhn-Tucker (KKT) conditions (see e.g. [3]) characterizing
optima of convex programs, for each constraint we have a Lagrangean variable p; which we think of
as price of the constraint, and we have the following equivalent definition of equilibrium allocations
in EG markets.

Definition 2 Given a market instance m € R} of an EG market M, a feasible utility allocation
u € R} is an equilibrium allocation if there ewists prices p € legl satisfying

e For all agents i € [n], m; = u(i) - rate(i) where rate(i) = (3_,c; aijp(j)), the money spent by
agent i to get unit utility.

° VJ cJ p(]) > O7 Zie[n] CLUU(Z) = bj

Thus, in the equilibrium allocation, only those constraints are priced which are satisfied with
equality (these constraints are called tight constraints), and each agent exhausts his or her money
paying for the utility he obtains.

Example In the case of the Fisher setting with linear utilities, there is a constraint for each good
and the prices exactly correspond to the unit price of the good. In the resource allocation market
described above, there is a price for each edge. Price of an edge is non-zero only if it is saturated
by the various flows and each agent exhausts his or her money buying the capacities on edges.

We now consider the case when each a;; above is either 0 or 1.



Definition 3 An EG market M is a UUA market if the feasible region P of utilities can be encoded
via a valuation function v : 2" — R as follows

P={vSCn ) u(i)<v(S)}
€S
Such an EG market will be denoted as M(v), as the market constraints is completely described by v.

Definition 4 If the valuation function v in Definition 3 is a submodular function, then the market
is called a Submodular Utility Allocation (SUA) market. To remind, a function v : 2"} — R is
submodular if for all sets S,T C [n], v(SUT) +v(SNT) <v(S)+v(T).

Example It is not hard to see if in the resource allocation market above, all the agents have the
same source, then the coefficients in the flow polytope description are all 0 or 1, implying the market
is UUA. In fact, [13] show that this market is SUA as well.

For UUA (and SUA) markets, as in Definition 2 the following gives a characterization of the equi-
librium allocation. Given a feasible utility allocation u, a set S is called tight if u(S) =), cqu(i) =

v(S).

Definition 5 For a UUA market, an utility allocation u is the equilibrium allocation iff there exists
prices for each subset S C [n] such that

e VS C [n],p(S) > 0= 5 is tight.
e For alli € [n], m; = u(i) - rate(i) where rate(i) =), p(S).

Given a UUA market, the following observation of [13] shows assumptions we can make on the
valuation function. For completeness, we give a proof as well.

Lemma 2.1 ([13]) The valuation function v of UUA markets can be assumed to have the following
properties

e Non degeneracy: v(&) =0
e Monotonicity: S C T = v(S) < v(T)

e Non redundancy of sets: For any subset of agents T C [n], there exists a feasible utility
allocation w such that ), u(i) = v(T).

e Complement free: v(SUT) < v(S) + v(T).

Proof: Given the valuation function v define the covering closure v* of v as the follows. For a set
S C[n],

v*(S) = {min Y v(T)zr st VieS » apr>1 ar>0} (1)

TC[n] TweT

We prove v* satisfies all the properties above and v* is feasible iff v is feasible.
It is easy to see from definition that v* is non degenerate and monotone. By LP duality we have
the following characterization of v*. For any set S C [n],

v*(S) = {maxZu(i) st VT C [n] Zu(z) <wo(T) Vi, u(i) >0}
ieS i€T

We deliberately use the variable u(7) in the dual. Note that any feasible allocation for v is a feasible
solution to the above. This shows that if u is feasible for v, then it is also feasible for v*.



Non redundancy follows from the fact that for each set S, the dual variables corresponding to
the above program gives a feasible allocation with the property v*(S) = >, gu(i). Complement
free follows from non redundancy as follows: there exists feasible allocation u such that v*(S U
T) =3 sesuru(@) <> cquli) + > cpuli) <v*(S)+v*(T), where the last inequality follows via
feasibility. O

Set functions which have the form as in Equation(1) are called fractionally sub-additive. This forms

a rich class of set functions and arise various forms in economics and game theory([2, 15, 10]. Lemma

2.1 says that the valuation function of EG markets can be assumed to fractionally sub-additive.
We now define competitiveness.

Definition 6 ([13])

An EG market M is competitive (competition monotone in [13]) if for any money vector m,
any agent i € [n] and all € > 0, let u,u’ be the equilibrium allocations with money m and m’, where
m/(j) = m(j) for all j # i and m/(i) = m(i) + €, we have u'(j) < u(j) for all j #i.

In Section 3, we prove the main result of this paper.

Theorem 2.2 If a UUA market is competitive, then it is an SUA market.

3 Competitive UU A markets are SUA markets

In this section we prove Theorem 2.2. First we state a property we need for non-submodular
functions, which we prove in Section 4.

Theorem 3.1 Given any valuation function v which is fractionally sub-additive (satisfying the con-
ditions of Lemma 2.1) which is not submodular, there exists set T, i,j and a feasible utility allocation
u such that

1. T, T U, TUj are tight.
2. No set containing both i and j is tight

3. All tight sets containing either i or j contain a common element | with u(l) > 0.

Proof of Theorem 2.2 : Let M be any UUA market which is not an SUA market. We construct
money vectors my and ms along with the respective equilibrium utility allocations u; and wus, with
the following properties:

o mo(i) > mq(i) for all i € [n]
e There exists j with ma(j) = m1(j) and u2(j) > u1(j)

We first show the above contradicts competitiveness. Since my is greater than m; in each
coordinate, we can construct vectors mj, ms, - -- ,m}. for some k, such that m} = my, mj = mo and

each consecutive mj, m;_ ; differ in exactly one coordinate j* with mj, ,(j") > m;(j’). Note that
/

ml () = ma(j) = ma(j).
Let u},uh, -+, uj, be the equilibrium allocations corresponding to the money vectors. We have
up = u) and ug = uy,. ug(j) > uy(j) implies for some consecutive 4,7 + 1 also uj(j) > uj(j). Since
mj 1 (j) = mj(j), we get the contradiction.
To construct the vectors my,mso, we need the structural theorem 3.1. Let T4, 7,1, u be as in the
theorem. To construct both the instances, we first construct feasible utilities and then derive the

money vectors such that the allocation are indeed equilibrium utility allocations.



Let uy := u except uq (i) = 0. Define my (k) = uy (k) for all k. By condition 1 in Theorem 3.1, we
get T'U j is tight. Pricing p(T'U j) = 1 shows u; is the equilibrium allocation with respect to m;.

Let ug := u except uz(i) = u(i) + €, ua(j) = u(j) + € and uz(l) = u(l) — € for some € > 0. € is
picked to satisfy two properties: (a)e < u(l)/2 and (b)ug is feasible. We show later how to pick e.
Construct mg as follows. Define p’ := u1(j)/uz(j). ma(j) = mi(j), ma(k) = (2 4 p')uz(k) for all
k €T, and mo(i) = ua(i). Check that mo dominates my in each coordinate and mo(j) = mq(j).

To see ug is an equilibrium allocation w.r.t me, note that TUi, TUj remain tight. Let p(TUi) = 2,
p(T'Uj) =p'. Check all the conditions of Definition 5 are satisfied.

The proof is complete via the definition of €. Note that in the allocation us, the sets which have
more utility than in u are ones which contain 4 or j. By conditions of Theorem 3.1, one can choose
e small enough so that uy doesn’t make any new set tight and is smaller than «(l)/2. To be precise,
let

i = i ZUi) — Z Ui
¢ ZgT:ZILEIEm tight(v( )= ul 9)
;o= i ZUj)—u(ZUyg
€ ZgT:Z{E’lgot tight(v( Uj) —u(ZU3j))
. v(ZUiUj) —u(ZUily)
€;; = 1IN

ZCT 2

Note by definition €;,€; > 0, and by condition 3 above, €;; > 0. Choose € := min(e;, €;, €5, u(l)/2).
Again € > 0 which completes the proof of Theorem 2.2. O

4 A property of non-submodular fractionally sub-additive
set functions

In this section we prove the technical theorem 3.1.

Proof of Theorem 3.1 :  Since v is not submodular, there exists a set S U j contradicting
submodularity. That is, there is a set S, an agent j ¢ S and a strict subset T C S, such that the
marginal value of j for S is greater than that for 7. That is, v(S U j) — v(S) > v(T U j) — v(T)

Choose S U j to be the smallest set contradicting submodularity. Choose T' to be the subset of
S for which v(T'U j) — v(T") is minimum. 7, j are that of the theorem.

Since S is the smallest, the restriction of v to every subset of SUj, in particular T is submodular.
Since T is chosen to make marginal of j the minimum, 7" would have cardinality exactly 1 less than
that of S. That is S = T U 4. This is the ¢ in the theorem. Note, we have

v(TUiUj)—o(TUi)>v(TUj)—o(T) (2)

Since v satisfies the non-redundancy condition, there exists a feasible allocation u which tightens
T. For any u, define the family of tight subsets of T as F = {Z C T : u(Z) = v(Z)}. Note that F
is nonempty since T' € F. Choose u so that |F| is minimum. Define u(j) := v(T' U j) — v(T) and
u(i) :=v(T'Ui) —v(T). This completes the definition of u of the theorem.

We now prove feasibility of v and the properties 1,2,3 in the statement of the theorem. We need
the following structural facts which we prove later.

Lemma 4.1 F is closed under taking complements, that is, if Z € F, sois T\ Z

Lemma 4.2 Let v restricted to a set X be submodular. The set of tight subsets of X are closed
under taking unions and intersections.

Lemma 4.3 Union of disjoint tight sets is tight.



We first show that wu is feasible. Lemma 4.4 shows the feasibility for sets containing either ¢ or
7. Lemma 4.5 shows the feasibility for sets containing both, and in fact proves Property 2. This is
sufficient byb definition. Property 1 of the theorem follows directly from definition of u. We prove
property 3 after these two lemmas.

Lemma 4.4 u is feasible over T Ui and T U j. In fact, if Z Ui or Z U j is tight, then so is Z.

Proof: Pick any subset Z C T. We get w(Z Ui) = u(Z) + v(T Ui) — v(T). Since v restricted to
T U4 is submodular, we get u(Z Ud) < u(Z) +v(ZUi) —v(Z) < v(ZU%). Thus u is feasible over
T Ui. Also, if Z Ui were tight, we would have u(Z) = v(Z) implying Z were tight. O

Lemma 4.5 For all subsets Z C T, w(ZUiUj) <v(ZUiUj).
Proof: Pick any set Z. Note that
w(ZUiUj)=u(Z)+o(TUi)—v(T)+v(TUj)—o(T) (3)

Note that the union of sets (ZUiUj)U(T\ Z) = TUiUj. Thus by the complement free condition
of v, we get
v(ZUiUj) >v(TUilUj) —o(T\ Z)

Two cases arise. Suppose Z € F, that is, Z is tight. We take care of the other case later. Then,
by Lemma 4.1, T'\ Z is also tight. Thus, v(Z) +v(T\ Z) = v(T) since all the sets are tight. Putting
this in above equation and applying Equation 2 we get v(Z UiUj) > v(TUiUj) —v(T) +v(Z) >
v(TUi) +o(TUj) —o(T) —v(T)+v(Z2) > u(ZUilUj) from equation 3.

Now suppose Z ¢ F, that is, u(Z) < v(Z). Thus Equation 3 implies

w(ZUiUj) <v(Z)+v(TUi)—o(T)+v(TUj)— o)

By submodularity of T'U4, we get v(T'U¢) —v(T") < v(ZU1i) —v(Z). Also, by choice of T' to be
the subset of T'U ¢ minimizing v(T'U j) — v(T), we get v(T' U j) —v(T) < v(ZUiUj) —v(Z Ui).
Plugging this in the equation above proves the lemma. O

To prove property 3, we make a few definitions. Analogous to F, define F; := {Z C T : w(ZUi) =
v(ZU1)}. Similarly define F;. By Lemma 4.4, all sets in F; and F; are tight. Property 3 is implied
by ﬂZE}-i’}-j Z contains an element ! with u(l) > 0.

Lemma 4.6 shows no two sets in F; or F; are disjoint. By Lemma 4.2, this implies the tight sets
T; == yex, Z (similarly Tj) are non-empty. Lemma 4.7 shows that 7; and T} are not disjoint and
in fact v(T; NT};) > 0 which by tightness of T; NT; proves implies existence of [.

Lemma 4.6 No two sets in F; or F; are disjoint.

Proof: We prove for Fj, that for F; is similar. Suppose there existed A, B € F; disjoint. Since
AU j and BUj are tight, and v is submodular when restricted to T'U j, we get the intersection of
AU j and B U j, the set j, is tight. Since T'U 1 is tight by Condition 1, we get T'U i U j is tight,
contradicting Condition 2, which is already proven. O

Lemma 4.7 v(T; NT;) >0

Proof: Since T; and Tj are tight, so is T; UT; and by Lemma 4.1, so is T'\ (T; UT}). If T; and T}
were disjoint, then T'U4 U j is the disjoint union of the tight sets (T; U3), (T; Uj) and T\ (T; U T}).
By lemma 4.3, T U4 U j is tight contradicting Condition 2. Note that we cannot use Lemma 4.2 as
v is not submodular when restricted to 7'U i U j, and need disjoint condition. O |



4.1 Proofs of facts used in Theorem 3.1

Proof of Lemma 4.2 : Let A, B C X be two tight subsets of X. Since u is a feasible allocation,
Thus we get
u(A) +u(B) =u(AUB) +u(ANB)

< 0(AUB) +v(AN B) < v(4) + o(B) = u(A) + u(B)
implying equality throughout. In particular, (AN B) = v(ANB) and u(AU B) =v(AUB). O

Proof of Lemma 4.3 :  For any disjoint sets A, B, u(AUB) = u(A) +u(B) and thus v(AUB) <
v(A) + v(B) = u(A) + u(B) = u(AU B) < v(AU B) where the first inequality follows from
complement-free condition on v. |

Proof of Lemma 4.1 :  Suppose T\ Z is not tight. We modify u so that no new set becomes
tight and Z also becomes untight. This contradicts the minimality of F. Call T\ z as X.

Pick an element x € X. Let A be the smallest tight set containing x. This is defined since T
contains . We might assume x is picked so that A intersects Z. If no such z existed, then X is a
union of tight sets and we are done by Lemma 4.2.

Denote ANZ by Y. Let y € Y be with u(z) > 0. We prove such a y exists shortly. Since A was
the smallest tight set containing x, all tight sets containing = also contains A. Therefore, modifying
u to give suitable small more utility to = and exactly that less to y renders it feasible and leaves
both Z and T'\ Z untight.

To see the existence of y € Y with u(y) > 0, note that if not then we get u(Y) = 0. Thus
v(A) =u(Ad) =u(AnX) <v(AN X) <v(A), implying AN X C A is also tight. Thus contradicts
the minimality of A. a

Acknowledgements This work was done while both authors were graduate students at Georgia
Tech and the work was supported by NSF Grants 0311541, 0220343 and 0515186. This work was
presented in the Third Workshop on Internet Economics (WINE), 2007.

References

[1] K. Arrow and G. Debreu. The existence of an equilibrium for a competitive economy. Econo-
metrica, 22:265-290, 1954.

[2] O. Bondareva. Some applications of the methods of linear programs to the theory of cooperative
games (in russian). Problemy Kibernetiki, 10:119-139, 1963.

[3] S. Boyd and L. Vandenberghe. Convex Optimization. Cambridge University Press, 2004.

[4] W. C. Brainard and H. E. Scarf. How to compute equilibrium prices in 1891. Cowles Foundation
Discussion Paper, (1270), 2000.

[5] D. Chakrabarty, N. R. Devanur, and V. V. Vazirani. New results on rationality and strongly
polynomial time solvability in eisenberg-gale markets. In Proceedings of the Second Workshop
on Internet and Network Economics (WINE), 2006.

[6] B. Codenotti and K. Varadarajan. Efficient computation of equilibrium prices for markets with
Leontief utilities. In Proceedings of ICALP, 2004.

[7] N. Devanur, C. H. Papadimitriou, A. Saberi, and V. V. Vazirani. Market equilibrium via a
primal-dual-type algorithm. In Proceedings of IEEE Annual Symposium on Foundations of
Computer Science, 2002.



8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

N. Devanur and V. V. Vazirani. The spending constraint model for market equilibrium: Algo-
rithmic, existence and uniqueness results. In Proceedings of 36th STOC, 2004.

E. Eisenberg and D. Gale. Consensus of subjective probabilities: the Pari-Mutuel method. The
Annals of Mathematical Statistics, 30:165-168, 1959.

U. Feige. On maximizing welfare when utility functions are subadditive. Proceedings of STOC,
pages 41-50, 2006.

I. Fisher. Mathematical investigations in the theory of value and prices. Transactions of the
Connecticut Academy of Sciences and Arts, ix:124, 1892.

K. Jain. A polynomial time algorithm for computing the Arrow-Debreu market equilibrium for
linear utilities. In FOCS, 2004.

K. Jain and V. V. Vazirani. Eisenberg-gale markets: Algorithms and structural properties. In
STOC, 2007.

F. P. Kelly. Charging and rate control for elastic traffic. European Transactions on Telecom-
munications, 8:33-37, 1997.

L. S. Shapley. Cores of convex games. International Journal of Game Theory, 1(1):11-26, 1971.



