geometric transformations
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linear algebra review

* matrices
— notation
— basic operations
— matrix-vector multiplication
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matrices

» notation for matrices and vectors
— use column form for vectors

n (y
1] V.
1
M :%n::ll le, :[mij] V= :[Vl VZ]T
21 r-]’1228L V2
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matrix operations

» addition
T=M+N! [tij] =[m,- +nij]
 scalar multiply

T=IM" [tij]:[! m,-]
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matrix operations

« matrix-matrix multiply
— row-column multiplication
— not commutative
— associative

: #
T=MN [tij]:g< My Ny )

L
p Lo U, my,n ny,"
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matrix operations

« matrix-vector multiply
— row-column multiplication

u=Mv' [ui]:% m,V,

B
5.

#

1

m
L

N

%9&;

N
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special matrices

* identity
. 1 fori=j & O
| = Eij]: o | = I
0 fori=j % 1n
Ml =IM =M
e zZero
& 0
0=lo,]-0 0=5 o
M+O=M
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matrix operations

» transpose
— flip along the diagonal

T=M"! [t;]1=[m;]

* inverse
— will not compute explicitly in this course

T=M"1 TM=MM"*=M"M =1
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matrix operations oroperties

* linearity of multiplication
"(A+B)="A+"B
M("A+!B)="MA+!MB

« associativity of multiplication
A(BC) =(AB)C

 transpose and inverse of matrix multiply
(AB)" =B"A'

(AB)!l = B!lA!l
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geometric transformation

+ function that maps points to points
p! p'=X(p)

» different transformations have restriction on the
form of X
— we will look at linear, affine and projections
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2D transformations
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translation

« simplest form T.(p)=p+t
* inverse T.'(P) =T, (p)=p! t

>
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linear transformation

» fundamental property

X(ap+pq)=aX(p)+pX()
» can be represented in matrix form

X(p) =Mp

 other properties
— maps origin to origin
— maps lines to lines
— parallel lines remain parallel
— length ratios are preserved
— closed under composition
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uniform scale

5= O#&p, # _ &Sp#
Sp_% S!-%y!._%py.!.
Ss_1 = 3/3
A A

CG G

> >
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non-uniform scale

0#&px# 85xpx

= S(l/s s,)

li
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rotation

_&oy sm(#&px# &p, coy ' pysm(#
%ln( coy ?)p i %Xsm( +p, cos( i
‘=R,

=
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shear

&l Sx#&px# &P, +Sxpy
Shp =
" %y 1 i /Qy" g%y Py * py"
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reflection

&1 Ox&p.# & P#
Rlp = % 1"%y §70py f
&1 O#&px# & px

Rlp= % ' 1"@9 § a) py"

Rlp=..

>
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combining translation and linear
transforms

* represent linear together with translation
— rigid body transformation are a subset of this

X,y () =Mp +t

 goal: unified format for all transformations
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homogeneous coordinates

» represent points with 1 additional coordinate w
— set it to 1 for points

&0, # &P, #

| |
P=3P,1 = 9P,
5.t 64 ¢
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homogeneous coordinates

* represent translation with a 3x3 matrix

& O t#p# &P, +1,4

| | |
=9 1 t,;3p,)=3p, 1),

69 O 1leglé g 1

* add one row and column to linear transforms

&nll rr!LZ O‘.';#&pr# &nll px + rn.l2 py I#
Mngmzl rnZZ O| %py| :%Elpx-'-rnZZpyi
0 O Leglt § 1 ¢
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affine transformations

« combining linear and translation in one matrix

tHeH
Xp=Mp+t:§/:; 1@2!'

* properties
— does not map origin to origin
— maps lines to lines
— parallel lines remain parallel
— length ratios are preserved
— closed under composition
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affine transformations

& 0 t#
|
translation T =§) 1 tyi
8 0 1t
& 0 O
-$ !
scale S = $o S, 0!
§ 0 1t
&oy 'sin( O
rotation R = $sin( coy/ oi
§ 0 0 1
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compositing transformations

 applying one transformation after another
— expressed by function composition

p'= X, (X1(p)) = (X, 0X)(p)

« for the transforms presented before,
computed by matrix multiplication

(X, 0X))(p) = X,(X,(p)) = M,(Mp) = (M,M,)(p)
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compositing transformations

* translation
8 tL#l U #HPH_8 1+, HPH
% 1!. 1!.%.'._% 1 !
* linear transformations
&VIZ 0#&\/|1 O#&)#_&\AZMl O#&)#
%0 1!'§700 1!.%!._3}0 0 1.'.%!.
« affine transformations
&VIZ tZ#&Vll tl#&)#_&\AZMl M2t1+t2#@#
§700 1!.5700 1!.%!._3}0 0 1 .'.%!.
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compositing transformations

» composition is not commutative

A A
> >
rotate, translate,
then translate then rotate
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compositing transformations

« composition is not commutative

A
> -
rotate, translate,
then translate then rotate
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compositing transformations

« composition is not commutative

A A

rotate, translate,
then translate then rotate
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complex transformation

 often represented as combination of simpler ones
— intuitive geometric interpretation

« rotation around arbitrary axis
— translate to axis center
— rotate
— translate back

Ra,@ = Ta RHT—a
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rotation around arbitrary axis

CG
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rotation around arbitrary axis

Ce—
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rotation around arbitrary axis

O
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rotation around arbitrary axis
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transforming points and vectors

» points and vectors are different entities
— vectors: encode direction (difference of points)
— points: encode position (origin plus a vector)

 points and vector transform differently
— we have shown how points transforms previously
— vectors simply ignore the translation

v=p!g
X(p)=Mp+t

X(v)=X(p)! X(q)=(Mp+1)! (Mg+1)=M(p! q)
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transforming points and vectors

* use homogeneous coordinates with w=0

Mv
0

Vv
0

M t
o 1

 everything is consistent!

* but what is that “w” anyway?
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homogeneous coordinates

* points
— will become useful later on
Py wp,
(P Py) =Py |=|Wp,
1 W

e vectors

&/Xf/
Wi
o«

V)’
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coordinate systems review

« points are represented wrt a coordinate system
— cartesian coordinates in the canonical coord. system

P=(P.P,)" P=0+pXx+py=0+(xIp)x+(y!p)y
+ canonical coordinate system
0=(0,0)
x=(10)
y =(0.1)
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coordinate system review

« write a point in a new coordinate system
p'=(p..p,)" p=0+(XIp)X+(ylp)y'=0+p’ X'+p' Yy’
» can be represented as an affine matrix multiply

g‘px &p X# &(IX y'X X#SLp #

. \ |
$py|_M$pyl %y yy Oylgpyl
Golt  Golt GO O 1igel ¢
&3# O &' Y OHPH

VMBS 0 1k
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coordinate system review

« an affine transform is a change of coord. system
— another interpretation for combination of transforms

» what is the matrix | should use to change coord?
— just invert previous definition
* i.e. invert combination of translation and orthonormal

P_ @, P &Y
=M1 (g =Mogl
&, X, 'O.#
. ' ' oo |
M 1:%}/X yy Oyi
&0 0 1 4
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3D transformations
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2D to 3D transformations

» adopt homogeneous formulation in 3d
— points have 4 coordinates
— use 4x4 matrices for transformations

* most concept generalize very easily
— rotation much more complex
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affine transformations

g 0 0 t#

10t

i T:$ vl
translation ‘% 0 1 L
% 00 1t

& 0 0 0

| c-g0 s 00
Scale = :
> $0 0 s, O

g0 0 0 1t
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affine transformations

rotation around z

computer graphics ¢« transforms

&oy 'sin( 0 O
$ei !
R(Z:$sm( coy O O!
$0 0 1 0
$0 0 0 1t
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affine transformations

rotation around y

rotation around x

computer graphics * transforms

&coy O sin( O
Rg:% 0 1 0 0
$ sin( 0 cog O
0 0 o0 1t
g O 0 O#
R =$O 095( " sin( Oi

830)
% o o 1t
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rotation around arbitrary axis

* in 2d, rotation are around a point R, =T,RT,
— change coordinate frame (translation)
— rotate around the origin
— change coordinate frame back
— simple geometric construction
- in 3d, they are around an axis R, =F,'RF,
— change coordinate frame (align z with axis)
— rotate around z axis
— change coordinate frame back
— complex geometric construction
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rotation around arbitrary axis

» use a change of coordinate system

— define new coordinate system with z’ parallel to axis and
origin on the axis

* build transform matrix as seen previously

S A 0'1}#
0 0 o 1
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construct 3d frame from vectors

 given two non-parallel vectors a and b

— i.e. a plane

— set x, y parallel to a, b

—x=allq
z=x!1Db;z=2/]|z|
y=z! X

 given the vector a
— set z parallel to a, choose arbitrary x, y
— continue as above
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representing rotations

3 rotations around major axis
— remember to choose order
— simple but has quirks when combining rotations
+ will use this for simplicity
« axis and angle
— combinations of rotations can be represented this way

— with more formalism become elegant and consistent
* quaternions
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transforming normals

* points and vectors works
 tangents, i.e. differences of points, works too

* normals works differently
— defined as orthogonal to the transformed surface
— i.e. orthogonal to all tangents

@e==
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transforming normals

* by definition tiIn=t'"n=0
- after transform (Mt)" (Xn)=0
- for all t, we have t'TM™Xn=0
» which gives t'tM'(M")'*'h=0

normals are transformed by the inverse transpose
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transformation hierarchies

 often need to transform an object wrt another
— e.g. the computer on the table
— when the table moves, the computer moves
 naturally build a hierarchy of transformation
— to transform the table, apply its transform

— to transform the computer, apply the table and the
computer transform
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transformation hierarchies

» represented as a tree data structure
— transformation nodes
— object nodes - leaves

« walk the tree when drawing

 very convenient representation for objects
— all objects can be defined in their simplest form

— e.g. every sphere can be represented by a
transformation applied to the unit sphere
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transformation hierarchies

E sphlere } Etriarllgle } Etranslform} E spr;ere }
I 1

[triarllgle } [ sphere }
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implementing transformation hierarchies

« transformation function for each node

— get the parent matrix

— multiply the parent and current matrices

— pass the combined matrix when calling children
« stack of transforms

— push/pop when walking down/up

— used by graphics libraries (OpenGL)

— more flexible

— generalized mechanism for all attributes
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raytracing and transformations

« transform the object
— simple for triangles
* since they transforms to triangles
— but most objects require complex intersection tests
* spheres do not transforms to spheres, but ellipsoids
* transform the ray
— much more elegant
— works on any surface
— allow for much simpler intersection tests
« only worry about unit sphere, all others are transformed
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raytracing and transformations

+ transforming rays
— transform origin/direction as point/vector
— note that direction is not normalized now
* i.e. ray parameter is not the distance

« intersect a transformed object
— transform the ray by matrix inverse
— intersect surface
— transform hit point and normal by matrix
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