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Abstract

Earlier work by Driscoll and Healy [4] has produced an efficient O(B2 log? B) algorithm for computing the
Fourier transform of band-limited functions on the 2-sphere. In this paper, we discuss an implementation of
an O(B*) algorithm for the numerical computation of Fourier transforms of functions defined on the rotation
group, SO(3). This compares with the direct O(B%) approach. The algorithm we implemented is based on
the “Separation of Variables” technique, e.g. as presented by Maslen and Rockmore [19]. In conjunction with
the techniques developed in [4], the SO(3) algorithm we implemented may be made truly fast, O(B*log? B).
Basic results will be presented establishing the algorithm’s numerical stability, and examples of applications
will be presented.

1 Introduction

We present and discuss an implementation of an algorithm for the efficient calculation of the discrete Fourier
transform of a function defined on the rotation group, SO(3). This software, which we christened “The SOFT
Package,” is freely available on the web [27].

This implementation differs from that as derived by Risbo [24], which uses properties of the Wigner-d
function to rewrite the transform over the full group in such a way as to allow the use of three Cooley-Tukey
FFTs. However, this introduces overhead which can be avoided, if one is willing to keep the “natural” structure
of the algorithm. The algorithm we present preserves this structure, as well as the freedom of applying a
Driscoll-Healy based algorithm (e.g. see [12]), which has the potential for an algorithm faster than O(B*?).

This paper is organized as follows. We begin with a brief introduction to SO(3), including some discussion
of harmonic analysis. This is then followed by introducing the Sampling Theorem for functions defined on
SO(3), and outlining what exactly we mean by the “Separation of Variables” approach. Due to the plethora of
conventions that exist, with respect to things such as normalizations, in Section 4 we define explicitly the Wigner-
d functions, as implemented in the software. Following this, in Section 5 we present error and timing results of
our implementation. This is then followed by presenting an application of Fourier transforms defined on SO(3):
correlating two functions defined on S2. This is useful in a variety of applications, including searchable 3-D
databases [25], molecular biology [16], and industrial manufacturing [11]. We mention that another application
of Fourier transforms functions defined on SO(3) concerns spherical near-field antenna measurements [9]. We
conclude with a brief recap and discussion.

2 Life in SO(3)

The group of proper rotations of R? about the origin, denoted SO(3), consists of real 3-by-3 orthogonal matrices
of determinant +1. Using the familiar Euler angle decomposition, we may express any such element g of SO(3)
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in terms of rotations about the z and y axes. Let

cosa —sina 0 cosf 0 sing
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0 0 1 —sinf8 0 cosf

where 0 < a < 27 and 0 < 8 < 7. Geometrically speaking, u(«) corresponds to rotation about the z-axis, and
a(B) to rotation about the y-axis. Using these two matrices, any rotation g € SO(3) may be written as:

g = u(a)a(B) u(v). (2)

Let L?(SO(3)) denote the space of square integrable functions on SO(3). The inner product of two functions
f and h on SO(3) is given as

2 ™ 2m
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To each g € SO(3), we can associate a linear operator A(g) which acts on a function f in L?(S?):

Ag)f(w) = flg™"w). (4)

This is the left regular representation of SO(3) on L?(S?). The invariant subspaces, V;, are indexed by the
non-negative integers. The dimension of each is dim V; = 2] 4+ 1. The familiar spherical harmonics span these
invariant subspaces. To be precise, for a given [, V; is spanned by the spherical harmonics of degree | and orders
Im| <1: {Y/™(w) | |m| <1}. We therefore have

A9Y"(w) = Y Y (w)Du(9) (5)
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where chm (9) is a Wigner-D function. (Brief aside: we will sometimes write the spherical harmonic of degree
[ and order m as Yj,,. This should not confuse the reader.) Using the Euler angle decomposition, we can write
Wigner-D function as

D (e, B,7) = e ™M dd 0 (B) e MY J, M, M’ integers (6)

where d?;,, (3) denotes what we will refer to as the Wigner d-function. The Wigner-d functions are related
to the Jacobi polynomials, and satisfy a three-term recurrence relation. Explicit expressions for d‘]{/j A (B) will
be given in Section 4.

Applying the operator to a function f € L?(S?) can be thought of as rotating its graph. How do the
coefficients of f relate to its rotated cousin? Using (5), we can elegantly obtain the Fourier expansion of the
rotated f, by means of a matrix multiplication. The matrix in question is a semi-infinite block diagonal matrix,
where the I*! block is of size (21+1) x (20 +1), and each block is D'(g) = (D.,,,) (9). Using all this, the Fourier
expansion of the rotated f is the matrix-vector product

D°(g) it




2.1 Harmonic Analysis

By the Peter-Weyl Theorem, the collection of functions {D{;,, (o, 3,7)} form a complete set of orthogonal
functions with respect to integration over SO(3):
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Hence, any function f € L?(SO(3)) may be written as a sum of the Wigner D-functions:

J J
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where
fier = {f.Dyrar)

2J +1 [* ™ 27

We will refer to the set of values {fj\]([M,} as the Fourier coefficients of f, and the map going from f(a, 3,7)

to the set of coefficients {f]‘(4M,} as the SO(3) Fourier transform of f. As a notational convenience, we will
denote the SO(3) Fourier transform of f as SOFT(f).

2.2 Convolution on L*(SO(3))
Convolution of two functions f1, fa € L*(SO(3)) is defined to be

Jox falh) = /S oy 107 10

where h € SO(3). Given the Fourier coefficients in the expansions of f1 and fa:

J J
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we find the Fourier coefficients of their convolution to be

J
CJMM’ = Z aJMkbk]M' (10)
k=—J

Details may be found in Vilenkin [31].

One may obtain the Fourier coefficients of their convolution in a very elegant manner. Note that correspond-
ing to each integer J is an irreducible representation of SO(3). Arrange the coefficients of f; as a block diagonal
matrix, where the J-th block, of size (2J 4 1) x (2J + 1), contains the (suitably ordered) Fourier coefficients at
that degree J. Now do the same for fy. The Fourier coefficients of the convolution is just the product of the
two matrices. So all that is happening is that the J-th block in f;’s matrix is multiplied with the J-th block in
f2’s matrix. Neat.

2.3 Sampling Theorem

Much of the discussion which follows is based on [19].



To take the Fourier transform of a function f on SO(3) means to evaluate the inner products (9). In practice,
to even attempt to do this on the computer means that we must discretize the integral, i.e. replace it with a
finite sum. This compels us to sample f on some finite grid, X. Ergo, the sum we need to evaluate is of the
general form:

leWM’ = Z w(f)f(l’)Dﬁc}M' () (11)

reX

where w(z) is some weighting function. Furthermore, to ensure that we may accurately compute the Fourier
transform of f this way, certain conditions must be placed on f.

Definition 2.1 (Band-limited functions on SO(3)). A continuous function f on SO(3) is band-limited with
band-limit (or bandwidth) B if fi,,, =0 for all | > B.

Using the matrix factorization (2), let X g denote the set of points where we wish to sample:
Xp = {u(ey,)a(Br)u(v;)|0 < j1, j2, k < 2B} (12)

27y m(2k+1)

where a; = y; = 5B and G = . For functions of band-limit B, sampled on the grid X g, it is possible

to choose a weight function w(x) so that the discrete sum (11) exactly computes their Fourier transform. Let
wp(k),0 < k < 2B, form the unique solution to the system of linear equations

2B—1
> wp(K) Pp(cos fi) = dom for 0<m < B (13)
k=0

where P, denotes the Legendre polynomial of degree m. Using the solution to (13), we have the following
result, the proof of which may be found in [19].

Theorem 2.1 Suppose f € L*(SO(3)) is a band-limited function with band-limit B. Then for all | < B, we
have

2B—-12B-12B-1
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where the sample points are those defined in (12) and weights wp (k) are the solutions to the linear system (13).

The method of computing the Fourier coefficients of f by summing (14) will be called the Discrete SO(3)
Fourier Transform of f, DSOFT(f).

It turns out, in fact, that the weights have a closed form expression.

Lemma 2.2 [¢f. [4] ] Let B, = w(2k + 1)/4B. The solutions to the linear system of equations (13) have the
closed form expression

. B—1
wp (k) = %sin (”(221; 1)> 3 2k1—|— - sin ((2j +1)(2k + 1)%) . (15)
k=0

3 Separation of Variables

Details, and a great many references, of the Separation of Variables technique, may be found in [19, 20].

Theorem 2.1 tells us that we can compute exactly the Fourier coefficients of a properly sampled band-limited
function f of band-limit B. However, if we were to evaluate (14) as it is written, each Fourier coefficient would
require O(B?) operations. There being O(B?) coefficients f ]lw M to compute, the cost of computing the complete
Fourier transform of f is a tad on the large side. Is it possible to reorganize the computation and hence reduce
the total complexity? Yes, by application of the Separation of Variables technique.



The basic strategy is to make a prudent choice of factorization of the group elements of SO(3) and use of
adapted set of representations, or Gel'fand-Tsetlin bases, to re-index the sum (11) as a multiple sum. (Because
we are using the Euler angle decomposition, Eqn. (14) is already in the proper form). Next, terms that do not
depend on particular indeces are factored through the individual sums, and then finally one evaluates the sums
coordinate by coordinate.

Hence, by using the fact that D%,/ (a, 3,7) = e ™M dh o (3) e M7 we may rewrite (14) as

1 2B—1 2B—1 ) 2B—1 .
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This form then easily lends itself to efficiently computing f]lw vt first sum over ji, then jp and conclude with
summing over k. To be slightly more explicit, one sums the following quantities (note the indeces they depend
on) for 0 < jo,k < 2B and |M|,|M'| <1< B:

2B—1
1
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For a given pair k, j2, one may evaluate the sum S1(k, M, jo) for all M in O(B log B) operations using a standard,
Cooley-Tukey-esque FFT. Therefore, to compute S1(k, M, j2) for all k, M, jo takes O(B? log B) operations. For
identical reasons, the same big-O is applicable for computing Sa(k, M, M"). All that remains is computing that
last sum (19). For given M, M', O(B?) operations are needed to compute fJIWM/ for all [. Therefore, putting all
the pieces together yields an O(B*) algorithm for computing the Fourier transform of f, substantially smaller
than the original, “naive”, O(B®) computation. Zowie! From now on, we will refer to this method of computing
all the Fourier coefficients of f as the SO(3) Fast Fourier transform of f, SOFFT(f).

In evaluating that last sum, (19), it is possible to apply Risbo’s technique [24], using the identity (from [23])

J
déWM' (ﬂ) = ZMiM Z d‘}w//M(ﬂ'/2)€711\/j ﬁd‘}w”M/ (71'/2)7
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and so rewrite the entire computation in terms of three Cooley-Tukey FFTs. However, this algorithm is O(B*),
and its structure precludes the possibility of obtaining an asymptotically faster algorithm. That is not to imply
that it is not fast, i.e. in terms of looking at the clock on the wall. It all depends on the application, and what
is important to you. Using Risbo’s technique, or the one presented here, either will get the job done.

Given the well-know numerical reliability of the Cooley-Tukey FFT, there is very little reason to investigate
the quality of the sums (17-18). The place where errors would be introduced (and exacerbated) is in the third
sum (19). Given its import, we are motivated to make the following definition:

Definition 3.1 For given integers (M, M’), define the Discrete Wigner Transform (DWT) of a data
vector s to be the collection of sums of the form

2B-1
S(ULMM) = S wp(k) dy e (B)lsl,  max(IM[,|M) <1< B (20)
k=0
2k+1
where dlM)M, is a Wigner d-function of degree I and orders M, M’, and By = %

In our case, the data vector s is simply the original function f sampled at the 2B-many locations g defined
above. In Section 5 we report the results of our experiments, testing the numerical validity of the DWT for a
variety of band-limits, as well as the SOF FT algorithm.



The DWT may be cast in an linear algebraic light. Let s = data vector, § = coeflicient vector, w = diagonal
matrix whose entries are the weights, d = sampled Wigner-ds, d;; = d’;,,(3;). Then

d*xwxs=S§

is the forward transform, and

dTxs=s
is the inverse transform. Note also that
dxwxs = §
dxwx (d7 *8§) $
(dxwxd")x8 = 8
Therefore d * w x d” = I, the identity matrix.
Remark. To compute the DWT, the methods of Driscoll and Healy [4] are certainly applicable here.

Instead of taking O(B?) operations evaluating the sum naively, with the Driscoll-Healy one could calculate the
d-coefficients in only O(B log? B) operations. Using their approach would then yield an O(B? log? B) “really”
SOFFT algorithm. However, this was not done in the C code. We will explain our reasoning in Section 5.2.

4 Explicit Wigners
Everyone agrees that the Wigner D-function may be written as
D1{4M’ (Oé, ﬁa 7) = e—iMOé dJMM’ (6) e_iM ’Yu

where, we remind the reader, di,,, (3) denotes the Wigner d-function. However, it is highly likely that if
one were to meet two mathematicians, Fred and Ethel, on the street and ask each of them to write down an
expression for di,,, (3), one would receive two different (though, of course, equivalent) replies. For example,
Fred might refer to [1] and respond with

N T N S A e
dyar (B) = \/(J+M)!(J—M)! (81115) (cosg)

x P (s ) (21)

where Pl(m’") (x) denotes a Jacobi polynomial. However, Ethel could very easily prefer dealing with derivatives,
and cite this particular definition given in [23]:

J _ (J+ M)! N —(M—M)/2 —(M+M")/2
dyae (B) = Cim T2 (1-1) (1+1)
d’=M J—M J+ M
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where t = cos # and Cypp = (=1)"" 2_J\/(J T M(’)'(()] — M

In light of such diversity, we feel it appropriate to provide the reader with the precise definition of d}]w e (B)s
as well as other relevant functions, upon which our C code for computing the Fourier transform of band-limited
functions f € L%(SO(3)) is based. All these definitions may be found in [30].




Following Fred’s lead, we too use Jacobi polynomials to express the Wigner d-function, though at first glance,
the expressions may not seem equivalent:

dJMM’(ﬁ) = CM]W’ w(siné>u<cosé)u

(s + (s +v)! 2 2
x PHY) (cos 3) (23)
where n
p=|M~-M| v=|M+M| s:J—“2V
and

1 it M >M

Carnr _{ (—)MM i M < M.

Note that unless J > max(|M|, |[M']), we have di,,, (8) = 0. The d-functions satisfy the orthogonality condition

T / 2
/0 darar (B)dirar (B) sinf df = 570y, (24)

in addition to the following three-term recurrence:

(J+ 17 = M| [(J+1)° = M7 /
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To properly initialize the above recurrence, we have found the following special cases especially useful:

d7n(B) = \/(J+]\4(§'{<)]'— M)! (COs§>J+M (_ Sing)J—M
) = gz (5) " (2)
d%&](ﬁ) = \/(J+ M(?;?]'_ M) <COS§>J+M (sjn§>JM

- 2.7)! B J—M g\
s (9) = \/(J+M)!(J—M)! (C°b§> (_Sm§> ' (26)

For us, their utility comes not from any stability-related issues, but rather derives from the fact that when we
were prototyping the code in Mathematica, we were able to avoid any potential ambiguities, e.g. “Is Mathematica
placing a ‘-1’ out in front?” Using the above special cases, we were able to confirm correct generation of the
d-functions by comparison with the tables found in [30].

For computational purposes we deal with the L?-normalized cousins of the Wigner d-functions,

Hing (8) =\ 2552 e (5). (21)

Therefore, for the convenience of the reader, we now provide the three-term recurrence relation the c% v satisfy.
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Figure 1: The average and maximum values of Eqns (29) at different bandwidths.

This is the actual relation the C code uses to generate the normalized Wigner d-functions:

- [27+3 (J +1)(2] +1) MM
Tre (5 27 + 1 \/ ; (Cosﬁ J(J+1))dMM'(ﬁ)

J+1) H(JH) —M/z]
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To test to some extent the stability of the above recurrence, we did the following. At a given bandwidth B
and orders M, M’, we write the DWT as a matrix product: d*wx*f = f, where f is the 2B x 1 vector containing
the samples of f, w is the 2B x 2B diagonal matrix containing the weights, and d is the (B—max(|M|, |M’|) x2B
matrix containing the sampled Wigner d-functions. The vector f contains the coefficients of f. Now, if instead
we formed the matrix product

dxw=xd7,

where d”' is the transpose of d, we get the identity matrix.
Ok, so how close to the identity matrix do we get in real life? In Matlab, at a given bandwidth B, and
orders M, M’, we calculated two quantities:

1/B*Y |dxwxd" — 1|
max |d * w xd? — I, (29)

where [ is the identity matrix, and the sum is done over the matrix elements. We calculated the above for
orders M =0,...,B—1,and M’ = M,...,B — 1. In Figure 1, we plot the maximum values of each quantity
obtained at different bandwidths. Agreement with the identity matrix is quite good.

5 Numerical Results

In this section, we present numerical evidence which indicates that one may accurately compute the Fourier
transform of band-limited functions f € L2?(SO(3)) via the Separation of Variables technique, at least at
realistic (to be explained later) problem sizes. We will also present some timing results, and discuss issues of
computational efficiency.



All code was written in C, with some of the more basic routines borrowed from SpharmonicKit [26]. In
certain instances, which will be made clear, we availed ourselves to the Fourier transform routines provided
by FFTW [8]. Experiments were performed on a variety of mostly GNU/Linux platforms running a variety of
processors: an Intel 800 MHz Pentium-III, an Intel 2.4 GHz Xeon, and an AMD 1.66 GHz Athlon MP 2000+.
The flavour of GNU/Linux on these machines was either RedHat or Debian. The non-GNU/Linux platform
was an HP/Compaq AlphaServer with a 833 MHz Alpha processor running OSF1 V5.1. While some of this
hardware was multi-processor, the code was always run on a single processor. No parallelizing was done. All
code was compiled with available optimizations. In the case of the HP /Compaq machine, the native compiler,
and not gcc, was used.

Figure 2 provides a coarse description of a typical experiment. The process illustrated in the figure would be

Generate random coefficients
llnverse transform
Compute sample values

lForward transform

Compute new coefficients

Figure 2: Our experiment, philosophically speaking.

iterated some number of times, at the end of which the average absolute and relative errors would be calculated.

5.1 “Just the Wigners, ma’am”

Before attempting to compute SOFFT(f), the discrete Fourier transform of f over SO(3), for our first series
of experiments we investigated the stability of the discrete Wigner d-function transform (DWT), with the sums
being evaluated naively. We wanted to ensure that an actual implementation of this critical component of the
Fourier transform over the full group was in fact stable for a large range of problem sizes. To flesh out the
outline given in Figure 2, a precise description of this experiment now follows.

1. Choose a bandwidth B, and orders M, M'.

2. Generate random Wigner d-coefficients { f¥,,,, } where max(|M|, |M'|) < k < B — 1, uniformly distributed
between —1 and 1.

3. Take the inverse DWT of the above coefficients, resulting in the 2 B-many function samples {f(5;) | 0 <

27+1
j§2B—1}Whereﬁj:%.

4. Take the forward DWT of the above sample values, resulting in a new set of d-coefficients, g%, .

5. Compute the error

m]iiX Hf]]\€4M’ - ﬁlX/[M' }

6. Repeat Steps 2 through 5 one hundred thousand times.
7. Compute the average absolute and relative errors over all trials.

The above experiment was run for various bandwidths B, and combinations M and M’. The results obtained
on the 2.4 Xeon are given in Table 1. Runs on other platforms displayed similar behavior.

At the smaller bandwidths, the errors are all acceptably and gratifyingly small. However, a careful exami-
nation of Table 1 reveals that as the bandwidth increases, the relative error eventually approaches values that
may give one pause. By the time we reach bandwidth B = 1024, we are seeing relative errors roughly on the



Bandwidth B || M =M'=0| M =B/2, M'=0 | M =M'=B/2

16 2.0990e-12 2.1644e-12 1.9806e-12
9.8256e-11 3.7374e-11 2.6711e-11

32 2.3308e-12 3.3753e-12 2.3639e-12
3.4070e-10 2.5885e-10 3.0303e-10

64 1.1389e-11 9.1509e-12 1.1076e-11
3.7872e-09 1.5096e-09 1.6904e-09

128 3.5974e-11 2.8620e-11 3.6464e-11
3.2129e-08 8.0481e-09 4.5913e-08

256 1.2473e-10 9.2109e-11 1.0939e-10
2.0330e-07 4.1057e-08 8.3698e-08

512 5.5025e-10 2.9709e-10 4.6540e-10
1.6429e-06 1.6119e-07 7.4623e-07

1024 2.1756e-08 9.3919e-10 1.5819e-08
3.1479e-04 5.6260e-07 8.0374e-05

Table 1: Discrete Wigner Transform average absolute (first row) and relative (second row) errors, as obtained on
the Intel 2.4 GHz Xeon. The errors for the case B = 1024 are the average of 1,000, and not 100,000, iterations.
As symmetry of the d-function would encourage one to predict, errors for the case M = 0, M’ = B/2 were, for
all practical purposes, similar to the case M = B/2, M’ = 0.

Bandwidth 16 32 64 128 256 512 1024
Forward DWT || 2.3000e-06 | 4.8000e-06 | 2.0900e-05 | 9.6200e-05 | 4.3070e-04 | 1.7334e-03 | 6.7300e-03
Inverse DWT 1.1000e-06 | 5.2000e-06 | 2.2500e-05 | 9.1200e-05 | 4.2550e-04 | 1.6697e-03 | 6.7200e-03

Table 2: Average CPU runtimes (in seconds) of the forward and inverse M = 0, M’ =0 DWT on the Xeon.

order of 107°. However, as will be detailed in Section 5.2, when results of the full transform are presented and
discussed, practicalities render any causes of concern at these larger bandwidths unnecessary.

In Figure 3, we show the average CPU runtime of the forward DWT on four different platforms, at a number
of different bandwidths B. The Wigner functions necessary for the transform were precomputed in advance.
Runtimes for the inverse transform were comparable to those of the forward transform. Some numbers indicating
this are shown in Table 2.

Precomputing itself does not take long. On the Xeon, for B = 1024, it takes roughly 0.04 seconds to compute
the Wigners necessary for a forward transform. However, in our particular implementation, precomputing for
the inverse transform takes about 4 times as long. The reason? To obtain the sampled Wigners necessary for the
inverse transform, we are simply transposing the matrix of sampled Wigners needed for the forward transform.
This takes time. We will see later how matrix transposition becomes a real issue in doing a Fourier transform
over the full group.

We find it interesting, from a cultural standpoint, that even on the older ‘slow’ 800 MHz machine, the DWT
is still quite fast. E.g. While the 800 MHz is more than twice as slow as the Xeon, at bandwidth = 64, it
still takes the 800 Mhz only about 10~° seconds to do a DWT. Of course, this is just for a single DWT. Speed
becomes a more pertinent issue when considering the full transform.

Now the astute reader may ask why the naive method was used in computing the Wigner-d coeflicients.
Since the d-functions are trigonometric polynomials, certainly methods such as those of Dilts [3] (also called
“semi-naive” in [12]) could be used and the discrete sums evaluated in the “discrete cosine transform” domain.

Indeed, as is observed in [19], one could take advantage of the three-term recurrence the Wigner d-functions
satisfy, and hence employ the techniques of Driscoll and Healy [4], Driscoll, Healy and Rockmore [5], or their
more numerically stable variations [12]. The rationale for our “naive” decision will be given in following section.
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Figure 3: Average CPU runtime for a Wigner Transform on four different platforms: the 833 MHz Alpha, the
1.66 GHz Athlon, the 800 MHz P-III, and the 2.4 GHz Xeon.

5.2 Nice 'n’ SOFFT

The basic structure of the experiment described in Figure 2 was preserved when doing a Fourier transform over
the entire group.

1. Choose a bandwidth B.

2. Generate random Fourier coefficients, { f]lw a} over the appropriate ranges of [, M and M’. There are
B

— (4 B? - 1) many coefficients. Real and imaginary parts of the coefficients are values uniformly dis-
tributed between —1 and 1.

3. Compute the inverse SOFFT of the above coefficients, resulting in values of the function f(a,(,7)
sampled on the equiangular 2B x 2B x 2B grid.

4. Compute the forward SOFFT of the above sample values, resulting in a new set of Fourier coefficients,
{Ghar}-

5. Compute the error

Jaz Y
MM — 9MmMMm

max
1M, M’

6. Repeat Steps 2 through 5 ten times.

7. Compute the average absolute and relative errors, and their standard deviations, over the ten trials.

Note that by going from spectral to spatial to spectral representations, we ensure that the we are truly dealing
with band-limited functions f € L2(SO(3)). Furthermore, the Fourier coefficients in Step 2 are randomly
generated without the constraint of ensuring that the resulting sample values should be strictly real, e.g. as is
done in [15].

We implemented four fundamentally different versions of the full SO(3) Fourier transform, with a variant
or two thrown in. The full transform may be treated as two components: the “regular” FFT portion (eqns.
17-18), and the DWT portion (eqn. 19). With this in mind, here they are:

11



e Plain: The FFT portion is computed via the home-grown FFT available as part of SpharmonicKit. The
DWT is evaluated for all legal M and M’ computing the Wigner-d’s on the fly as needed.

e Sym: As for Plain, the FFT portion is computed via the home-grown FFT. However, we take advantage
of the symmetries the Wigner-d enjoy and get as much mileage out of each set as possible, e.g. the
Wigner-d functions needed for orders M = 4, M’ = 14 may also be used for orders M = 14, M’ = 4, and
M =4, M’ = —14, and so on.

e FFTW: The DWT is evaluated as in Sym, but the FFT portion is computed via the routines in FFTW.
e FFTW-PC: Just like FFTW, except that all the Wigner-d functions are precomputed in advance.

These different implementations all exhibit the same stability behavior. Their real differences become apparent
when the question of CPU time is addressed.

Stability The results of the above experiment, when running Sym on the Xeon, are given in Table 3. Results
on the other platforms are comparable. Quite clearly, at the bandwidths tested, the implementation is quite
stable.

[ Bandlmit | 8 [ 16 | 32 [ 64 [ 128 |
Average Error | 1.6147¢-12 | 5.7296¢-12 | 1.5481e-11 | 1.1007¢-10 | 7.0047¢-09
Std Dev | 1.4289e-13 | 7.4973¢-13 | 1.4024e-12 | 1.4696e-10 | 1.8530e-08
Relative Error | 1.4330e-11 | 1.0247e-10 | 8.9718¢-10 | 5.3790e-09 | 4.1743¢-07
Std Dev | 1.4069¢-11 | 4.9962¢-11 | 6.6493¢-10 | 4.5457¢-09 | 8.7350e-07

Table 3: Average absolute and relative errors, over ten iterations, of Sym, when run on the Xeon.

Now, the reader will note that the full transform is run only through bandwidth B = 128. The reason for
this is quite simple: we ran out of memory! Or, to be more precise, the computer ran out of memory. For each
doubling of the bandwidth, memory requirements increase eight-fold. Suppose the C code uses the data type
double, which is 8 bytes long. If we make the reasonable assumption that there should be sufficient RAM to
contain both the input data, all (2B)3 sample values, and the Fourier coeflicients, all % (4 B? — 1) of them,
then for problem size B = 128, we would need nearly 150 megabytes of RAM. For B = 256, requirements would
blossom to over 1 gigabyte! And we are not even considering the memory necessary for temporary storage,
e.g. matrix transposing. So this is the downside. The upside is that we cannot even an attempt to compute a
Fourier transform on the full group at a bandwidth where the numerical stability of the DWT we know (by the
results of Section 5.1) to be suspect.

Running Times The four different versions of the algorithm were run on all four different platforms. At the
smaller bandwidths, B = 8,16 and 32, in order to obtain as accurate a timing result as possible, the experiment
described at the beginning of this section was slightly modified. First a random set of coeflicients was generated.
Then the stopwatch would be turned on, and the inverse transform would be performed (on that one set of
coefficients) X-many times, then the stopwatch would be turned off. This would be repeated for the forward
transform, using the random sample points just obtained. For B = 8, 16, X = 1000, and for B = 32, X = 100.
The remaining bandwidths used X = 10.

Furthermore, the different machines had different amounts of RAM. We ran the tests for as large as possible
on the particular machine. And it is always possible the amount of RAM affected performance. Still, we believe
our results are fairly indicative of what might be expected on other platforms.

Finally, using FF'TW involves first generating a “plan” before carrying out the actually Fourier transforms. A
plan contains information on how to most efficiently perform the Fourier transform on that particular platform.
The responsibility of determining how hard FFTW should try in finding the optimal transform is up to the user.
In our tests, the FFTW level we used was FFTW.MEASURE. In addition to this, we freely admit the possibility
that more efficient plans than our’s is possible.
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In Figure 4 we plot the average CPU runtime (in seconds) of the forward SO(3) transform. In order to
provide a little more quantitative“meat,” in Table 4 we give the average runtimes of the SO(3) transform on
the Xeon, both forward and inverse.

[Band-limit | 8 [ 16 [ 32 | 64 | 128 |
Plain 2.8800¢-03 | 3.2120e-02 | 3.2610e-01 | 3.1180e+00 | 3.5070¢+01
2.9100e-03 | 3.1650-02 | 2.9960e-01 | 3.1240e+00 | 3.5771e+01
Sym 1.32000-03 | 1.5390-02 | 1.6850e-01 | 1.4890e+00 | 1.6631c+01
1.53000-03 | 1.3230e-02 | 1.2510e-01 | 1.1970e+00 | 1.3544e+01
FFTW 5.2000e-04 | 6.7900e-03 | 7.2200e-02 | 7.2000e-01 | 8.2510e+00
5.6000e-04 | 7.0700e-03 | 7.6300e-02 | 7.9700e-01 | 8.8970e+00
FFTW-PC | 2.9000e-04 | 4.9600¢-03 | 5.3900¢-02 | 5.2200e-01
3.2000e-04 | 5.4400e-03 | 5.8500e-02 | 5.6000e-01

Table 4: Average CPU runtime (in seconds) for the Forward (first row) and Inverse (second row) SO(3) transform
on the Xeon.

As is no surprise, FFTW-PC performed fastest on all four platforms, and Plain the slowest, although by
how much might not be apparent in Figure 4. Therefore, in Figure 5 we plot the ratios of the runtimes for
Sym, FFTW, and FFTW-PC versus Plain.

Figure 5 appears to confirm the following rules of thumb: taking advantage of the symmetries of the Wigner-
ds speeds up the runtime by roughly a factor of 2 over Plain, and FFTW plus symmetries buys a factor of
4 speed-up. However, precomputing the Wigner-ds plus FFTW plus symmetries yields a noticeable, though
not particularly dramatic, gain in performance only on the Xeon. A similar less-than-spectacular gain was
observed when we assumed that the function was strictly real-valued. (This assumptions introduces an additional
symmetry in the coefficients which can be used for computational advantage.

These results were somewhat disappointing, and they very much relate to the matter raised earlier, concerning
why the semi-naive, or Driscoll-Healy based algorithms were not employed in evaluating the DWT. Both of
these algorithms depend, in part, on precomputed data, such as the DCT coefficients of the Wigner-d functions.
Indeed, a semi-naive version of the DWT was coded up and tested in a full SO(3) transform, but the runtimes
were basically no different from those obtained with FFTW-PC, which themselves are not significantly different
from FFTW. This made us skeptical that a Driscoll-Healy based algorithm would offer much more efficiency.

We are not certain why we are failing to see much improvement in the runtimes. However, we do believe
we can identify some of the causes. (Which causes are the critical ones, that we do not know for certain.)
One is memory, or lack thereof. The problem sizes we are able to run at may be too small to see the gains
the asymptotic analyses predict. And this relates to the hidden constant in these analyses - the overhead. An
integral part of the algorithm, as far as an actual implementation is concerned, is the matrix transpose. After
all, not only are the arrays large, but one has to transpose them. This is a significant portion of the runtime.
On the Xeon, more than 40% of the time spent doing a bandwidth B = 64 forward SO(3) transform is spent
transposing matrices. For B = 32, this figure approaches 75% ! This encourages us to believe that B would
have to be pretty large before an algorithm like semi-naive would present a big win over, say, FFTW-PC.
Indeed, it could be argued that precomputing does not yield such significant improvement, either.

We tried many variations of the code, to reduce the number of matrix transpositions, e.g. having a different
ordering the data prior to transforming; letting FF'TW do the matrix transposing by means of a cleverly chosen
plan. For us, the performance gained in doing these things was barely perceptible.

Now, we do not mean to imply that this precludes the possibility of, an optimal semi-naive or Driscoll-Healy
like SO(3) transform at bandwidths within our realm. Rather, given how our code is structured, we do not
think it is possible. However, the reader should keep in mind that the “slow” algorithms we have tested are, in
terms of absolute CPU time, still pretty fast, and hence may be of real use.
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6 Applications

Given two functions on the sphere, f and h, and the knowledge that h is a rotated version of f, i.e. f = A(g)h
where g € SO(3), how does one find that g 7 Phrased another way, we have a pattern f, and we wish to
identify its latitude, longitude, and orientation, on the sphere. This can be accomplished by correlating the two
functions:

Cla) = [ 1) RG] de

and finding the g that maximizes the above integral. This has a number of useful applications, in such diverse
areas as molecular biology [16], and 3-D shape-matching [14].

Now, instead of undertaking the time-consuming task of evaluating C(g) for all possible rotations, we may
efficiently determine the maximum g by means of the FFT on SO(3). We develop this as follows. First of all,
since f and h are both functions defined on the sphere, we may take their Fourier expansions:

.f€L2S2 Zzalmlm

I m|<l
o he L(S?), hw) =Y > bimYim(w
I |m|<I

We wish to find the g € SO(3) which maximizes

Let us write things out in gory detail ...

Clg) = . f(w) A(g)h(w) dw

- / SN Y@ | [AD S S b Y (@) | d

1 |m|<l U<l

- Z Z Z Z aim bum ’/ Vi (w) A(g) Yy (w) dw (30)

U ml<L U m/|<U

At this point, we can achieve some simplification. The integral in (30) equals 0, unless I =1’. Therefore, we can
remove a summation:

Z Z Z Alm blm/ Ylm lem’( )dw (31)

U |m|<l|m/|<I

Recall that under rotation, a spherical harmonic of degree [ is transformed into a linear combination of
spherical harmonics of the same degree. In terms of the Wigner-Ds, we can express this as:

9)Yim(w) = Y Yie(w) D (9). (32)

k<1

Therefore, we may write (31) as

C(9)

ZZ Z almblm/ Yim (w ZYlk km, (9) dw

1 |m|<l|m/|<L k<1

20 > D ambw D fon / Yim (W) Yir(w) dw (33)

U |ml <t jm|<U k| <l
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We are nearly there. Note that the integral in (33) is equal to 0 unless k = m. This being the case, and
using two of the many symmetries the Wigner-D functions satisfy, we can zap one of the summations:

o) = S5 aw buw DY L(9)

U ml<t jm’| <l

= 33> am b (1) DY, ()

U jml<t jm| <l

= >3 Y b (F)" DY) (34)

U ml<t jm’| <l

That’s it. That’s the recipe.

So, if f and h are band-limited, combining the Fourier coefficients of f and h thusly and then taking the
inverse SO(3)-Fourier transform of the result, we can efficiently evaluate the correlation C(g) of f and h, at
a whole slew of ¢g’s. Then we can easily find which rotation g maximizes C(g). In other words, if we knew in
advance that h was some rotated copy of f, we would know which ¢ satisfies f = A(g)h.

In the next section, we will show some examples of correlating via the technique just described.

7 An Example: Correlation

In order to investigate the viability of pattern-matching on the sphere via FFTs on SO(3), we applied the
technique described in the previous section on a variety of images. Those results, which are presented in this
section, are quite promising.

In Figure 6, we show the signal, pattern, the difference between the signal and aligned pattern. The difference
image is shown on the “unrolled” sphere, with the north pole being the top horizontal line, and the south pole
the bottom. The bandwidth is B = 128. The total CPU running time, from computing the spherical coefficients
of both signals through finding the optimal rotation, on the Xeon, was about 10 seconds. We used FFTW for
the inverse SO(3) Fourier transform, for this and all examples within this section.

The original data was a 256 x 256 square image, i.e. sampled in the plane. We simply interpreted the samples
as instead living on the equiangular 256 x 256 grid on the sphere. Using this grid means we are treating the
signal as a bandwidth B = 128 signal. We then took the forward and inverse S? Fourier transform, resulting in
samples of a truly bandlimited signal. To rotate, we “massaged” the S? Fourier coefficients with the Wigner-D
functions, as prescribed by Eqn. 5.

Also in Figure 6, we plot the values of the parameters «, 3, and v which yield the maximum value of C(g),
as a function of the maximum degree of Y;"s used in the correlation. The plot is only through degree [ = 9,
because by that point, we know the three angles as well as we are going to. Indeed, in this case, as is apparent,
correlating using only up to the degree 2 spherical harmonics is sufficient to yield the final answer. Higher
degree harmonics do no improve the results. (Later examples will show this is not always the case. Higher
degree harmonics are at times necessary.) Qualitatively, we can view this as indicating how small angular
features we need to accurately find the pattern in the signal.

Before going further, we feel it appropriate to clarify what we mean by “maximum degree of Y;'s.” A
band-limited function f € L?(S?) has the following expansion:

If we say that the maximum degree of Y} used was, say, 5, then we are setting equal to 0 all those coefficients flm
where [ > 6. In the correlation routine, this zeroing is done prior to using the coefficients to construct Eqn. 34,
the Fourier expansion of C(g), and hence prior to taking its inverse SO(3) Fourier transform. Note that it is
still a bandwidth B inverse transform being performed. Doing this can be considered in one of two ways, as
either correlating smoothed versions of the two spherical functions, or taking the inverse SO(3) transform of a
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smoothed version of C(g), e.g.

5
Clg) =" a1 b (=1)"7 DY) (9),

1=0 |m| <t |m/|<1

which amounts to the same thing. It is not the case that one interpretation is superior to the other. They are
just two different ways of looking at the same thing. Different strokes for different folks.

Before going on to the next example, there is one more point we wish to make. The average relative error
between the signal and aligned pattern is 0.0212. This may seem unacceptably large to some, but bear in mind
what we are doing. We wish to find the rotation g € SO(3) which maximizes C(g). This is done under the
assumption that there is, in fact, some g € SO(3) such that f(w) = A(g)h(w). However, the gs we are trying
are points on a particular 2B x 2B x 2B grid. The “true” g, where equality holds, may not lie on this grid. In
this case, the g we find is, in some sense, the “next best g.” That is the case in this example.

In another experiment we performed (with the same image as in this example), the true angles, showing all
the non-zero decimal places, were

a = 1.006291
8 = 3.000466
v = 2.012582.

The angles we found, which lie on the grid, were

a = 1.006291396852981
8 = 3.000466421104314
v = 2.012582793705961.

The average relative error in this case, between the aligned pattern and signal, was 2.5259 x 1076, So the error
descreases, the closer the true g lies on the grid.

This also results in the following, but completely reasonable, situation. Correlating a signal with itself (i.e.
the pattern equals the signal - no rotations are involved), will not yield « = 8 =~ = 0, but rather 8 = 7/(4B),
where B is the bandwidth, and « and 7 such that o + v = 27. At least, this is what our code gives us!
The “behavior” of the o and v might seem reasonable, but what about the 37 Recall where we are sampling:
B; =7(2j +1)/(4B). And when j = 0, we have § = n/(4B). Bingo.

In our second example, we stereographically projected MR images onto the sphere, placing samples on the
appropriate equiangular grid. The interpolation was done using Mathematica. The bandwidth was B = 128.
Results are shown in Figure 7. The reader should compare these results with Figure 6, noting the minimum
degree Y, required in order to achieve the optimal correlation. It at least indicates that sometimes one has to
go higher than degree 2 spherical harmonics.

Up to this point, the bandwidth of the inverse SO(3) Fourier transform was identical to the bandwidth of the
spherical functions we were correlating. However, wanting to do a larger bandwidth B correlation, we quickly
run into the problem of RAM (at least for the routines in our test suite). Around 4.5 GBs of ram (ouch) is
required for a B = 256 correlation versus around 560 MB for for a B = 128 correlation.

This motivated us to do the next best thing. While the spherical functions we want to correlate may have
bandwidth B = 256, there is no reason why the inverse SO(3) Fourier transform needs to be run at that same
bandwidth.

Figure 8 shows the results of our efforts. As with the previous experiment, the data was sterographically
projected onto the sphere. The original spherical functions were of bandwidth 256, but the correlation function
C(g) was treated as having bandwidth 128. Granted, we are effectively correlating smoothed versions of the
original functions, but visually, the alignment we achieve is quite satisfactory.

The results of Figure 8 show some minor “juggling,” with regards to determining the rotation angles «, (8
and -, as functions of the maximum degree Y, used. This is at least partially a result of the “true” rotation
not being on the grid of rotations we are sampling.

To see what would happen otherwise, we did the following. The original signal, let us call it S, was of
bandwidth 256. We rotated the signal by an amount that would be sampled ezactly on B = 128 SO(3) grid.

16



(So if any experiment is doomed to succeed, this is it.) Call this rotated signal RS. It is still of bandwidth 256.
We then computed the optimal rotation angles a, 5 and 7, treating C(g) as a B = 128 function. The angles we
are looking for are to rotate S to match RS. Our results are shown in Figure 9. As can be seen, even though
we are correlating with smoothed verions of S and RS, we recover the angles spot on right, and practically
immediately, judging from the maximum degree of Y;"* required.

We also tried out correlating geophysical data. The data we obtained was from the National Geophysical
Data Center [22]. The particular dataset we used was the ETOPO5 5-minute gridded elevation dataset [7]. Our
goal was to see how well we could find a particular coastline somewhere in the world.

To place the data on the sphere, we proceeded as follows. We took the original, 5-minute gridded elevation
data and, using Mathematica, made a function which interpolated those data points, and then evaluated that
function on the B = 128 bandwidth grid, i.e. the grid the sampling theorem says where one should sample in
order to do a Fourier transform of a function f € L2(S?). So we have a grid of size 256 x 256. Figure 10 shows
the data both on the sphere and “unrolled.”

To obtain the coastline we performed, admittedly very crudely, edge-detection on the “sent to the B = 128
grid” data, including manually adding and removing the non-zero pixels until we got something we were satisfied
with.

In Figure 11, we show our success in detecting the Atlantic coasts of the Americas. In the panel on the left,
we show the world and where the coast belongs. The right panel shows the rotated world (this is our signal)
and where correlation places the coastline. There is excellent agreement.

However, things are not so good when we consider a smaller coastline. Consider Figure 12. ‘Oops’ says
it right! What might be happening? Any number of things, we believe. First of all, there is the fact that
we were sloppy in defining the coast, and this would have contributed in the second reason. The coast is not
truly bandlimited. (Neither is the original, non-rotated world, for that matter.) Indeed, given that the coast
is basically a jagged line, we might say that it is highly non-bandlimited. When taking its spherical Fourier
transform, we are projecting the coast onto the space spanned by spherical harmonics of maximum degree
L = 127. This degree might not be large enough to capture all the subtle features of the coastline. As a result,
the correlation misplaces the coast.

The reason why the results were good in Figure 11, we believe, is that there the coast is long enough that
the subtleties being missed are not critical. The longer coast has sufficient “mass,” if you will, to line up in only
one spot, albeit, as seen in Figure 13, we might need the entire bandwidth in order to rotate it to the proper
position on the globe.

On the bright side, the results of Figure 12 do establish the following corollary.

Corollary 7.1 A bandwidth B greater than 128 is required for there to be at least hope of recovering Pangea.
Le.

Span{Y;™ | 0 <1< 128, |m| <} # Pangea.

8 Conclusions

We have developed and discussed an algorithm for the efficient computation of the Fourier transform of func-
tions defined on SO(3). Such efficient algorithms have uses in a wide vaiety of fields, such as searchable 3-D
databases [25] and molecular biology [16].

This implementation differs from that of [24], as it allows easy use of efficient implementations of DWT
algorithms, including those based on Dilts [3], and the more sophisticated Driscoll-Healy based methods [12],
which depend in part on the three-term recurrence the Wigner-d functions satisfy.
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Figure 4: Average CPU runtime for the different Forward SO(3) transforms.
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Figure 5: Ratios of average CPU runtime for the different Forward SO(3) transforms.
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Figure 6: Rotating the pattern to match the signal. The bandwidth is B = 128. In the lower left we show
the difference between the signal and aligned pattern on the unrolled sphere (the South Pole is at the bottom,
the North Pole at the top). The lower right panel shows the rotation parameters «, 3, and « which yield the
maximum value of C(g), as a function of the maximum degree of ¥;s used in the correlation.
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(a) Signal (b) Pattern

(c) Difference (d) Angles

Figure 7: Rotating the pattern to match the signal. The signal is shown from beneath the sphere, i.e. from
our vantage point, the South Pole is at the center of the image. The bandwidth is B = 128. The pattern lives
primarily in the Northern hemisphere. The difference image is rendered on the sphere where, as with signal,
the South Pole at the center. The lower right panel shows the rotation parameters «, 3, and v which yield the
maximum value of C'(g), as a function of the maximum degree of ¥;"s used in the correlation.
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(a) Signal (b) Pattern

(c) Difference (d) Angles

Figure 8: Rotating the pattern to match the signal. The signal and pattern are shown from beneath the sphere,
i.e. from our vantage point, the South Pole is at the center of the image. The difference image, the absolute
value of the signal - the rotated pattern, is shown from the same vantage point. The bandwidth of the signal
and pattern are both B = 256, but the bandwidth of the inverse SO(3) transform was B = 128. The lower
right panel shows the rotation parameters «, (3, and 7 which yield the maximum value of C(g), as a function of
the maximum degree of Y¥;™s used in the correlation.
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(a) Signal (b) Pattern
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Figure 9: Rotating the pattern to match the signal. The signal and pattern are both shown from beneath the
sphere, i.e. from our vantage point, the South Pole is at the center of the image. The difference image, the
absolute value of the signal - the rotated pattern, is shown from the same vantage point, with the South Pole
at the center. The bandwidth of the signal and pattern are both B = 256, but the bandwidth of the inverse
SO(3) transform was B = 128. The difference image is somewhat misleading, in that the alignment looks worse
than it really is. The average relative error of the difference image is on the order of 10712, The lower right
panel shows the rotation parameters «, (3, and v which yield the maximum value of C(g), as a function of the
maximum degree of Y,*s used in the correlation.
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Figure 10: The world: On S? and unrolled.
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Figure 11: The left panel shows the world and the correct location of the coast. The right panel shows the
rotated world (our signal) and where correlation places the coast.
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Figure 12: The left panel shows the world and the correct location of the coast. The right panel shows the
rotated world (our signal) and where correlation places the coast. Oops!
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Figure 13: The Euler angles as a function of the maximum degree of ¥;™ used in the correlation. The left panel
corresponds to the successful alignment shown in Figure 11, and the right panel to the ‘oops’ result in Figure 12.
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