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Abstract

Flows over time (also called dynamic flows) generalize standard network flows
by introducing an element of time. They naturally model problems where travel
and transmission are not instantaneous. Traditionally, flows over time are solved
in time-expanded networks that contain one copy of the original network for each
discrete time step. While this method makes available the whole algorithmic tool-
box developed for static flows, its main and often fatal drawback is the enormous
size of the time-expanded network. We present several approaches for coping with
this difficulty.

First, inspired by the work of Ford and Fulkerson on maximaiflows over
time (or ‘maximal dynamia-t¢-flows’), we show that static, length-bounded flows
lead to provably good multicommodity flows over time. Second, we investigate
‘condensed’ time-expanded networks which rely on a rougher discretization of
time. We prove that a solution of arbitrary precision can be computed in poly-
nomial time through an appropriate discretization leading to a condensed time-
expanded network of polynomial size. In particular, our approach yields fully poly-
nomial time approximation schemes for the NP-hard quickest min-cost and multi-
commodity flow problems. For single commodity problems, we show that storage
of flow at intermediate nodes is unnecessary; and our approximation schemes do
not use any.

1 Introduction

While standard network flows are useful to model a variety of optimization problems,
they fail to capture a crucial element of many routing problems: routing occurs over
time. In their seminal paper on the subject, Ford and Fulkerson [12, 13] introduced
flows with transit times to remedy this and described a polynomial-time algorithm to
solve the maximum flow-over-time, also called the maximum dynamic flow problem.

*Different parts of this work have appeared in a preliminary form in [6] and [7].
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LEarlier work on this topic referred to the problemsigmamic flowproblems. Recently the terdynamic
has been used in many algorithmic settings to refer to problems with input data that arrives online, or changes



In addition to the normal input for classical network flow problems, each arc also has
a transit time. Theransit timeis the amount of time it takes for flow to travel from the

tail to the head of that arc. In contrast to the classical case of static fldesy aver
timein such a network specifies a flow rate entering an arc for each point in time. In
this setting, the capacity of an arc limits the rate of flow into the arc at each point in
time. In order to get an intuitive understanding of flows over time, one can associate
arcs of the network with pipes in a pipeline system for transporting some kind offluid.
The length of each pipeline determines the transit time of the corresponding arc while
the width determines its capacity. A precise definition of flows over time is given later
in Section 2.

Flows over time may be applied to various areas of operations research and have
many real-world applications such as traffic control, evacuation plans, production sys-
tems, communication networks (e.g. the Internet), and financial flows. Examples and
further applications can be found in the survey articles of Aronson [2] and Powell, Jail-
let, and Odoni [33]. However, flows over time are most likely significantly harder than
their standard flow counterparts. For example, both minimum cost flows over time and
fractional multicommodity flows over time are NP-hard [19, 25], even for very simple
series-parallel networks.

1.1 Results from the Literature

Maximum flows over time. Ford and Fulkerson [12, 13] consider the problem of
sending the maximal possible amount of flow from a source noiea sink nodet

within a given time7". This problem can be solved efficiently using one min-cost flow
computation on the given network. Ford and Fulkerson show that an optimal solution
to this min-cost flow problem can be turned into a maximal flow over time by first
decomposing it into flows on paths. The corresponding flow over time starts to send
flow on each path at time zero, and continues to send flow on each path so long as there
is enough time left in th&" time units for the flow along the path to arrive at the sink.

A flow over time featuring this structure is callésmporally repeated

Quickest flows. A problem closely related to the problem of computing a maxigal
t-flow over time is thejuickests-t-flow problem Send a given amount of flow from the
source to the sink in the shortest possible time. This problem can be solved in polyno-
mial time by incorporating the algorithm of Ford and Fulkerson in a binary search
framework. Using Megiddo’s method of parametric search [27], Burkard, Dlaska,
and Klinz [3] present a faster algorithm which solves the quickestlow problem

in strongly polynomial time.

Earliest arrival flows. An earliest arrival flowis an s-t-flow over time which si-
multaneously maximizes the amount of flow arriving at the sink before tdmfer

over time; and the goal of the algorithms described is to modify the current solution quickly to handle the
slightly modified input. For the problem of dynamic flows, the input data is available at the start. The
solution to the problem involves a describing how the optimal flow changes over time. For these reasons, we
use the term “flows over time” instead of “dynamic flows” to refer to these problems.

2We take a purely macroscopic point of view which does not involve any fluid dynamics.



all & € [0,T). Gale [14] observes that these flows exist; and Wilkinson [35] and
Minieka [28] give equivalent pseudo-polynomial-time algorithms to find them. These
algorithms essentially use the successive shortest path algorithm (where the transit
times are interpreted as arc lengths) in order to find a static flow which is then turned
into a flow over time similar to Ford and Fulkerson'’s algorithm. The resulting solution
is also alatest departure flowi.e., a flow over time which simultaneously maximizes
the amount of flow departing from the source after timéor all 6 € [0, T') (subject to

the constraint that the flow is finished by tiri@. A flow over time which is both an
earliest arrival flow and a latest departure flow is caliedversally maximal flow over
time Hoppe and Tardos [23, 22] describe a polynomial-time approximation scheme
for the universally maximal flow problem that route$ & ¢ fraction of the maximum
possible flow that can reach the sitby time g, for all 0 < 6 < T. Problems with
time-dependent arc capacities have been considered by Ogier [29] and Fleischer [10].

Flows over time with costs. Natural generalization of the quickest flows and maxi-
mum flows over time can be defined on networks with costs on the arcs. The problem
can be to either find a minimum cost flow with a given time horizon, or find a quickest
flow within a given cost budget. Klinz and Woeginger [25] show that the search for

a quickest or a maximurs-t-flow over time with minimal cost cannot be restricted to

the class of temporally repeated flows. In fact, adding costs has also a considerable
impact on the complexity of these problems. Klinz and Woeginger prove NP-hardness
results even for the special case of series parallel graphs. Moreover, they show that
the problem of computing a maximal temporally repeated flow with minimal cost is
strongly NP-hard.

Orlin [30] describes a polynomial-time algorithm to compute an infinite horizon,
minimum cost flow over time that maximizes throughput. The infinite horizon problem
does not have specified demand and is not concerned with computing how a flow starts
and stops, issues that are crucial when flow demands are changing over time.

Quickest transshipments. Another generalization of quickest flows is the quickest
transshipment problem: Given a vector of supplies and demands at the nodes, the task
is to find a flow over time that satisfies all supplies and demands within minimal time.
Unlike the situation for standard (static) network flow problems, this multiple source,
multiple sink, single commaodity flow over time problem is not equivalent to-n
maximum flow over time problem. Hoppe and Tardos describe the first polynomial-
time algorithm to solve this problem [24, 22]. They introduce the usehain de-
composable flomshich generalize the class of temporally repeated flows and can also
be compactly encoded as a collection of paths. However, in contrast to temporally
repeated flows, these paths may also contain backward arcs. Therefore, a careful anal-
ysis is necessary to show feasibility of the resulting flows over time. Moreover, the
algorithm of Hoppe and Tardos is not practical as it requires a submodular function
minimization oracle for a subroutine.

Quickest multicommodity flows over time. In many applications, there are several
commodities that must be routed through the same network. While there is substantial



literature on the static multicommodity flow problem, hardly any results on multicom-
modity flows over time are known. Only recently, Hall, Hippler, and Skutella [19]
showed that already in the setting without costs, multicommodity flows over time are
NP-hard. Indeed, it is not known if there always exists an optimal solution that can be
described in polynomial space.

Discrete vs. continuous time model. All results mentioned so far were originally
developed for a discrete time model, that is, time is discretized into steps of unit length.
In each step, flow can be sent from a nadéhrough an ardv, w) to the adjacent
nodew, where it arrives, ., time steps later; herey, .,y denotes the given integral
transit time of argv, w). In particular, the time-dependent flow on an arc is represented
by a time-indexed vector in this model. In contrast to this, in the continuous time
model the flow on an are is a functionf, : RT — RT. Fleischer and Tardos [11]
point out a strong connection between the two models. They show that many results
and algorithms which have been developed for the discrete time model can be carried
over to the continuous time model. Since in this paper we mainly concentrate on the
continuous time model, we give a more detailed discussion of the interrelation of the
two models in Section 4.1.

Time-expanded networks. In the discrete time model, flows over time can be de-
scribed and computed time-expanded networkghich were introduced by Ford and
Fulkerson [12, 13]. Here we assume that all transit times are integral. A time-expanded
network contains a copy of the node set of the underlying ‘static’ network for every
discrete time step. Moreover, for every arin the static network with transit time,,

there is a copy between each pair of time layers with distapaethe time-expanded
network. A precise description of time-expanded networks is given in Section 4.1. Un-
fortunately, due to the time expansion, the size of the resulting network grows linearly
in T'. In the worst casel is exponential in the input size of the problem. This difficulty
has already been pointed out by Ford and Fulkerson.

On the other hand, the advantage of this approach is that it turns the problem of
determining an optimal flow over time into a classical ‘static’ network flow problem on
the time-expanded network. This problem can then be solved by well-known network
flow algorithms, an approach which is also used in practice to solve flow over time
problems. Due to the linear dependency of the size of the time-expanded netwitrk on
such algorithms are termed ‘pseudo-polynomial’, since the run time of the algorithm
depends off" and notlog T'. In general, the size of these networks makes the problem
solution prohibitively expensive.

1.2 Contributions of this Paper

We describe approximation algorithms for flow-over-time problems. All of our al-
gorithms approximate the minimum time horizon of an optimal flow. Thusyan
approximate solution is a flow that solves the original problem and requires at most
« times the optimal time horizon to complete.



Temporally repeated solutions. Inspired by the work of Ford and Fulkerson, we
show in Section 3 that statitength-boundediows in the underlying static network
lead to provably good multicommodity flows over time that can also be computed ef-
ficiently. The resulting approximation algorithm computes temporally repeated solu-
tions and has performance raflo For the more general problem with bounded cost
this approach yields é + ¢)-approximation algorithm. In this context it is interest-
ing to remember that the problem of computing a quickest temporally repeated flow
with bounded cost is strongly NP-hard [25] and therefore does not allow an FPTAS,
unless P=NP. The same hardness result holds for quickest multicommaodity flows with-
out intermediate node storage and simple flow paths [19]. Finally, since a temporally
repeated flow does not use intermediate node storage, our result implies a baund of
on the ‘power of intermediate node storage’, that is, the makespan of a quickest mul-
ticommodity flow without intermediate node storage is at most twice as long as the
makespan of a quickest flow that is allowed to store flow at intermediate nodes.

Approximation schemes. Another main contribution of this paper is to show that
problems that can be solved exactly in the time-expanded network can be solved close
to optimally by a static flow computation in a network with polynomial size. A straight-
forward idea is to reduce the size of time-expanded networks by replacing the time
steps of unit length by larger steps. In other words, applying a sufficiently rough dis-
cretization of time leads to eondensedime-expanded network of polynomial size.
However, there is a tradeoff between the necessity to reduce the size of the time-
expanded network and the desire to limit the loss of precision of the resulting flow
model since the latter results in a loss of quality of achievable solutions.

In Section 4 we show that there is a satisfactory solution to this tradeoff prob-
lem. An appropriate choice of the step length leads to a condensed time-expanded
network of polynomial size that permits a solution completing witfiint- ) times
the completion of a comparable flow in the continuous-time modelzany). More
precisely, a condensed time-expanded network achieving this precisior/sfasme
layers where: is the number of nodes in the given network. One can thus say that the
cost of (1 + ¢)-approximate temporal dynamics for network flow problems is a factor
of n/e? in the size of the network.

This observation has potential applications for many problems involving flows over
time. In particular, it yields a fully polynomial-time approximation scheme (FPTAS)
for the NP-hard quickest multicommodity flow problem. Since costs can easily be
incorporated into time-expanded networks, our approach can be generalized to yield
FPTASes for quickest multicommodity flow problems with cost constraints. Notice
that already quickestt-flows with bounded cost are NP-hard.

Apart from NP-hard problems, we believe that our result is also of interest for flow
problems, like the quickest transshipment problem, which are known to be solvable in
polynomial time. While the algorithm of Hoppe and Tardos [24, 22] for the quickest
transshipment problem relies on submodular function minimization, the use of con-
densed time-expanded networks leads to an FPTAS which simply consists of a series
of max-flow computations.



No storage. Flows over time raise issues that do not arise in standard network flows.
One issue is storage at intermediate nodes. In most applications (such as, e.g., traffic
routing, evacuation planning, telecommunications), storage is limited, undesired, or
even prohibited at intermediate nodes. For single commodity problems, most generally
the transportation problem with costs, we prove that storage is unnecessary and our
FPTAS does not use any.

Earliest arrival flows. Finally, in Section 5 we discuss a variant of time-expanded
networks which are suitable for approximating earliest arrival flows. We address the
following problem: given a set of sources with supplies, and a single sink, send the
supplies to the sink so that the amount of flow arriving at the sink by fiiseD; (9),

the maximum possible, for all < 6. Instead of using a uniform discretization of
time, we introduce ‘geometrically condensed time-expanded networks’ which rely on
geometrically increasing time steps. We use this network to obtain a flow that sends
Dj(0) units of flow to the sink by tim@(1 + ¢) for all 0 < 6.

2 Preliminaries

We consider routing problems on a netwdrk= (V, A) withn := |V'| nodes anah :=

|A| arcs. Each are € A has an associated integtednsit timeor length 7, and a ca-
pacity u.. In the setting with costs, each atalso has a cost coefficient, which

determines the per unit cost for sending flow through the arc. Ar &@m nodev

to nodew is sometimes also denotéd, w); in this case, we writhead(e) = w

andtail(e) = v.

2.1 Static Flows

We start with the definition of single-commaodity flows: L&£{C V be a set of terminals
which can be partitioned into a subset of sourSesand sinksS~. Every source
nodev € ST has a supphyD, > 0 and every sink' ¢ S~ has a demand,, < 0 such
that) ¢ D, = 0. We often consider the case with only one source IV and one
sinkt € V. In this case, we lef := D, = —D;.

A static flowz on A/ assigns every area non-negative flow value. such that the
flow conservation constraints

Z Te — Z Te = 0 forallve V\ S

e€dt(v) e€d— (v)

are obeyed. Heré;" (v) andd~ (v) denote the set of aredeaving node (tail(e) = v)
and entering node (head(e) = v), respectively. The static flow satisfies the supplies
and demand#

o oz — > a2 =D, forallv € S.

ecdt(v) e€d— (v)



For the case of a single sourgend a single sink we also use the termt-flow. An
s-t-flow z satisfying supplyl = D, = —D, hasvalue|z| = d. Finally, a flowz is
calledfeasibleif it obeys thecapacity constraints, < u., for alle € A. The cost of
a static flowz is defined as

c(z) = Zcewe .

ecA

In the multiple commodity setting, there is a set of commodikies- {1,...,k},
each of which is defined by a set of terminals= S;" U S;” C V and demands and
suppliesD,,; for v € S; andi € K. A static multicommodity flow on A/ assigns
every arc-commodity paife, i) a non-negative flow value’ such thatr® := (z%).ca
is a single-commodity flow as defined above foriadl K. The multicommodity flowe
satisfies the demands and supplies'igatisfies the demands and suppligs; for v €
S;. Finally, z is calledfeasibleif it obeys thecapacity constraints.. := xl <
ue, for all e € A. In the setting with costs, the cost of a static multicommaodity flow
is defined as

clx) = > > coial (1)

ecAieK

wherec, ; is the cost coefficient associated with arand commodity.

2.2 Flows Over Time

In many applications of flow problems, static routing of flow as discussed in Sec-
tion 2.1 does not satisfactorily capture the real structure of the problem since not only
the amount of flow to be transmitted but also the time needed for the transmission plays
an essential role.

A (multicommodity) flow over tim¢ on N with time horizonT is given by a
collection of Lebesgue-measurable functighs : [0,7) — R wheref. ;() deter-
mines the rate of flow (per time unit) of commoditgntering are: at timed. Transit
times are fixed throughout, so that flow on arprogresses at a uniform rate. In par-
ticular, the flowf, ;(6) of commodity: entering arc: at timed arrives athead(e) at
time § + 7.. Thus, in order to obey the time horizah we require thaf. ;(#) = 0
for ¢ € [T — 7., T). In order to simplify notation, we sometimes ufe;(¢) for 0 ¢
[0,T), implicitly assuming thay. ;(6) = 0 in this case.

With respect to flow conservation, there are two different models of flows over time.
In the model withstorage of flow at intermediate nodéss possible to hold inventory
at a node which is neither a source nor a sink before sending it onward. Thus, the flow
conservation constraints are integrated over time to prohibit deficit at any node:

€
/ < Z fe,z(g) - Z fﬁ,i(0T6)>d0 <0 (2)
0 \ees+(v) e€6—(v)

foralli € K, ¢ € [0,T),v € V\ S;”. Moreover, we require that equality holds
in(2) fori € K, = T andv € V' \ S;, meaning that no flow should remain in the



T(s,w) = 35 U(s,w) = 2 T(u,8) =25 U =1
s @ > @ >@ :

v

Figure 1: An instance of-t-flows over time given by a network with transit times and
capacities on the arcs.

network after timeZ’. In the model without storage of flow at intermediate nodes we
additionally require that equality holds in (2) for alE K, ¢ € [0,T) andv € V' \ S;.

The flow over timef satisfies the supplies and demands if by tifhehe net flow
out of each terminad € .S; of commodity: equals its supplyD,, ;:

T
/ ( RO fe,iw—re))de - D, @)

e€dt(v) e€d— (v)

foralli € K, v € S;. An s-t-flow over times a single commodity flow from a single
sources to a single sink. An s-t-flow over time satisfying supply = D, = —D;
hasvalue|f| = d.

A flow over time f is feasibleif it obeys the capacity constraints. Here, capagity
is interpreted as an upper bound on the rate of flow entering,are., a capacity per
time unit. Thus, the capacity constraints gré9) < u., forall # € [0,T) ande € A,
wheref.(0) := >, .k fe.i(0) is the total flow into are at time6.

In the setting with costs, the cost of a flow over tighés defined as

T
)= XX [ ety in. (4)

ecAieK

Notice that we overload notation here sing¢e) is already used to denote the cost of a
static flowz. This should not lead to any confusion in the following.

In Figure 1 we give a small illustrating example st-flows over time. In order
to send2 units of flow froms to ¢ in minimum time in the depicted network, one can
choose between several alternatives. One is to send flow a2 fiate the first arc
during the time interval0, 1). Since the transit time of the first arcdsthe two units
of flow will arrive at the intermediate nodeduring the time interval3, 4). Thus, one
can start to send flow at ratento the second arc at tingeand it will take2 time units
until time 5 before everything has been sent into the arc. Then, the flow finally arrives
at the sinkt within the time interval5, 7). The optimal time horizon i§. Notice that
in this solution flow is stored at the intermediate nadeAn alternate solution also
with time horizon7 which avoids storing flow at can be obtained by sending flow at
ratel into the first arc during the time intervl, 2).

2.3 Maximum Flows Over Time and Quickest Flows

Ford and Fulkerson [12, 13] show how to compute a maximtiflow over time by
reducing this problem to a static min-cost flow problem. More precisely, one can turn



an optimal solution: to the statics-t-flow problem with objective functioh
max T |z| — ZTE Te (5)
e

into a maximals-¢-flow over time: It is a well-known result from network flow theory
that any static flowr in A/ can be decomposed into a sum of flows on simple
pathsP € P and flow on cycles. Without loss of generality, flow on cycles is neglected
(i.e., canceled) such thatcan be written as a sum of path-flows: = >, 5. .cp Zp

for all e € A. The resulting temporally repeated flgixsends flow at rate p into each
pathP € P during the time interval0, 7' — 7(P)), wherer (P) := > __p 7. In other
words, f is the sum of path-flows over timg with fp(0) = zp foré € [0, —7(P))
andfp(0) = 0, otherwise. Feasibility of immediately follows from feasibility of:.
Moreover, the flow value is

fl = D (T —7(P)ap = Tla| = Y mew. . (6)

pPeP

The second equality follows sinde p) pcp is a path-decomposition of.

For flows over time, a natural objective is to minimize thekespanalso called
time horizon the timeT" necessary to satisfy all demands. Théckests-t-flow prob-
lem asks for ans-t-flow over time with given valuel and minimum time horizofT".
This problem can be generalized to the setting with bounded flow cost, multiple sources
and sinks quickest transshipment probl¢nand to the case of multiple commodities.

The most general problem that we consider here igjthekest (multicommodity)
transshipment problem (with bounded caasl)ich is defined as follows.

Quickest multicommodity transshipment problem with bounded cost

Given: A network (digraph) with capacities, costs, and transit times on
the arcsk commodities, each specified by a set of sources and sinks
with supplies and demands; a cost budget

Task: Find a multicommodity flow over time satisfying all supplies and
demands with cost at moét and with minimal time horizofT".

Since this problem is NP-hard, we will mostly deal with finding approximate quickest
flow. A natural variant of the stated problem is to bound the cost for every single
commodity: by a budget;, that is,

T
S | fito)do <
0

ecA

for all i € K. All of our results also apply to problems with these additional cost
constraints.

3The objective function considered by Ford and Fulkerson is slightly different from (5) Biiceeplaced
by T"+ 1. In contrast to our work, Ford and Fulkerson consider a discrete time setting where time Horizon
means that flow can be sent&t+ 1 discrete points in timé@, 1,2, ..., 7. For more details on the relation
between the two models we refer to [11].



A Note on Time and Size Bounds. Our time bounds are sometimes expressed in
terms of 7%, the optimal makespan. Since capacities and transit times are integers,
we can assume that at every moment of time, some flow is either progressing towards
a sink, or is arriving at the sink. Thus, we obtain a gross upper bound on the optimal
makespan™ < ). d;+ ) 7.. Aslong as the dependency @1 is polylogarithmic,

the resulting bound is polynomial in size of the input.

3 A Simple Two-Approximation Algorithm

In this section we generalize the basic approach of Ford and Fulkerson [12, 13] to the
case of multiple commodities (with multiple sources and sinks each) and costs. How-
ever, in contrast to the algorithm of Ford and Fulkerson which is based on a (static)
min-cost flow computation, the method we propose employs length-bounded static
flows.

3.1 Length-Bounded Static Flows

While static flows are not defined with reference to transit times, we are interested in
static flows that suggest reasonable routes with respect to transit times. To account
for this, we consider decompositions of static flows into paths. We denote the set
of all paths starting at some source of commodiignd leading to one of its sinks

by P;. A static (multicommodity) flowx is calledT-length-boundedf the flow of

each commodity € K can be decomposed into the sum of flawgson pathsP € P;

such that the length(P) of any pathP € P; with 2%, > 0 is at mostT'.

While the problem of computing a feasible static flow that satisfies the multicom-
modity demands can be solved efficiently, it is NP-hard to find such a flow which is
in additionT-length-bounded, even for the special case of a single commodity. This
follows by a straightforward reduction from the NP-complet&P TION problem. On
the other hand, the length-bounded flow problem can be approximated within arbitrary
precision in polynomial time.

Lemma 3.1. If there exists a feasibl@-length-bounded static flow which satisfies
the multicommodity demands, then, for ary 0, a feasiblg(1 + ¢)7T-length-bounded
static flowz’ of coste(z’) < c¢(x) satisfying all demands can be computed in time
polynomial in the input size and/e.

Proof. We first formulate the problem of finding a feasilifelength-bounded static
flow as a linear program in path-variables. We assume without loss of generality that
each commodity € K has exactly one sourcg and one sink; with supply and
demandd; := D,, = —D,,; the general case with several sources and sinks can be
handled by introducing one super-source and one super-sink for each commodity. Let

Pl .= (PeP |7(P)<T}CP;

be the set of alk;-t;-paths whose lengths are bounded from abové& byrhe cost of

path P ¢ P; is defined as:;(P) := > .pcei. The length bounded min-cost flow

10



problem can then be written as:

min Z Z ci(P) z'

i€K pepT
s. t. Zxﬁgzdi foralli € K,
PePl
Z Z zh < e foralle € A,
i€cK PePlecP
zh >0 foralli € K, P e P}.

Unfortunately, the number of paths #/ and thus the number of variables in this
linear program are in general exponential in the size of the underlying net\orik
we take the dual of the program we get:

max Zdizi - Zueye

€K ecA

St > Wetces) > 2 foralli € K, P € PY,
ecP
Zi,Ye = 0 foralli € K,e € A.

The corresponding separation problem can be formulated as a length-bounded shortest
path problem: Find a shortest-¢;-path P with respect to the arc weighigs + c.;
whose lengthr (P) is at mosftl', thatis,P € P}". While this problem is NP-hard [15], it

can be solved approximately in the following sense: Foramsy0, one can find in time
polynomial in the size of the network” and1/e ans;-t;-path P € P; with 7(P) <
(14-€)T whose length with respect to the arc weights-c. ; is bounded from above by

the length of a shortest path " [21, 26, 31]. Using the equivalence of optimization
and separation [17], this means for our problem that we can find in polynomial time
an optimal solution to a modified dual program which contains additional constraints
corresponding to paths of length at m@st+ )7. To be more precise, we find an
optimal solution to a linear program that is more constrained than the above dual:

max Zdizi — Zueye

ieK ecA

s. t. Z(yejtce’i) >z foralli € K, P € P;,
eeP
ZisYe = 0 foralli e K,ec A,

whereP! C P; C Pi(1+5)T, foralli € K. From this dual solution we get a primal
solution that sends flow of commodifyonly on paths inP;. In particular, sincé?; C
PITET this flow is(1 + £)T-length-bounded. O

Notice that the method described in the proof above relies on the ellipsoid method
and is therefore of rather restricted relevance for solving length-bounded flow problems

11



in practice. However, the FPTASes developed in [8, 16] for multicommodity flow
problems can be generalized to the case of length-bounded flows: Those algorithms
iteratively send flow on shortest paths with respect to some length function. In order
to get al'-length-bounded solution, these shortest path computations must be replaced
by a procedure that computés+ ¢)7-length-bounded shortest péth.

3.2 The Approximation Algorithm

Any feasible flow over tim¢ with time horizonT” and cost at most’ naturally induces
a feasible static flowr on the underlying network/” by averaging the flow on every
arc over time, that is,

. 1 [T
xy = T/o fe,i(6) dO

foralle € A andi € K. By construction, the static flow is feasible and it satisfies
the following three properties, as explained below:

(i) itis T-length-bounded,;

(i) it satisfies a fraction of /T of the supplies and demands covered by the flow over
time f;

(i) c(x) = c(f)/T.

Due to the fixed time horizoff’, flow f can only travel on paths of length at mdst
Thus property (i) is fulfilled. Property (i) follows from (3). Finally, property (iii) is a
consequence of (1) and (4).

On the other hand, given an arbitrary feasible static flaneeting requirements (i),
(i), and (iii), it can easily be turned into a feasible flow over tigavith time hori-
zon 27, meeting the same supplies and demands at the same cgstFas every
commodity: € K, pump flow into every pathP given by the length-bounded path
decomposition of: at the corresponding flow rat€, for 7" time units; then wait for at
mostT additional time units until all flow has arrived at its destination. In particular,
no flow is stored at intermediate nodes in this solution. Therefore we can state the
following structural result on the power of intermediate node storage:

Lemma 3.2. Allowing the storage of flow at intermediate nodes\insaves at most

a factor of2 in the optimal makespan. On the other hand, there are instances where
the optimal makespan without storage at intermediate nodég3isimes the optimal
makespan with storage.

Proof. The bound of2 follows from the discussion above. In Figure 2 we give an
instance with a gap oi/3 between the optimal makespan without storing and the
optimal makespan with storing at intermediate nodes. O

4The algorithms in [8, 16] return a solution of cost at mbst ¢ times the minimum cost, that obeys
capacities and serves at legst_ fraction of the demand. In the context of the approximation algorithm
described in the next subsection, this approximate result is sufficient to still obtaintheapproximation
guarantee. This is because flow can be sent just a little longer on the chosen paths to fulfill all the demand.
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Figure 2: An instance of the quickest multicommaodity flow problem containing three
commoditiesi = 1,2, 3, each with a single sourcg and a single sink;; commodi-

ties1 and3 have demand valug, commodity2 has demand valuz The numbers at

the arcs indicate the transit times; all arcs have unit capacity. Note that an arc with 0
transit time and capacity 1 takes no additional time to cross, but only lets one unit of
flow through per unit time. A quickest flow with waiting at intermediate nodes allowed
takes3 time units and stores one unit of commoditgt the intermediate node = s3

for two time units. However, if flow cannot be stored at intermediate nodes, an optimal
solution takes time.

Notice that the gap ot/3 is not an artifact of the small numbers in the instance
depicted in Figure 2. It holds for more general demands and transit times as well: For
instance, scale all transit times and capacities of arcs by a factoard multiply all
pairwise demands by a factor gf. For the new instance, there is still a gapgf
between the optimal makespan without storing and the optimal makespan with storing
at intermediate nodes.

In view of the discussion before Lemma 3.2, we can now state the core of our
approximation algorithm; see Figure 3. If the given time horiZbns at least as
large as the optimum makespan of the given instance, a static flow fulfilling require-
ments (i), (i), and (iii) exists. In the first step of algorithreNGTHBOUNDED we relax
the length bound in property (i) by a factbr ¢ so that the step can be performed in
polynomial time; see Section 3.1.

We state the main result of this section.

Theorem 3.3. For the quickest multicommaodity transshipment problem with bounded
cost, there exists a polynomial-time algorithm that, for any 0, finds a solution of
cost at most' (cost budget) with makespan at m@st ¢ times the optimal makespan.
Moreover, the computed solution does not store flow at intermediate nodes.

Proof. We embed algorithm ENGTHBOUNDED into a binary search for the optimal
maksparil™. After O(log T*/¢’) steps, we get a guess of the optimal makespan with
precisionl + ¢’ /4, for anye’ > 0. That is, we gef” with

T < T < (1+&/4)T* .

If we call algorithm LENGTHBOUNDED usingT ande := ¢’/4, we get a flow over
time with makespai2 + )T < (2 + ¢’)T*. In the last inequality we assume théais
chosersmall enouglti.e., &’ < 4). O

In Figure 4 we present an instance which shows that the analysis in the proof of
Theorem 3.3 is tight. That is, the performance guarantee of the discussed approxima-
tion algorithm is not better thai
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ALGORITHM LENGTHBOUNDED

INPUT: An instance of the quickest multicommodity transshipment problem with

cost bound”; tentative time horizof"; precisions > 0.

OuTpPUT: A flow over time satisfying all supplies and demands with makespan
at most(2+¢)T and cost bounded hby; or the information that is strictly
smaller than the optimal makespan.

1. Compute a static flow such that

— zis (1 + ¢)T-length bounded;
— z satisfies a fraction /T of the supplies and demands;
— o(x) < CJT;

or decide that no such flow exists. In the latter case stop and olitpst “
T,

2. Turn z into a flow over time satisfying all supplies and demands with
makespan at mos® + )7 and cost bounded by (see discussion in Sect
tion 3.2).

Figure 3: The core of th& + ¢)-approximation algorithm.

3.3 Avoiding the Length-Bounded Flow Computation

In contrast to Ford and Fulkerson's temporally repeated flows, the flows over time
resulting fromT'-length-bounded static flows described before Lemma 3.2 do not nec-
essarily use flow-carrying paths as long as possible with respect to the time hHifizon
Instead, we stop sending flow into all paths at the same Timén the following we
argue that such a flow over time can easily be turned into a temporally repeated flow.

We simply extend the time intervfl, T') during which flow is being sent into each
pathP such that the last flow on pafh arrives at the sink exactly at tin?d". Thus, the
extended time interval for path is [0, 27" — 7(P)). On the other hand, we compensate
for the enlarged time interval by scaling the flow rate on each patt to

~1 T i i

= —_— < .
TPOT op )R =P

Notice that the resulting temporally repeated flow obeys capacities since we have not
increased the flow rate on any path. Moreover, by choicg&.cthe amount of flow that
is sent on any patf? has remained unchanged becai$¢27” — 7(P)) = z%.T.

For the setting without costs, this observation also implies that the length-bounded
flow computation in our algorithm can be replaced by a standard (and presumably
faster) flow computation with costs, where transit times on arcs are interpreted as cost
coefficients. To simplify the presentation of this result, we restrict to the case of only
one sources; and one sink; for every commodityi € K. The scaled flow rates’,

14



Figure 4: An instance wittk commodities showing that the analysis in the proof of
Theorem 3.3 is tight. All arcs have unit capacity and transit times as depicted above.
The demand value of every commodity lis A quickest flow need9™ = k time

units. However, any static flow can satisfy at most a fractioh/éfof the demands. In
particular, the makespan of the resulting flow over time is at ast 1.

discussed above define a static multicommodity fiowet |7¢| be thes;-t;-flow value
of commodity: in Z andd; the demand of commodity Since the temporally repeated
flow with time horizon27 and flow ratesi’, sends exactlyl; units of commodity:
from s; to t;, it follows from (6) that

2T || — Y il = d; foralli e K. 7)
ecA

On the other hand, any feasible static multicommodity floulfilling (7) can eas-

ily be turned into a temporally repeated flow over time satisfying all demands within
time 27": Compute any path decomposition®fand send flow into every path at the
corresponding flow rate as long as there is enough time left for the flow to arrive at its
sink before time2T. This follows again from (6). We can now prove the following
slightly improved approximation result which does not rely on a length-bounded static
flow computation.

Theorem 3.4. There exists &-approximation algorithm for the quickest multicom-
modity transshipment problem. Moreover, the computed solution does not store flow at
intermediate nodes.

Proof. For the sake of simplicity, we again restrict to the case of one single seurce
and one sink; for every commodityi € K. The algorithm first solves the following
flow problem

min T

s.t. 2T & — Z il = d; foreveryie K,
ecA
(#1)eea, icx is a feasible multicommodity flow.
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T=1—¢ c¢=1 T=1—¢, ¢=1

Figure 5: An instance showing that the cost of a temporally repeated flow depends
on the particular path decomposition of the underlying statieflow. Consider the
static flow of value2 in the depicted network with flow valueon every arc. The time
horizon is set t@. There are two possible decompositions of this static flow into a sum
of two path-flows. One of them leads to a temporally repeated flow ofXxestc; the

other one has cogt.

Notice that this program is non-linear since batrand the flow valueg:?| are vari-
ables. On the other hand, it can be seen as a parametric multicommaodity circula-
tion problem by introducing an arc of infinite capacity and cEtfrom ¢; to s; for
all i € K. The problem can thus be solved in polynomial time.

It follows from (7) and the discussion above that the optimal solution VAlisa
lower bound on the time horizon of a quickest flow. Finally, the static fiovan be
turned into a temporally repeated flow over time with time hori2@hby taking an
arbitrary path decomposition af° O

Unfortunately, this result cannot be generalized to the quickest multicommodity
transshipment problem with costs. The reason is that the cost of a temporally repeated
flow is not uniquely determined by the underlying static flow but also depends on the
chosen path decomposition. This has already been observed in [25]. We give an ex-
ample in Figure 5. In fact, it can be shown by a reduction of the NP-complete problem
PARTITION that finding a path decomposition of a given static floyielding a cheap-
est temporally repeated flow is NP-hard.

4 Approximation Schemes for Quickest Flows

In this section we present a framework for obtaining fully polynomial-time approxima-
tion schemes for various quickest flow problems. In Section 4.1 we introduce special
time-expanded networks of polynomial size which are the backbone of this framework.
In Section 4.2 we present the basic idea of our approach and point out fundamental
problems that need to be solved in order to make it work. Then, in Section 4.3 we
discuss the special case of acyclic graphs. Under the assumption that storage of flow
at intermediate nodes is allowed, acyclic graphs are amenable to a simple analysis. On

51f the path decomposition contains paths of length longer ##&nthese paths contribute negatively to
the right hand side of (7). Thus we can remove them along with flow on a set of shorter paths and obtain a
smaller path decomposition.
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the other hand, we show in Section 4.4 that optimal single commodity flows over time
(with costs) do not require storage. Based on this insight, we give a fully polynomial-
time approximation scheme for the quickest transshipment problem with bounded cost
which does not use storage at intermediate nodes in Section 4.5. We describe a gener-
alization of our approach to the multicommodity flow setting in Section 4.6.

4.1 Condensed Time-Expanded Networks

Traditionally, flows over time are solved in a time-expanded network. Given a net-
work A/ = (V, A) with integral transit times on the arcs and an integral time horizon
theT-time-expanded netwodk V', denotedV” is obtained by creating copies of//,
labeledV, throughVz_ 1, with the 8™ copy of nodev denotedvy, § = 0,...,T — 1.
The flow that passes throudf corresponds to flow over time in the intery&J 0 + 1).
For every are = (v, w) in Aand0 < § < T — 7., there is an are, from vy to wy -,
with the same capacity and cost as ard-or each terminab € S;, i € K, there is
an additional infinite capacithioldover arcfrom vy to vgy1, forall0 < 6 < T — 1,
which models the possibility to hold flow at nodeén the time interval6, 6 4 1). We
assume without loss of generality that a source (sink) has no incoming (outgoing) arc
in V. Thus, a terminal is never an intermediate node on a path®flgVe treat the
first copyv, of a sourcev € S as the corresponding source M'; and treat the
last copyvr_1 of a sinkv € S; as the corresponding sink ™. In the model with
storage of flow at intermediate nodes, we introduce holdover arcs for all modéas.
An illustration of a time-expanded network is given in Figures 6 a) and b).

Any static (multicommodity) flow in this time-expanded network corresponds to
a (multicommodity) flow over time of equal cost: for any commodity, interpret the
flow on arcey as the flow rate entering arc= (v, w) in the time interval6, 6 + 1).
Similarly, any flow over time completing by tiniE corresponds to a flow iv” of the
same value and cost obtained by setting the flow,aio be the average flow rate into
over the intervald, 0+1). More details can be found below in Lemma 4.1 (set= 1).
Thus, we may solve any flow-over-time problem by solving the corresponding static
flow problem in the time-expanded graph.

One problem with this approach is that the size\6f depends linearly off’, so
that if T is not bounded by a polynomial in the input size, this is not a polynomial-
time method of obtaining the required flow over time. However, if all arc lengths are
a multiple of A > 0 such that[7T'/A] is bounded by a polynomial in the input size,
then instead of using thé-time-expanded network, we may rescale time and use a
condensed time-expanded network that contains BARA | copies ofV. Since in this
setting every arc corresponds to a time interval of lenyffcapacities are multiplied
by A. We denote this condensed time-expanded network/By A, and the copies
of V in this network byV,A for p = 0, ..., [T/A] —1. CopyV,a corresponds to flow
throughV in the interval[pA, (p + 1)A). An illustration is given in Figure 6 c).

Lemma 4.1. Suppose that all arc lengths are multiples®f and T'/A is an integer.
Then, any (multicommodity) flow over time that completes byTiroerresponds to a

8Under this assumption, the flow storage level of commodityw € S; never exceed®,, ;.
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Figure 6: a) A static networl/ with transit times on the arcs, one sourcand one
sink t; b) the corresponding time-expanded netwdrk with time horizonT = 6;
c) the condensed time-expanded netwafk /A with A = 2; notice that the transit
time of arc(s,w) has been rounded up #oin N7 /A since the original transit timg
is not a multiple ofA (see also Section 4.2).

static (multicommaodity) flow of equal costM” /A, and any flow inV' /A corre-
sponds to a flow over time of equal cost that completes byfime

Proof. Given an arbitrary (multicommodity) flow over time, a modified flow over time
of equal value and cost can be obtained by averaging the flow value of every commodity
on any arc in each time intervgdA, (p + 1)A), p = 0,...,T/A — 1. This modified
flow over time defines a static (multicommodity) flow M? /A in a canonical way.
Notice that the capacity constraints are obeyed since the total flow starting etinarc
interval [pA, (p + 1)A) is bounded byAw.. The flow values on the holdover arcs are
defined in such a way that flow conservation is obeyed in every nadé gA.

On the other hand, a static (multicommodity) flow & /A can easily be turned
into a flow over time. The static flow on an arc with taillip, is divided byA and sent
for A time units starting at tim@A. If the head of the arc is iV, 5 for o > p, then
the length of the arc i&r — p)A, and the last flow (sent before tinje + 1) A) arrives
before time(o + 1)A. Note that if costs are assigned to arcs\6f /A in the natural
way, then the cost of the flow over time is the same as the cost of the corresponding
flow in the time-expanded graph. O

If we drop the condition thaf’/A is integral, we get the following slightly weaker
result.

Corollary 4.2. Suppose that all arc lengths are multiples/f Then, any (multicom-
modity) flow over time that completes by tiffieorresponds to a static (multicommod-
ity) flow of equal value and cost iN7' /A, and any flow inV?' /A corresponds to a
flow over time of equal value that completes before fime A.
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Figure 7: a) A flow over time in the original network. The two packets of flow originat-
ing at noded and2 are sent one after another into #8c4). b) The ‘same’ flow over
time in the network with rounded transit times causes congestion d8 afcsince the
two packets of flow arrive simultaneously on the arc.

4.2 Outline of an Approximation Scheme

The basic idea of our algorithm is to round up transit times to the nearest multiple of

for an appropriately chosefy, solve the static flow problem in the correspondihg
condensed time-expanded network, and then translate this flow back to the setting of
the original transit times. In order to obtain provably good solutions in this way, one
has to make sure that the following two conditions are fulfilled:

4.2.1 the makespan of an optimal solution to the instance with increased transit times
(represented by the condensed time-expanded network) approximates the make-
span of an optimal solution in the original setting;

4.2.2 the solution to the instance with increased transit times can be transformed into
a flow over time with original arc lengths without too much loss in flow value.

Before discussing how to fulfill these conditions, we first give some simple examples to
show that non-trivial problems have to be dealt with to address both (4.2.1) and (4.2.2).

Consider first a (sub)network consisting of four nodés2, 3,4} and three arcs
(1,3), (2,3), (3,4) with unit capacity depicted in Figure 7 a). The transit times
aret13) = A/2, 72,3y = A, andrz 4y = A. Aflow in the graph without rounded
transit times can send /2 units of flow in intervall0, A/2) on each pattP; = 1 —

3 - 4andP, =2 — 3 — 4. PathP; will use arc(3,4) in interval [A/2, A) and
path P, will use arc(3, 4) in interval[A, 3A/2). However, if we send flow simultane-
ously on pathg?, and P, in the network with transit times rounded up to the nearest
multiple of A, then this will cause a bottleneck on df; 4); see Figure 7 b).

Now consider the unit capacity (sub)network depicted in Figure 8. If all transit
times are rounded up to the nearest multiplé\ofve may send\ units of flow simul-
taneously on each path frosito ¢, and each path will use afe, t) in a distinct interval
of time. If we try to interpret this flow in the network with original transit times, how-
ever, each path-flow will try to use afe, t) in the same time interval, causing a large
bottleneck.

Condition (4.2.2) can be enforced by allowing storage of flow at nodes: H arc
(v,w) has length increased b’ < A, then this can be emulated in the original
network by holding flow arriving at for A’ time units! More generally, we can state

7If A’ is large, then this requires a large amount of additional storage.
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Figure 8: In this partially drawn unit capacity network, there Arpaths froms to v.
Theit" path containg arcs, each with transit time roughly/.

the following observation.

Observation 4.3. Consider a networl/’ = (V, A) and two transit time vectors 7’ €
Rﬂ with 7, < 7/ for all e € A. Then, a flow over time i/ with transit timesr’ can
be emulated in\V" with transit timesr by introducing waiting time”, — 7, at the head
of every arce.

For the case of acyclic graphs, we give a simple argument in Section 4.3 to show
how to uphold condition (4.2.1) when storage is allowed. In Section 4.5 we describe a
more sophisticated approach that works for general graphs even when storage of flow
at nodes is not allowed.

4.3 Acyclic Graphs with Storage

For acyclic graphs, the existence of a topological ordering of the nodes makes the prob-
lems illustrated above fairly easy to resolve. The algorithm is simple: for an appropriate
guess ofl’, chooseA := =T and round transit times up to the nearest multipleé\of
Form theA-condensed time-expanded network, and compute a solfitiorthis net-
work. Output the solutiorf’ obtained by modifying’ by emulating the rounded transit
times as described above.

It remains to show (4.2.1): there exists a feasible flow of cost at Gidtte given
cost budget) satisfying the given (multicommodity) demabdsy time7*(1 + ¢) in
the network with transit times rounded up to the nearest multipte.dfet f* be a flow
over time of cost at most that satisfies demandsby timeT™*. Let{vg, v1,...,vn—1}
be a topological ordering df . Modify f* to obtainf by settingf.(0) = f*(6 — iA)
for e = (v;, v;), and for allé € [0, c0). With these modifications, flow traveling on any
path that includes; is delayed from its original departure froitby exactlyiA time
units. Thus, flow arriving at node; in farrives at mosjA time units later than its
arrival in f*, and the time horizon of is T* + A(n—1) < T*(1+¢). Sincef* is fea-
sible, so isf. Since flow travels on the same pathgfinand f, we havec(f*) = ¢(f),
andf satisfies the same multicommodity demandgas

20



Notice thatf induces a flow in the network with the transit time of an arg vj)
equal tor;; + A(j — i) > 7;; + A. An alternate and equivalent view is thatnduces
a flow with storage in the network with transit time (@f, v;) rounded up ta;; + ¢,
the nearest multiple ah. In this view, flow sent or{v;, v;) is then held av; for an
additionalA(j — i) — d;; > 0 units of time. This latter flow is a flow in thA-rounded
network, implying the following theorem.

Theorem 4.4. In acyclic graphs with node storage,(& + ¢)-approximate solution to
the quickest cost-bounded multicommodity flow problem can be obtained with a static
flow computation in a network with(n? /) nodes and)(nm /e) arcs.

4.4  Minimum Cost Flows without Storage

It follows from the work of Hoppe and Tardos [24, 22] that for the quickest trans-
shipment problem there always exists an optimal solution which does not store flow
at intermediate nodes. We generalize this result to the problem with costs and also to
the more general case when the flow cost on an arc is a nondecreasing, convex func-
tion of the flow rate into the arc. As mentioned in Section 4.1, when transit times are
integers, the min-cost transshipment-over-time problem with or without storage at in-
termediate nodes can be solved by solving the corresponding static flow problem in the
time-expanded netwofk\/ 7.

Theorem 4.5. For nondecreasing, convex cost functions, the cost of a minimum cost
transshipment over time that does not use intermediate node storage is no more than
the cost of a minimum cost transshipment over time using intermediate node storage.

The details of this proof are not essential for understanding the remainder of the
paper.

Proof. Consider a minimum cost transshipment over time with intermediate node stor-
age and a corresponding static min-cost floim the time-expanded networX”. No-
tice that the seX of all min-cost solutiong: is the intersection of the polytope formed
by all feasible solutions with a closed convex set given by the convex cost constraint.
In particular,X is convex and compact.

Foranode: € V, letz(d(zg)) be the net flow leaving in the time interval6, 6 +

1):
200) = > v S @

e€dt(z) e€d—(z)

SinceX is compact, there exists ane X minimizing the convex functiod'(x) :=
doev 29;01 |z(d(z0))|- We show that: does not send flow along holdover arcs of
nodesinV \ S.

By contradiction, let,, be the earliest copy of node ¢ S to send flow along a
holdover arc. We have that(6(v,)) = —@y,0,., < 0. Let[p+q,0 +q+ 1),

8Notice that the averaging argument used in the proof of Lemma 4.1 to turn an arbitrary flow over time
into a static flow in the time-expanded network also works for the case of convex costs since averaging never
increases cost.
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for ¢ > 0 and integral, be the first time interval afer, » + 1) in which v has more
flow leaving it than entering it; that is;(d(vy44)) > 0. We show in the following
that F'(x) can be decreased by augmenting flow along a cycle in the time-expanded
network /. This is a contradiction to the choice of

Consider a time-expanded network that is infinite in both directidfis;>+°)
Note that\/(—°>+) |ooks the same at,, as it does at,;,. However,z in this
network looks different at each of these copiesvofWe indicate this difference by
coloring the arcs ol (—>°t>°) as follows. Color transit arGio_-,,, jo)

red if

blue if T(ig—r;;.d6) > L(ig—r;;—q-do—q)

T(ig_r;;0d0) < Tlio—r;;—qrio—q)

no color if Llio_rysida) = Tlio—r;—ario—a)
All holdover arcs remain colorless. Note that there are no blue arcs lebyifug 6 >
T — 1; and there are no red arcs enterifigfor 0 < q.

Let P be a simple path consisting of backward red arcs and forward blue arcs
from v, to a nodew,, with the property that:(6(w,)) < z(d(w.—g)). We claim
that such aP exists: Sincer(d(v,+q)) — 2(6(vy,)) > 0, nodev,+, has either a red
arc entering it or a blue arc leaving it. Consider the set of all nodes which can be
reached fromv,,, on a path consisting of backward red arcs and forward blue arcs.
Sincex(0(vp44q)) — (0(vy,)) > 0, it follows from flow conservation that there must
exist a nodev,, with z(5(w,)) — z(6(w,—q)) < 0in this set.

Note thatV' (P) C Ug_l Vy. We define the capacity(P) of P to be

=q

u(P) = min |

(ig,jo+4r;;)EP ie’je""'ij) - x(i"_q’je_q‘*""z‘j)| ’
ot

We modify z to reducdz(d(vy,))| and|z(d(ve4q))|. Let

k= min{u(P), —z(6(vy)), T(6(vptq)), z(8(wu—q)) — x(6(wy)) } > 0 .

If an arc(ig, jo+r,,) € P isred, then we modify on (ig, jo+r,,) and(ig_q, jo—q+r.;)
to

x(ie7je+7ij) = I(i97j9+nj) ++x and Tlio—qrio—qtr;) "= x(ie—q,jeﬂﬁn-j) — k.
If (49, jo1-,,) € P is blue, then

T x and L(ig—qsdo—qtry) " + K .

x(i97j9+7ij) = i0,J04r;;) x(ig,q,je,ﬁ,.ij)

Finally, we removes units of flow from the path of holdover arcs from to v, and
add« to the path of holdover arcs from,,_, to w,. Notice that we have augmented
flow on a cycle inV? by «. Since the domain aP is restricted td/ (P) C UQT;; Vo,
the flowz is still a feasible solution to our problem.
We next argue that the cost afis not increased so that is still in X. Since
the flow augmentation transfers an equal amount of flow from one copy of an arc to
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a parallel copy, if flow costs are linear, this does not change the cost of our solution.

Since the sum of flow on these two arcs does not change, and we simply move flow so
that the flow on each is closer to the average flow on each, if our flow costs are convex
and nondecreasing, then the cost of our solution does not increase.

Finally, the augmentation by ensures thaltz(6(v,,))| and|z(6(ve+4))| are each
reduced by, and|z(6(wy,))|+|z(d(w,—q))| IS notincreased. (Eithé(d(w,—q))| >
randjz(6(wy))| < —k; or, sincex < x(d(w,—q))—x(6(w,)), the quantitiege (d(w,))|
and|z(d(w,—_,))| exchange values). Thugl(z) = Y. Ss—y |2(d(z0))| is de-
creased by at leagk > 0. This concludes the proof. O

Theorem 4.5 implies that we can find a minimum cost flow over time in the time-
expanded networwithoutholdover arcs for intermediate nodes. We can even state the
following stronger result.

Corollary 4.6. For every instance of the minimum cost transshipment-over-time prob-
lem, when costs are nondecreasing, convex functions of the flow rate, there exists an
optimal solution without intermediate node storage such that any infinitesimal unit of
flow visits every node at most once.

Proof. We first consider the case that there is no cycle of zero cost itf some path
flow in an optimal flow visits a node more than once, it travels along a cycleAf

Therefore the cost of the solution can be decreased by letting the flow waifTiis
is a contradiction to the optimality of the solution.

If there exist zero cost cycles i, we can increase the cost of every arc by a small
amount such that an optimal solution to the modified problem always yields an optimal
solution to the original problem. This eliminates cycles of zero cost and thus concludes
the proof. O

4.5 General Graphs without Storage

Here we describe how to adapt the outline given in Section 4.2 to yield a fully polyno-
mial-time approximation scheme for the quickest transshipment problem with bounded
cost in general graphs. The computed solution does not use any intermediate node
storage.

The approach has two main steps. First, we ch@osenall enough so that we can
increase the time horizon by a sufficiently large amount relativ& to satisfy (4.2.1)
Second, we average the flow computed in the rounded network over sufficiently large
intervals relative tQA so that the resulting flow is almost feasible, satisfying (4.2.2).
This second step also increases the total time horizon of the flow, but again, by careful
choice ofA, by a sufficiently small amount.

The core of the fully polynomial-time approximation scheme consists of an al-
gorithm which gets as input an instance of the quickest transshipment problem with
bounded cost together with a tentative time horiZband precisiorx > 0. The algo-
rithm either finds a feasible solution (i.e., flow over time) with makespan at fhost
O(e))T oritdecides thaf" is smaller than the optimal makespan. Throughout this sec-
tion we denote the optimal makespan’ty. A detailed description of the algorithm is
given in Figure 9.
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ALGORITHM FPTAS-CORE

INPUT: network N, capacities:, linear costg, transit timeg-, demand vectobD,
cost bound”, time horizonT", and precisior > 0;

OuTpuT: feasible flow over timef with time horizon(1 + O(e))T satisfying
demandsD at cost at most’; or the information thaf” < 7.

1. setA =2 T/nandT’ := [(1 +¢)3T/A] A;

2. compute static flowz in 7' /A satisfying demand§l + ¢) D at cost at
most(1 + ) C; if no such flow exists, then stop and outp{t < 7*";

3. transformz into a flow over timef in A with time horizon(1 + ¢) 7"
satisfying demand® at cost at most.

Figure 9: The core component of a fully polynomial-time approximation scheme.

Before we discuss and analyze this algorithm in more detail, we first remark the
following. A (1 + O(e))-approximate flow over time can be computed by embed-
ding algorithm FPTAS-ORE into a binary search framework. We can begin with
standard binary search to find lower and upper bounds on the optimal makEspan
that are within a constant multiple of each other. This requises™ calls of al-
gorithm FPTAS-®RE® Based on these upper and lower bounds, an estiffiate
with 7* < T < (1 + O(e)) T* can be obtained by geometric mean binary sédrch
with O(log(1/¢)) calls of algorithm FPTAS-ORE. In particular, the last call of al-
gorithm FPTAS-®RE then returns a solution to the quickest flow problem with time
horizon at mos{1 + ¢) 7". By definition of7” and A, this makspan is bounded from
above by(1 + &)*T + (1 +¢) A and thus in(1 + O(g))T™.

The correctness of algorithm FPTASe&E follows from the next proposition.

Proposition 4.7. LetT > T*, A := 2T /nandT’ := [(1 +&)3T /AT A.

a) There exists a static flow in the A-condensed time-expanded netwavk /A
satisfying demand@l + ¢) D at cost at mosf1 + ¢)C.

b) Given a flowr as in a), one can compute a flow over tigh N with time horizon
at most(1 + ¢) 7" satisfying demand® at cost at most.

We start by proving the following lemma.

Lemma 4.8. For anyd > 1, and anyl" > T*, there exists a flow over tinyéwith time
horizondT satisfying supplies and demantl® at cost at mosiC.

9Alternatively, the constant factor approximation algorithm for the quickest transshipment problem with
bounded cost presented in Section 3 yields a lower bduadd an upper bount onT* with U € O(L).
10For details on this variant of binary search we refer to [21].
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Proof. Consider an optimal solutiofi* to the quickest flow problem. That ig; is a
flow over time with time horizor™ < T satisfying supplies and demanflsat cost

at mostC'. By rescaling time, we can assume without loss of generalityThand

all transit times are integral. Let* be the static flow in th&-time-expanded network
which corresponds tg*. Consider a modified instance where all transit times of arcs
are increased by a factor 6f Then, thej-condensed time-expanded network of the
modified instance with time horizafT is identical to the time-expanded netwoyk”

but with arc capacities multiplied by. In particular,dz* defines a feasible flow over
time with time horizomyT and costc(f*) < 6C satisfying demands and suppli&d

for the modified instance. Since transit times in the original instance are smaller, it can
be seen as a relaxation of the modified instance. This yields the existerfcanf
concludes the proof. O

In the following we denote the rounded transit time functiontythat is, 7. :=
[Te/ATAand0 < 7. — 7. < A, foralle € A.

Proof of Proposition 4.7 a)ln order to prove the existence of a static flow NT'/A
with the claimed properties, Lemma 4.1 implies that suffices to show the following: In
the network\ with transit times-’ there exists a flow over timgwith time horizonT”
satisfying demand§l + ¢)D at cost at mostl + ¢)C.

By Corollary 4.6 there exists a flow over tinfeas in Lemma 4.8 withh = (1 +¢)?
that in addition sends flow only on simple paths and that never stores flow at intermedi-
ate nodes. This means thatan be written as a sum of path flows over tifae P € P:
Consider an arbitrary arc= (v, w) € A. The total flow into are at time#@ is

fo0) = > fe(0—-1(Pe)) 8)

PEP:ecP

wherer (P, e) denotes the length of the subpathmfwhich is obtained by removing
arce and all its successors.

From f we obtain a ‘smoothed’ flow over timgfp) pc» with time horizon(1 +
€)2T + & T by defining

R 1 0 _

fr(0) = T 9_6TfP(§) d¢ )
for0 € [0,(1+¢)*T + aT) andP € P. An illustrative example is given in Figure 10.
It is easy to check thaf obeys capacity constraints and the total amount of flow sent
on a pathP € P is the same irf andf. In particularc(f) = ¢(f) < (14 ¢)2C andf
satisfies demandd + ¢)?D.

Notice that(fp)Pep still describes a (not necessarily feasible) flow over time

in (N, 7). Since every patl € P is simple, it contains at most — 1 arcs; there-
fore,0 < 7/(P) — 7(P) < &*T and

0 < 7'(Pe) —7(Pye) < &*T (10)
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fp(0) fp(0)
A

% >0 = =
0 eT 0 eT

Figure 10: The ‘smoothed’ path flow over tinfe in comparison to the original flow
over time f, sent into pathP.

foralle € P. Thus, if we interpref as a flow over time i\, 7/), we getfor alle € A
andf € [0,(1+e)*T +eT +2T),

£0€ S fro-7(Pe)

PEP :ecP
9 1 0—71'(Pie) ~
°oL > | Fr€) de
€L pepieep/0-T/(Pe)—eT
(10) 1 Hfr(P,e) ~
<Y / Fr(€) de (11)
PcP:ecP 0—1(Pe)—e?2T—eT
1 /7 .
= — fe(§—7(Pe))d§
eT 9*52T75TP€732:266P ( )
0
® 1 ;
= — fe(§) d§
eT 0—e2T—eT
2T T
< %ue = (14+¢e)u. .

(Above, a number over a relation indicates that the corresponding equation is used
to obtain the right hand side. In (11), we use (10) and the fact th&t) > 0 for

all &) Thus, by dividingf by 1 + ¢, we establish the existence of a feasible flow
over time — namelyf := f/(1 + ¢) — in (N, 7'). The time horizon off is at
most(1+&)2T +eT +e2T < (14¢)3T < T',itscostisce(f)/(1+e) < (1+¢)C

and it satisfies demand$ + ¢) D. O

We now turn to the second part of Proposition 4.7. The static ﬁdw/\/T//A
naturally induces a flow over timg in (A, 7/) with time horizonT”. If we choose to
allow storage of flow at intermediate nodes, we may simplify the algorithm by finding
a flow z satisfying demand® at costC in step 2. Then the corresponding flow over
time can be simulated in the network with transit timasy holding flow at nodes.

If, however, storage of flow at intermediate nodes is not allowed, deriving the final
flow over timef in (A, 7) from the static flowr computed in step 2 is a nontrivial task.
The static flowr corresponds to a flow over tim@in (N, 7) with time horizon?” that
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satisfies demand$ +¢)D at cost at mostl+¢)C'. Sincex lives in a (condensed) time-
expanded network without holdover arcs at intermediate ngde®ver stores flow at
intermediate nodes iV, 7). Moreover, using the same argument as in Corollary 4.6,
we can assume thatis such thatf’ sends flow only on simple paths in the underlying
network . This means thaf’ can be written as a sum of path flows over tifife P €
P.

In the following lemma we show that a path decomposition of the static flow
can be turned into a path decomposition of the flow over tifthevhich features a
simple structure. Notice that the number of arcs of the condensed time expanded net-
work N7/ Ais in O(mn/e?).

Lemma 4.9. A path decomposition aof into flows onr paths inNT'/A can be
turned into a path decompositiqif;) pep Of f onr paths such that the time inter-
val [0, 7") can be partitioned intd” /A € O(n/<?) sub-intervals wherg/, is constant
forall P € P.

Proof. Any path P used in a path decomposition ofconnects a source to a sink

in VT’ /A. Each pathP consists of a sequence of holdover arcs at the source, followed
by a path of copies of arcs i, followed by a sequence of holdover arcs at the sink.
The static path flow in/\fT'/A of value xzp along P thus induces a path flow over
time f5, : [0,77) — R* along path”’ in A/ such that the flow functiotfi,., is 0 except

for an interval of lengthA where it is equal ta:p/A. Since there can be several paths
in N7 /A that correspond to the same pathin A/, the flow function on pathP’

in the final decomposition of’ is a piecewise constant function where the number of
intervals with constant flow value is bounded by the number of time Iaye/kéTéf/A
which is equal tdl” / A. O

We are now ready to prove the second part of Proposition 4.7.

Proof of Proposition 4.7 b) Givenz, we first derive the corresponding flow over tinffe
in (N, 7') with a path decompositiofy;,) pe» as in Lemma 4.9. Similar as in the proof
of Proposition 4.7 a), we consider a ‘smoothed’ flow over tifria (N, 7’) defined by

0
() = — Fh () de (12)

’
eT 0—eT’

for 6 € [0,(14+¢)T") andP € P. The flow over time(fp)pep can be interpreted
as a (not necessarily feasible) flow over time(iv, 7) with time horizon(1 + )7”
satisfying demand€l + ¢) D at cost at mostl + ¢) C. Moreover, by using essentially
the same arguments as ff)n'n the proof of Proposition 4.7 a), we get for alle A
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andd € [0, (1 +¢)T"),

fo0) = Y fe0-7(Pe))
PEP:ecP
0—71(P,e)

12
= > [ 7h(€) de

PePieep/0-T(Pe)—cT

@) 1 0—7'(P,e)+e2T’
< p(&)d 13
S X |, O (13

PeP:ecP

1 0421’
- [T Y e

—eT"  pep.ecp

1 0+e32T’ ,
- /0 1(6) de

eT" Jo_e
- 2T +eT’
- eT’

(Above, a number over a relation indicates that the corresponding equation is used to
obtain the right hand side.) Thus, by dividifioy 1 + ¢, we get the desired flow over
time f in (N, 7) with time horizon(1 + ¢) T” satisfying demand® at cost at most’.

It remains to discuss the issue of how to actually comglitestep 3 of algorithm
FPTAS-RE According to Lemma 4.9, a path decomposition:gfields a path de-
composition of the corresponding flow over tinfiesuch thatf} is piecewise constant
for all P € P and has at mogP(n/s?) breakpoints. Since by definition

e = (14+e)u. .

11 ,
1o0) = o [ IR©dE

by Lemma 4.9, the functiongp, P € P, are piecewise linear (see Figure 10) and can
be efficiently computed. This concludes the proof. O

It remains to discuss the running time of algorithm FPTASRE. The con-
densed time-expanded netwakk” /A (without holdover arcs) contain®(n?/s2)
nodes and)(mn/e?) arcs. Thus the static flow’ in step 2 can be computed in poly-
nomial time. Since also step 3 of algorithm FPTA®#E takes polynomial time (see
proof of Proposition 4.7 b), the overall running time of the algorithm is polynomial in
the input size.

Theorem 4.10. For an arbitrarye > 0, a (1 + ¢)-approximate solution to the quickest
transshipment problem with bounded cost can be obtained &ghag(1/<)) static
min-cost flow computations in a condensed time-expanded networkOWith/s2)
nodes andD(mn/e?) arcs (without holdover arcs). In particular, this solution does
not use intermediate node storage.

For the case of the quickest transshipment problem without costs, the min-cost flow
computations in the condensed time-expanded network can be replaced by max-flow
computations.
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4.6 Quickest Multicommodity Flows.

The result of Theorem 4.10 can be generalized to the quickest multicommodity flow
problem with bounded cost. Figure 2 shows that the optimal solution to the quickest
multicommodity flow problem may require the use of storage of flow at intermediate
nodes. On the other hand, if storing at intermediate nodes is not allowed, then the
optimal solution may contain non-simple flow paths. The analysis in (11) and (13)
relies on the fact that one can restrict to simple flow paths, since it uses (10). Indeed, it
is shown in [19] that, unless P=NP, there is no FPTAS for the quickest multicommodity
flow problem when intermediate node storage is prohibited and flow may only be sent
on simple paths. If, however, intermediate node storage is allowed, then there exists
an optimal solution that uses only simple flow paths: instead of flow traveling around
a cycle, it can simply wait at the start node of the cycle. In this case, the approach
described in Section 4.5 can be modified as follows.

A flow over time f which stores flow at intermediate nodes can no longer be de-
composed into path flows over time as described in (8). In order to handle the setting
with storage of flow at intermediate nodes in a path-based model, we introduce the
following notation. Apath with delaysP? is given by a pathP in A consisting of
nodes(vg, v1,...,v,), and a vector of non-negative delays= (d1,...,9,). The
valued;, i = 1,...,p, specifies the amount of time that flow is stored at nodee-
fore it continues its journey towards nodg ; in a flow over time onP?. Thus, flow
enteringP? at timed enters are = (vg, ve41), £ =0,...,p — 1, attimed + 7(P°, e)
with 7(P%,e) == 375 (T, _y.05) +05)-

Since in a given flow over timg with time horizonT' every infinitesimal unit
of flow describes a path with delays i, the flow over timef can be decomposed
into (possibly infinitely many) flows over tim¢ss on paths with delay$’. In this
setting, (8) is replaced by

fo(0) = > fps(0—7(P¢)) (14)

Pd:.ecP

foralle € A. If fis given by a corresponding static flawin a (condensed) time-
expanded network with holdover arcs, then there exists a decompositfdntofflows
over time on paths with delays iR whose number is bounded by the number of arcs
in the (condensed) time-expanded network: Consider an arbitrary path decomposition
of z and notice that any path in the (condensed) time-expanded network with holdover
arcs yields a path with delays ixf.

Summarizing, a straightforward modification of the analysis in Section 4.5 (i.e.,
replacing (8) by (14)) yields the following result.

Theorem 4.11. Consider an instance of the quickest multicommaodity transshipment
problem with bounded cost and intermediate node storage. Foeany), a (1 + ¢)-
approximate solution can be found B)log(1/¢)) static multicommadity flow compu-
tations with bounded cost in a condensed time-expanded networkitty=2) nodes
andO(mn/e?) arcs (including holdover arcs).
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5 Earliest Arrival Flows

In this section, we address the multiple source, earliest arrival flow problem: given a
set of source$ with suppliesD,, > 0, for v € S, and a single sink, send the supplies

to the sink so that the amount of supplies arriving at the sink by @ilse¢he maximum
possible, for alp > 0. We show how the result from Section 4 can be generalized to
this problem.

We use the following notion of approximation for the problem of computing an
earliest arrival flow. A flow over time is an-approximate solution to this problem if,
foralld <d:=3}_ .q D, the earliest point in time whedf units have arrived at the
sink is within a factor ofx of the earliest possible time. An algorithm which computes
such a flow over time in polynomial time is called arapproximation algorithm. In
order to stress the property that the performance guararniteachievedor all d’ < d,
we say that such an algorithm hagiversalperformance guarantee For the earliest
arrival problem, we find a solution with universal performance guardriteez).

In Section 5.2 we show that a unit-interval discretization may not be sufficiently fine
to achieve this guarantee, and describe how to determine a good initial discretization.
This discretization may be too large, and it will be necessary to condense it. However,
a uniformly crude discretization will not work, so in Section 5.3, we introduce a gen-
eral framework for nonuniform condensed time-expanded networks and prove some
useful properties. Finally, in Section 5.4 we derive a polynomial-time algorithm that
yields a univeral performance guarantee for the earliest arrival flow problem by us-
ing a nonuniform, condensed time-expanded network with intervals of geometrically
increasing size.

5.1 Previous work

In the discrete time model, a universally maxinakflow over time can be computed
in the time-expanded network by using lexicographically maximal flows introduced by
Minieka [28]. A lexicographically maximal flovis defined in a static network with
multiple sources and/or sinks. There is a strict ordering on the sources and sinks,
e.g..{v1,va,...,v;}, wherey; is used here to denote either a source or a sink. A lex-
icographically maximal flow is a flow that simultaneously maximizes the flow leaving
each ordered subset of sources and simksvs, ..., v;}, ¢ = 1,... k. In the discrete
time model, a universally maximatt-flow over time with time horizorl” is a lexi-
cographically maximal flow in the time-expanded graph with ordering of sources and
sinks as

ST—-1,5T—-2,---, Sl,SO,tT_l,tT_g, [P ,tl,to :

However, due to the exponential size of the time-expanded network, this insight does
not lead to an efficient algorithm for the problem. As mentioned above, the algorithms
of Wilkinson [35] and Minieka [28] are based on the successive shortest path algorithm.
These also are not efficient algorithms for computing universally maximal dynamic
flows since the successive shortest path algorithm requires an exponential number of
iterations in the worst case; see, e.g., Zadeh [36].
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While the result of Wilkinson and Minieka has originally been derived for the dis-
crete time model, it also holds for the continuous time model. In this setting, the exis-
tence of universally maximal dynamic flows has been first observed by Philpott [32].
Fleischer and Tardos [11] show how the algorithms for the discrete time model men-
tioned above can be carried over to the continuous time setting.

In the continuous time model, an equivalent problem isithigersally quickest flow
problemwhich asks for a flow over time of valugésuch that the earliest point in time
whend’ units have arrived at the sink is simultaneously minimized fod’akl d and
the earliest point in time whedi units have left the source is simultaneously maximized
foralld’ <d.

Hoppe and Tardos [23] compute a single-source single-sink universally maximal
dynamic flow where the amount of flow is approximately optimal at any moment of
time. Our Lemma 4.8 implies that this algorithm also achieves a universal guarantee.

An earliest arrival flow also exists for the case of multiple sources and a single
sink [34]. In the discrete time model, such a flow over time can again be found by
a lexicographically maximal flow computation in the time-expanded network. On the
other hand, Fleischer [9] presents an instance with two sources and two sinks for which
an earliest arrival flow does not exist.

Nonuniform time-expanded networks have been used previously to obtain exact al-
gorithms for the quickest transshipment problem in the setting of zero transit times [9].
Partitioning time into intervals of geometrically increasing size has been used previ-
ously in conjunction with dynamic programming to derive approximation algorithms
for problems in the area of machine scheduling [20, 4, 5, 1].

5.2 A Sufficiently Fine Discretization of Time

Unfortunately, a lexicographically maximal flow in a time-expanded network does not
necessarily yield a universal performance guarantee for the quickest flow problem in
the continuous-time model. Although we can interpret a static flow in a time-expanded
network as a continuous flow over time (see proof of Lemma 4.1), in doing so, we
only get solutions where the rate of flow arriving at the sink is constant (i.e., averaged)
within each discrete time interval. While this effect is negligible for late intervals in
time, as the following example shows, it could be significant in the first time intervals.

Example. The network is a single arc from sourggo sink ¢ with capacity 2 and
transit time 0. There is a unit of supply @aand a unit of demand at A universally
quickest flow sends flow from to ¢ at rate 2 during the intervad, %), so that flow
arrives att at rate 2 in the intervgD, %). Averaging the flow over unit intervals yields
a flow that arrives at at rate 1 in the interval0,1). Thus this flow has universal
performance guarantee of at most 2. O

The problem illustrated by this example can be resolved as follows. For an arbi-
trarye > 0 with 1/¢ integral, we discretize time into intervals of sizeThen, averag-
ing flow within each such interval delays flow that arrives at the sink after tilmgat
most a factor ofl + «. It thus remains to take care of what happens until time
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Notice that flow arriving at the sink before timecan only use arcs with transit
time 0. In particular, an earliest arrival flow until timiecan be computed by restricting
attention to the subnetwork consisting of these arcs. Hajek and Ogier [18] describe
an algorithm that finds an earliest arrival flow in a network with a single sink and zero
transit times usin@ (n) maximum flow computations. Fleischer [9] gives an improved
algorithm that solves the problem in the same asymptotic time as one maximum flow
computation. Moreover, the analysis of this algorithm shows that the function describ-
ing the optimal rate of inflow into the sink is piecewise constant and has at inost
breakpointd, ... 0, wherek is the number of sources. These breakpoints are inde-
pendent of the discretization after tih@nd can be computed without this information
in polynomial time. They can then be used to determine the appropriate discretization
in [0,1). Thus, a sufficiently fine discretization of time guarantees that an earliest ar-
rival flow until time 1 can be computed in the corresponding time-expanded network.
In the example given above, a discretization of time into intervals oflsi2as suffi-
cient. Together with the observation stated above, this yields the following result.

Lemma 5.1. Consider an instance of the earliest arrival problem with multiple sources
with supply vectorD and a single sink and lét, . .., 6, be defined as above. Then,
a (1 + e)-approximate earliest arrival flow can be obtained from a lexicographically
maximal flow computation in the time-expanded netwigtk/A where A is chosen
such that,, ..., 6; ande are multiples ofA.

By discussion in [9] (specifically, Theorem 3.6 and Theorem 4.1), we can htund
from below by (m Y, , ue)™*. Thus,the size of the resulting time-expanded net-
work N'T'/A is pseudo-polynomial in the input size of the problem. Since time can
be rescaled by a factor df/A, we can and will assume without loss of generality
thatA = 1 and thusNT /A = N'T. In the next subsection we show how! can be
turned into a network of polynomial size while only losing another factor gfe in
the performance guarantee of the resulting polynomial-time algorithm.

5.3 Nonuniform Condensed Time-Expanded Networks

As mentioned above, the size of the time-expanded netwdfks only pseudo-poly-
nomial in the input size. In contrast to the situation for the quickest flow problem
discussed in Section 4, using a uniformly rough discretization can lead to a much
worse performance guarantee for the earliest arrival flow problem. Instead we will
use a nonuniform discretization. In this section we describe a general framework for
nonuniform time-expanded networks and establish, where possible, the appropriate
generalizations of properties of uniform time-expanded networks.

Overloading the notation introduced in Section 4.1, for a sorted list(6y, . . ., 6,)
with

0=06 <6, < --- <07~_1<91»=T,

the L-time-expanded netwodf A = (V, A), denoted by\'” is obtained by creating
copies ofV/, labeledV;, throughV;._;, with the¢™ copy of nodev denotedy,, for ¢ =
0,...,r —1. Forevery are = (v, w) € A, and for everyy > 0 with 0, + 7. < 6,_1,
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there is an are, from v, to wy, with
¢, = min{q" |0, + 7 <Oy} . (15)

Whene is clear from context, we usg¢ instead ofg,. The capacity of are, is set
to u. (Ag+1 — 04). In addition, there is a holdover arc from to v,41 with infinite
capacity, for allv € V and0 < ¢ < r — 1. Notice that this definition generalizes
the definition of thel-time-expanded network/”'; in particular N7 = N'E for L =
0,1,...,7).

Whenever we consider a static flow.M”, we implicitly assume that,_, is its
only sink; all flow arriving at, for ¢ < r — 1 is sent to this sink on holdover arcs.

Lemma5.2. LetL = (0 = 6y,...,0,) with8, — 8,1 < 0441 — 0y, forall g =1
to r — 1. Then any static flow iV’ corresponds to a flow over time i such that
the amount of flow reachingin A/ by timef,.1, ¢ = 0,...,r — 1, is the same as the
amount of flow reaching nodg in A'Z.

Proof. Let = be a static flow in\V2. We interpretz as a ‘generalized’ flow over
time f’ where, in contrast to ‘standard’ flows over time, transit times can now vary
over time. Interpret the flow. on arce, = (vq, wy ) as flow f/ sent at the constant
ratex., /(0q+1—0,) into arce = (v, w) during the time interva,, 6,,.1) and arriving

at nodew during the time intervald,/, 6,/ 1) at the constant rate. /(6g/+1 — 6). In
particular, in the time intervadd,, 6,41 ), the transit time on arevaries betweefl,, —6,

(flow entering the arc at tim&,) andd, .1 — 6,1 (flow entering the arc immediately
before timef, 1) in f’. Thus, since the sizes of the time intervills, 6,11), ¢ =
0,...,7 — 1, are nondecreasing and by choicegtfthe transit time on are in f’ is
never smaller tham..

By design,f’ obeys flow rate capacity constraints and flow conservation. Moreover,
forg =0,...,r — 1, the amount of flow reachingin f’ by time,., is the same as
the amount of flow reaching nodg in z. Finally, since transit times iffi’ are always
lower bounded by the actual transit timesof arcse € A (by (15)), it can easily be
interpreted as a regular flow over tinfiéen A/ by introducing appropriate waiting times
for every infinitesimal flow unit at the head of each arc. O

Lemma5.3. LetL = (0 = fp,...,0,) with0, — 0,1 < 0,41 — 0, forall g =1

tor — 1. Let f be any flow over time that completes by tithein the network\

modified so that all transit times are increasedAy= 6, — 6,._,. Then,f induces a
feasible static flow it~ of the same value.

Proof. For alle € A and0 < ¢ < r — 1, definex,, to be the totalf-flow into e
in interval [6,,6,+1). Sincef is feasible, it obeys the capacity constraints; then by
construction, so does. By design, the value of equals the value of.

To establish flow conservation, consider the pBth (w°, w?, ..., w" = t) trav-
elled by an infinitesimal unit of flow irf. This infinitesimal unit of flow arrives ab;
attimey; and leavesv; at some time; > ;. We argue that the corresponding unit of
flow in z arrives atw;i for somep; satisfyingd,, < ¢;. Thus it is available to be sent
alongP in VX on arc(w? wj;fl), whereg; is the maximum index satisfyingd, < &,.
This will show thatz satisfies flow conservation.
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Setq := ¢;_1. By design ofz, the infinitesimal unit of flow leaves’~! in A"
and thus arrives ab; whereq’ is defined according to (15). By definition gf, we
have that

Op =0, = 0y1 =04+ 0y —0y-1)
< T(wi-1wi) T (QT - 97"—1) = T(wi—1wi) T A

This yieldseq/ < 9(1 + Twi-1 wiy + A< 1+ T(wi=1,wi) T A=y <¢&. (The
second inequality follows by definition of:= ¢;_; < &_1 at the end of the previous
paragraph; the subsequent equality follows by definitiop;df This implies that,; <
6,,, and thus the flow obeys conservation constraints. O

5.4 An Approximation Scheme

To obtain a(1 + ¢)-universal guarantee for the earliest arrival flow problem, we use a
geometrically increasing time discretization. pet= [2n/¢2] and define the list

L :=(0,1,2,...,2p,
2(p+1),2(p+2),...,4p,
4(p+1),4(p+2),...,8p,

2 p4+1),2 Y (p+2),...,2%) .

Here/ € Nj is chosen such that the resulting time-expanded netwéfkis large
enough to allow for &1 + O(e))-approximate time horizon. To be more precise,
we choose the smalleétsuch that2 7* < 2‘p whereT* is the time horizon of an
optimal flow over time. Notice that the length of the liBtis in O(plogT*) and
hence polynomially bounded in the input size dn@. It thus remains to be shown
that a lexicographically maximal flow in the correspondgepmetrically-condensed
time-expanded network” yields a flow over time with universal performance guar-
anteel + O(e).

Lemma 5.4. A lexicographically maximal flow inv* induces a flow over time iV’
with universal performance guarantéer O(e).

Proof. Let T < T* be the minimal time required to semd < d units of flow to
the sink. We consider the time-expanded netwafk defined by the sublist’ :=
(6o, ...,0,) of L with 7' := min{q | 6, > (14 ¢)®T}. In other words """ is
obtained from\/Z by removing all time layer¥, with ¢ > 7 and all incident arcs. We
show below that there is a flow iNZ’ of valued’. Then, since in a lexicographically
maximum flow in\/ at least’ units of flow reacht,._, the corresponding flow over
time in V' sends at least’ to ¢ by time 6,. by Lemma 5.2. Hence this flow yields a
universal performance guaranteelof O(g).

Let A’ = 6,. — 0,._1. By choice ofp and since we can assume that < 2T, we
have that

A =0 =01 < 0./p < *T/n . (16)
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Since there is flow of valud’ in A/ by timeT", Lemma 4.8 implies that there is flow
of valued'(1 + ¢) in A by timeT'(1 + ¢). Then, the same argument as in the proof
of Proposition 4.7 a) (together with (16)) implies that there is flow of vallhat
completes by timd1l + &)T + T + 2T = (1 + ¢)?T in the network\" with all
transit times increased hi’. By Lemma 5.3, this implies that there is flow of valile

in NV O

We have now established the main result of this section.

Theorem 5.5. There exists a fully polynomial-time approximation scheme for the prob-
lem of computing an earliest arrival flow in a network with multiple sources and a
single sink.
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