
IterativeRounding 2-Approximation Algorithms
for Minimum-CostVertex Connectivity Problems

�

LisaFleischer
GSIA

CarnegieMellon University
5000ForbesAve.

Pittsburgh,PA 15213
lkf@andrew.cmu.edu

KamalJain
MicrosoftResearch
OneMicrosoftWay

Redmond,WA 98052
kamalj@microsoft.com

David P. Willi amson
IBM AlmadenResearchCenter

650HarryRd.
SanJose,CA 95120

dpw@almaden.ibm.com

December1, 2003

Abstract

The survivablenetwork designproblem (SNDP)is the following prob-
lem: given anundirectedgraph andvalues����� for eachpair of vertices� and�
, find aminimum-costsubgraphsuchthatthereareat least���	� disjointpaths

betweenvertices � and
�
. In theedgeconnectedversion of thisproblem (EC-

SNDP),thesepathsmustbe edge-disjoint. In the vertex connectedversion
of theproblem(VC-SNDP),thepathsmustbevertex disjoint. Theelement
connectivityproblem(ELC-SNDP, or ELC) is aproblemof intermediatedif-
ficulty. In this problem, thesetof verticesis partitionedinto terminalsand
nonterminals.Theedgesandnonterminalsof thegrapharecalledelements.
The values � ��� areonly specifiedfor pairsof terminals ��
 � , and the paths
from � to

�
mustbeelement disjoint. Thusif � ���
��� elementsfail, terminals� and

�
arestill connectedby apathin thenetwork.

Thesevariantsof SNDPareall known to be NP-hard. Thebestknown
approximation algorithmfor theEC-SNDPhasperformance guaranteeof 2�

Thispaperis theunionof two previouslypublishedextended abstracts.Theextendedabstract[6]
presentsnegativeexamplesfor ��������������������� -vertex connectivity, andthe2-approximationalgorithm
for ��������� ��� -vertex connectivity. This resultis generalizedto includeelementconnectivity in [8].



and iteratively rounds solutions to a linear programmingrelaxationof the
problem. ELC hasa primal-dual !#"%$'&)(+*�, -approximationalgorithm, where
*#-/.10�2 �43 � � ��� . VC-SNDPis notknown to haveanon-trivial approximation
algorithm.

In this paperwe investigate applying iterative rounding to ELC andVC-
SNDP. We show that iterative roundingwill not yield a constant factorap-
proximation algorithm for generalVC-SNDP. On the otherhand, we show
how to extendtheanalysisof iterativeroundingappliedto EC-SNDPto yield
2-approximationalgorithms for bothgeneral ELC, andfor the caseof VC-
SNDP when �5����687�9�
 � 
�:�; . The latter result improveson an existing 3-
approximation algorithm. Theformeris thefirst constantfactorapproxima-
tion algorithm for a general survivablenetwork designproblem thatallows
node failures.

1 Intr oduction

Thesurvivablenetwork design problem(SNDP)is thefollowing problem:givenan
undirected graphandvalues <�=�> for eachpair of vertices ? and @ , find a minimum-
costsubgraphsuchthat there areat least <A=�> disjoint paths between vertices ? and
@ . In the edgeconnectedversion of this problem (EC-SNDP), these pathsmust
beedgedisjoint. In thevertex connectedversion of theproblem (VC-SNDP),the
paths mustbevertex disjoint. Jainet al. [14] proposea version of theproblem in-
termediatein difficulty to thesetwo,calledtheelementconnectivity problem(ELC-
SNDP, or ELC). In thisproblem,thesetof verticesis partitioned into terminals and
nonterminals. The edgesandnonterminalsof the grapharecalledelements. The
values < =�> areonly specified for pairsof terminals ?CB�@ , andthe paths from ? to @
mustbeelementdisjoint. Thusif <�=�>#DFE elementsfail, terminals ? and @ arestill
connectedby a pathin thenetwork.

Themotivation for studying elementconnectivity is thefollowing: in realnet-
works, both edges (links) andvertices(routers) fail. However, typically network
terminals (end hosts) aremore robustand located at the fringesof the network.
Thusthefailureof endhostsis uncommon,andlessvital to theconnectivity of the
network asawhole.Additionally, vertex connectivity problemsaremuchlesswell
understood thanedge connectivity problems.Thus,trying to capturenode failures
by using a vertex connectivity modelmakestheproblemmuchmoredifficult. El-
ementconnectivity allows the modeling of node failures,while, aswe will show
in this paper, it sharessomeof thenice structurethat edgeconnectivity problems
have.

The threevariants of the survivablenetwork design problem areall NP-hard,
sincethey all includetheSteinertreeproblemasaspecial case.Henceweconsider
approximation algorithmsfor these problems.We saywe have a G -approximation
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algorithm for a problem if wehaveapolynomial-time algorithmwhich producesa
solution of value no morethan G timesthevalueof anoptimalsolution.

1.1 RelatedWork

The bestapproximation algorithm for EC-SNDP known is a 2-approximation al-
gorithm due to Jain [13]. This algorithm improved upon a primal-dual H�I+J -
approximationalgorithm for EC-SNDPof Goemansetal. [11], whereKML8NPORQS=AT >U<�=�>
and IVJWLXEZY\[] Y_^`^`^aYb[J . Jain’s algorithm is in fact somewhat moregeneral,
and gives an algorithm with performanceguarantee2 for selecting a minimum-
costsetof edges suchthatat least cedgf
h edgesareselectedfrom every cut iadgfjhkLl dAmnB�ophrqtsvu+mwqwf+B�oyxqwf{z , when c is a weakly supermodularfunction [11].
The algorithm runs in polynomial time given the existenceof a polynomial-time
separation algorithm. TheEC-SNDPproblem corresponds to a particular weakly
supermodular function, andthepolynomial-timeseparation algorithm exists in this
case. Jainconsidersa linear programmingrelaxation of the problemwhich hasa
variable |+d~}Rh for eachedge } of the graph. The central result of the paperis a
theoremshowing that any basic solution to the LP will contain a variable |�d~}�h of
value at least 1/2. His algorithm builds up a solution by solving the linear pro-
gramming relaxation, adding to the solution all edges } with |+d~}�h���E)x�H , then
iterating on theremaining subproblem.Rounding up each|�d~}�h from 1/2 to 1 gives
theperformanceguaranteeof 2 for thealgorithm.

No non-trivial approximationalgorithm for VC-SNDPis currentlyknown. How-
ever, for special cases,therearesomeknownapproximationalgorithms.In thecase
<�=�>�L�K for all ?CB�@ , thereis a K -approximation algorithm dueto KortsarzandNu-
tov [17];1 furthermore,whenedge costsobey the triangle inequality, Khuller and
Ragavachari [15] give a constant-factorapproximation algorithm. Cheriyan,Vem-
pala, andVetta[3] givea ��I#J -approximation algorithm for thisproblemfor graphs
thatcontain at least ��K ] vertices.When <S=�>�q l)� B�E�B�H�z , Ravi andWilliamson[18]
give a primal-dual3-approximation algorithm.

Veryrecently, Kortsarz, Krauthgamer, andLee[16] haveshedsomelight onthe
difficulty of VC-SNDPby showingthat it hasno polynomial-timealgorithm with
approximationratiobetterthan H��	���`�~����� for any ��� �

unless�������M���a��srdA� polylog   ��¡~h .

1.2 Our Contrib ution

We generalize Jain’s theoremto a new classof two-set functionswe call weakly
two-supermodular. This allows us to give a 2-approximation algorithm for the

1Ravi andWilliamson[18] hadclaimeda �S¢
£ -approximationalgorithmfor thecaseof general
edgecosts,but thereis anerrorin their paper;see[19] for details.
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problem of selecting a minimum-cost set of edges such that there are at least¤ dgf+BSf+¥4h edgesfrom i�dgf+BSf¦¥§h�L l dAmnB�oph¨q©sªu«m¬q­f+B�o®q­f+¥§z when
¤

is a
weakly two-supermodular function, and a polynomial-time separation algorithm
exists. This result specializes to Jain’s result exactly in the casethat

¤ dgf�BSfS¥%h is
non-zeroonly when fe¥¯L�°±DWf . In thiscase, cedgf
hjL ¤ dgf+BS°±DWfjh is aweaklysu-
permodular function. Theweakly two-supermodular functionsarerelatedto bisu-
permodular functions,which arethe negative of bisubmodular functions. Bisub-
modular functionsappearasincreasing rankfunctionsin [20], andin moregeneral
form in [9].

As anapplication of our theorem,wegivea 2-approximation algorithmfor the
element connectivity problem. This improveson a previously known primal-dual
H�IPJ -approximationalgorithm for ELCdueto Jainetal. [14] (a H�I²J -approximation
algorithm for ELC is alsoobtainedasaspecial caseof analgorithm by Zhao,Nag-
amochi, and Ibaraki [22]). Our algorithm gives the first constant approximation
algorithm for ageneral survivablenetwork design problemwhichallowsnodefail-
ures. To achieve this result, we introducea new integerprogrammingformulation
for the element connectivity problem, derived from a formulation of VC-SNDP
dueto Stoer[21]. Oneconsequenceof our 2-approximation is a ³ -approximation
algorithm for theminimum-costhyperedgeconnectivity problem[22], where ³ is
themaximumsizeof a hyperedge.

Theconnectivity requirementfunctionsfor general vertex connectivity arenot
weaklytwo-supermodular. Thusour theoremdoesnot applyto these problems.In
fact, sucha theoremis not possible for generalvertex connectivity. We show that
there is a family of vertex connectivity problem instanceswith ´ sµ´¯L¬´	°µ´] x�¶ that
have a basicsolution with |8·\E)x)¸ ´ sr´+L¬H¹xº´	°µ´nL»E)x�K . This implies that one
cannot hopeto get a polynomial-time algorithm with approximation ratio better
than K by using thealgorithmic framework of Jain[13].

Subsequentto this examplefirst appearing in [6], Kortsarz, Krauthgamer, and
Lee[16] showedthat thevertex connectivity problemadmitsno efficient H¼�	��� �~��� �
ratio approximationfor any fixed ��� �

unless�������M�����_s½dA��¾ ��� ¿S�	���   ��¡ h .
Even when <5=�>Àq l)� B�E�B�H�z , the connectivity requirementfunction for vertex

connectivity is not weakly two-supermodular. We extendthedefinition of weakly
two-supermodular further to show that all basic solutionsfor vertex connectivity
problemswith <�=�>Áq l)� B�E�B�H�z haveanedge} with |+d~}RhÂ�wE)x�H .

In related work, Cheriyan andVempala[2] have alsoconsideredproblemsof
selecting a minimum-cost set of edgesfrom pairs of sets,but in the case of di-
rected graphs. In their problems,onemustselect

¤ dgf�BSf ¥ h edgesof those edges
directed from a vertex in f to a vertex in f�¥ . They consider crossing bisuper-
modular functions (a generalization of bisupermodular functions),andshowany
basic solution to the corresponding LP relaxation contains an edge } such that
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|+d~}�h��ÄÃÁd�E)xp¸ ´ sr´�h . This modelincludesuniform vertex connectivity asa special
case, but doesnot includegeneral vertex connectivity. They alsoshowthat this is
thebestpossibleresult for their generalmodel,in thesense thatthereexistsa fam-
ily of functions

¤
andproblem instancesfor which there is a basicsolution with

|�·ÄÅMd�E)x ¸ ´ sµ´	h .
Our paper is structuredasfoll ows. In Section2, we introducesomenotation

that we will be usingandreview Jain’s theorem. In Section3, we give the inte-
ger andlinear programmingformulations for ELC andVC-SNDP, stateour main
theorems,andshow that thesetheoremsgive 2-approximation algorithmsfor ELC
andVC-SNDP, respectively. Section4 contains theproof of themaintheoremfor
ELC. Section 5 containsthe proof of the main theorem for VC-SNDP. Section 6
discussessomeimplementation issuesfor the 2-approximation algorithms. Sec-
tion 7 describes a family of examples for general VC-SNDP for which iterative
roundingwill not yield a constantfactor approximation.

2 Preliminaries

Let Æ¬LÇdg°ÈBCs�h be an undirected graph. Let É�d~}�h be a nonnegative costfor each
}½qÀs . Let i�dgfjh«L l dAmÊB�ophËqÌsÇu¯mÍq±f+B�oÄxq¨f{z . Let i�dgf�BSf ¥ hZL l dAmnB�oºhÁqÀs\u
m�qÎf+B�oµq�f+¥Az . In thispaper, wewill only referto i�dgf�BSfº¥§h when f1Ï«f+¥ºL8Ð . For a
setof edges Ñ®��s , let i�ÒkdgfjhjLwi�dgfjhpÏ�Ñ and iSÒkdgf+BSf ¥ hÈLwi�dgf+BSf ¥ haÏ�Ñ . For |�qÓ�Ô ÕjÔ

, support of | is thesubset of edges}�q�s with |+d~}�h�� �
. Thecharacteristic

vector of the support of | is the vector Ö¹×8q l)� B�ERz Ô ÕjÔ
with Ö¦×ºd~}�hWLØE if and

only if |�d~}�hË� �
. We let |�dgfjh«L�ÙtÚ�ÛRÜ  ÞÝ ¡ |+d~}Rh and |�dgf+BSf ¥ h#L©ÙtÚ�ÛRÜ  ÞÝ T Ý�ß ¡ |+d~}Rh .

Similarly, |àÒÂdgf
hjLwÙtÚ�ÛRÜ�á  ÞÝ ¡ |+d~}�h and |¯Òkdgf+BSf ¥ hÈL�ÙtÚCÛ�Ü�á  ¼Ý T Ý¹ß ¡ |�d~}�h .
Let c½u�H�âÌãvä . Consider thefollowing integer program:

NPå%æ ÙtÚ�Û Õ É�d~}�h |�d~}�h
s.t. |+dgf
hç� cedgfjhSB èéf¨êë°

|+d~}�h q l)� B�ERz¹B èé}ÁqWsMì
( íïî - ðUñ�òôó )

If |�d~}�h²L�E , } is in thesolution; if |+d~}�hÂL �
, it is not. Thusanoptimalsolution to

this integer programfindsa minimum-cost setof edgessuchthat there areat least
cedgfjh edgesselected from iadgfjh for each f��©° . When cedgf
hËL¬NPORQ = Û Ý T >�õÛ Ý <�=�> ,
an optimal solution to this integer program gives the solution to the EC-SNDP
problem. This is not hard to see,sincefor any ?CB�@öqÄ° , a feasible solution must
have at least <S=�> edges selectedfrom eachcut i�dgf
h separating ? from @ ; thus,there
areat least < =�> edge-disjoint pathsfrom ? to @ .
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We saythat c is a weaklysupermodular function if for any setsf+B��÷�ë° ,

cedgfjhÊYÀced§�#h
· NMORQ l cedgf�øM�#h¦Y¨cedgfÎÏ½�1hSB�cedgf/Dù�1h¦YÌced§�FD¨fjh�z¹ì

It is not hardto prove that the function cUdgfjhËLúNPORQ = Û Ý T >�õÛ Ý <�=�> is weakly super-
modular [11].

The main theorem of Jain’s paper[13] concerns basicsolutions of the linear
programmingrelaxation of the integer program ( íïî - ðéñÎòôó ) in which the inte-
grality constraints |+d~}�h«q l)� B�ERz arereplacedby linear constraints

� ·t|�d~}�h#·ûE .
A basic solution to the linear relaxation of ( íïî - ðéñÎòôó ) is any solution that
satisfiesat equality at least ³ linearly independent inequalities from the systeml |+dgfjhï�tcedgfjh�èôfwêy°Pü � ·�|¨·�ERz , where ³ is thenumber of variables in the
system;in this system ³�L�´ sr´ . 2

Theorem 2.1(Jain [13]) When c is a weaklysupermodular function, for every
basic feasible solution to thelinear programrelaxation of íËî - ðUñ�òôó , there is an
edge } with |+d~}RhÂ�wE)x�H .

Eventhoughthelinear programcontainsanexponential numberof constraints,
a basic, optimal solution to this linear program canbe found in polynomial time
aslong asthere exists a polynomial-time separation oracle [12]. Given any | , a
separation oracle either verifiesthat | is a feasible solution to the linear program
or returns a constraint of theLP violatedby | .

Given a polynomial-timeseparation oracle, the 2-approximation algorithm of
[13] works asfollows. We startwith an emptysetof edges ÑýL�Ð . We solve the
linear programmingrelaxationof theproblem, andaddto Ñ all edges } suchthat
|+d~}�h��÷E)x�H . We theniterate,now solving thelinear programmingrelaxation with
c�¥gdgfjh�L�cedgfjh{Dt´ i5Ò�dgfjh`´ andwith s replacedwith sûDÀÑ . It is not hardto show
that if c is weakly supermodular, then so is cC¥ . The algorithm terminateswhen
Ñ is a feasible solution to the problem. Essentially the proof of the performance
guaranteecompares thecostof theedgesaddedto Ñ in eachiterationwith thecost
thattheseedgescontributeto thecostof theoptimal solution to thelinear program.
Since |+d~}Rh��¬E)x�H , the cost that } contributesto the final solution whenincluded
in Ñ is no morethantwice its contribution to the linear programming relaxation.
Furthermore,sincethelinearprogrammingrelaxation is a lower bound on thecost
of anoptimalintegral solution, this impliesthatthecostof Ñ is nomorethantwice
optimal. It is easyto give a polynomial-time separation oracle for the function

2We refer the readerunfamiliar with the concept of a basicsolution of a linear programto a
standardtextbookon linearprogramming,suchasChvátal[4].
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cedgfjh thatdefinesEC-SNDP(andfor functions c ¥ thatarise in lateriterations); thus
this algorithm is a 2-approximationalgorithm for EC-SNDP.

3 Vertex and ElementConnectivity

The problemsELC andVC-SNDP arenot included in the weakly supermodular
modelusedfor EC-SNDP. In this section, we present a new model that includes
these problems.

3.1 Formulations

We consider thefoll owing linear program,for a function
¤ u�H~â{þpâ¨ãÿä ,

NPå%æ ÙtÚCÛ Õ É�d~}�h |+d~}Rh
s.t. | Õ dgf+BSf+¥4hç� ¤ dgf+BSf+¥%hSB

èéf+BSf ¥ êë°jBSfÎÏWf ¥ L8ÐaB� ·Í|�d~}�h · E�B èU}ÁqÎsPì
(
��� ð )

The constraints of our linear program arebasedon a theoremof Menger(for
multiple proofs andreferences, see[5]).

Theorem 3.1(Menger) Let � and � beverticesin a graph Æ with noedgebetween
them.Then,theminimumnumberof verticesseparating � from � in Æ is equalto
themaximumnumber of vertex disjoint pathsfrom � to � in Æ .

In the caseof the element connectivity problem, we let �X�©° be the setof
terminalsand �yL8°�D�� bethesetof nonterminals.

Corollary 3.2 Let Æ»Lÿdg°ÈBCs�h be a graph, with ° L	�_ø
� , �_Ï
� L\Ð and�¹B��Zq�� . Then,theminimumnumberof elements in swø
� separating � from � in
Æ is equal to themaximumnumberof elementdisjoint paths from � to � in Æ .

Let <�=�> denotethevertex connectivity requirementsbetween any pairof vertices
?CB�@ùq¨° . Menger’s theoremsaysthat Æ satisfiesthe connectivity requirementsif
for every subset � �ús�øÌ°©D l ?CB�@pz with ´ �Í´��¬<C=	> , ? and @ are in the same
connectedcomponent of Æ®D�� . For any two disjoint subsets f�BSf ¥ ê ° , we
definethe two-setfunction

¤ J by
¤ Jpdgf+BSf+¥4hru L»NPORQ l <)=	>a´ ?½q÷f+B�@Fq_f+¥Az , where

<�=�>µq l)� B�E�B�HaB`ì`ì`ì�B�K z . We assumethat
¤ Jadgf�BSf ¥ h is undefinedif f and f ¥ arenot

disjoint; andthat
¤ Jadgf+BSf+¥4hkL �

if either f or fé¥ is theemptysetandis otherwise
well-defined.
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Sincetherecanbeat mostonevertex-disjoint pathfrom f to f ¥ through each
vertex in °ÄD�fµD�f¦¥ , in orderto havea feasiblesolution to thevertex connectivity
problem,thenumberof edgesfrom f to f ¥ mustthereforebeat least

¤ Jadgf+BSf ¥ hÈD
´	°�D±fùDÀf+¥�´ . Thuswe definethetwo-set function c�J by c�Jpdgf+BSf+¥4hjL ¤ Jpdgf+BSf+¥%h�D
´	°�D¨fùDÀf+¥g´ . Thefollowing is a simpleconsequenceof Menger’s Theorem.

Lemma 3.3 Thesetof integral solutionsto theLP (
��� ð ) with thefunction

¤ L
c�J equals thesetof solutionsto thecorrespondingvertexconnectivity problem.

Similarly, suppose < denotes the elementconnectivity requirements. Then
Corollary 3.2 saysthat Æ satisfies the element connectivity requirementsif for
everysubset �ÿ�Äsùø��öD l ?CB�@pz with ´ �Í´��Í< =�> , ? and@ arein thesameconnected
componentof ÆûD�� . For any two disjoint subsets f+BSf�¥�ê­° , with all remain-
ing vertices being nonterminals(that is, °yDÍföDÍf ¥ ��� ), we definethetwo-set
function

¤���� �
by

¤���� � dgf+BSf+¥%h«u LyNPORQ l <�=�>�´ ?Zq¨f�Ï���B�@ÎqÌf+¥pÏ���z . We assumethat¤���� � dgf+BSf ¥ h is undefinedif f and f ¥ arenot disjoint or if °®DëfÍDFf ¥! �"� . We
furtherassumethat < =�> q�# for all ?CB�@Îq�� , andthat

¤$��� � dgf+BSf ¥ hÂL �
if either f or

f+¥ is theemptysetandis otherwise well-defined.
Sincethere can be at most one element-disjoint path from f to f ¥ through

eachvertex in °­D�fëDwfe¥ , in order to have a feasible solution to the element
connectivity problem, thenumberof edgesfrom f to f ¥ mustthereforebeat least¤���� � dgf+BSf�¥%h�DÎ´%�ùDMfVDMf+¥~´ . Thuswedefinethetwo-setfunction c ��� � by c ��� � dgf+BSf+¥4hÈL¤���� � dgf+BSf ¥ h�D®´%�ýD�ftD�f ¥ ´ . The foll owing lemmais a simple consequence of
Corollary 3.2.

Lemma 3.4 Thesetof integral solutionsto theLP (
��� ð ) with thefunction

¤ L
c ��� � equals thesetof solutionsto thecorresponding element connectivity problem.

3.2 WeakTwo-Supermodularity

In order to prove an analogous result to Theorem 2.1 for (
��� ð ), we needto

defineappropriate extensions of weakly supermodularfunctions that include
¤&��� �

and
¤ ] , andyet have properties that allow us to prove that the linear programhas

niceproperties.
Thefollowing definitionsgeneralizetheone-setfunction notionsof submodu-

larity, supermodularity, andweaksupermodularity, andarerelatedto the two-set
notionsof bisubmodularity andbisupermodularity. A two-setfunction

¤
defined
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on thesetof pairsof disjoint subsetsof ° thatsatisfies
¤ dgf+BSf ¥ h¦Y ¤ d§��B�� ¥ h (1)

��NPORQ l ¤ dgfWør�ZBSf ¥ ÏM� ¥ héY ¤ dgfWÏ½��BSf ¥ ør� ¥ hSB¤ dgfWÏr� ¥ BSf ¥ ør�#héY ¤ dgf ¥ Ï½�ZBSfWør� ¥ hÈz
will be called two-submodular. SeeFigure1 for a pictoral representation of the
setsinvolved in this definition. A two-setfunction

¤
is called bisubmodular if it

obeys only the“first part” of theinequality, namely,
¤ dgf+BSf ¥ héY ¤ d§��B�� ¥ hk� ¤ dgfôø½�ZBSf ¥ Ï½� ¥ héY ¤ dgfÎÏ½�ZBSf ¥ ø½� ¥ hSì

If we let f ¥ L °\D_f and � ¥ L °úDt� , then two-submodularity reducesto
submodularity for symmetricone-set functions.

If D ¤
is two-submodular, then

¤
is two-supermodular. Thisdefinition is equiv-

alent to replacing � with · and NPORQ with NPå%æ in theabove definition. A two-set
function

¤
is weakly two-supermodular if

¤ dgf�BSf ¥ hnY ¤ d§�ZB�� ¥ h (2)

·�NPORQ l ¤ dgfWøM�ZBSf ¥ Ï½� ¥ héY ¤ dgfÎÏ½�ZBSf ¥ øM� ¥ hSB (3)¤ dgfWÏM� ¥ BSf ¥ ø½�#héY ¤ dgf ¥ ÏM��BSfÎøM� ¥ hjz¹ì (4)

That is, we simply reversethe inequality from our definition of two-submodular
functions, without replacing the NPORQ by a NMå%æ . If we let f ¥ L­°�DÍf and � ¥ L
°�D/� , weaktwo-supermodularity reducesto weaksupermodularity.

We prove thefollowing theoremin Section4.

Theorem 3.5 For anyweaklytwo-supermodular function
¤

, anybasicsolution to
(
��� ð ) hasat leastonevariable } such that |+d~}Rhk�wE)x�H .

3.3 Approximation Algorithms

Givenapolynomial-timeseparationoraclefor (
��� ð ), wedescribea2-approximation

algorithm for solving theintegerprogramassociatedwith (
��� ð ). Thealgorithm

is the sameasJain’s algorithm described in Section2. First, we find an optimal,
basic solution |(' to (

��� ð ). Let Ñ be the setof all edges } with |)'�d~}RhP�\E)x�H .
Consider theresulting residual LP:

NPå%æ ÙtÚCÛ Õ+* Ò É�d~}Rh |+d~}Rh
s.t. | Õ+* ÒÂdgf+BSf+¥4hç� ¤ dgf�BSf+¥¼hÈDë´ i5Òkdgf+BSf+¥4h`´ B

è½f+BSf ¥ êë°jBjfWÏWf ¥ L8ÐaB� ·Í|+d~}Rh · E�B èU}Ëqôs_DÌÑ
( ,½íËð )
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Let Ñ.- Ú�/ be thesetof edges returnedby recursively applying thealgorithm to the
residualproblem.Thefollowing theorem shows thatthefinal setof edgesreturned
by the algorithm is within a factor of 2 of an optimal solution. Let 0 '- Ú�/ be the
optimal valueof theresidualLP and 0$' betheoptimalvalueof (

�1� ð ).

Theorem 3.6 If Ñ - Ú�/ is an integral solution to ( ,ríËð ) with valueat most H20�'- Ú�/ ,
then Ñ - Ú�/ ørÑ is an integral solution to (

��� ð ) with valueat most H20 ' .
Proof: (Sketch.) Follows from sameargumentsasin [13].

In order to apply the algorithm recursively, we needto show the following
lemmas.

Lemma 3.7 Thetwo-setfunctions ´ i Ò dgf+BSf ¥ h`´ and |+dgf+BSf ¥ h are two-submodular.

Proof: The proofs in both cases follow from a simple counting argument that
showsthatany edgecountedon theright-handsideof (1) alsoappears on theleft-
hand side.

Lemma 3.8 If
¤

is weaklytwo-supermodular and c is two-submodular, then
¤ DMc

is weaklytwo-supermodular.

Proof: Whichever termof thedefinition of weaktwo-supermodularity (3) and(4)
achievesthemaximum, DÂcedgf�BSf ¥ h+D/ced§�ZB�� ¥ h satisfiesthesameinequality, by (1).
Hence d ¤ Dùcph5dgf�BSfn¥§héYwd ¤ Dùcph5d§�ZB��Z¥§h satisfiesthis inequality.

Corollary 3.9 If
¤

is weaklytwo-supermodular, then
¤ dgf�BSf ¥ h�DÎ´ i5Ò�dgf+BSf ¥ h`´ is also

weaklytwo-supermodular for anysetof edges Ñ��Äs .

Theargumentsaboveyield thefollowing theorem.

Theorem 3.10 Givenapolynomial-timeseparationoracle for (
��� ð ) and( ,½íËð ),

thealgorithm aboveis a 2-approximationalgorithm for finding theminimum-cost
integer solution to (

��� ð ).

3.4 Implications for Element and Vertex Connectivity

In order to apply Theorem3.5 to vertex connectivity problems,we would needto
showthat

¤ J and cRJ areweakly two-supermodular. For
¤ J this is not true, even

when K½L_H . Examplesin Section 7 show that themodification of Theorem 3.5 to
includegeneral c`J doesnot hold. However, theconnectivity functionsfor element
connectivity areweakly two-supermodular, asthe foll owing theorem shows. We
begin with somenotation. Given dgf+BSfà¥%h , thereis a pair ?�qëf/Ï3� , @ÀqFfé¥pÏ3�
thatdeterminesthevalueof

¤4��� � dgf+BSf ¥ h . Let ?Sdgf+BSf ¥ h denoteonesuch? and@ dgf+BSf ¥ h
denotethecorresponding @ .
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Lemma 3.11 Thetwo-setfunction
¤5��� �

is weaklytwo-supermodular.

Proof: Before we can start the proof, we needto argue that the function value¤���� �
is well-defined on the argumentsof

¤���� �
usedin the definition of weakly two-

supermodular. Weassumethat f and fº¥ aredisjoint, that � and �È¥ aredisjoint, that
°�D¨fùDÀf ¥ ��� , andthat °�Dù�tDù� ¥ ��� . We needto show (for example) that¤���� � dgf�Ï½�ZBSf+¥�ø½��¥¼h is well-defined. First, f�Ï½� and fU¥�ør�Z¥ aredisjoint because
any elementin f is not in f ¥ andany elementin � is not in � ¥ , sothatany element
in fùÏµ� cannot be in f ¥ øW� ¥ . Second, we needto showthat any element not in
dgfrÏ��#hàø�dgf+¥�øV�Z¥%h mustbein � . This follows sinceany elementnot in thesetwo
setsmustbein either °öDMf�D��µDMf ¥ D�� ¥ (andthusis certainly in � ) or f�D��WD�� ¥
(andthusin °ÍD½�öDM�²¥ , which impliesmembership in � ) or �öDWfrDWfà¥ (andthus
in °�DÀfùDÀf ¥ , which impliesmembership in � ). Theother casesaresimilar.

We now show that
¤���� �

is weaklytwo-supermodular. For any pair d§�ZB��Ê¥%h , note
thatsince °_Dù�ëD/� ¥ contains only nonterminals, ?Sdgf+BSf ¥ h²qÌdgfÎÏr�#héø/dgfÎÏr� ¥ h
and @àdgf�BSf ¥ hÎq©dgf ¥ Ïù�1h{øëdgf ¥ Ïù� ¥ h . Thesepossible locations aredepicted in
Figure2(a).

Call setsfµÏV� and f ¥ ÏV� ¥ complements,andsetsfrÏV� ¥ and f ¥ Ï�� comple-
ments.Theset �VL l ?�dgf+BSf¦¥4hSB�?Sd§�ZB���¥§hSB�@àdgf+BSf+¥§hSB�@ d§�ZB��Z¥§h�z intersectstwo, three,or
all four of thesesets. If only two, thenthesetwo setsarecomplements,

¤6��� � dgf�BSf ¥ hÈL¤���� � d§�ZB�� ¥ h , andeither (3) holds(Figure2(b)) or (4) holds(Figure2(c)),depending
on the setof complements. If � intersectsthreesets,thentwo of thesearecom-
plements with theproperty thata requirementvertex for dgf+BSf ¥ h is containedin at
least onesetof the complementary pair, anda requirementvertex for d§�ZB��a¥%h is
containedin thecomplementary set. Thusthe inequality of (3) or (4) correspond-
ing to this complementary pair holds(Figures2(d) and(e), respectively). Finally,
we have the casewhen � intersectsall four sets, as in Figure2(f). In this case,
select thecomplementarypair thatcontainsa requirementvertex of pair dA?CB�@ah with
<�=�>µLúNPORQ l ¤���� � dgf�BSf+¥4hSB ¤���� � d§�ZB���¥%h�z . Thenthe inequality that corresponds to this
complementarypair holds.

Corollary 3.12 Thetwo-setfunction c ��� � dgf+BSf+¥4h is weakly two-supermodular.

Proof: The function 7Êdgf+BSf ¥ hPu Lÿ´	°�DFf±Dëf ¥ ´ is two-submodular, andsatisfies
(1) with equality. Thusby Lemma3.8,

¤8��� � dgf+BSf+¥4hÈDt´	°yD¨fÌD¨f+¥g´ is weakly two-
supermodular.

As notedabove,
¤ ] is not weakly two-supermodular. In Section 5, we prove

thefollowing theorem.

Theorem 3.13 For
¤ dgf+BSf ¥ h/u Lvc ] dgf+BSf ¥ h , any basic solution to ( ,ríËð ) has at

least oneedge }ïqWs_DöÑ with |�d~}�h�� [] .
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By thesameargumentsasthoseabove,this theoremimpliesa2-approximation
algorithm for theVC-SNDP when <S=�>Áq l)� B�E�B�H�z .
Theorem 3.14 Givena polynomial-timeseparationoraclefor ( ,ríËð ) for thefunc-
tion c ] , wehave a 2-approximation algorithm for VC-SNDPwhen <g=�>Áq l)� B�E�B�H�z .

In Section 6,weshow thatwehavepolynomial-timeseparation oraclesfor both
ELC andVC-SNDP.

4 Proof of Theorem3.5

We now turn to theproof of Theorem3.5,restatedherefor convenience.

Theorem 3.5 For anyweaklytwo-supermodular function
¤

, anybasic solution to
(
��� ð ) hasat leastonevariable } such that |+d~}Rhk�wE)x�H .

Our proof outline follows that of Jain [13]. Beforewe cansketch the proof
outline, we need to definesometerms. We say that a pair of sets f+B�� cross if
all threeof f�Ï¨� , ftDt� , and �®D_f are nonempty. A collection of setsis
laminar if no pair of setsin the collection cross. Given a feasible solution | to
the LP ( íËî - ðéñÎòôó ), we saythat the constraint corresponding to the set fwêû°
is tight if |�dgfjhµL ¤ dgfjh . The proof in [13] shows first if a pair of tight sets f
and � cross, then either f±ø/� and fÍÏ/� are tight, or fëDë� and ��Dwf are
tight. Furthermore, there is a linear relationship betweenthe edges with exactly
oneendpoint in these sets. This “uncrossinglemma” is usedto prove that there
exists a basicsolution corresponding to a laminar collection of tight sets. This
laminar collectiondefinesapartial order on thesetsof thecollectionvia thesubset
relation. This partially ordered set(poset) hasa forest structure,andthe forest is
usedto prove theexistenceof anedgeof value at least1/2.

Herewe prove analogsof theuncrossing lemma(Lemma4.1)andthelaminar
basis lemma(Corollary 4.5). We thendefineananalogous poset of a laminarcol-
lection which hasa foreststructure (Lemmas4.7, 4.8, 4.9). Given the forest, we
invoke a lemmafrom [13] to prove the existence of the edge } with |+d~}Rh��ýE)x�H .
Thecentral technical difficulty lies in derivingtheappropriateanalogsof thecon-
cepts of “cross”, “laminar”, andthe poset whendealing with pairsof sets;andin
defining the appropriateanalogof “incidence” so that a charging argumentsimi-
lar to that in [13] works. Additionally, proofs thatarequite simplefor single sets
becomenon-trivial for pairsof sets(e.g.Lemma4.3).

We now begin theproof. Let | bea feasible solution to (
�1� ð ) for a weakly

two-supermodular function
¤

. A setpair dgf+BSf ¥ h is tight if |+dgf+BSf ¥ h
L ¤ dgf+BSf ¥ h . In

12



particular, we will be interestedin the casewhen | is a basicsolution to (
��� ð )

with theproperty that |�d~}�h9�ûE for all }�q/s (sinceotherwiseTheorem 3.5holds
trivially). In this case,we define s�× to be the setof edges with nonzero | -value.
Fromthis point onward, | will always refer to a basicsolution to (

��� ð ). Given
| , define Ön×¯dgf+BSf+¥4h�q l)� B�ERz Ô ÕjÔ

to be the characteristic vector of the support of
|+dgf+BSf+¥4h . Recallthatthis implies Öà×ºdgf�BSf+¥4h5d~}�hjL÷E if andonly if |+dgf�BSfU¥%h5d~}�hk� �

.

Lemma 4.1(Uncrossing Lemma) If dgf�BSf ¥ h and d§�ZB�� ¥ h are tight for a weakly
two supermodular function

¤
with respectto | , thenoneof thefollowing holds.

i. dgfWÏr�ZBSf+¥�øM�Z¥%h and dgfWø½�ZBSfÊ¥¹Ï½�Z¥%h are tight, and
ÖÊ×pdgf+BSf ¥ hnY¨Ön×¯d§�ZB�� ¥ hjLFÖÊ×pdgf�ø½�ZBSf ¥ Ï½� ¥ h¦Y¨ÖÊ×pdgf�Ï½�ZBSf ¥ ø½� ¥ h ,

ii. dgfWÏ½� ¥ BSf ¥ ør�#h and dgf ¥ Ï½�ZBSf�øM� ¥ h are tight and
ÖÊ×pdgf+BSf�¥%hnY¨Ön×¯d§�ZB��Z¥%hjLFÖÊ×pdgf�Ï½�Z¥ABSf+¥�øM�#h¦Y¨ÖÊ×pdgf�¥¹Ïr�ZBSfWø½�Z¥%h .

Proof: Because
¤

is weakly two-supermodular, either (3) or (4) holds for
dgf+BSf+¥4h and d§�ZB���¥%h ; suppose(3) holds. That is,

¤ dgf+BSfà¥%hÂY ¤ d§�ZB���¥¼hù· ¤ dgf¨ø
�ZBSf ¥ ÏÁ� ¥ haY ¤ dgfVÏÁ�ZBSf ¥ øÁ� ¥ h . (Theothercaseis similar.) Weknow that |+dgf+BSf ¥ h
is two-submodular by Lemma3.7. Define 7nd;:�B5:È¥§h²L ¤ d;:kB5:Z¥4h�Dö|�d;:kB5:Z¥4h . Thus7ndgf+BSf ¥ hRY<7nd§�ZB�� ¥ h²·=7Êdgf#øk��BSf ¥ Ï�� ¥ hRY<7ndgf#Ï��ZBSf ¥ ø�� ¥ h . By thefeasibilit y of | ,
|+d>�ÎB�� ¥ h�� ¤ d>�ÎB�� ¥ h , sothat 7nd>��B�� ¥ hZ· �

for all setpairs d>��B�� ¥ h . For dgf+BSf ¥ h
and d§�ZB���¥4h thataretight for

¤
with respect to | , 7ndgf+BSfº¥§hÈL?7Êd§�ZB��Z¥4hjL �

. Thuswe
know 7ndgf+BSf ¥ h�Y@7nd§�ZB�� ¥ h
L �

, 7ndgf«ø²��BSf ¥ ÏÂ� ¥ h²· �
, and 7ndgf«Ï²�ZBSf ¥ øÂ� ¥ h²· �

, so
it mustbethecasethat 7Êdgf
øÊ�ZBSf ¥4ÏÊ�Z¥%hjLA7Êdgf
ÏÊ�ZBSf�¥%ø+�Z¥¼h
L �

, and dgf
ø+�ZBSfÊ¥¼Ï+�Z¥¼h
and dgfµÏP�ZBSf ¥ ø�� ¥ h aretight. It is not hard to show that Ö�×¯dgf+BSf ¥ hUYÌÖn×ºd§�ZB�� ¥ h²�
Ön×¯dgfËø#�ZBSf+¥�Ï«��¥¼h¹YôÖn×¯dgf�Ï«�ZBSf+¥�Ï#�Z¥¼h by showing thateveryedgethatappearsin
theright-hand sideof theinequality mustappear in theleft-handside. We needto
showthatequality holds; supposenot — theinequality is strict. Sincethe | -value
of an edge } is the samein all setsthat contain } , the relation (i.e. � , � , or L )
of |�dgf+BSf ¥ hÈYë|+d§��B�� ¥ h to |+dgf/øÎ��BSf ¥ ÏÎ� ¥ hÈYë|�dgföÏÎ�ZBSf ¥ ÏÎ� ¥ h is the sameas
therelation of Ö ×¯dgf+BSf+¥4h YöÖÊ×pd§��B��Z¥4h to Ön×¯dgf½øV�ZBSf+¥�Ï��Z¥%heY/ÖÊ×ºdgfµÏV�ZBSf+¥RÏV�Z¥%h .
Hence Ö¦×ºdgf�BSf ¥ h{YFÖn×¯d§�ZB�� ¥ hr�­ÖÊ×ºdgfÀø��ZBSf ¥ Ïù� ¥ h
YFÖn×¯dgfÌÏù�ZBSf ¥ Ï�� ¥ h im-
plies that |�dgf+BSf ¥ h{Y�|�d§�ZB�� ¥ hÎ�Ç|�dgf¨ø/�ZBSf ¥ Ïù� ¥ h²Y8|�dgf¨Ï/�ZBSf ¥ Ïù� ¥ h . But
then

� LB7Êdgf+BSfn¥§h�Y�7nd§�ZB���¥%hC�D7Êdgf/øÎ�ZBSf+¥ºÏÎ�Z¥¼h�Y�7ndgfÌÏô��BSf+¥ºøW�Z¥%h1L �
, a

contradiction.
Wedefinearelation · onsetpairsby dgf�BSfp¥4h²·�d§�ZB��Z¥4h if fÍ�±� and fn¥FE±�Z¥ .

It is easyto check thatthis relation is transitive, reflexive,andanti-symmetric, and
hencedefinesa partial order.

Definition 4.2 Thepairs dgf+BSf ¥ h and d§��B�� ¥ h pair-cross if they donotsatisfyeither
of the following two conditions: (1) dgf+BSfp¥4h and d§��B��k¥4h are comparable in the
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partial order (that is, either dgf+BSf ¥ h�· d§�ZB�� ¥ h or vice versa); (2) fÇ�Ç� ¥ and
�÷�8f+¥ . A collection G of pairs dgf�BSf ¥4h is calledpair-laminar if no two pairs in G
pair-cross.

It is important to notethat this definition is not symmetric: It is possible that
dgf+BSf ¥ h and d§�ZB�� ¥ h donotpair-crosswhile dgf ¥ BSf
h and d§� ¥ B��#h dopair-cross. In this
case, the uncrossing lemmaapplied to dgfa¥ BSfjh and d§��¥AB��1h will return dgf+BSf¦¥4h and
d§�ZB�� ¥ h . This asymmetry is necessaryin the following sense: if we usea perhaps
morenatural definition of crossingthatdefinestwo setpairsto cross if any two of
their definingsetscross, then it may be the casethat we have crossing setpairs,
but that after applying the uncrossinglemma,we remainwith the sametwo set
pairs. For instance, consider the casewhen � ê f , but f and �U¥ cross. This
happenswhen f  �Â��øï� ¥ . In this case,condition (ii) of theuncrossinglemmadoes
not hold, as fé¥eÏ/� L Ð ; but condition (i) of the uncrossing lemmadoeshold.
However, f�ør�yLûf and f�Ïr�yL�� , so that thesametwo setpairsarereturned
after applying the uncrossing lemma. Thuswe must relax this definition so that
every applicationof theuncrossinglemmayields two setpairswhich do not pair-
cross. We cannot relax it too much,however, since we require specific properties
of pair-laminarsetpairs in orderto obtain our result. In particular, a pair-laminar
collectionof setpairs mustdefinea poset which hasa forest structure. We prove
that this is thecasein Lemma4.7. Thesecond condition of pair-cross is alsoused
critically in Lemma4.8.

The following technical lemmais central to thevalidity of our main theorem.
Theproof containsmany casesbecausethedefinition of pair-cross is not symmet-
ric.

Lemma 4.3 Let dgf+BSf+¥%h and d§�ZB���¥4h bepairs that pair-cross. If d>��B���¥4h doesnot
pair-cross either dgf+BSf ¥ h or d§�ZB�� ¥ h , thenit doesnot pair-cross anyof thepairs:

a: dgf�Ï½�ZBSf ¥ ø½� ¥ h ,
b: dgf�ø½�ZBSf�¥�Ï½��¥¼h ,
c: dgf�Ï½� ¥ BSf ¥ øM�#h ,
d: dgf ¥ Ï½�ZBSfWø½� ¥ hSì

Proof: We notethat if dgf+BSf ¥ hM·Çd>��B�� ¥ h then it follows immediately that dgfÀÏ
�ZBSf+¥�ør��¥¼hZ·ydgf�BSf+¥4h�·÷d>�ÎB���¥§h andthat dgfÎÏµ�Â¥§BSf+¥�øµ�#hk·÷dgf+BSf+¥4hZ·ûd>�ÎB��Î¥4h ;
thatis, d>��B�� ¥ h doesnotpair-crossa or c. Similarly, if dgf+BSf ¥ hÂ��d>��B�� ¥ h then dgfZø
�ZBSf ¥ ÏË� ¥ h²��dgf+BSf ¥ hÂ��d>��B�� ¥ h , and d>�ÎB�� ¥ h doesnotpair-cross dgf ¥ ÏË��BSf�ø�� ¥ h
since fn¥pÏô�­�yf+¥j�H�Î¥ and �Ø�ûf8�ûf�øW��¥ , andthus d>��B��µ¥§h doesnot pair-
cross b or d. Similarly, if d§�ZB�� ¥ h½·Xd>�ÎB�� ¥ h then dgfÌÏ��ZBSf ¥ ø�� ¥ h½·Xd>�ÎB�� ¥ h
and dgfn¥àÏ���BSföø��Z¥%h½·»d>�ÎB���¥§h , so that d>��B��ô¥§h doesnot pair-crossa or d. If
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d§�ZB�� ¥ h��úd>��B�� ¥ h then dgf/øÎ��BSf ¥ ÏÎ� ¥ hV�úd>�ÎB�� ¥ h and d>�ÎB�� ¥ h doesnot pair-
cross dgf�Ïr�k¥ABSf+¥�ør�#h since � �8fn¥�ør� and f�Ïr��¥n���Î¥ , sothat d>�ÎB��ô¥§h does
not pair-crossb or c.

Wenow exhaustively enumeratecases. If both dgf+BSf�¥4hSB)d§�ZB���¥§h²·�d>�ÎB���¥§h , then
by theabove d>�ÎB��½¥§h doesnot pair-crossa, c, or d. Furthermore,it does not pair-
crossb sinceweknow f+B��_�I� and fe¥§B���¥FEJ�Î¥ , andtherefore dgf�øÂ�ZBSfU¥�Ï²��¥¼h²·
d>�ÎB�� ¥ h .

If both dgf+BSf ¥ hSB)d§�ZB�� ¥ hP�Çd>��B�� ¥ h , thenby the above d>�ÎB�� ¥ h does not pair-
cross b, c, or d. It doesnot pair-crossa since we know f�B��HEI� and f¹¥ B��Z¥U�I��¥
andtherefore dgfÎÏM�ZBSf ¥ ø½� ¥ hÂ�wd>��B�� ¥ h .

Thecasedgf+BSfn¥4hÂ·wd>��B��Î¥§hÂ·_d§�ZB��Z¥%h or thereversecannot occur becausethis
implies that dgf�BSf ¥ h and d§�ZB�� ¥ h do not pair-cross, contradicting thehypothesis.

Note that because dgf+BSf ¥ h and d§�ZB�� ¥ h pair-cross,it cannot be the casethat
dgf+BSf+¥4h/· d>�ÎB���¥§h and � � �k¥ and �Ø�K�W¥ since this implies that f �X�j¥
and �ÿ�Xf ¥ . Similarly, this casewith dgf+BSf ¥ h interchanged with d§�ZB�� ¥ h cannot
occur. Sowe assume dgf�BSfé¥4h«��d>�ÎB��Î¥4h andthat � �F�Â¥ and ���A�W¥ . Fromthe
above,we know that d>�ÎB�� ¥ h doesnot pair-crossb or d. Furthermore,it doesnot
pair-cross a since �ª�©fe¥ºøÎ��¥ and fÌÏÎ�Ç�L�W¥ . It does not pair-cross c since
d>�ÎB�� ¥ h½·XdgfÌÏ�� ¥ BSf ¥ ø��#h . The casewith dgf�BSf ¥ h and d§�ZB�� ¥ h interchanged is
similar.

Finally, we assumethat d>�ÎB��½¥§h doesnot pair-crossdgf�BSfà¥4h because�ª�®f¦¥
and f»�M� ¥ , and doesnot pair-cross d§�ZB�� ¥ h because � �»� ¥ and � �N� ¥ .
It follows easily that d>�ÎB��M¥§h doesnot pair-cross a because � ��fp¥éø/��¥ and
fÌÏÎ�»�O� ¥ . It doesnot pair-crossb because � �­f ¥ Ï�� ¥ and fÀøÎ�»�P� ¥ .
It doesnot pair-crossc because � �©f ¥ ø�� and föÏÎ� ¥ �D� ¥ , andit does not
pair-cross d because ���ëfWø½�
¥ and fÊ¥�Ïr�_�I�Î¥ .
Lemma 4.4 Givenpairs dgf+BSf ¥ h and d§��B�� ¥ h , neither dgf+BSf ¥ h nor d§�ZB�� ¥ h pair-cross
anyof the four pairs dgfùÏô�ZBSfà¥pøô��¥¼h , dgf�øô�ZBSf�¥aÏW�Z¥%h , dgfùÏµ��¥ABSf+¥pøô�#h , dgf�¥pÏ
�ZBSfÎøM� ¥ hSì

Proof: Consider dgf+BSf ¥ h ; theproof for d§�ZB�� ¥ h is analogous. We seethat dgf�Ï
�ZBSf+¥¯ø��Z¥%h�·\dgf+BSf�¥%h , dgf+BSf�¥¼hP·\dgföøÎ�ZBSf�¥ºÏ���¥¼h , dgfÌÏÎ�Z¥ABSf+¥¯ø��#h�·Çdgf+BSf+¥4h ,
and fw�ûfùøµ� ¥ and f ¥ ÏW�­�÷f ¥ . Thus dgf+BSf ¥ h does not crossany of thesefour
sets.

Let Q be the collectionof all tight setpairs with respect to | . Given a col-
lection of setpairs R , we define SUTàO�æ¦d>RPh to be the vectorspacespannedby the
characteristic vectorsÖp×ºdgf+BSf ¥ h of thesetpairs dgf�BSf ¥ h²q�R .

Lemma 4.5 Any maximal pair-laminar collection G of tight set pairs satisfiesSUTàO�æ¦dVGkhjLWSUTàO�æ¦dVQVh .
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Proof: If SUT O�æ¦dVGÂh  LXSUTàO�æ¦dVQVh , then SUTàO�æ¦dVGkhËêYSUTàO�æ¦dVQVh since G®êZQ . Thus
there exists a pair dgf+BSfe¥4h¨qXQ , with Ön×ºdgf�BSf+¥¼h�xq"SUTàO�æ¦dVGkh , such that dgf�BSf¦¥%h
pair-crossesa minimum number of set pairs in G . Let d§�ZB�� ¥ h be one of those
pairs. Thenby Lemma4.1, we canrewrite Ö¯×¯dgf+BSf+¥4h asa linear combinationof
characteristic vectors of pair-laminartight setpairs. Suppose thatcondition (i) of
Lemma4.1holds; thuswe canrewrite Öº×¯dgf+BSf+¥4h as Ön×¯dgfÎø½�ZBSf�¥¹Ïr�Z¥¼hnY¨Ön×¯dgfÎÏ
�ZBSf ¥ øW� ¥ h{D¨Ön×ºd§�ZB�� ¥ h (the casein which condition (ii) holdsis similar). Since
Ö × dgf+BSf ¥ h�xq[S(TàO�æ¦dVGÂh , at leastoneof Ö × dgf�ør�ZBSf ¥ Ïr� ¥ h and Ö × dgfÎÏµ�ZBSf ¥ øµ� ¥ h
is alsonot in SUT O�æ¦dVGÂh . By Lemma4.3, any setpair d>�ÎB��V¥§hMq?G pair-crossing
eitherof dgfPøË��BSf ¥ ÏË� ¥ h and dgfPÏË�ZBSf ¥ ø�� ¥ h mustalsohavepair-crossed dgf�BSf ¥ h ,
since d>��B��ô¥4h does not pair-cross d§�ZB��j¥¼h by thelaminarity of G . Furthermore,by
Lemma4.4 the setpairs dgf/øW�ZBSf ¥ ÏW� ¥ h and dgf/ÏW�ZBSf ¥ øW� ¥ h do not pair-cross
d§�ZB�� ¥ h . Sincetheseset pairs do not pair-cross d§��B�� ¥ h , they have strictly fewer
crossingswith setsin G than dgf�BSf¯¥%h does, contradicting thechoice of dgf+BSfa¥4h .
Corollary 4.6 For any basicsolution | , there exists a pair-laminar set \ of tight
setpairs satisfying

1. ´ \1´�L�´ s�×à´ ,
2. thevectors Ö × dgf+BSf+¥%h for dgf+BSfÊ¥4hÂq�\ are linearly independent,

3.
¤ dgf�BSf ¥ h²�wE for all dgf+BSf ¥ hÂq�\ .

Proof: Let G be a maximalpair-laminarcollection of tight setpairs. If thereis a
setpair in this setthatis linearly dependenton othermembersof theset,remove it
to form \ . Notethat \ satisfiesthesecondandthird conditions;andsincethespan
is unchanged, Span(\ ) = Span(G ) = Span(Q ) by Lemma4.5. Since | is basic, the
dimensionof Span(Q ) is ´ sj× ´ . Thus, \ alsosatisfiesthefirst condition.

Lemma 4.7 If \ is a collectionof pair-laminar setpairs,thentheposetdefinedby
· on thesetpairs in \ is describedby a unique forest.

Proof: Let dgf+BSf ¥ hSB�d>��B�� ¥ hSB�dV]{B4] ¥ h1q
\ . To showthat thepartial order defined
by · givesa forest, we only need showthat if dgf+BSf�¥4h�·\d>��B��Î¥§h and dgf�BSfn¥4h�·
dV]
B4] ¥ h , then d>�ÎB�� ¥ h and dV]{B4] ¥ h mustbecomparablein thepartial order. Thusit
sufficesto establish that if

(1) dgf+BSf ¥ h^��d>��B�� ¥ h ,
(2) dgf+BSf ¥ h^��dV]{B4] ¥ h , and
(3) dV]
B4]Ë¥%h  ��d>�ÎB���¥§h ,

then d>��B�� ¥ h_�ydV]{B4] ¥ h . Since \ is pair-laminar, d>�ÎB�� ¥ h and dV]{B4] ¥ h do not pair-
cross. If d>��B��µ¥§h  � dV]
B4]�¥%h , thenby laminarity, � �`]�¥ and ] �X�W¥ . Since

16



ft�A� �?] ¥ , andsince ] and ] ¥ aredisjoint, this implies f  �?] , contradicting
dgf+BSf+¥4hÂ·�dV]{B4]ï¥4h . Soit mustbethecasethat d>�ÎB��M¥§hÂ·�dV]{B4]ï¥%h .

To prove Theorem 3.5,we usea proof by contradiction. WeuseLemma4.7to
constructa forestof tight setpairsin \ . Wethendefineanew conceptof incidence
of edges with fractional valueto nodesin this forest. Giventhatno edge hasvalue
at least [] , wecanthenchargeedgeswith fractionalvalueto thenodesin this forest
in a way that leads to a contradiction.

Startwith a pair-laminarfamily \ asgivenby Corollary 4.6. Form therooted
forestcorresponding to thecontainmentposet on \ asindicatedin Lemma4.7: the
node setis \ andthereis anarc from dgf+BSf ¥ h«q
\ to d§�ZB�� ¥ h«q
\ if d§��B�� ¥ h is the
smallestpair of thepartial order such that dgf�BSf¹¥4h  Lûd§�ZB���¥¼h and dgf+BSfÊ¥%hk·�d§�ZB��Z¥%h .
Notethatwe referto nodesandarcsof theforest,while weuseverticesandedges
whenreferring to theoriginal graph.

A socket d~}�B�?�h is a pairing of an edge }�q�sÊ× with oneof its two endpoints.
Eachedge }µL»dA?CB�@�h½qÄsÂ× is associated with two sockets: d~}�B�?�h and d~}�B�@ah . We
assign eachsocket to at most one nodeof the forest; we say that the socket is
incidentto thatnode.For anedge}�L¬dA?CB�@�hÁqösn× , thesocket d~}¹B�?�h is incident to
node dgf+BSfn¥4h if dgf�BSfÊ¥4h is the lowestnode in the treeamongall nodeswith either
?{q�f or

l ?�B�@pzkÏÎf ¥ L8Ð .

Lemma 4.8 Incidenceis well-defined.

Proof: We needto show that for a given socket d~}�B�?�h , the definition of incidence
is suchthat thesocket is assignedto at mostonenode.It sufficesto show thatany
two setpairs dgf�BSfé¥4hSB)d§�ZB��Z¥4hÂq�\ for which oneof thetwo conditionsof incidence
holds mustbecomparablein thepartial order.

First, if ?{q�f and ?{qµ� thensince dgf+BSf ¥4h and d§��B��k¥4h don’t pair-cross,it must
bethecasethateither dgf+BSf ¥ h²·�d§�ZB�� ¥ h or d§��B�� ¥ h²·�dgf+BSf ¥ h .

Now supposethat ?ïqFf , ?rxq±� , and
l ?CB�@pz1ÏÎ� ¥ LýÐ . We know that dgf+BSf ¥ h

and d§�ZB���¥4h do not pair-cross.Since ?kqùf and ?ïxqô� , we know dgf�BSfº¥4h  ·÷d§�ZB��Z¥%h .
Since ?{q�f and ?#xqô� ¥ , it is not thecasethat f��±� ¥ and �_�Ff ¥ . Thusit mustbe
thecasethat d§�ZB�� ¥ hÂ·wdgf�BSf ¥ h .

Supposethat ?�xq�f , ?�xqF� ,
l ?CB�@pzïÏÌf ¥ LbÐ , and

l ?CB�@ºzÁÏ�� ¥ LbÐ , and that
dgf+BSf+¥4h and d§�ZB��k¥4h areincomparablein thepartial order. Since dgf+BSf�¥4h and d§�ZB���¥%h
donotpair cross, it mustbethat @�xq�f�øÁ� . Thus ?�B�@½q�°±D/dgf�øÁ�Îø�f ¥ øÁ� ¥ h . We
claim thereis no setpair d;:kB5: ¥ hkqa\ with ´ l ?CB�@pzZÏ�:�´�L�E and ´ l ?CB�@ºz�Ï
: ¥ ´�L�E ,
since sucha setpair would pair-crosswith dgf+BSf�¥4h . But thentheedge dA?CB�@�h is not
in thesupport of |�d;:kB5: ¥ h for any d;:�B5: ¥ hÂq�\ . Thus, dA?�B�@�h�xqôs�× .

We say that an edgecrossesa node dgf+BSfa¥4h if exactly one of its associated
socketsis incidentto any nodein thesubtree rooted at dgf+BSf ¥ h .
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Lemma 4.9 Anedge dA?CB�@ah with fractional valuecrossesa node dgf+BSf ¥ h if andonly
if ´ l ?CB�@ºzkÏWf�´�L�´ l ?CB�@pz�ÏWf+¥~´¹LûE .
Proof: d;b�h : Foredge }«L�dA?CB�@�h crossingnode dgf+BSf ¥ h , assumethatthesocket d~}�B�?�h
is incident to a nodein thesubtreerootedat dgf�BSf�¥4h and d~}�B�@ah is not. Then ?ËxqÌfé¥
and @µq/f ¥ by definition of incidenceandthepropertiesof thepartial order. Since
@½qùf+¥ , this in turn implies ?²q�f . d;c�h : If ?{qùf and @rq�fà¥ and \ is pair-laminar,
thenby Lemma4.8, d~}¹B�?�h is incidentto anode d§�ZB�� ¥ h satisfying d§��B�� ¥ hÂ·_dgf+BSf ¥ h .
By Lemma4.7,this impliesthat d~}�B�?�h is incidentto a nodein thesubtreerootedat
dgf+BSf+¥4h . Since@Mq�fÊ¥ , d~}¹B�@�h is not incidentto any d§�ZB��j¥¼hk·�dgf+BSf+¥4h .

Proof of Theorem 3.5: The proof is by contradiction: supposeevery edgetakes
valuestrictly lessthan [] . Weshowthat giventhisassumption,wecan“charge” the
sockets incident to any rooted subtreeof the forest in sucha way that eachnode
getschargedat leasttwo sockets andtheroot getschargedat least3 sockets.This
leads to a contradiction, sincethenumber of socketsis twice thenumber of edges,
andthenumber of edges equals thenumberof nodesin theforest.

This charging scheme is carried out inductively bottom up on the structure
of the tree. Consider first a leaf element dgf+BSfp¥4h of the forest. Sincewe know¤ dgf+BSf ¥ hÍ�ªE and eachedge has value less than 1/2, it must be the casethat
´ i Õed dgf+BSf+¥4h`´#�Mf . By Lemma4.9 it must be the casethat eachof these edges
cross dgf+BSf ¥ h , which implies thatat leastthree sockets areincidenton dgf+BSf ¥ h . We
invoke a lemmaof Jainbelowin order to carryout theinduction.

For }ôq±s�× , define gUd~}Rh1L [] D¨|�d~}�h . Since |+d~}Rh��ýE)x�H by hypothesis,note
that géd~}�h�� �

. For any pair dgf+BSf ¥ hïqI\ , defineits co-requirement asthe sumofgUd~}Rh ’s for all the edgescrossing dgf+BSfº¥%h . The co-requirement satisfies gédgf+BSf ¥¼h#L
[] ´ i Õ d dgf+BSf ¥ h`´�D ¤ dgf+BSf ¥ h . Since

¤ dgf+BSf ¥ h is integral, theco-requirement of dgf�BSf ¥ h
is anintegral multiple of [] .

Lemma 4.10(Jain [13], Lemma 4.6) For anyrootedsubtreeof theforest, wecan
chargethesocketsincident to it such thateverynodegetscharged at least 2 sockets
and the root gets charged at least 3. Moreover, the root gets charged exactly 3
socketsonly if its co-requirementis half.

Note that the statement of the lemmain [13] refers to endpoints in a way that
is analogousto our useof the termsockets here. Theproof of this lemmafor our
problem is exactly the sameproof in [13] which consistsof checking a series of
cases. We omit it heredueto thesimilarity to, andthelength of, theoriginal.
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5 h 0,1,2i Vertex Connectivity

In orderto show that the algorithm described in Section3.3 is a 2-approximation
algorithm for VC-SNDPwhen <�q l)� B�E�B�H�z , it suffices to prove Theorem3.13,
restatedhere:

Theorem3.13 For
¤ dgf�BSf ¥ h{u Ltc ] dgf+BSf ¥ haD�´ i5ÒZdgf+BSf ¥ h`´ and syL8sÀDPÑ , anybasic

solution to ( ,ríËð ) hasat least oneedge }ËqWs�DöÑ with |+d~}Rhk� [] .

As notedin Section3.4,thefunctions
¤ ] andc ] arenotweaklytwo-supermodular,

so Theorem3.5 doesnot apply directly. However, sincetheir function valuesare
boundedby 2, we canextendthe definitions andtechniques used to prove Theo-
rem 3.5 to handle thesefunctions. We start by extending the definition of weak
two-supermodularity, andshowing that

¤ ] and c ] arecoveredby this extension. In
Section 5.2,we show thatour extension of weaktwo-supermodularity is sufficient
to obtain anuncrossing lemma.Oncetheuncrossing lemmais established,therest
of theproof of Theorem 3.13follows the sameargumentsasused in the proof of
Theorem 3.5.

5.1 Very WeakTwo-Supermodularity

A two-setfunction
¤

is very weaklytwo-supermodular if whenever
¤ dgf+BSf ¥ hï� �

and
¤ d§�ZB���¥¼hk� �

then

¤ dgf�BSf ¥ hnY ¤ d§�ZB�� ¥ hÂ·
NPORQ l ¤ dgfôø½�ZBSf ¥ Ï½� ¥ héY ¤ dgfWÏr�ZBSf ¥ ø½� ¥ hSB (5)¤ dgfôÏ½� ¥ BSf ¥ ø½�#héY ¤ dgfWør� ¥ BSf ¥ Ïr�#hSB (6)

NPORQ l ¤ dgfWø½��BSf ¥ Ïr� ¥ hSB ¤ dgf�ÏM�ZBSf ¥ ø½� ¥ hSB ¤ dgfWÏ½� ¥ BSf ¥ ø½�1hSB¤ dgfWø½� ¥ BSf ¥ ÏM�#hÈz¹B (7)

OR for somepermutationof f and f ¥ , � and � ¥ ,¤ dgfôÏ½�ZBSf ¥ ø½� ¥ héY ¤ dgfWør� ¥ BSf ¥ Ïr�#h+z
While it mayseemthat(7) is includedin (5) and(6), if

¤
is allowedto take on

negative values, this maynot bethecase.
We saythat

¤
is symmetric if

¤ dgf+BSfe¥%h#L ¤ dgf+¥ABSfjh for all f_��° . If
¤ ·Dj ,

thenthe only meaningful values of ´	°�D�fÌDÄf ¥ ´ for the definition of c ] are
�

or
E . If in addition,

¤
is symmetric,asis the casefor

¤ ] and c ] , then the definition
of very weakly two-supermodular canbe simplified to be that for all dgf�BSf)¥%h and
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d§�ZB�� ¥ h with f±�±�Íø½� ¥ and �_�ëfWøÎf ¥ ,
¤ dgf+BSf ¥ h¦Y ¤ d§�ZB�� ¥ h ·�NMORQ l ¤ dgfôø½�ZBSf ¥ Ïr� ¥ héY ¤ dgfWÏ½�ZBSf ¥ ø½� ¥ hSB (8)¤ dgfôø½� ¥ BSf ¥ Ï½�#héY ¤ dgfWÏ½� ¥ BSf ¥ ø½�#hSB (9)¤ dgfôÏ½�ZBSf ¥ ør� ¥ hSB (10)

OR by perhapsswapping dgf+BSf ¥ h for d§��B�� ¥ h ,¤ dgfôÏ½�ZBSf ¥ ør� ¥ héY ¤ dgfWø½� ¥ BSf ¥ ÏM�#hÈz¹ì (11)

To show that c ] is very weakly two-supermodular, we first introducesome
notation. Given dgf+BSfU¥4h , thereis a pair ?�q8f , @±qwfé¥ that determines

¤ ] dgf+BSf+¥4h .
Let ?Sdgf+BSf ¥ h denote onesuch ? and @àdgf+BSf ¥ h denote the corresponding @ . Call the
orderedpair dA?�dgf+BSfU¥4hSB�@àdgf�BSf+¥Ah�h a witness for

¤ ] dgf+BSf+¥4h .
Lemma 5.1 Thetwo-setfunction c ] is veryweaklytwo-supermodular.

Proof: Let f and � be subsets of ° satisfying f¬�¬�wøù�¦¥ , ���bfÀøÀf+¥ .
Theproof is a caseanalysison the location of the four vertices ?Sdgf+BSf ¥ h , @àdgf+BSf ¥ h ,
?Sd§�ZB��Z¥4h , @ d§�ZB���¥%h . Note that,by definition of very weaklysupermodular, we only
needto satisfy oneof (8)-(11) whenboth c ] dgf+BSf ¥ h and c ] d§�ZB�� ¥ h arestrictly posi-
tive. This immediately impliesthatboth

¤ ] dgf�BSf ¥ h and
¤ ] d§�ZB�� ¥ h arein

l E�B�H�z ; and
if ´	°�DÀfùDÀf+¥�´�L÷E , this meansthat

¤ ] dgf�BSf+¥4hjL8H and c ] dgf+BSf+¥4hÈL÷E .
Case(i): fÌø/f ¥ L¬�tø�� ¥ Lb° . By the weaksupermodularity of the one-

set function
¤ ¥ definedby

¤ ¥AdgfjhPu LúNPORQ l <)=	>a´ ?�q8f+B�@±qt°Ck�f²z usedin [11, 13]
implies thateither (8) or (9) hold.

Case(ii): ´	°÷D�fÌDÍf ¥ ´eL\´	°ûDÌ�8DÀ� ¥ ´ L¬E . Thenwe need only checkthe
casewhen

¤ ] dgf+BSf+¥4hïL ¤ ] d§��B��Z¥¼hËL¬H , implying c ] dgf+BSf+¥4hËL©c ] d§��B��Z¥4hïLXE . In
this case, either

(a) ?Sdgf+BSfÊ¥4hÂq�fÎÏ½�Z¥ and ?Sd§�ZB���¥¼hÂqô�±ÏWf+¥ (Figure3(a)),
(b) @àdgf+BSf ¥ h²qô�±ÏWf ¥ , and @àd§��B�� ¥ h²q�fÎÏM� ¥ (Figure3(b)), or
(c)

l ?Sdgf+BSf+¥%hSB�?�d§�ZB��Z¥§h�zkÏÌdgf�Ïµ�#h  L_Ð andat leastoneof @ dgf+BSfe¥§hSB�@àd§�ZB��Z¥§h is
in dgf ¥ ÏM� ¥ h¦øödg°�D¨fùDÀf ¥ héø/dg°_Dù�ëDù� ¥ hÈLw°_DÀf/Dù� .

If (a) holds, then dA?Sdgf+BSf ¥ hSB�@àdgf+BSf ¥ h�h is a witnessfor
¤ ] dgföÏ�� ¥ BSf ¥ øÎ�#h and

dA?Sd§�ZB��Z¥4hSB�@àd§��B��Z¥§h�h is a witness for
¤ ] dgf+¥àÏÎ�ZBSföø���¥¼h . Here, ´	°®DwdgfÀÏÎ�Z¥¼h²D

dgf ¥ ø/�#h`´kL ´	°­Dûdgf ¥ Ï/�1h�D÷dgf±ø/� ¥ h`´kL E so (9) holds. If (b) holds, then
d¼@àd§�ZB��Z¥§hSB�?�d§�ZB��Z¥4h�h is awitnessfor

¤ ] dgfrÏV�Z¥ABSf+¥Rø��#h and d¼@àdgf+BSfÊ¥§hSB�?Sdgf+BSf+¥§h�h is a
witness for

¤ ] dgf ¥ Ï½��BSfWø½� ¥ h , andagain(9) holds.
If (a) and(b) do not hold and(c) holds, thenleast oneof dA?Sdgf�BSf ¥ hSB�@àdgf+BSf ¥ h�h ,

dA?Sd§�ZB��Z¥4hSB�@àd§��B��Z¥§h�h is awitnessfor
¤ ] dgf#Ï��ZBSf+¥�ø��Z¥¼h . If °ùDPfËDPfÊ¥ºL8°ùDË�µDË�Z¥ ,

then@ dgf+BSf ¥ h  L�°rD��VD�� ¥ and@àd§��B�� ¥ h  Lw°rD1fZD#f ¥ sothat
l @àdgf+BSf ¥ hSB�@àd§��B�� ¥ h�z�Ï

dgf+¥ºÏW�Z¥%h is nonemptyandoneof dA?Sdgf+BSfà¥4hSB�@ dgf+BSf+¥Ah�h , dA?Sd§��B��Z¥4hSB�@àd§��B��Z¥§h�h is also
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a witnessfor
¤ ] dgfÀø/�ZBSf ¥ Ï/� ¥ h . (SeeFigure 3(c1).) Sincein this case, ´	°©D

dgf�Ïµ�#h
Dëdgf+¥aøô�Z¥%h`´ºL¬´	°÷Dtdgf�øô�#hjDFdgf+¥�Ïô�Z¥%h`´¯L©E , we have that (8) holds.
Otherwise, asdepictedin Figure3(c2), ´	°�DwdgföÏÎ�1h²Dwdgf ¥ øÎ� ¥ h`´nLúÐ , so that
c ] dgf�ÏM�ZBSf+¥�ø½�Z¥%hjLtH and(10) holds.

Case(iiia): ´	°ÀDµfPDµf¦¥~´¹LûE , �ôø#�Z¥¯Lw° , ?Sdgf�BSf+¥4hÂqÎf�Ï«�Z¥ . If either @ dgf+BSf¦¥§h
or ?Sd§��B���¥4h�q¨�FÏ/f+¥ , then(9) holds. Otherwise, dA?Sdgf+BSfe¥§hSB�@àdgf�BSf+¥§h�h is a witness
for

¤ ] dgfMø��ZBSf ¥ ÏË� ¥ h , dA?�d§�ZB�� ¥ hSB�@ d§�ZB�� ¥ h�h is awitnessfor
¤ ] dgf½ÏË�ZBSf ¥ øË� ¥ h , and

(8) holds.
Case(iiib): ´	°÷DÍföDÍf¦¥g´ºLýE , �Äøµ��¥¦L�° , ?Sdgf+BSf�¥4h#qÀf�Ïµ� . If @àdgf+BSf+¥§h#q

f ¥ Ïô� ¥ , then(8) holds. Otherwise, @àdgf+BSf ¥ hïqö�ÄÏùf ¥ . This situation is depicted
at thebottomof Figure3. In this case,dA?Sdgf�BSfp¥§hSB�@ dgf+BSf+¥§h�h is a witness for

¤ ] dgf�Ï
�ZBSf ¥ øô� ¥ h ; d¼@àdgf�BSf ¥ hSB�?�dgf+BSf ¥ h�h is a witnessfor

¤ ] dgf ¥ Ïr��BSf�øµ� ¥ h ; andthus (11)
holds.

Case(iv): ´	°ÄDW�ÀDµ�k¥~´¹LûE , fMøMf+¥àLw° . Argument is equivalent to Case(iii)
once dgf+BSf ¥ h is switched with d§�ZB�� ¥ h .

The proof of Lemma5.1 demonstrateswhy andwhenwe require (11) in the
description of c ] . We summarizethis in the following corollary so that we may
easily referto it. It is alsopartially depictedat thebottom of Figure3.

Corollary 5.2 If f����Fø�� ¥ , �b�ýföø/f ¥ , c ] dgf+BSf ¥ h and c ] d§�ZB�� ¥ h are strictly
positive, and c ] dgf�BSf ¥ hRYMc ] d§�ZB�� ¥ h is strictly greater thanthemaximumof (8)-(10),
thenbypossiblyswapping dgf+BSf¯¥4h for d§�ZB���¥%h , wehavethat c ] dgf+BSf+¥4h�Y�c ] d§�ZB��Z¥4h²·
c ] dgf�ÏÌ��BSf ¥ øö� ¥ hÂY�c ] dgf�øÌ� ¥ BSf ¥ ÏÌ�1h , ´	°úD�fFD�f ¥ ´#L E , �yøÌ� ¥ L ° ,
?Sdgf+BSf ¥ h²q�fÎÏ½� , and @ dgf+BSf ¥ hÂqr�±ÏWf ¥ .

Theexamplein Section7 showsthat thecorresponding cgJ for <½q l E�B�K z)â²þpâ
is in general not very weaklytwo-supermodular for any KW�=f .
Lemma 5.3 For anyedge set Ñ on ° , c ] dgf+BSf ¥ h+D�´ i5Ò�dgf+BSf ¥ h`´ is veryweaklytwo-
supermodular.

Proof: Sincetheproof of thelemmais independentof choiceof Ñ , andthecontext
is clear, weuse i for i Ò . Suppose c ] dgf�BSf ¥ hÂ� �

and c ] d§�ZB�� ¥ hÂ� �
. If c ] dgf�BSf ¥ h Y

c ] d§�ZB���¥%h satisfiesany of (8)-(10), thenby the two-submodularity of ´ ia´ , we have
d§c ] Dw´ ia´	h5dgf�BSf ¥ h�Y_d§c ] D8´ ip´	h5d§�ZB�� ¥ h satisfiesthe sameinequality. If c ] dgf�BSf ¥ hÊY
c ] d§�ZB���¥%h doesnot satisfy (8)-(10), then it satisfies(11) (after possibly swapping
dgf+BSf ¥ h and d§��B�� ¥ h ). If ´ iadgf+BSf ¥ h`´�Y©´ i�d§��B�� ¥ h`´k�ÿ´ iadgf±Ïù��BSf ¥ ø�� ¥ h`´�Y®´ i�dgfÍø
�Z¥§BSf�¥ºÏÎ�#h`´ , then c ] D�´ ip´ alsosatisfies(11), andwe aredone. Otherwise,there
is an edgefrom f±Ï/� to ��ÏÀf ¥ in Ñ , sincethis is the only type of edge that
contributesmoreto the right hand sideof (11) thanthe left. Thus ´ iadgf+BSf ¥ h`´é�©E .
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Since c ] dgf+BSf ¥ hjYFc ] d§�ZB�� ¥ h doesnot satisfy (8)-(10), by Corollary 5.2, we have
that ´	°�Dëf±DFfn¥g´nL E and c ] dgf�BSf+¥4hïL E , andthus c ] dgf+BSf�¥%hkD�´ i�dgf+BSf�¥§h`´j· �

.
Hence,since (8)-(10) only needto be satisfied by a very weaktwo supermodular
function 7 on argumentsdgf+BSfà¥4h with 7Êdgf+BSfÊ¥4hÂ� �

, none of (8)-(11) needapplyto
dgf+BSf+¥4h to establish very weaktwo-supermodularity of c ] Dë´ ip´ .

5.2 Proof of Theorem3.13

This section is devoted to the the proof of Theorem3.13. To prove this theorem,
we will usethe fact that c ] Dw´ i5Ò�´ is very weakly two-supermodular to obtain an
analog to the uncrossinglemma,Lemma4.1. The uncrossinglemmais in turn
useful to establish the existenceof a laminarbasis of tight sets,a key component
in theproof of thetheorem.

Let | be theextensionof a feasible solution to ( ,ríËð ) with
¤ Lyc ] suchthat

|+d~}�h1L\E for all }ôq±Ñ . In particular we will be interestedin the casewhen | is
a basicsolution to ( ,ríïð ) with theproperty that |�d~}�h!��E for all }rqÀsûDÀÑ . In
this case,let s{× bethesetof edges with nonzero | -value. A pair dgf+BSf�¥4h is tight if
it satisfies

| Õ+* Ò dgf�BSf ¥ hÂ� ¤ ] dgf+BSf ¥ h+Dë´	°_DÀfùD¨f ¥ ´RDF´ i Ò dgf+BSf ¥ h`´ (12)

at equality. (Equivalently, | Õ dgf+BSf ¥ hÁL ¤ ] dgf+BSf ¥ h²Dy´	°�DÄf±DÄf ¥ ´ÊL©c ] dgf+BSf ¥ h .)
Given | , define Öé×pdgf+BSf�¥%hÍq l)� B�ERz Ô Õ+* Ò Ô

to be the characteristic vector of the
support of | Õ+* Ò dgf+BSf ¥ h . If | Õ+* Ò dgf+BSf ¥ hrL �

, we say that dgf+BSf ¥ h is empty. If
| Õ+* ÒÂdgf+BSf+¥4hÂ� �

, then dgf+BSfÊ¥4h is non-empty. If dgf+BSfé¥%h is empty, then Öe×¯dgf+BSf+¥4hÈLl
.

Lemma 5.4(Uncrossing Lemma B) If dgf+BSfn¥%h and d§�ZB���¥4h aretight andnon-empty,
thenfor theappropriatepermutation of f and f ¥ and � and � ¥ sothat fÍ�±��ø1� ¥
and �_�ëf�øôf ¥ oneof thefollowing holds.

(i) dgfWÏr�ZBSf ¥ øM� ¥ h is tight, dgfÎøM��BSf ¥ Ï½� ¥ h is either emptyor tight, and
Ö × dgf+BSf ¥ hnY¨Ö × d§�ZB�� ¥ hjLFÖ × dgf�Ï½�ZBSf ¥ ø½� ¥ h¦Y¨Ö × dgf�ø½�ZBSf ¥ Ï½� ¥ h ,

(ii) dgfWÏ½��¥§BSf�¥¹ør�#h and dgfWø½��¥§BSf�¥¹Ïr�#h are tight and
ÖÊ×pdgf+BSf ¥ hnY¨Ön×¯d§�ZB�� ¥ hjLFÖÊ×pdgf�Ï½� ¥ BSf ¥ øM�#h¦Y¨ÖÊ×pdgf�ø½� ¥ BSf ¥ ÏM�#h ,

(iii) After perhaps swapping dgf�BSf¯¥%h for d§�ZB���¥4h , then �wø/��¥«L�° , and dgf±Ï
�ZBSf ¥ ø½� ¥ h and dgf�ø½� ¥ BSf ¥ Ï½�#h are tight, and
HRÖÊ×ºdgf�BSf+¥4héY¨Ön×¯d§�ZB��Z¥%hjLFÖÊ×¯dgfWÏ½�ZBSfWør�Z¥¼hnY¨Ön×¯dgfWø½��¥§BSf+¥�Ï½�1h .
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Proof: For simplicity of notation, let c ¥ L®c ] Dw´ i Ò ´ . Since | Õ+* Ò is a solu-
tion to ( ,½íËð ), c�¥¦DÄ| Õ+* Òý· �

. Since c¹¥ is very weakly two-supermodular by
Corollary 3.12,if dgf+BSf ¥ h and d§�ZB�� ¥ h arebothnonempty, thenfor appropriateper-
mutationsof f and fU¥ , � and ��¥ , we have that c�¥gdgf+BSf+¥4h+Y�c�¥gd§�ZB��Z¥4h mustsatisfy
oneof (8)-(11) with c ] replaced by cR¥ . If it satisfiesany of (8)-(10), thensince
| Õ+* Ò is two-submodular, d§c�¥ D/| Õ+* ÒÈh5dgf+BSf+¥§hnYwd§c�¥¯DÌ| Õ+* ÒÈh5d§�ZB��Z¥4h satisfiesthe
sameinequality. Thusif dgf+BSf ¥ h and d§�ZB�� ¥ h aretight, thentheleft handsideof the
corresponding inequality in (8)-(10) equals 0. Since c ¥ Dö| Õ+* Ò · �

, this implies
thateachpartof thecorresponding right handsideequals 0. Thus,if (8) is satisfied,
then(i) holdswith dgfùøô�ZBSf ¥ Ïô� ¥ h tight; if (9) is satisfiedthen,(ii) holds; andif
(10) is satisfied, then(i) holds with dgfÎø½��BSfp¥¹Ï½�Z¥%h empty.

If c ¥ dgf+BSf ¥ h�Y�c ¥ d§��B�� ¥ h doesnotsatisfy any of (8)-(10),thenneitherdoesc ] and
by Corollary 5.2,by perhaps swapping dgf+BSf ¥ h for d§�ZB�� ¥ h , we have that ´	°_DÀfùD
f+¥�´�L÷E , �ÌøP��¥àLw° , c ] dgf+BSf+¥4hÈL÷E , ?Sdgf�BSf+¥4hÂq�fµÏP� and @àdgf�BSfn¥§h²q�f�¥�ÏP� . See
bottomof Figure3. Since ´	°�DËf1D�f ¥ ´�L÷E , wehavethat

¤ ] dA?Sdgf+BSf ¥ hSB�@àdgf�BSf ¥ h�hjL8H
andthus

¤ ] dgf�Ïµ��BSf+¥�øµ��¥¼hkLûH½L ¤ ] dgfùøµ�Z¥ BSf+¥�Ïµ�1h . Sincealso ��øµ�Â¥¦L�° ,
this implies that c ] dgf/ÏW�ZBSf ¥ øW� ¥ h1L�c ] dgf/øÎ� ¥ BSf ¥ ÏW�#h#L­H . Since dgf�BSf ¥ h is
tight andnonempty, we have that | Õm* Ò{dgf+BSf+¥4hrLvE and |àÒÂdgf�BSf+¥4hML �

. Since
dA?Sdgf+BSf ¥ hSB�@ dgf+BSf ¥ h�h is a witnessfor both dgfôÏP�ZBSf ¥ øP� ¥ h and dgf ¥ ÏP�ZBSfµøV� ¥ h , we
have that | Õ dgfÌÏÎ�ZBSf ¥ øÎ� ¥ h��®H and | Õ dgf ¥ ÏÎ�ZBSfÌøÎ� ¥ hP�®H . All edges that
contribute to bothof theseexpressionsarein i Õ dgf+BSf+¥4h , andthustheir contribution
is at most1. We have

H · | Õ dgf ¥ ÏM�ZBSf�øM� ¥ h
L | Õ dgf ¥ ÏM�ZBSf�ÏM�#h¦Y¨| Õ dgf ¥ Ïr�ZBSf ¥ Ï½� ¥ h¦Y¨| Õ dgf ¥ Ï½��BSfWÏ½� ¥ h
· | Õ dgf+BSf ¥ héY¨| Õ dgf ¥ ÏM�ZBSf ¥ Ï½� ¥ h (13)

L | Õ+* Ò dgf+BSf ¥ h¦Y¨| Õ dgf ¥ Ï½�ZBSf ¥ Ï½� ¥ h
L E{Y¨| Õ dgf ¥ Ï½��BSf ¥ ÏM� ¥ hSì

This impliesthat | Õ dgf+¥�ÏM�ZBSf+¥�Ï½�Z¥%h²�wE . Similarly, for | Õ d~iadgf�Ïr�#h�h , we have

H · | Õ dgfÎÏM�ZBSf ¥ ø½� ¥ h
L | Õ dgfÎÏM�ZBSf ¥ Ï½�1héY¨| Õ dgfWÏr�ZBSfWÏ½� ¥ h¦YÀ| Õ dgfÎÏM�ZBSf ¥ Ï½� ¥ h
· | Õ dgf+BSf ¥ h¦YÀ| Õ dgf�ÏM�ZBSfÎÏM� ¥ h (14)

L | Õ+* Ò²dgf�BSf ¥ h¦Y¨| Õ dgf�Ï½�ZBSfWÏ½� ¥ h
L E{Y±| Õ dgfWÏ½��BSfWÏ½� ¥ hSB

which implies that | Õ dgfÌÏ��ZBSföÏ��Z¥%h½�bE . Since � is tight, we have that HÌ�
| Õ d§�ZB�� ¥ hÂ�Í| Õ dgf ¥ Ï���BSf ¥ Ï�� ¥ h¯Yö| Õ dgfrÏ��ZBSf½Ï�� ¥ h²�ÄH , sothat c ] d§�ZB�� ¥ hjL8H
and | Õ dgf+¥�Ï½�ZBSf+¥¹Ï½�Z¥%hjLF| Õ dgfÎÏM�ZBSf�Ï½�Z¥%hÈL÷E .
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This lastpair of equationshasseveral implications. By (13), this implies that
all edgeswith |+d~}RhV� �

in i Õ+* ÒÂdgf+BSf+¥4h enter fn¥¯ÏÎ� , andin particular, | Õ dgföÏ
�ZBSf ¥ Ïr� ¥ h²L �

. In addition,with (14),we seethatall edgesin i Õ+* ÒÂdgf+BSf ¥ h with
|+d~}�h�� �

alsoenter f�Ïr� , thusno edgeleaving f contributesto | Õ d§�ZB��Z¥4h . This
lastobservation with | Õ dgf+¥�Ï½��BSf+¥�Ï½�Z¥%h
Lw| Õ dgf�Ï½�ZBSfÎÏµ�Z¥%h
LûE , this implies
that dgfMÏË��BSfn¥)øË�Z¥%h and dgf½øË��¥§BSf+¥)ÏË�1h aretight, and HRÖe×ºdgf�BSf+¥4hºYùÖn×ºd§�ZB��Z¥4hÈL
Ön×¯dgfÎÏM�ZBSf ¥ ør� ¥ héY±Ön×¯dgfÎøM� ¥ BSf ¥ Ï½�#h . Thus(iii) holds.

With this uncrossing lemma,we cannow usetheframework describedin Sec-
tion 4. As before, we definea relation · on set pairs by dgf+BSf¹¥4hÌ· d§�ZB���¥%h if
fû�û� and f ¥ Eû� ¥ . This relation defines a partial order. We saythat the pairs
dgf+BSf+¥4h and d§�ZB���¥¼h pair-crossif they donotsatisfyeither of thefollowing two con-
ditions: (1) dgf+BSf ¥ h and d§�ZB�� ¥ h arecomparable in the partial order(that is, either
dgf+BSf ¥ h«·�d§�ZB�� ¥ h or vice versa); (2) ft�F� ¥ and ���yf ¥ . A collection G of pairs
dgf+BSf+¥4h is calledpair-laminar if no two pairsin G pair-cross. UsingLemma4.3and
Lemma5.4 in placeof Lemma4.1, we have the foll owing corollarieswith proof
identical to thatof Lemma4.5andCorollary 4.6

Corollary 5.5 Any maximalpair-laminar collection G of tight setpairs satisfiesSUTàO�æ¦dVGkhjLWSUTàO�æ¦dVQVh .
Corollary 5.6 Thereexistsa collection \ of pair-laminar tight setpairssatisfying

1. ´ \1´�L�´ s × ´ ,
2. thevectors Öe×¯dgf+BSf ¥ h for dgf+BSf ¥ hÂq�\ are linearly independent,

3. d§c ] Dë´ i Ò ´	h5dgf+BSf ¥ h²�wE for all dgf+BSf ¥ hÂq�\ .

Similarly, using thesamedefinitionsof incidenceandcrossing, theanalogsof
Lemmas4.8 and4.9 alsohold for this problem,andtheremainderof theproof of
Theorem 3.13is identical to theproof of Theorem3.5.

6 Implementation Issues

To solve (
�1� ð ) for ELC in polynomial time, we need a separation oraclefor

the connectivity constraints: an algorithm that finds a violated constraint of the
LP (

�1� ð ) with thefunction c ��� � dgf+BSf ¥ h or ( ,ríËð ) with thefunction c ��� � dgf+BSf ¥ h+D
´ i Ò dgf+BSf ¥ h`´ . To do this,we interpret | -valuesascapacitiesandtransform thegraph
inducedby the current fractional solution | andthe fixededges Ñ into a directed
graph by replacingeveryedgeby oppositelyorientededgeswith thesamecapacity
astheoriginal undirectededge. We thenperform a standardprocedureof splitting
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nonterminalverticesto modelthe fact that at mostonepathcanpassthrough any
nonterminal. Then,in theresulting graph, themaximumflow valuebetween? and
@ is vertex connectivity between ? and @ . If this is lessthan <%=	> , the minimumcut
reveals a violatedinequality.

Thuswehavea polynomial-timeseparation oracle for (
��� ð ) and( ,½íËð ) for

element connectivity. Similarly, we can obtain a separation oracle for
l
0,1,2z -

vertex connectivity. Usingellipsoidalgorithm,we canthenobtain a basic solution
in polynomial time [12].

If wecanbesatisfied with an � -approximate solution (a solution thathasvalue
at most E#Y8� times the optimal solution), thenwe canavoid using the ellipsoid
algorithm, andinsteadusea fully polynomial time approximationschemeto solve
the LP [7, 10]. This will lead to a slight deterioration in the quality of the final
solution, i.e. to HZYÍH�� insteadof 2.

7 Examplesand Counterexamples

Thereis anexample in [13] thatshowsthattheanalysisof theapproximation guar-
anteeobtainedby theiterativerounding algorithm is tight for theedgeconnectivity
problemwith connectivity requirementsin

l)� B�ERz . Sincein this case,theedge, ele-
ment,andvertex connectivity problemsarethesame,thesameexampleshowsthat
theanalysis is alsotight for theelement andvertex connectivity problems.

A natural question is: Can we extend the argumentsgiven here to give a
constant-factorapproximationalgorithmfor vertex connectivity problemswith higher
connectivity requirements? We answerthis question negatively for general <Fql E�B�K z âÂþpâ by describingbasic solutionsto aninfinite family of instancesof ( ,ríËð )
for which

1) thetight setpairsspanningthebasis arehighly non-laminar, and
2) thelargest fraction is boundedabove by [npo�q -sr t .
Specifically, weconstruct a family of vertex connectivity instanceswhereeach

vertex ? hasademand<C=Èq l E�B�K z for all ?
q�° , and <�=�>�LtNPå4æ l <)=�B�<�>�z . This family
hastheproperty thataftersolving theiniti al LP andfixing all edges } with | Ú L÷E ,
theresidual LP hasa basicsolution with largest | -value equal to [J . This example
does not itself rule out a proof that iterative rounding might alwaysyield a good
approximation guarantee. What it demonstrates is that if this weretrue, it would
have to beprovedby completely different methods. Sincethe first appearanceof
this example,however, thereis now a proof thatno constant factor approximation
is obtainablevia any polynomial time algorithm givencertaincomplexity assump-
tions [16].

We depict the family of instancesin Figure 4: For each K construct a graph
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on H�K vertices.Thefirst K vertices °­L l o [ B`ì`ì`ì)B�o�J�z have demandK , thesecond
K vertices u»L l m [ B`ì`ì`ì�B�m J�z have demand 1. The edgesetconsistsof a clique
of 0-cost edgeson ° , anda complete bipartite graph between ° and u of cost1
edges. Thereis an optimal LP solution such that every edge } in the clique has
|+d~}�h�L»E andevery edge } in the bipartite graphhas |+d~}RhËL E)x�K . After setting
ÑbL l }ÿ´�|�d~}�h�LXERz , thereis an optimal solution to ( ,ríïð ) with

¤ L­c�J that
will still have every edge in thebipartite graph at value E)x�K . We will showbelow
that this a basic solution. To establish that this is anoptimal solution, it sufficesto
producea feasible solution to thedual linear programof equalvalue. In thedual,
there is avariable gUdgf+BSf ¥ h for everypossiblesetpair dgf+BSf ¥ h andavariable 0àd~}�h for
eachedge }�q�s . Thequantity gUdgf�BSfà¥%h representsthemarginal costof increasing
the demandfrom f to f ¥ . The quantity 0àd~}Rh is the marginal valueof edge } to
meeting thedemand. Thedual linear program is

NPORQ Ù Ý T Ý¹ßwv ¤ dgf+BSf+¥%h�Dë´ i5Òkdgf+BSf+¥4h`´ xygédgf+BSf+¥4h+D Ù8ÚCÛ Õ+* Ò 0 d~}�h
s.t. Ù Ý T Ý ß{z ÚCÛ�Ü  ¼Ý T Ý ß ¡ gédgf+BSf ¥ h�D
0 d~}�h · É�d~}RhSB èU}ïqWsyDöÑgédgf+BSf+¥4hSB40àd~}Rh � � ì

In the caseof this instance, if
¤ dgf+BSfº¥%hZDy´ i5Ò�dgf+BSf+¥4h`´Z� �

then it equals1; and
É�d~}Rh{LûE for all }ËqWsyDöÑ . Thus,thesolution |�L l

, gédgf+BSf ¥ hjL÷E for fÀL l m¯=�z ,
f+¥ L�°�D¨f , EÁ·Ä?²·FK , andotherwise,gUdgf+BSf¦¥4hjL �

, is feasible, andhasvalue K ,
equal to thevalueof thefeasible primal solution. Hencebothareoptimal.

Wenow establish thatthis is avertex of thepolytopedescribedby ( ,ríïð ) with
all cost0 edges includedin ÑbL l }�´aÉ�d~}�h�L � z . We do this by describing a set
of K ]

tight inequalities(note that K ] is the numberof fractional edgesandhence
variablesin the remaining problem),constructing a matrix of thesupport of these
inequalities, constructing a second matrix andarguing that the two matricesare
inversesof eachother, henceeacharelinearly independent. Sincethe solution is
thenthe intersection of K ] linearly independent halfspacesin

Ó J�} , it is a vertex of
thelinear programmingpolytope.

Thesetof K ] tight inequalities is dividedinto K blocksof K inequalities.Block
0 includesthe K inequalities with fbL l m�=�z , EF·ÿ?/·vK , and f ¥ L °¬D�f .
Aside from these inequalities, thepoint is highly degenerate: therearemoretight
inequalities thanarenecessary to definethe point. For easeof presentation, we
have chosen to particular symmetricset for the the remaining KùDûE blocks of
inequalities. For inequality HÀ·B~ö·­K , in block EÎ·©?�·­KµD�E , define f)=AT �MLl o ={� [ B�m [ B�m ] B`ì`ì`ì)B�meJ * ��� [ z , and f ¥=AT � L l o = B�meJ * ��� ] B`ì`ì`ìSm J�z . For ~ÁL÷E , let f =§T [ Ll oR={� [ B�m [ B�m ] B`ì`ì`ì)B�meJ¹z and fÊ¥=§T [ L l o�=�z . Thereis exactly oneedgein Ñ that has
one endpoint in eachof f and f ¥ (edge dAo)=�B�o�={� [ h ); the d§c ] D8i5Òjh -value of the
inequality is 1; and |�dgf�=AT ��BSf+¥=AT � h is determinedby the ~ÁDFE edges from u to o�={� [
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andthe K�D�~+Y¨E edgesfrom u to o = , for a total valueof dV~²D/EéYùKZD�~+Y¨E)hR[J L÷E .
Thus,thesecutsaretight. SeeFigure4.

Let matrix � be the support matrix of edgesin eachcutset above, with the
rowsof � correspondingto cutsetsandthecolumnscorrespondingto edges.Thus,
a “1” in the dA<RB)d¼@�B4�gh�h placemeansthat the edgefrom mS> to o2� crossesthesetpair
dgf - BSf�¥- h . Here < corresponds to pairs dA?CB4~¹h . The rows of � areorderedfirst ac-
cording to block, andthenwithin eachblock, according to ~ . Thefirst row block
in � correspondsto theinequalitieswith fÌL l m = z , i.e. it is theblock 0 of thetight
inequalities.Thecolumnsof � areorderedaccording to incidenceto u , andthen
to ° . SeeFigure5. Figure6 displays � andtheinversematrix � for KPL?f .

Let matrix � be a K ]�� K ]
matrix with its columns and rows ordered into

blocksof K . Thefirst blockof K columns(calledcolumnblock 0) hasapattern that
is slightly different from therest. SeeFigure7. Thefirst columnis 0 everywhere
except in the last entry in the first row block, which is 1. The H �2� through K)�{�
columnshave thefoll owing pattern: thefirst row block consistsof KïD±E entriesof
value

* [J followed by a single entryof
J * [J . Thenthe ~y�{� columnhasthe ~��{� row

block filled with [J . All other entries are0.
For thepattern of the ?��{� block of K columns, ?�L¬E�B`ì`ì`ì�B�KMDtE , seeFigure8.

Thefirst columnof thefirst row block has ?nD�E entriesof
* J �e=J foll owedby K�D/?

entries of =J followed by a single entry of
* J �e=J . This column vector is denoted�V= . The first column of the last row block is the vector D�]`= containing ? entries

of
J * =J followed by KµD±? entries of

* =J . The ~ �{� column of the KµD=~1YyE / � row
block is D_]p= for EÍ·�~F·»K ; and for EÍ·�~t·»K�D_E , the ~��{� column of the
KµDI~#YFHR�2� row block is the vector ] = with ? entries of

* J �e=J followed by KrD±?
entriesof =J . Note that ��=jLL]à= Y=��� = D���� J , where ��= is the E � K�?V�{� elementary
vector: ��=�dA?�hjL÷E�Bm��=�d¼@ahjL �

for @  Lt? .
The following lemmafollows by inspectionof � and � . We provide a proof

for completeness.

Lemma 7.1 For any K , matrices � and � are inverses.

Proof: We show that ��� Lÿ� by examining eachentry of ��� , wherewe

have �ûL�� ���� ¥�� expressedastherow block 0, ��� , andtheremaining rows � ¥ ,
which arepartitioned into KWDyE blocks of K rows each � [ B`ì`ì`ì��²J * [ ; and � L
dV� � � [ ì`ì`ìm�#J * [ h expressedas K blocks of K columns.

Block ��� times ��� : The first row of ��� will have product 1 with the first
columnof �_� andproduct d~K�D�E)h * [J Y J * [J L �

with theremaining K�D�E columns��� . The ?;�{� row of � , for HÌ·�?�·©K , will have product Kr^ [J LXE with the ?V�{�
column of � andproduct0 elsewhere.
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Block � = , ?
�wE , times � � : Eachrow of � = will haveproduct DÁE)x�KZYÍE)x�K½L �
with eachcolumnof �^� .��� times �Z= , ?�� E : Note that �ô^(]º=VL�?Sd * J �e=J hÂY©d~K�DÄ?�h =J L �

. Thus,�Ë^��V=�LP�Ë^adV] = YI��� = D���� J h²L �
, and ��^�D�]¯=+L �

. Soeachrow of �p� timesany
column of ��= for ?{�wE hasproduct0.�{= times �Â> , ?ï�úE�BÈ@Ì�¬E : Note that the <��{� entry of �#> is the sameasthe
dA<1Y_E)h / � entry of ]¹> for all Eô·÷<�·�KrD8E . Thus,rows 2 through K of �¦= have
product 0 with the first column of � > . Also notethat the < �{� entry of � > differs
from the <��{� entry of ]¹> precisely when <ùL�@ or <ùL\K . Thus,the only time a
first row of �j= hasnonzeroproduct with a first row of �é> is when ?#Lû@ ; andin
this case,theproduct is =J Y J * =J L�E . Eachremaining row Hr·A�
·8K of �+= hasa
differenceonly betweenconsecutivecolumnblocks K#D��¹Y±E and K#D��¹Y/H , where
the first containsvector } = andthe second contains } =�� [ . Thus,the product with
column < of �
> will only benonzerowhen @�Lt? and <ÁL?� (for HV·�<�·ëK ).
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Williamson. Improved approximation algorithmsfor network design prob-
lems. In Proc.5th Annual ACM-SIAMSymp.on DiscreteAlgorithms, pages
223–232,1994.

[12] M. Grötschel, L. Lovász,andA. Schrijver. GeometricAlgorithmsandCom-
binatorial Optimization. Springer-Verlag, 1988.

[13] K. Jain. A factor 2 approximation algorithm for thegeneralizedSteinernet-
work problem. Combinatorica, 21(1):39–60,2001.

[14] K. Jain, I. Mandoiu, V. V. Vazirani, and D. P. Williamson. A primal-dual
schema basedapproximation algorithm for the element connectivity prob-
lem. In Proceedingsof the10thAnnualACM-SIAMSymposiumon Discrete
Algorithms, pages484–489, 1999.

[15] S.Khuller andB. Raghavachari. Improvedapproximation algorithmsfor uni-
form connectivity problems. J. Algorithms, 1996.

[16] G. Kortsarz, R. Krauthgamer, andJ. R. Lee. Hardnessof approximation for
vertex-connectivity network-design problems. In 5th Workshop on Approx-
imation Algorithmsfor Combinatorial Optimization (APPROX), pages185–
199, 2002.

29



[17] G.KortsarzandZ. Nutov. Approximatingnodeconnectivity problemsvia set
covers. In ApproximationAlgorithmsfor Combinatorial Optimization (Proc.
of APPROX 2000), number1913in LectureNotesin Comp.Sci.,pages194–
205. Springer-Verlag, 2000.

[18] R.Ravi andD. P. Williamson.An approximation algorithm for minimum-cost
vertex-connectivity problems.Algorithmica, 18(1):21–43, 1997.

[19] R. Ravi and D. P. Williamson. Erratum: an approximation algorithm for
minimum-cost vertex-connectivity problems. In Proceedingsof the13thAn-
nual ACM-SIAMSymposiumon DiscreteAlgorithms, pages 1000–1,2002.

[20] A. Schrijver. Matroidsandlinking systems.Journal of Combinatorial Theory
B, 26:349–369,1979.

[21] M. Stoer. Designof survivablenetworks. Number1531in LectureNotesin
Mathematics.Springer-Verlag, Berlin, 1992.

[22] L. Zhao,H. Nagamochi,andT. Ibaraki. A primal-dual approximation algo-
rithm for the survivablenetwork design problem in hypergraphs. Discrete
Applied Mathematics, 126(2-3):275–289, 2003.

30



S

S’

T’T T’

S’

S

S’

T T’

S

S’

T T’

S

S’

T T’

S

T

−T−T’
V−S−S’

−T−T’
V−S−S’

−T−T’
V−S−S’

−T−T’
V−S−S’

−T−T’
V−S−S’

−T−T’
V−S−S’

�����
�¡ �� ¥U¢ � ¥{£

�s�¤��� ¥  �� ¥w¢ � £

��� ¢ �¡ �� ¥ �
� ¥{£

��� ¢ � ¥  �� ¥ ��� £
Figure 1: A pictoral representation of the set pairs involved in the definition of
two-submodular andtwo-supermodular.
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Figure 2: Cases in the proof of Lemma 3.11. Here � Ll ?Sdgf+BSf ¥ hSB�?Sd§��B�� ¥ hSB�@àdgf+BSf ¥ hSB�@àd§�ZB�� ¥ h�z . (a) The possible locations of ?Sdgf+BSf ¥ h ,
@àdgf+BSf+¥§h , ?Sd§��B��Z¥4h , and @àd§�ZB���¥§h . (b) � intersectstwo setsand (3) holds. (c) �
intersectstwo setsand(4) holds. (d) � intersectsthree sets;@àdgf+BSf ¥ h and @ d§�ZB�� ¥ h
are contained in complementarysets;and (4) holds. (e) � intersectsthree sets;
?Sd§�ZB��Z¥4h and @àdgf+BSfÊ¥§h arecontainedin complementary sets; and (3) holds. (f) �
intersectsfour sets.If

¤8��� � d§�ZB�� ¥ hk� ¤���� � dgf+BSf ¥ h , then(3) holds; else(4) holds.
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Figure3: Representative cases in theproof of Lemma5.1. Thestripedareasindi-
cateemptyregions.Case(ii): (a)-(b) Inequality (9) holds. (c1): dA?Sdgf+BSf�¥§hSB�@ dgf+BSf+¥§h�h
is a witness for

¤ ] dgföÏÎ�ZBZf ¥ ø�� ¥ h ; dA?�d§�ZB�� ¥ hSB�@àd§�ZB�� ¥ h�h is a witnessfor
¤ ] dgfÌø

�ZB1f�¥ Ïù�Z¥%h ; and inequality (8) holds. (c2): Inequality (10) holds. Case(iiib ):
dA?Sdgf+BSf ¥ hSB�@ dgf+BSf ¥ h�h is a witnessfor

¤ ] dgfÀÏù�ZB#f ¥ øù� ¥ h ; d¼@ dgf+BSf ¥ hSB�?Sdgf+BSf ¥ h�h is a
witness for

¤ ] dgf ¥ Ï½��BÈfWør� ¥ h ; andinequality (11) holds.
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x = 1

cost 0

r = 1

U V

cost 1

S

v i

)3,3, S’3,3(S

S’ 

r = 6

x = 1/6

i+1vuk−q+1

Figure4: On the left, a basicsolutionto ( ¦!§�¨ ) afterfixing the 0-cost edgesto 1. The
largestfractionin thesolutionis ©ª , here*1-
« . Ontheright, anexampleof aset ">¬n�43 ­`
�¬¯®�43 ­ ,
for �U-�° , ±k-
° with ²�³)">¬º�%3 ­�
�¬¯®�43 ­ ,n-À* . All theedgescrossingthecut areincludedin the
figure. They have total value2. Togetherwith the4 verticesin ´ � ¬ � ¬�® , this satisfies
(12)at equality. Thecollection of cuts 7�"µ¬Ê�%3 ­�
�¬¯®�43 ­ ,�; ©�¶ � ¶ ª$· © 3 ©�¶ ­ ¶ ª arehighly crossing.
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m [ m ] ^`^`^ m J * [ m J
block 0 � l l ll � l l

...
...

. . .
...

...l l � ll l l �
block 1 � [ � [ ^`^`^ � [ � [� [ � [ ^`^`^ � [ � ]� [ � [ ^`^`^ � ] � ]

...
...

...
...

...� [ � ] ^`^`^ � ] � ]
block 2 � ] � ] ^`^`^ � ] � ]

...
...

...
...

...� ] �U¸ ^`^`^ �w¸ �w¸
...

...
. . .

...
...

block k-1 ��J * [ �aJ * [ ^`^`^ �aJ * [ �aJ * [...
...

...
...

...�aJ * [ �aJ ^`^`^ �aJ �aJ
Figure5: IncidenceMatri x C of K ] Tight SetPairs. Here1 denotesthe E � K row
vector of all 1’s,0 denotesthe E � K row vector of all 0’s,and � = denotesthe E � K
row vector thathasan1 in the ?¹�{� position, and0’s elsewhere.
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� D1ìÀf)f)f D1ìÀf)f)f ìÀf)f)f � ì ����Á D1ìÀf)f)f � ìÀf)f)f� D1ìÀf)f)f D1ìÀf)f)f ìÀf)f)f � D1ìÀf)f)f ì ����Á � ìÀf)f)f
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� � ìÀf)f)f D1ìÀf)f)f ìÀf)f)f � ìÀf)f)f D1ìÀf)f)f �
� � ìÀf)f)f D1ìÀf)f)f ìÀf)f)f � D1ì ����Á ì ����Á �

½�¾¾¾¾¾¾¾¾¾¾¾¾¿
Figure6: Matrices � and � for KML?f .
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row * [J �«Y [J � [
block 1

...* [J �1Y [J � [J * [J �1Y [J � [
[J � ]

block 2
...

[J � ]
[J �U¸

block 3
...

[J �U¸
...

[J �aJ
block k

...
[J �aJ

Figure7: Column Block 0 of Matri x B: Thefirst K columns of matrix B. Here � =
is the E � Kï?V�{� elementary row vector; and1 is the E � K vector of all 1’s.

Col. Block ? of B�V= l ^`^`^ l D_] =l l ^`^`^ D_] = ]à=l l ^`^`^ ] = l
...

...
. . .

...
...l D_] = ^`^`^ l l

D_] = ] = ^`^`^ l l

�V= ] =
row 1

* J �e=J * J �e=J
...

...
...

row i-1
* J �e=J * J �e=J

row i =J * J �e=J
row i+1 =J =J

...
...

...
row k-1 =J =J

row k
* J �e=J =J

Figure8: On theleft, thepattern of columnblock ? of matrix � . On theright, the
composition of the vectors � = and ] = that describe block ? . Here0 is the K � E
column vectorof all 0’s; and �Z=nLA] =¯Y���� = D���� J .
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