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Abstract

The survivable network designproblem (SNDP)is the following prob-
lem: given anundrectedgragh andvaluesr;; for eachpair of verticesi and
J, find aminimum-costsubgaphsuchthatthereareatleastr ;; disjointpaths
betweervetticesi andj. In theedgeconrectedversio of this problem (EC-
SNDP),thesepathsmustbe edgedisjoint. In the vertex conrectedversion
of the problem(VC-SNDP),the pathsmustbe vertex disjoint. The element
comectivityproblem(ELC-SNDR or ELC) is a problemof intermediate dif-
ficulty. In this prodem, the setof verticesis partitionedinto terminalsand
norterminals.The edgesandnorterminalsof the grapharecalledelements
The valuesr;; areonly specifiedfor pairs of terminalsi, j, andthe paths
from ¢ to j mustbe elemendisjoint. Thusif r;; — 1 elementdail, terminds
i andj arestill conrectedby a pathin the network.

Thesevarantsof SNDPareall known to be NP-hard The bestknowvn
appoximatian algorithmfor the EC-SNDPhasperfamane guaanteeof 2

*This paperis theunionof two previously publishedextendel abstractsTheextendedabstrac{6]
presentsiggative examplesfor {0, 1, .. ., k}-vertex connectity, andthe 2-approxmationalgorithm
for {0, 1, 2}-vertex conrectity. Thisresultis generalizedo includeelementconrectiity in [8].



and iteratively rounds solutiors to a linear progammingrelaxationof the
problem. ELC hasa primal-dual O(log k)-appraimationalgorithm where
k = max; ; r;;. VC-SNDPis notknown to have a nondrivial appoximatian
algoithm.

In this papermwe investigae appling iterative rourding to ELC andVC-
SNDP We shaw thatiterative rounding will notyield a constah factorap-
praximation algaithm for generalVC-SNDP On the otherhand we show
how to extendtheanalysisof iterative rourding appliedto EC-SNDPto yield
2-aproximation algorittms for both geneal ELC, andfor the caseof VC-
SNDPwhenr;; € {0,1,2}. The latter resultimproveson an existing 3-
appoximatian algoithm. Theformeris thefirst constanfactorapprxima-
tion algoiithm for a geneal survivable network designprodem thatallows
nock failures.

1 Intr oduction

Thesurvivablenetwork desgn prodem (SNDP)is thefollowing problem: givenan
undrected graphandvaluesr;; for eachpair of vertices ; andy, find aminimum-
costsubgaphsuchthatthere areat leas r;; disjoint paths betwee vertices : and
7. In the edgeconnested versim of this prodem (EC-SNLP), thee pathsmust
be edgedisjoint. In the vertex comectedversion of the problem (VC-SNDP),the
paths mustbe vertex disjoint. Jainetal. [14] propcsea versian of the problem in-
termedatein difficulty to thestwo, calledtheelementomectivity problem(ELC-
SNDR or ELC). In this probdem, the setof verticesis paritioned into terminds and
nonterminak. The edgesandnonteminalsof the graphare calledelemers. The
valuesr;; areonly spedfied for pairsof termirals ¢, j, andthe paths from i to j

mustbe elementdisjoint. Thusif r;; — 1 elementdail, terminak : and j arestill

comectedby a pathin the network.

Themotivation for studying elementcomectvity is the following: in realnet-
works, both edges (links) andvertices (routers)fail. However, typically network
terminals (end host9 are more robustand located at the fringesof the network.
Thusthefailure of endhostsis uncanmon,andlessvital to the comectvity of the
network asawhole. Additionally, vertex comectiity problemsaremuchlesswell
understoa thanedge comectvity problems. Thus,trying to capgure noce failures
by using a vertex comectvity modelmakesthe problem muchmoredifficult. El-
ementconrectvity allows the modeling of node failures, while, aswe will show
in this paper it shaessomeof the nice structurethat edgeconrectiity problems
have.

Thethreevarians of the survivable network desgn problem areall NP-hard,
sincethey all includethe Steinertreeproblemasaspedal case.Hencewe consder
approximation algorithmsfor these probdems. We saywe have a p-appro<imation
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algarithm for a problem if we have a polynomiaktime algorithm which producesa
soluion of value no morethanp timesthe valueof anoptimal solution.

1.1 RelatedWork

The bestappioximation algoithm for EC-SNICP knownis a 2-apgoximaion al-
gorithm due to Jain [13]. This algorithm improved upon a primaldual 2 H;-
appoximationalgonthmfor EC-SNCP of Goemangtal. [11], wherek = max; ; r;;
andHy, = 1+ 1 +--- + 1. Jainsalgorithm is in factsomevhat more geneal,
and gives an algoiithm with perfoomanceguarantee 2 for selet¢ing a minimum-
costsetof edges suchthatatleastg(S) edgesareselectedfrom every cut§(S) =
{(u,v) € E :u € S,v ¢ S}, wheng is aweakly supemodularfunction [11].
The algarithm runsin polynomial time given the existenceof a polynomial-ime
sepaation algoilithm. The EC-SNDPprobem correponds to a patticular weakly
supermoduérfunction, andthe polynomial-timesepratian algorithm existsin this
case Jainconstersa linear programmingrelaxation of the problemwhich hasa
varigble z(e) for eachedge e of the graph. The certral result of the paperis a
theaem shawving thatary bast solution to the LP will contain a variatle z(e) of
value at leag 1/2. His algorithm builds up a solution by solving the linear pro-
grammirg relaxation, addng to the solution all edgese with z(e) > 1/2, then
iterating on theremainirg subpoblem.Roundng up eachz(e) from 1/2to 1 gives
the perfoomanceguaianteeof 2 for the algorithm.

No non-tivial approiimationalgorithm for VC-SNDPis currently known. How-
ever, for specid case, therearesomeknownapproaimationalgarithms. In thecase
ri; = k for all 1, j, thereis a k-appioximation algarithm dueto KortsarzandNu-
tov [17];! furthermore,whenedge costsobey the triangle inequality, Khuller and
Ragaadari[15] give a congant-factorapproximation algorithm. Cheriyan,Vem-
pala andVetta[3] give a6 H,-appoximaion algarithm for this problemfor grapls
thatcontdn atleag 64 vertices.Whenr;; € {0, 1,2}, Ravi andWilliamson[18]
give a primal-dual 3-apgoximaton algorithm.

Veryrecently, Kortsarz Krauthgamer andLee[16] have shedsomélight onthe
difficulty of VC-SNDPby showingthatit hasno polynomial-time algorithm with
appoximationratiobetterthan2°'“ for ary ¢ > 0 unlessN P C DTIM E(nPOVI09()),

1.2 Our Contrib ution

We genealize Jain's theoremto a new classof two-sé functionswe call weakly
two-sypermoduar. This allows us to give a 2-gpproximation algarithm for the

!Ravi andWilliamson[18] hadclaimeda 2 Hy-approxmation algorithmfor the caseof general
edgecosts but thereis anerrorin their paper;see[19] for details.



problem of selecing a minimum-cast set of edges such that there are at leag
f(S,S’) edgesfrom §(S,S") = {(u,v) € E : u € S,v € S’} whenf isa
weakly two-suypermodilar function, and a polynomial-ime sepration algorithm
exists. This resut spedalizes to Jairis resut exactly in the casethat f(S, 9) is
nonzeroonly whenS’ =V — S. In thisca®, g(S) = f(S,V — S) isaweaklysu-
permalular function. The weakly two-sugermodubr functionsarerelatedto bisu
permalular functions, which are the negative of bisutmodula functions. Bisub-
modular functionsappear asincreasirg rankfunctionsin [20], andin moregeneré
formin [9].

As anapplcation of ourtheoem,we give a 2-apgoximation algorithm for the
elemen comectiity problem. Thisimproveson a previously known primal-dual
2 Hp-approximationalgoiithm for ELC dueto Jainetal. [14] (a2 H,-approximation
algarithm for ELC is alsoobtairedasa specal caseof analgarithm by Zhao,Nag-
amoch, andlbaraki [22]). Our algorithm givesthe first consant appraimation
algarithm for ageneal survivablenetwork desigh problemwhich allows node fail-
ures To achieve this result we introducea new integer programmingformulation
for the elemen connectivity problem, derived from a formulaion of VC-SNDP
dueto Stoer[21]. Onecongquerte of our 2-agproximation is a d-approximation
algarithm for the minimum-sthyperedgeconnetivity problem[22], whered is
the maximumsizeof a hyperedge.

The conrectvity requirementfunctionsfor geneal vertex comectiity arenot
weakly two-sugermodubir. Thusour theaemdoesnot applyto these problems.In
fact, suchatheoemis not possble for gereral vertex comectvity. We show that
there is a family of vertex comectivity probeminstanceswith |E| = |V f /4 that
have a basicsolution with z < 1/4/|E| = 2/|V| = 1/k. This implies thatone
canrot hopeto get a polynomial-time algarithm with approaimation ratio better
thank by using the algorthmic framework of Jain[13].

Subseuentto this examplefirst apparingin [6], Kortsaz, Krauthgamer and
Lee[16] showedthatthe vertex conrectivity problemadmitsno efficient 2°8'~“n
ratio appraimationfor ary fixede > 0 unlessN P C DTIM E(nPoYlos(n)),

Evenwhenr;; € {0,1,2}, the conrectiity requrementfunction for vertex
comectvity is not weakly two-sypermoduar. We extendthe definition of weakly
two-suypermodilar further to show that all bast solutionsfor vertex conrectiity
problemswith r;; € {0,1,2} haveanedgee with z(e) > 1/2.

In related work, Cheriyan and Vempala[2] have also consderedproblemsof
selecting a minimum-aost set of edgesfrom pairs of sets,but in the case of di-
rected graghs. In their problems,one mustseled¢ f(S,S) edgesof those edge
directed from a vertex in S to a vertex in S§'. They corsider crossing bisuper
modular functions (a genealizaion of bisupermoduar functions), and showary
bast solution to the correspondng LP relaxation contains an edgee suchthat
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z(e) > Q(1/4/|E|). This modelincludesuniform vertex comectity asa speci
case but doesnot includegeneal vertex comectvity. They alsoshowthatthis is
thebestpossibleresut for their gereralmodel,in the sen thatthereexistsafam-
ily of functions f andproblem instancesfor which there is a basicsolution with
z < O(1/+/E)).

Our pape is struduredasfollows. In Section2, we introduce somenotaion
that we will be usingandreview Jairis theoem. In Section3, we give the inte-
gerandlinear proggiammingformulations for ELC andVC-SNDP, stateour main
theaems,andshaw thatthesetheaemsgive 2-appoximation algorithmsfor ELC
andVC-SNDP, respetively. Section4 contans the proof of the maintheoemfor
ELC. Sectio 5 continsthe proof of the main theoem for VC-SNDP. Sectia 6
disaussessomeimplementatiaon issuesfor the 2-aproximation algorithms. Sec-
tion 7 descibes a family of examples for geneal VC-SNDP for which iteraive
roundingwill notyield acongantfacta appraimation

2 Preliminaries

Let G = (V, E) beanundrectead graph. Let ¢(e) be a nonngative costfor each
e € E. Letd(S) = {(u,v) € E:u € S,v ¢ S} Letd(S,S") = {(u,v) € E:

u € S,v € §'}. Inthispape, wewill only referto §(S, .S') whenSNS’ = (. Fora
setof edges F' C E, letép(S) = §(S)NF andér(S,S") = §(S,S')NF. Forz €

RIZ!, suppat of z is the subst of edgese € E with z(e) > 0. The characteristic
vecor of the suppat of z is the vectory, € {0,1} £/ with y,(e) = 1 if and
only if z(e) > 0. Weletz(S) = 3 .55 z(e) andz(S, S') = 3 55,51 z(€)-

Similarly, 7 (S) = X cesp(s) 2(€) andzp (S, 5) = 3 es,(s,5m) T (€)-

Letg : 2V — N. Consicer thefollowing integer program:

min ZeEE c(e)z(e)
s.t. z(S) >
€

z(e)

If z(e) = 1, eisin thesolution; if z(e) = 0, it is not. Thusanoptimalsolution to
this integer programfinds a minimum-ccst setof edgessuchthatthere areatlead
9(S) edgesseleted from §(S) for eachS C V. Wheng(S) = maxcg j¢s Tij»
an optimd solution to this integer program gives the soluion to the EC-SNDP
problem. This is not hard to see,sincefor ary i,j € V, afeasble soluion must
have atlead r;; edges selecedfrom eachcutd(S) sepaating: from j; thus,there
areatlead r;; edgedisjoint pathsfrom to .

g(8), VScV (EC-SNDP)
{0,1}, Ve€E.



We saythatg is aweaklysupemodula function if for any setsS, T C V,

9(8) +9(T)
< max{g(SUT)+¢g(SNT),g(S—T)+g(T - 8)}.

It is not hardto prove that the function g(S) = max;cg j¢s7i; is weakly super-
modulkar [11].

The maintheaem of Jains paper[13] concens basicsolutions of the linear
programmingrelaxation of the integer progam (EC-SNDP) in which the inte-
grality constaintsz(e) € {0,1} arereplacedby linear corstraints 0 < z(e) < 1.
A basic solution to the linear relaxdion of (EC-SNDP) is ary soluiion that
satsfiesat equdity at leastd linearly independen inequalities from the system
{z(S) > g(S)VS CV; 0 <z <1}, whered is thenumber of variadesin the
sysem;in this sygsemd = | E|. ?

Theorem 2.1 (Jain [13]) Wheng is a weakly supemodula function, for every
badc feasible soluton to thelinear programrelaxaion of EC-SNDP, thereis an
edgee withz(e) > 1/2.

Eventhoughthelinear programcontainsanexponential numberof constrairts,
a basig optimal solution to this linear program canbe found in polynomial time
aslong asthere exists a polynomial-ime sepaation oracle [12]. Givenary z, a
sepaation oracle eithe verifiesthat x is a feasble soluion to the linear program
or returrs acongraint of the LP violatedby z.

Given a polynomial-time sepaation orecle, the 2-appoximation algorithm of
[13] works asfollows. We startwith anemptysetof edges F' = (. We solve the
linear programmingrelaxation of the problem, andaddto F' all edges e suchthat
z(e) > 1/2. We theniterate,now solving the linear programmingrelaxaion with
g'(S) = g(S) — |0r(S)| andwith E replacdwith E — F. It is not hardto show
thatif g is weakly supermalular, thensois ¢. The algarithm terminateswhen
F is afeasble solution to the problem. Essentidly the prod of the perfamance
guaanteecompara the costof theedgesaddedo F in eachiterationwith the cost
thatthese edgescontiibuteto the costof the optimal solution to thelinear program.
Sincez(e) > 1/2, the cod thate contributesto the final soluion whenincluded
in F' is no morethantwice its cortribution to the linear progranming relaxation.
Furthemore,sincethelinear programmingrelaxaion is alower bourd on the cost
of anoptimalintegrd soluion, thisimpliesthatthe costof F' is no morethantwice
optimal. It is easyto give a polynomial{ime separéion orade for the function

2\We refer the readerunfamiliar with the concep of a basicsolution of a linear programto a
standardextbook on linear programming, suchasChvatal [4].



g(S) thatdefines EC-SNLP (andfor functionsd thatarisein lateriteraions), thus
this algarithm is a 2-approximationalgorithm for EC-SNDP.

3 Vertex and Element Connectiity

The prodems ELC andVC-SNDP are not includedin the weakly supemodula
modelusedfor EC-SNDP. In this section, we presat a new modelthatincludes
these problems.

3.1 Formulations

We consder thefoll owing linear program, for afunction f : 27V — N,

S.t. IL'E(S, S,) Z f(Sa SI)7
VS, 8' CV.8N S =0,
0<az(e) < 1, Ve € B.

(WTS)

The constrairts of our linear program are basedon a theoem of Menger (for
multiple prods andreferencessee[5]).

Theorem 3.1 (Menger) Lets andt beverticesin a graph G with noedge betwea
them. Then,the minimumnumberof verticessepaating s fromt in G is equalto
the maximummumbe of vertex disjoint pathsfroms to ¢ in G.

In the caseof the element comectiity prodem, welet R C V bethe setof
terminalsand@ = V — R bethesetof nonteminals

Corollary 3.2 LetG = (V,E) beagraph,withV = RUQ, RNQ = § and
s,t € R. Then,the minimumnumberof elementin E U @) sepaating s fromt in
G is equd to the maximunmumberof elemendisjoint pathsfroms to¢tin G. R

Letr;; derotethevertex comectvity requrementsetwea ary pairof vertices
1,5 € V. Menge's theoemsaystha G satisfiesthe connetivity requrementsf
for every subet X C EUV — {i,j} with | X| < r;;, 4 andj arein the same
comectedcomponet of G — X. For ary two disjoint subgts S, C V, we
definethe two-setfunction f by fx(S,S’) := max{r;|i € S,j € S'}, where
rij € {0,1,2,...,k}. Weassimethat f(S, S’) is undefinedif S and.S’ arenot
disjoint; andthat f; (S, S") = 0 if either S or S’ is the emptysetandis otherwie
well-defined.



Sincetherecanbe at mostonevertex-disjoint pathfrom S to S through each
vertexin V — S — 5, in orderto have afeasble solution to the vertex conrectiity
problem, the numberof edgesrom S to S musttherebrebe atleastf (S, S') —
|V — S — S’|. Thuswe definethetwo-se function g, by gx (S, S") = fx(S,S") —
|V — S — §’|. Thefollowing is a simpleconsquerte of Mengets Theorem.

Lemma 3.3 Thesetof integral soluionsto theLP (WTS) with thefundion f =
gr equds thesetof solutonsto the correspnding vertexconnetivity problem. m

Similarly, suppse r derotesthe elementconrectiity requrements. Then
Corollary 3.2 saysthat G satidies the elemen conrectvity requirrmentsif for
everysubse X C FUQ —{i, j} with | X| < r;;, i andj arein thesameconneted
compamentof G — X. For ary two disjoint sutsetsS, S C V, with all remain
ing vertices being nontaminals(thatis, V — S — 9 C @), we definethe two-se
function fe by fee (S, S") := max{r;;|i € SN R,j € S’ N R}. We assumehat
fere(S,S") is undefinedif S and S’ arenotdisjointorif V—S — 58 ¢ Q. We
furtherassunethatr;; € Z for all 4, € R, andthat f:(S, S’) = 0 if eithe S or
S’ is theemptysetandis otherwise well-defined.

Sincethere can be at most one elemert-disjoint path from S to S through
eachvertex in V — § — ', in order to have a feasble solution to the elemen
comectvity prodem, the numberof edgesfrom S to S musttherebrebeatleas
fer(S,8") —|Q — S — S’|. Thuswe definethetwo-setfunction g, by geit (S, S’) =
fer(S,S8") —|Q — S — S'|. Thefollowing lemmais a simple conseuene of
Corollary 3.2.

Lemma 3.4 Thesetof integral soluionsto theLP (WTS) with thefundion f =
Jelr €qLals the setof solutionsto the corregponding elemem connestivity problem.
|

3.2 Weak Two-Supemodularity

In orderto prove an andogous resultto Theoran 2.1 for (WTS), we needto
defineappmopriate extensons of weakly supemodularfunctions thatinclude £,
and fo, andyet have properties thatallow usto prove thatthe linear program has
nice properties.

Thefollowing definitions gereralizethe one setfunction notions of sutmodu-
larity, supermoduérity, and weak supermoduérity, and arerelatedto the two-se
notions of bisubmoduarity and bisupermodilarity. A two-setfunction f defined



onthesetof pairsof disjoint sulsetsof V' thatsatisfies

f(8,8") + f(T, T (1)
>max{ f(SUT,S'NT)+ f(SNT,S'UT,
f(SnT,S'uT)+ f(S'NT,SUT')}

will be called two-submodula. SeeFigure 1 for a pictoral represendtion of the
setsinvolved in this definition. A two-setfunction f is called bisubmodularif it
obeys only the“first patt” of theinequality, namey,

f(S, 8+ f(T, T > f(SUT,S'NT")+ fF(SNT,S' UT").

If weletS" =V — S andT' = V — T, then two-stbmodukrity reducesto
submodulaity for symmetricone-sé functions.

If —f istwo-submodularthenf is two-surmoddar. Thisdefinition is equiv-
alert to replecing > with < andmax with min in the above definition. A two-s&
function f is weakly two-sugrmoduér if

f(8,8") + f(T,T") )
<max{ f(SUT,S'NT")+ f(SNT,S' UuT, (3)
(SNt S'uT)+ f(S'NT,SUT') }. 4)

Thatis, we simply reversethe inequality from our definition of two-suomodula
functions without replecing the max by amin. If weletS =V — S andT’ =
V — T, weaktwo-sypermodilarity reduesto weaksupemodulaity.

We prove thefollowing theoemin Section4.

Theorem 3.5 For anyweaklytwo-sugrmodubr funcion f, anybasicsoluion to
(WTS) hasat leastonevariable e sud thatz(e) > 1/2.

3.3 Approximation Algorithms

Givenapolynomial-timesepaationorackfor (WTS), wedesribea2-approximation
algarithm for solving theinteger proggamassaiatedwith (WTS). Thealgorithm

is the sameasJain’s algarithm descibedin Section2. First, we find an optimal,
bast soluton z* to (WTS). Let F' bethe setof all edgese with z*(e) > 1/2.
Consicertheresuting resicual LP:

%]

8
i
3
»n

“
\%

f(S’ S,) - |5F(S’ S’)',
vVS8,8 cV,SnS' =0,
1, Vee E—-F

(RES)

o

A
8
S
A
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Let F,..; bethe setof edges returnedby recusively applying the algarithm to the
resdual problem. Thefollowing theoren shawvs thatthefinal setof edgesetuned
by the algonthm is within a factorof 2 of an optimal solution. Let z,, be the
optimal valueof theresidual LP andz* be the optimalvalueof (WTS).

Theorem 3.6 If F,., is an integral solution to (RES) with value at most2z,,,
thenF,.; U F is anintegral soluion to (WTS) with valueat most2z*.

Proof: (Sketch.) Follows from sameargumentsasin [13]. [ |
In order to apgy the algorithm recusively, we needto shav the following
lemmas.

Lemma 3.7 Thetwo-setfunctions|dr (S, S’)| andz(S, S’) are two-submodular

Proof: The prods in both cases follow from a simple counting argument that
showsthatany edgecourted on theright-handsideof (1) alsoappeas on the left-
hard side. |

Lemma 3.8 If f is weaklytwo-sugrmoduar andg is two-stbmodubr, thenf — g
is weaklytwo-sugermodudr.

Proof: Whichevertermof the definition of weaktwo-supgermoduérity (3) and(4)
achievesthe maximum,—g(S, S") — g(T,T") satisfieshe sameinequality, by (1).
Hence(f — ¢)(S,S") + (f — ¢)(T,T") satisfieghis inequality. |

Corollary 3.9 If f is weaklytwo-sypermoduar, thenf (S, S) —|6r (S, S')| isalso
weaklytwo-sipermodilar for anysetof edges F' C E.

Theagumentsabove yield thefollowing theoem.

Theorem 3.10 Givena polynomiattimesepaationoracle for (WTS) and(RES),
the algorithm aboveis a 2-approximation algorithm for finding the minimum-cos
integer solution to (WTS).

3.4 Implications for Elementand Vertex Connectiity

In order to apdy Theoem 3.5to vertex comectivity problems,we would needto
showthat f, and g, areweakly two-supermodilar. For f; this is not true, even
whenk = 2. Examplesn Secti 7 shav thatthe modificaion of Theoren 3.5to
includegereral g, doesnot hold. However, the connectivity functionsfor elemen
comectvity areweakly two-sypermoduar, asthe foll owing theoren shows. We
begin with somenotaton. Given (S, '), thereisapairi € SNR, 5 € SNR

thatdeteminesthevalueof f(S, S'). Leti(S, S') dendeonesuch; andj (.S, S')

derotethe correspomnling j.
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Lemma 3.11 Thetwo-setfuncion fe; is weaklytwo-siypermoduar.

Proof: Before we can startthe prodf, we needto argue that the function value
feit is well-definad on the agumentsof f.; usedin the definition of weakly two-
supermoduér. We assumethatS andS’ aredisjoint, that7' and7” aredisjoint, that
V-8-8C@QandthaV — T —T' C Q. We needto shav (for examplé that
fer(SNT,S"UT) is well-defina. First, S NT" and S’ U T" aredisjoint because
ary elemenin S is notin S’ andary elemenin T is notin T, sothatary elemen
in S NT canna bein §' UT’. Secondwe needto showthatary elemer notin
(SNT)U(S"UT") mustbein Q. Thisfollows since ary elementotin thesetwo
setsmustbein eitherV — S —T— S —T" (andthusis cerainly in Q) or S — T —T'
(andthusin V —T —T', whichimpliesmembersip in Q) or T'— S — §' (andthus
inV — 8 — 8, whichimpliesmemberkip in Q). Theothe casesresimilar.

We now shaw that fe; is weakly two-sugermoduér. For ary pair (T',T'), note
thatsinceV — T — T' contans only nonterminals (S, S') € (SNT) U (SN T)
andj(S,8") € (S'NT) U (S'"NT'). Thesepossble locaions are depictedin
Figure2(a).

Call setsS NT andS’' NT' complemets,andsetsS N'T' andS’ N'T comple
ments.Theset!l = {i(S, S"),(T,T'),5(S,S"),j(T,T")} intersectstwo, three, or
all four of thes sets If only two, thenthesetwo setsarecomplemets, f: (S, S’) =
fer (T, T"), andeither (3) holds(Figure2(b)) or (4) holds (Figure2(c)), dependirg
on the setof complements. If I intersectsthreesets,thentwo of theseare com-
plemeris with the propety thata requrementvertex for (S, 9) is containedin at
leag one setof the compkementay pair, and a requrementvertex for (7,7') is
cortainedin the complemetrary set. Thusthe inequality of (3) or (4) correspond
ing to this complemetary pair holds (Figures2(d) and(e), resgectively). Finally,
we have the casewhen I intersectsall four sets asin Figure 2(f). In this case,
select the complementarypair thatcontansarequrementvertex of pair (i, j) with
rij = max{ fex(S,S"), fer (T, T")}. Thentheinequality thatcorrespomis to this
compkementarypair holds [ |

Corollary 3.12 Thetwo-setfundion g (S, S’) is weakly two-sugrmoduér.

Proof: Thefunction h(S,S') := |V — S — §’| is two-submoduar, and satidies
(1) with equalty. Thusby Lemma3.8, fei(S,S") — |V — S — §'| is weakly two-
supermodudr. [

As notedabove, f> is not weakly two-sugermoduar. In Section 5, we prove
thefollowing theaem.

Theorem 3.13 For f(S,S') := g2(S,S’), any basic soluion to (RES) has at
leas oneedg e € E — F with z(e) > 1.
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By thesameamgumentsasthose above, thistheoemimplies a 2-agproximation
algarithm for the VC-SNDP whenr;; € {0,1,2}.

Theorem 3.14 Givena polynomial-timesepaationoraclefor (RES) for thefunc
tion g2, wehave a 2-approximation algorithm for VC-SNDPwhenr;; € {0, 1, 2}.

In Section 6, we shav thatwe have polynomiattime separ#ion oraclesfor both
ELC andVC-SNDP.

4 Proofof Theorem3.5

We now turn to the proof of Theoem 3.5, resatedherefor corveniene.

Theorem 3.5 For anyweaklytwo-sugermodubr function f, anybasic solution to
(WTS) hasat leastonevariable e sud thatz(e) > 1/2.

Our proof outline follows that of Jain[13]. Before we cansketch the proof
outline, we neda to definesometerms. We say that a pair of setsS,T" cross if
all threeof SNT, S — T, andT — S arenonempy. A collection of setsis
laminar if no pair of setsin the collection cross. Given a feasille solution z to
the LP (EC-SNDP), we saythatthe condraint correspondng to thesetS C V
is tight if z(S) = f(S). The proof in [13] shows first if a pair of tight sets.S
andT cross, theneithe SUT andS N T aretight, or S — T"andT — S are
tight. Furthemore,there is a linearrelaionshp betweenthe edges with exactly
one endmint in these sets. This “uncrossinglemma” is usedto prove tha there
exists a basicsolution correspoming to a laminar collection of tight sets This
lamina collectiondefinesa pattial order onthe setsof thecollectionvia thesubse
relation. This partially ordered set(pose} hasa forest strucure, andthe fored is
usedto prove the existenceof anedgeof value atleast1/2.

Herewe prove anabgsof theunaossirg lemma(Lemma4.1) andthe lamina
bass lemma(Corollary 4.5). We thendefineanandogous poseé of alaminarcol-
lection which hasa foreststrucure (Lemmas4.7, 4.8, 4.9). Giventhe foreg, we
invoke a lemmafrom [13] to prove the existerce of the edgee with z(e) > 1/2.
The cential techrical difficulty lies in derivingthe apprgriateanalays of the con-
ceps of “cross”, “laminar”, andthe posé whendeding with pairsof sets;andin
defining the appr@riate analogof “incidencé sothat a chaging argumentsimi-
lar to thatin [13] works. Additionally, proofs that are quite simplefor singe sets
becanenon-tivial for pairsof sets(e.g.Lemma4.3).

We now bggin the prod. Let z beafeasble soluion to (WTS) for aweakly
two-sypermodilar function f. A setpair (S, S') is tight if z(S,S") = f(S,5’). In
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paricular, we will beinterestedin the casewhenz is a basicsolution to (WT'S)
with the property thatz(e) < 1 for all e € E (sinceothewise Theoren 3.5 holds
trivially). In this casewe define E, to be the setof edges with nonzeo z-value.
Fromthis pointonward, z will always referto a basicsolutionto (WTS). Given
z, definex,(S,S8") € {0,1}/El to be the chaacteistic vector of the sugport of
z(S,S"). Recallthatthisimplies x, (S, S")(e) = 1 if andonly if z(S,S")(e) > 0.

Lemma4.1(UncrossingLemma) If (S,S") and (T, T") are tight for a weakly
two supermodudr fundion f with resgectto z, thenoneof the following holds.

i. (SNT,S'UuT")and(SUT,S' NT") aretight, and
Xm(Sa S’) +Xz(T> T') = Xm(S ur, s’ ﬂT’) + Xm(S nr,s' UT’)!

)
i. (SNT',S"uT)and(S'NT,SUT') aretightand
Xz(S,8") + xz(T,T") = x(SNT',S"UT) + x(S'NT,SUT’).

Proof: Because f is weakly two-sugermoduér, either (3) or (4) holds for
(S,8") and (T, T"); supmse(3) holds Thatis, f(S,S) + f(T,T") < f(SU
T,S'NT")+ f(SNT,S"UT"). (Theothercases similar.) We know thatz(S, S)
is two-stbmodula by Lemma3.7. Defineh(Z,Z') = f(Z,2") — x(Z,Z"). Thus
h(S,S")+h(T,T") < L(SUT,S'NT")+h(SNT,S'"UT"). By thefeasbility of z,
z(X,X") > f(X,X'), sothath(X, X") < 0 for all setpairs(X, X’). For (S, 5")
and(T, T") thataretight for f with respettoz, h(S,S') = h(T,T') = 0. Thuswe
knowh(S,S")+h(T,T") =0, h(SUT,S'NT") < 0,andh(SNT, S'UT") <0, so
it mustbethecasethath(SUT, S'NT') = h(SNT, S'UT") = 0,and(SUT, S'NT")
and(SNT, S UT') aretight. It is nothard to shaw thatx, (S, S') + x.(T,T") >
xz(SUT,S'NT") + x(SNT,S"NT") by shaving thatevery edgethatappearsin
theright-hard sideof theinequality mustapper in theleft-handside We needto
showthatequdity holds sugposenot— theinequality is strict. Sincethe z-value
of an edgee is the samein all setsthat contain e, the relation (i.e. <, >, or =)
of (S,8") + (T, T")toz(SUT, S NT") + z(SNT,S" NT') is the sameas
therelation of x5 (S, 8") + x(T, T') t0 xx(SUT,8' NT") + xz(SNT,S' N'T").
Hencex.(S,S") + xz(T,T") > xz(SUT, S8 NT") + x.(SNT, 8 NT') im-
plies thatz(S, S") + =(T,T') > z(SUT,S'NT'") +z(SNT,S"NnT'). But
then0 = h(S,S") + h(T,T") < L(SUT,S'NT") + h(SNT,S"UT") =0, a
cortradidion. [ |

We definearelation < onsetpairsby (S, 5') < (T,T")if S C T'andS' D T".
It is easyto ched thatthis relation is transtive, reflexive, andanti-symmetri¢ and
hercedefinesa partal order.

Definition 4.2 Thepairs (S, S’) and (T, T") pair-crossif they do not satisfy either
of the following two conditions: (1) (S,S') and (T,T") are comparble in the
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partial order (that is, either (S,5') < (T,T') or vice versa); (2) S C T' and
T C S'. Acollection £ of pairs (S, S") is called pair-laminar if notwo pairsin £
pair-cross.

It is important to notethat this definition is not symmetic: It is possble that
(S, S8") and(T, T") donotpair-croswhile (S', S) and(7”, T') dopair-cros. In this
case the unaossirg lemmaapplied to (5, S) and (77, T') will return(S, S’) and
(T, T"). Thisasymmety is neessaryin the following sen: if we usea perhaps
morenatual definition of crossingthatdefinestwo setpairsto crossif ary two of
their defining setscross, thenit may be the casethat we have crossing setpairs,
but that after applying the uncrasinglemma, we remainwith the sametwo set
pairs. For instarce, corsider the casewhenT C S, but S andT’ cross. This
hapenswhenSZT UT". In this casecondtion (ii) of theuncrassinglemmadoes
not hold, as S’ N T" = §; but condtion (i) of the uncossirg lemmadoeshold.
However, SUT = S andS NT = T, sothatthe sametwo setpairsareretuned
after apgying the uncaossirg lemma. Thuswe mustrelax this definition so that
every applicationof the uncrassinglemmayields two setpairswhich do not pair-
cross. We canrot relaxit too much,however, since we require specfic propeties
of pair-laminarsetpairs in orderto obtain our result In particular, a pairlaminar
collectionof setpairs mustdefinea pose which hasa forest structure. We prove
thatthis is thecasein Lemma4.7. The secand condtion of pair-crosis alsoused
critically in Lemma4.8.

Thefollowing techncal lemmais certral to the validity of our maintheorem.
Theprod cortainsmary casedecawssethe definition of pair-cros is not symmet-
ric.

Lemma4.3 Let (S, S") and (T, T") be pairs that pair-cross. If (X, X’) doesnot
pair-cross eithe (S,.8") or (T, T"), thenit doesnot pair-cross any of the pairs:
a(SnT,s'uTt,
b: (SUT,S'NnT"),
c (SnT',S'uT),
d (S'NT,SUT).

Proof: We notethatif (S,5") < (X, X’) thenit follows immediatey that (S N
T,5"UT'") < (5,8 < (X,X")andthat(SNT',S'UT) < (S,5") < (X,X');
thatis, (X, X') doesnotpair-crossa orc. Similarly, if (S,5) > (X, X') then(SU
T,5'NT") > (S,5") > (X, X'"),and(X, X') doesnot pair-cross (S'NT,SUT")
sin,eS'NT C S C X' 'andX C S C SUT', andthus(X, X') doesnot pair-
cros b ord. Similarly, if (7,7') < (X,X')then(SNT,S'UT) < (X,X")
and(S'NT,SUT') < (X,X'), sothat (X, X') doesnot pair-crossa or d. If
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(T, T") > (X,X') then(SUT,S'NT") > (X, X') and (X, X") doesnot pair-
cros(SNT',S"UT)sinceX C S'UTandSNT' C X', sothat(X, X') does
not pair-crossb or c.

We now exhausively enumerége caseslf both(S, S), (T, T") < (X, X'), then
by theabove (X, X') doesnot pair-crossa, c, or d. Furthemore,it does not pair-
crosb sinceweknow S, T C X andS’, 7' O X', andtherefore(SUT, S'NT") <
(X,X").

If both (S,S5"), (T, T'") > (X,X'), thenby the above (X, X’) does not pair-
crossb, ¢, ord. It doesnot pair-crossa sinceweknow S, 7 2 X andS, T’ C X'
andtherfore(SNT,S' UT') > (X, X').

Thecase(S, S") < (X, X'") < (T,T') or thereversecannd ocaur becawsethis
impliesthat (.S, S’) and(T, T") do not pair-cross contadicing the hypahesis

Note that becawse (S, S") and (T,T") paircross,it canrot be the casethat
(5,8 < (X,X"Yand X C T'" andT C X' since this implies that S C T'
andT C S'. Similarly, this casewith (S,.S") interchangd with (7,7") canna
occu. Soweasame(S,S) > (X, X') andthatX C 7" andT C X'. Fromthe
above, we know that (X, X”) doesnot pair-crossb or d. Furthemore,it doesnot
pair-crosasinceX C S UT andS NT C X'. It does not pair-cros c since
(X, X"y < (SNT'S"UT). Thecasewith (S,S’) and (T, T") interchangd is
similar.

Finally, we asaimethat (X, X’) doesnot pair-cross(S, S') beauseX C S’
and S C X', anddoesnot pair-cros (T,T') becase X C 7" andT C X'.
It follows easiy that (X, X’) doesnot pair-cros a becaiseX C § U T’ and
SNT C X' It doesnot pair-crossb becaiseX C S NT"andSUT C X'
It doesnot pair-crossc becase X C S UT andS NT' C X', andit does not
pair-crosd becaseX C SUT' andS'NT C X'. [ |

Lemma 4.4 Givenpairs(S,S') and(T,T"), neither (S, S") nor (T, T") pair-cross
anyof thefour pairs (SNT,SuT’), (SUT,S'NT"),(SNT',S"UT), (SN
T,SUT).

Proof: Consicer (S, S"); the proof for (T, T") is anabgous We seethat (S N
T,'UT) < (5,9, (5,8) < (SUT,S'NnT", (SNT",S'"UT) < (5,5,
andS C SuT"andS' NT C S'. Thus(S,S") does not crossary of thesefour
sets ]

Let 7 be the collection of all tight set pairs with resgectto z. Givena col-
lection of setpairs.A, we defineSpan(.A) to be the vectorspacespamedby the
chamcterstic vectorsy, (S, S’) of thesetpairs (S, 5') € A.

Lemma4.5 Any maximal pair-laminar collection £ of tight set pairs satisfies
Span(L) = Span(T).
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Proof: If Span(L) # Span(7T), thenSpan(L) C Span(7) sinceL C 7. Thus
there exists a pair (S,5') € T, with x,(S,S’) ¢ Span(L), suchthat (S, 5’)
pair-crosesa minimum numker of setpairsin £. Let (T,T') be one of thos
pairs. Thenby Lemma4.1, we canrewrite x,(S, S’') asa linear combination of
chamacterstic vectas of pair-laminartight setpairs. Suppog thatcondition (i) of
Lemmad4.1 holds; thuswe canrewrite x, (S, S") asx(S UT,S' NT") + xz(SN
T,S"UT'") — x(T,T") (the casein which condition (ii) holdsis similar). Since
xz(S,5") ¢ Span(L), atleastoneof x,(SUT,S' NT") andx,(SNT,S" UT)
is alsonot in Span(£). By Lemma4.3, ary setpair (X, X’) € L pair-crosing
eitherof (SUT,S'NT’) and(SNT,S'UT') mustalsohave pair-crosed(S, '),
since (X, X') does not paircross(7,T") by thelaminaity of £. Furthemore,by
Lemma4.4 the setpairs (SU T, S'NT") and(S N T,S" UT") do not pair-cross
(T, T"). Sincethesesetpairsdo not pair-cross(7T,T'), they have stricty fewer
crossingswith setsin £ than(S, S') does contadicing thechaceof (S,5). =

Corollary 4.6 For anybasicsolution z, there exists a pair-laminar set3 of tight
setpairs satisking

1. |B| = |E.],
2. thevecbors x, (S, ") for (S, S") € B arelinearly independent,
3. f(S,8") > 1forall (S,5') € B. |

Proof: Let £ be a maximalpairlaminarcollection of tight setpairs. If thereis a
setpairin this setthatis linearly depadenton othermembersf the set,remove it
to form B. Notethat B satisfieghe secand andthird condtions; andsincethe span
is unchanged Spanf3) = Span() = Span{") by Lemma4.5. Sincez is bast, the
dimersionof Span(") is | E;|. Thus,B alsosatsfiesthefirst condtion. |

Lemma4.7 If B is acollectionof pair-laminar setpairs, thenthe postdefiredby
< onthesetpairsin B is descibedby a unique forest.

Proof: Let(S,5"), (X,X'), (Y,Y’') € B. To showthatthe partial orde defined
by < givesa forest, we only need showtha if (S,9) < (X, X’) and(S,S5") <
(Y,Y’), then(X, X') and (Y, Y’) mustbe compaablein the partial order Thusit
sufiicesto estallish thatif

(1) (S,9") < (X, X',

2 (S,8") < (v,Y'),and

(3) (V,Y") £ (X, X),
then(X, X") < (Y,Y’). SinceB is pair-lamina, (X, X") and(Y, Y”) do not pair-
cross. If (X,X') £ (Y,Y’), thenby laminaity, X C Y" andY C X’'. Since
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S C X CY’, andsinceY andY’ aredisjoint, thisimpliesS ¢ Y, contradiding
(S,8") < (v,Y’). Soit mustbethecasethat (X, X') < (Y,Y"). ]

To prove Theoran 3.5, we usea prodf by contradiction. We useLemma4.7 to
constructaforest of tight setpairsin B. Wethendefineanew coneptof incidence
of edges with fractional valueto nodesin this fored. Giventhatno edge hasvalue
atleast%, we canthenchage edgeswith fractionalvalueto the nodesin this fores
in away thatleads to a cortradidion.

Startwith a pair-laminarfamily 5 asgivenby Corollary 4.6. Form the rooted
forest correspoming to the contdnmentposé on B asindicatedin Lemma4.7: the
node setis B andthereis anarcfrom (S, ) € Bto (T,T") € Bif (T,T") is the
smallest pair of the partal order suchthat(S, .S') # (7, 7') and(S, S") < (T,T").
Notethatwe referto nodesandarcs of the forest, while we useverticesandedges
whenreferiing to the original graph.

A sodet (e, i) is a pairing of anedgee € E, with oneof its two endmints.
Eachedgee = (i,5) € E, is as®ciated with two soclets: (e,z) and(e, j). We
assgn eachsoclet to at most one node of the fored; we say that the soclet is
incidentto thatnode. For anedgee = (i, j) € E;, thesoclet (e, ¢) is incidentto
node (S, S') if (S,S") is thelowestnode in the tree amongall nodeswith either
ieSor{ij}ns =0.

Lemma 4.8 Incidenceis well-defined

Proof: We needto shov thatfor a given soclet (e, 7), the definition of incidence
is suchthatthe socletis assgnedto atmostonenode. It sufficesto show thatany
two setpairs(S, S"), (T, T") € B for which oneof thetwo condtions of incidence
holds mustbe compagblein the parial orde.

First,if 7 € S and: € T thensince (S, S') and(T,T") don't pair-cross,it must
bethecasethateithe (S, S') < (T,T') or (T, T") < (S, S).

Now supmsethat: € S,i ¢ T, and{i,j} NT' = (. We know that (S, S")
and(T,T") do not pair-cross.Sincei € S andi ¢ T, weknow (S, S') £ (T,T").
Sincei € S andi ¢ 1", it is notthecasethatS C 7" andT' C S'. Thusit mustbe
thecasethat(7,7") < (S, S").

Suppsethati ¢ S, ¢ T, {i,7} NS = 0, and{i,5} NT' = 0, andthat
(S,S8") and(T, T') areincomparablein the partid orde. Since(S, S') and(T,T")
donot pair cross, it mustbethatj ¢ SUT. Thusi,j € V—(SUTUS UT'). We
claim thereis no setpair (Z, Z') € Bwith |{7,5} N Z| = 1and|{i,j} N Z'| =1,
since sucha setpair would pair-crosswith (S, .5'). But thenthe edge(i, j) is not
in thesuppat of z(Z, Z') forary (Z, Z') € B. Thus, (i, j) ¢ E,. ]

We say that an edgecrossesa node (5, S') if exactly one of its as®ciatel
socletsis incidentto ary nodein the subtree rooted at (.S, ).
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Lemma4.9 Anede (i, j) with fractional value crossesa node(S, S') if andonly
if [{é,5} N S| = [{i,j} NS =1.

Proof: (=): Foredgee = (i, j) crossingnode(S, '), assumethatthesoclet (e, )
is incidentto a nodein the subteerootedat (S, ) and(e, 7) is not. Theni ¢ S’
andj € S’ by definition of incidenceandthe propertiesof the pattial order. Since
j € 8, thisin turnimpliesi € S. («): If i € S andj € S andB is pair-lamina,
thenby Lemma4.8, (e, 1) is incidentto anode (7', T') satsfying (7, 7") < (S, S').
By Lemma4.7,thisimpliesthat (e, 7) is incidentto anodein the subteerooted at
(S,S"). Sincej € S, (e, j) is notincidentto ary (7, 7") < (S, 5"). ]

Proof of Theorem 3.5: The prod is by contadicion: supp®e every edgetakes
value strictly Iessthan%. We showthat giventhis assumption,we can“charge” the
soclketsincidentto ary rooted subtee of the forestin sucha way thateachnode
getschaged at leasttwo soclets andtheroot getschaged at least3 sodets. This
leads to a contradidion, sincethe numbe of socletsis twice thenumber of edges,
andthe numbe of edges equak the numberof nodesin theforest

This chaging scheme is carried out inductively bottom up on the strudure
of the tree Constler first a leaf elemen (S, .5') of the forest. Sincewe know
f(S,8") > 1 and eachedge hasvalue lessthan 1/2, it must be the casethat
165, (S,S")| > 3. By Lemma4.9 it mustbe the casethat eachof thee edges
cross (S, '), which implies thatat leastthree soclets areincidenton (S, S). We
invoke alemmaof Jainbelowin orde to carry outtheinduction.

Fore € E,, definey(e) = 5 — z(e). Sincez(e) < 1/2 by hypotesis,note
thaty(e) > 0. For ary pair (S,S") € B, defineits co-requirrmen asthe sumof
y(e)’s for all the edgescrossing (S, ). The co-requiremen satsfiesy(S, S') =
2168, (S, S")| — f(S,5"). Sincef(S, S") is integral, the co-requiremer of (S, 5)
is anintegral multiple of .

Lemma4.10(Jain [13], Lemma 4.6) For anyrootedsubteeof theforest wecan
chargethesodetsincidentto it sud thateverynodegetscharged at leag 2 sodkets
and the root gets charged at leag 3. Moreover, the root gets charged exacty 3
soketsonly if its co-requirements half.

Note thatthe statemenof the lemmain [13] refers to endpants in a way that
is anal@ousto our useof the term soclets here The proof of this lemmarfor our
problem s exactly the sameproof in [13] which consstsof cheding a series of
case. We omit it heredueto the similarity to, andthelengh of, theoriginal. =
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5 {0,1,2 Vertex Connectuity

In orderto shawv thatthe algarithm descibed in Section3.3is a 2-agproximation
algarithm for VC-SNDPwhenr € {0,1, 2}, it sufiices to prove Theorem3.13,
resatedhere:

Theorem3.13 For (S, S') := ¢2(S, S') —|6r (S, S")| andE = E — F, anybasic
soluion to (RES) hasatlead oneedgee € E — F with z(e) > %

As notedin Section3.4,thefunctions f; andgy arenotweaklytwo-suypermodiar,
so Theoem 3.5 doesnot apply directly. However, sincetheir function valuesare
boundedby 2, we canextendthe definitions andtechiques usel to prove Theo-
rem 3.5 to hardle thesefunctions. We stat by extendng the definition of weak
two-sypermodilarity, andshowing that f, andg, arecoveredby this extension In
Section 5.2, we shaw thatour extenson of weaktwo-supgermoduérity is sufiicient
to obtan anunaossirg lemma.Oncethe unaossirg lemmais estdlished, therest
of the proof of Theorem 3.13follows the sameargumentsasusel in the proof of
Theoram 3.5.

5.1 Very Weak Two-Supemodularity

A two-setfunction f is very weaklytwo-sugrmodubr if whenever f(S,9) > 0
andf(T,T") > 0then

£(5,8) + f(T,T) <

max{ f(SUT,S'NT")+f(SNT,S'UT), (5)
f(SNT,S'UT)+ f(SUT',S'NT), (6)
max{ f(SUT,S'NT"), f(SNT,S'uT, f(SNT',S"UT),

fsuT,S'NT) 1, (7

OR for somepermuationof S andS’, T andT”,
f(SNT,S'uT) + f(SUT,S'NT) }

While it mayseemthat(7) is includedin (5) and(6), if f is allowedto take on
negative values this maynot bethe case.

We saythat f is symmetic if f(S,S5) = f(S',S)forall S C V. If f <2,
thenthe only meanindul values of |V — S — | for the definition of ¢, are0 or
1. If in additon, f is symmetric,asis the casefor f, andg., then the definition
of very weakly two-sugermoduér canbe simplified to be that for all (S,.S) and
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(T, T")ywithS C TUT andT C SU S,

f(S, S+ f(T,T") <max{ f(SUT,S'NT)+f(SNnT,S'UT), (8)
flsuT, S 'nT)+ f(SNT',8'UT), (9)
f(snt,s'uT), (10)
OR by perhapsswappirg (S, §') for (T, T"),
f(SNT,S'uT)+ f(SUT',S'NT) }. (11)

To show that g, is very weakly two-sypermodilar, we first introducesome
notaion. Given (S,S'), thereis apairi € S, j € S thatdetemines f5(S, S’).
Let (S, S’) dende onesuch; and (S, S') derote the correspondng j. Call the
orderedpair (i(S, S'), (S, S")) awitnes for f»(S, S’).

Lemma 5.1 Thetwo-setfunction g, is veryweaklytwo-sypermodilar.

Proof: Let S andT be subsés of V satidying S C TUT,T C SUS".
The proof is a caseanalysis on the location of the four verticesi(S, 9), j(S, S'),
i(T,T"), j(T,T"). Notethat, by definition of very weakly supemodular we only
needto satify oneof (8)-(11) whenboth (S, S") andg. (T, T") arestrictly pos-
tive. Thisimmediatdy impliesthatboth f,(S, S’) and fo(T, T") arein {1, 2}; and
if |V -8 — 8’| =1, thismeanghat f(S, S’") = 2 andgs(S, S") = 1.

Case(i): SUS' = T UT' = V. By theweaksupermoduérity of the one-
setfunction f’ definedby f/(S) := max{r;;|i € S,j € V\S} usedin [11, 13]
implies thateither (8) or (9) hold.

Case(ii): [V —-S - 8| =|V —T —T'| = 1. Thenwe neal only checkthe
casewhen f5(S,S") = fo(T,T") = 2, implying g2(S,S") = go(T,T") = 1. In
this case either

(@)i(S,8") € SNT" andi(T,T") € T N S’ (Figure3(a)),

(b) j(S,8") e TnS', andj(T,T") € SNT" (Figure3(h)), or

(©) {i(S,8"),«(T, T} N (SNT) # 0 andatleastoneof j(S, "), (T, T") is
nS'NnTu(V-S-SHYu(Vv-1T-17)=V-S-T.

If (a) holds then(i(S, S"),5(S,S")) is awitnessfor fo(SNT',S"UT) and
(T, T"),4(T,T")) is awitness for fo(S'NT,SUT'). Here,|lV - (SNT') —
(s"U T)| [V —(S'NT) - (SUT")| = 1s0(9) holds. If (b) holds, then
(4 (T, T"),i(T,T")) is awitnessfor fo(SNT',S"UT) and(j(S,S"),i(S,S’)) isa
W|tnessfor f(8"'NT,SuUT), andagain(9) holds.

If (@) and(b) do not hold and(c) holds thenleag oneof (i(S, S), j(S,S")),
(T, T"), j(T,T")) isawitnessfor fo(SNT,S'UT"). fV-S-8" =V -T-T,
thenj(S,S’) # V-T-T"andj(T,T") # V-S—-5'sothat{;(S, "), j(T,T')}n
(S' Nn'T") is noremptyandoneof (i(S,S),j(S,S")), (T, T"),j(T,T")) is also
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awitnessfor fo(S UT,S' NT'). (SeeFigure3(cl).) Sincein this case |V —
(SNT)—(S"UTH| =|V-(SuT) - (S"nT")| = 1, we have tha (8) holds.
Otherwis, asdepictedin Figure3(c2), [V — (SN T) — (S UT")| = 0, sothat
g2(SNT,S"UT") =2and(10) holds

Casq(iiia): |[V—-S-8'|=1,TUT =V,4i(S,S") € SNT". If eithe (S, S")
ori(T,T') € T N S’, then(9) holds. Otherwise,(i(S, S'),5(S, S’)) is awitness
for fo(SUT,S'NT"), (T, T"),5(T,T")) isawitnessfor fo(SNT,S"UT'), and
(8) holds.

Case(iib): [V -S-8|=1,TUT =V,iS,8) e SNT.If j(5,5) €
S"NT’, then(8) holds Otherwise j(S,S') € T N S’. This situationis depicted
atthe bottomof Figure 3. In this case(i(S, 5'), (S, S")) is awitness for fo(S N
T,S"uT"); (5(S,8"),i(S,S")) is awitnessfor fo(S' NT,S UT'); andthus (11)
holds.

Casq(iv): [V —-T—-T'|=1,5US" = V. Argumern is equivalentto Caseiii)
onee (S, S") is switched with (T, T"). |

The prod of Lemmab.1 demonstateswhy andwhenwe requre (11) in the
desciption of go. We summarizethis in the following cordlary so thatwe may
easly referto it. It is alsopartially depidedatthe bottom of Figure 3.

Corollary 5.2 If S CTUT', T C SUS’, g2(S,S’) and go(T, T") are strictly
postive, andgs (S, S’) + g2 (T, T") is strictly greater thanthe maximunof (8)-(10),
thenby possibly swappig (S, S') for (T, T"), wehavethat g (S, ') + g2 (T, T') <
@(SNT,SUT) +g(SuT,8'NT),|V-S-8|=1,TuT =1V,
i(S,8") € SNT,andj(S,S) e TnS. n

The examplein Section7 showsthatthe correponding g, for r € {1,k}V*V
is in geneal not very weakly two-supermodilar for ary k£ > 3.

Lemma5.3 For anyedg setF onV, g(S, S") — |0 (S, S")| is veryweaklytwo-
supermoduér.

Proof: Sincetheprod of thelemmais independentof choice of F, andthe context
is clear we used for dp. Suppsegs (S, S’) > 0andgy(T,T') > 0. If g2(S, S') +
go(T, T") satisfiesary of (8)-(10), thenby the two-submodukrity of 4|, we have
(g2 — |8)(S,S") + (g2 — |8)) (T, T") satisfiesthe sameinequality. If ¢ (S, S’) +
g2(T, T") doesnot satisk (8)-(10), thenit satsfies(11) (after possibly swappirg
(S,8") and (T, T")). If |6(S,S")| + |6(T,T")| > |6(SNT,S"UT")| +|6(SU
T',5' N T)|, thengs — |4| alsosatsfies(11), andwe aredone. Otherwise there
is anedgefrom S NT to T N S in F, sincethis is the only type of edge that
contributesmoreto theright hard side of (11) thantheleft. Thus|§(S, S)| > 1.
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Sincegs (S, S’") + go(T,T") doesnot satidy (8)-(10), by Corollary 5.2, we have
that|V — S — S| = 1 andge(S,S') = 1, andthusgy(S, S") — |6(S,S")| < 0.
Hence,since (8)-(10) only needto be satidied by a very weaktwo supemodula
function A onarguments(S, S’) with h(S, S’) > 0, nore of (8)-(11) needapplyto
(S, S") to estallish very weaktwo-suypermoduarity of g, — |4]. |

5.2 Proofof Theorem3.13

This sedion is devoted to the the prodf of Theorem3.13. To prove this theorem,
we will usethefactthatg, — |0r| is very weakly two-supgermoduar to obtain an
anabg to the uncressinglemma,Lemmad4.1. The uncressinglemmais in turn
uselll to estalish the existerce of a laminarbass of tight sets,a key compaent
in the proof of thetheorem.

Let z bethe extension of a feasble soluion to (RES) with f = ¢ suchthat
z(e) = 1foralle € F. In partiaular we will be interestedin the casewhenz is
a basicsolution to (RES) with the property thatz(e) < 1 foralle € E — F. In
this casejet E, bethesetof edges with nonzroz-value A pair (S, ') is tight if
it satisfies

zp-r(S,8) > f2(5,8) = [V - § = 5 = |or (S, 5" (12)

atequaity. (Equialertly, zx(S,S’) = f2(S,8") — |V =S = 8| = ¢g2(S,95").)
Given z, define x,(S,S') € {0,1}/-FI to be the characterstic vecta of the
support of zg_p(S,S"). If zg_p(S,S") = 0, we saythat (S, S’) is empty If
zg-r(S,8") > 0,then(S,S") is non-empty If (S,S") is empty theny,(S,S") =
0.

Lemma 5.4 (UncrossingLemma B) If (S, S’) and(T,T") aretight andnon-empty
thenfor theappropriate permutdion of S and.$ andT and7” sothatS C TUT’
andT C S U S’ oneof thefollowing holds.

(i) (SnT,S"uT)istight, (SUT,S NT') is either emptyor tight, and
Xx(Sa Sl) + Xz(Ta T,) = Xl‘(S nT, S’y T,) + Xl‘(s UT, SN TI)’

(i) (SnT",8"UT)and(SUT',S'NT) aretight and
Xz(S,8") + xz (T, T") = x:(SNT'",S"UT) + x(SUT',S'"NT),

(iii) After perhgps swappng (S, ') for (7,7"), thenT UT' = V, and (S N
T,8"UT)and(SUT',S'"NT) aretight, and
2x2(8,8") + Xz (T, T') = xo(SNT,SUT') + xz(SUT',S"'NT).
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Proof: For simplicity of notaion, letJ = g, — |0r|. Sincezg—_r is asolw
tion to (RES), ¢ — zg_r < 0. Sinceg’ is very weakly two-sypermoduar by
Corollary 3.12,if (S, S") and(T,T") arebothnorempty thenfor appragriate per
mutatonsof S andS’, T and7”, we have that ¢'(S, S’") + ¢'(T,T") mustsatisly
one of (8)-(11) with ¢, replaedby ¢'. If it satsfiesarny of (8)-(10), thensince
zp_r istwo-submodula, (¢ — zr_r)(S,S") + (¢ — zr—r)(T,T") satidiesthe
sameinequality. Thusif (S, S') and(T,T") aretight, thentheleft handsideof the
correspording inequality in (8)-(10) equds 0. Sinced — zg_r < 0, thisimplies
thateachpartof thecorrespondng right handsideequds 0. Thus,if (8) is satisfied,
then(i) holdswith (S U T, S’ NT") tight; if (9) is satsfiedthen, (ii) holds andif
(10) is satisfied then(i) holdswith (SUT, S N T") empty

If ¢'(S,S")+4'(T, T") doesnotsatify ary of (8)-(10), thenneitherdoesg, and
by Corollary 5.2, by perha swapgng (S, ') for (T',T"), we have that|V — S —
S'N=1,TUuT =V,gy(S,58) =1,i(S,5") € SNT andj(S,S") € S'NT. See
bottom of Figure3. Since|V —S— 5| = 1, wehavethat fo(i(S, S), j(S, S")) = 2
andthus fo(SNT,S"UT') =2 = fo(SUT',S'NT). SincealsoTUT' =V,
thisimpliesthat g (SNT, 8" UT') = g2(SUT',S'NT) = 2. Since(S, ") is
tight and nonempy, we have thatzg_r(S,S’) = 1 andzr(S,S’) = 0. Since
(1(S,98"),4(S,S") is awitnessfor both(SNT, S UT') and(S'NT,SUT'), we
havetha zg(SNT,S'UT') > 2andzr(S'NT,SUT') > 2. All edges that
cortribute to both of theseexpresionsarein dz (.S, S’), andthustheir cortribution
is atmost1. We have

2 < zp(S'NT,SUT)
= zp('NT,SNT)+zp(S'NT,8'NT)+zp(S'NT,SNT")
< z(S,8) +ze(S'NT,S' NT (13)
= :EE_F(S,S,)+:L‘E(S,ﬂT,SIﬂTI)
= 14+zg(8'NT,8'NT").

Thisimpliesthatzg (S’ NT, S'NT') > 1. Similarly, for zg(6(S NT)), we have
2 < zg(SNT,S'UuT

= zp(SNT,'NT)+zp(SNT,SNT")+zp(SNT,S' NT")
zp(S, S +zp(SNT,SNT) (14)
= zg-r(S,8") +zr(SNT,SNT)

= 14+zg(SNT,SNT),

VAN

which implies thatzg(S N T,S NT') > 1. SinceT is tight, we have that2 >
zp(T,T) > zp(S'NT,S'NT")+zg(SNT,SNT") > 2,sothatg(T,T') = 2
ande(S’ NntT, S'N TI) = :L‘E(S NnNT,sN TI) =1.
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This last pair of equationshasseveralimplications. By (13), this implies that
all edgeswith z(e) > 0in dg_r(S,S’) ente S’ NT, andin partiaular, zg(S N
T,S'NT') = 0. In addition, with (14), we seethatall edgesn dg_ (S, S") with
z(e) > 0 alsoenterS N T, thusno edgeleaving S contibutesto zx (T, T"). This
lastobsevation with zg(S'NT,S'NT") = zx(SNT,SNT') = 1, thisimplies
that(SNT,S'UT’) and(SUT', S'NT) aretight,and2x, (S, S") + x (T, T") =
Xe(SNT,S"UT") + xx(SUT',S"NT). Thus(iii) holds [ |

With this uncrossirg lemma,we cannow usethe framewvork descibedin Sec-
tion 4. As befare, we definea relation < on setpairsby (S,5) < (T,7") if
S C T andS’ D T'. Thisrelaton defines a patial order. We saythat the pairs
(S, S") and(T, T") pair-crossif they do notsatisfyeithe of thefollowing two con-
ditions: (1) (S,5") and (T, T') arecompardle in the partial order (thatis, either
(S,8") < (T,T") orviceversg; (2) S C T' andT C S'. A collection £ of pairs
(S, 8") is calledpair-laminarif notwo pairsin £ pair-cros. UsingLemma4.3and
Lemmab5.4in placeof Lemma4.1, we have the foll owing corollarieswith proof
idertical to thatof Lemma4.5andCorollary 4.6

Corollary 5.5 Any maximalpair-laminar collection £ of tight setpairs satisfies
Span(L) = Span(7). |

Corollary 5.6 There exists a colledion B of pair-laminar tight setpairs satisking
1. |B| = | B,
2. thevecbrs x,.(S, §') for (S, S') € B arelinearly independat,
3. (g2 — |6F])(S,S") > 1forall (S,5") € B. |

Similarly, using the samedefinitions of incidenceandcrossing, the andogs of
Lemmas4.8 and4.9 alsohold for this problem, andthe remairder of the proof of
Theoren 3.13is idertical to the proof of Theorem3.5.

6 Implementation Issues

To solve (WTS) for ELC in polynomial time, we neeal a segaratian oraclefor
the connetivity constaints an algoiithm that finds a violated constaint of the
LP (WTS) with thefunction g (S, S") or (RES) with thefunction g (S, S’) —

|0r (S, S")|. To dothis, weinterpretz-valuesascapaitiesandtrandorm thegraph
inducedby the current fractional solution z andthe fixed edges F' into a directed
graph by replacingevery edgeby oppasitely orientededgeswith the samecapaity
astheoriginal undirectededge We thenperfarm a standard procedureof splitting
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nonterminalverticesto modelthe facttha at mostone pathcanpassthrouch any
norterminal Then,in theresuting gragh, the maximumflow valuebetweeri and
J is vertex comectvity betwea i andj. If thisis lessthans;, the minimumcut
reveak aviolatedinequality.

Thuswe have a polynomial-timeseparéion orade for (WTS) and(RES) for
elemen connestivity. Similarly, we can obtan a sepaation orack for {0,1,2}-
vertex connestivity. Usingellipsoidalgorithm, we canthenobtan a basc solution
in polynomial time [12].

If we canbe satidied with ane-approximate solution (a soluion thathasvalue
at most1 + e timesthe optimal solution), thenwe canavoid using the ellipsoid
algarithm, andinsteadusea fully polynomialtime approaximation schemeo solve
the LP [7, 10]. This will leadto a slight deteforation in the quality of the final
soluion, i.e. to 2 + 2¢ insteadof 2.

7 Examplesand Counterexamples

Thereis anexampke in [13] thatshowsthatthe andysis of theappraimation guar-
antee obtainedby theiterative roundng algarithm is tight for the edgeconrectiity
problemwith comectvity requrementsn {0, 1}. Sincein this casetheedge ele-
ment,andvertex conrectivity problemsarethesamethesameexample showsthat
theanalysisis alsotight for the elemen andvertex conrectvity probdems.

A naturd question is: Can we extend the argumentsgiven hereto give a
constantfactorapproimation algorithmfor vertex comectvity problemswith higher
comectvity requrement® We answerthis quedion negatively for genenl r €
{1, k}V*V by de<ribing basc solutionsto aninfinite family of instarcesof (RES)
for which

1) thetight setpairsspanningthe bass arehighly non-laminar, and

2) thelargest fraction is bourdedabove by ——L—.

Specificdly, we congructafamily of vertex comectvity instanceswhereeach
vertex i hasademand; € {1, k} forall i € V, andr;; = min{r;, r;}. Thisfamily
hasthe property thataftersolving theinitial LP andfixing all edgese with 7, = 1,
theresidwal LP hasa basicsolution with largestz-value equal to%. This example
does not itself rule out a proof that iteraive rounding might alwaysyield a goad
appoximation guarantee. Whatit demorstrates is thatif this weretrue, it would
have to be proved by compléely different metho. Sincethe first appeaanceof
this example, however, thereis now a proof that no constant facta approimation
is obtanable via arny polynomial time algorithm given certaincomplexity assunp-
tions[16].

We degict the family of instancesin Figure4: For ead k constructa grapgh
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on 2k vertices. Thefirst k verticesV' = {1, ..., vx} have demandk, the secoml

k verticesU = {uq,...,ur} have demanl 1. The edgesetconsstsof a clique
of 0-costedgeson V', anda complet bipartite gragh between V' andU of cost1
edges. Thereis anoptimal LP solution sud that every edgee in the clique has
z(e) = 1 andevery edgee in the bipartite graphhasz(e) = 1/k. After settirg
F = {e | z(e) = 1}, thereis anoptimal solution to (RES) with f = g, that
will still have every edge in the bipartite graph atvalue1/k. We will showbelow
thatthis a bast soluton. To estabish that this is anoptimal solution, it sufficesto
producea feasille solution to the dual linear program of equalvalue. In the dual,
thereis avarialle y(S, ") for every possble setpair (.S, S') andavariable z(e) for

eachedge e € E. Thequartity y(5,S') representshe magind costof increasiry

the demandfrom S to S’. The quantty z(e) is the mamginal value of edge e to
meetirg thedemand The duallinear progran is

max g o [f(S,8) = 10 (S, S)Y(S,5") = YXeep_r2(€)
s.t. 28, 5neco(s,5) Y(S,8) —z(e) < cle), Ve€e E—F
y($,5),2(e) = 0.

In the caseof this instance, if f(S,S) — |dr(S,S")] > 0 thenit equalsl; and
cle) =1foralle € E — F. Thus,thesolutonz = 0, y(S,S') = 1 for S = {u;},
S'=V — 8,1 <1<k, andotherwise,y(S, S') = 0, is feasibe, andhasvalue £,
egual to thevalueof the feasilie primal soluion. Henceboth areoptimal.

We now estadlishthatthisis avertex of the polytopedescibed by (RES) with
all cost0 edgesincludedin F' = {e| c¢(e) = 0}. We do this by descibing a set
of k2 tight inequalities (note that &2 is the numberof fractional edgesand hene
variablesin the remainirg problem), congructing a matrix of the suppat of these
inequalities, condructing a semnd matrix and arguing that the two matricesare
inversesof eachother, henceeacharelinearly independat. Sincethe solution is
thenthe intersection of &2 lineary independent halfspacesin R, it is avertex of
thelinear programmingpolytope

Thesetof £? tight inequalities is dividedinto & blocks of & inequalities. Block
0 includesthe k ineqalities with S = {4}, 1 < i < k, andS’ =V — S.
Aside from thes inequalities, the point is highly degenerate therearemoretight
inequalitiesthan are necesary to definethe point. For easeof presentaton, we
have chasento particular symmetricset for the the remainng k£ — 1 blocks of
inequalities. For inequality 2 < ¢ < k,inblock 1 <4 < k — 1, define§ , =
{’UZ'_|_1, U, U2, - - - ,uk_q+1}, andSZf’q = {’Ui, Uk—g+25 - - - uk}. Forg =1, let Si,l =
{vit1,u1,u9,...,ux} and S; ; = {v;}. Thereis exacty oneedgein F tha has
one endpoint in eachof S and S’ (edge (v;, vi11)); the (go — dp)-value of the

inequality is 1; andz(.S; 4, s;,q) is deteminedby theq — 1 edges from U t0 v;41
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andthek — g+ 1 edgedrom U to v;, for atotd valueof (¢ —1+k — g+ 1)% =1.
Thus,thesecutsaretight. SeeFigure4.

Let matrix C be the supprt matrix of edgesin eachcutseé abore, with the
rows of C correponding to cutsetsandthe columrs correpondingto edges. Thus,
a*1” in the(r, (j,1)) placemeansthat the edgefrom u; to v; crosesthe setpair
(Sr,S1). Herer correspors to pairs (i, g). Therows of C are orderedfirst ac-
cordng to block, andthenwithin eachblock, accading to ¢. Thefirst row block
in C correspormisto theinequalitieswith S = {w}, i.e. it is theblock O of thetight
inequalities. The columnsof C' areorderedaccoding to incidenceto U, andthen
to V. SeeFigureb. Figure6 displays C andtheinversematrix B for k = 3.

Let matrix B be a k? x k? matrix with its columns and rows orderedinto
blocks of k. Thefirst block of £ columns(calledcolumnblock 0) hasa patten that
is slightly differentfrom the rest. SeeFigure7. Thefirst columnis O everywhee
except in the last entry in the first row block, which is 1. The 2*¢ through k"
columnshave thefoll owing patten: thefirst row block congstsof £ — 1 entries of
value 7! followed by asinge entryof £-1. Thenthe g** columnhasthe ¢ row
block filled with % All othe entries are0.

For the patten of the*” block of k columns,i = 1,...,k — 1, seeFigure8.
Thefirst columnof thefirst row block hasi — 1 entriesof =%t foll owedby & — i
entiies of £ followed by a singe entry of =£t:. This column vectoris derpted
X;. Thefirst column of the lastrow block is the vector —Y; corntaining i entries
of % followed by k& — ¢ entries of ‘TZ The ¢** column of the k — ¢ + 1% row
block is —Y; for 1 < ¢ < k; andfor 1 < ¢ < k — 1, the ¢"* column of the
k — g + 2™ row block is the vecta ¥; with i entiies of =&+t followed by k —
entiesof 2. Notethat X; = ¥; + e/ — ef, wheree; is the 1 x k i** elemettary
vecta: e;(i) = 1, e;(j) = 0for j # 1.

The following lemmafollows by inspectionof B andC. We provide a proof
for complegeness

Lemma 7.1 For anyk, matrices B and C are inverses.

Proof: We showv that CB = I by examining eachentry of CB, wherewe

have C = g‘f expressedastherow block 0, Gy, andthe remaining rows C',
which are pattitioned into & — 1 blocks of k£ rows each(,...Cy_1; and B =
(Bo B1 ... Bi_1) expresedask blocks of k& columns

Block Cy times By: The first row of Cy will have product 1 with the first
columnof By andproduct (k — 1)*71 + % = 0 with theremainng k — 1 columns
By. Theit" row of C, for 2 < i < k, will have product & % = 1 with thest*
column of B andproductO elsavhere.
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Block C;, i > 1, timesBy: Eachrow of C; will haveproduct—1/k+1/k =0
with eachcolumnof Bj.

Co times B;, 4 > 1: Notethatl -Y; = i(=&t) + (k — i) = 0. Thus,
1-X;=1-(Y;+el —el) =0,andl--Y; = 0. Soeachrow of C, timesary
columnof B; for i > 1 hasproductO.

C;timesB;,i > 1, j > 1. Note thatthe r** entry of X; is the sameasthe
(r + 1)t entry of Yjforalll <r <k — 1. Thus,rows 2 through k£ of C; have
product O with the first column of B;. Also notethat the ™ entry of X differs
from the r'* entry of Y; precselywhenr = j orr = k. Thus,the only time a
first row of C; hasnorzeroproductwith afirst row of B; is wheni = j; andin
this case the productis £ + £=% = 1. Eachremairing row 2 < [ < k of C; hasa
differenceonly betweercongecutive columnblocks & — [ + 1 andk — [ + 2, where
the first contains vector ¢; andthe se@nd con@ainse; ;. Thus,the product with
columnr of B; will only benonzrowhen; =i andr =1 (for2 <r <k). [ |
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V-S-S'
-T-T'

(SNT',S'UT) (SuT,S'NT)

Figure 1: A pictoral representaion of the setpairs involved in the definition of
two-stbmodubr andtwo-sypermodiar.
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S' 8 S'\o o}
Figure 2: Cases in the prod of Lemma 3.11. Here I =

{i(S,8"),4(T,T"),4(S,8"),j(T,T")}. (a) The possible locations of i(S,5),
3(S,8", i(T,T"), and (T, T"). (b) I intersectstwo setsand (3) holds. (c) I
intersectstwo setsand(4) holds (d) I intersectsthree sets;j(S, S) andj(T,T")
are contaned in complementarysets;and (4) holds. (e) I intersectsthree sets
i(T,T") and j(S,S") arecontinedin complemetary sets and(3) holds. (f) I
intersectsfour sets.If fe (T, T") > fee(S,S’), then(3) holds else(4) holds.
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Jis.s) T,

aiss) Oim™)

@® V-S-S'and V-T-T'

\\
slo N\

Figure3: Represatative casa in the proof of Lemmab.1. The striped areasndi-
cateemptyregions. Caseii): (a)-(b) Inequality (9) holds (c1): (i(S, S),5(S,S"))
isawitness for fo(SNT, S"UT'); (i(T,T"),j(T,T")) is awitnessfor fo(S U
T, 8" N'T"); andinequality (8) holds. (c2): Inequality (10) holds Case(iiib):
(#(S,S8"),4(S,8") is awitnessfor fo(SNT, S"UT); (5(S,5"),i(S,S")) is a
witnessfor fo(S"'NT, SUT'); andinequality (11) holds
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x=1/6

costO
O—0

x=1
(1 r=1
O r=6
me S
oo S

Figure4: Ontheleft, a basicsolutionto (RES) afterfixing the 0-cest edgesto 1. The
largestfractionin thesolutionis ¢, herek = 6. Ontheright, anexanpleof aset(S; 4, S; )
fori =3, ¢ = 3 with f5(S;,4, S} ,) = k. All theedgescrossinghecutareincludedin the
figure. They have total value2. Togethemwith the 4 verticesin V' — S — S’, this satisfies

(12) atequality Thecollection of cuts{(S,4,5; ,) hi<i<k 1, 1<4<k arehighly crossing
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U1 u2 U1 | Ug
block 0 1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
block 1 e €eq cee € e
€1 €1 T €1 €9
€1 € |- €7 €2
el €9 ree €9 €9
block 2 €9 () s €2 €2
€9 €3 v €3 €3

block k-1 €1 |€k—1|""" | €k-1|€k-1
ep_1| e s € €

Figure5: IncidenceMatri x C of k% Tight SetPairs. Herel denoesthe1 x k row
vecta of all 1's,0 dendesthel x k row vecta of all 0’s,ande; dendesthel x k
row vecta thathasan1 in the#* postion, and0’s elsewhere.
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Figure6: MatricesB andC for k = 3.
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row
21+ fe;
block 1 :
P+
41+ fe
block 2 :
£€2
£€3
block 3 :
£©3
Sk
block k :
Fex

Figure7: Column Block 0 of Matri x B: Thefirst k£ columrs of matrix B. Hereeg;
isthel x k i*" elemenary row vector, and1 is the1 x k vecbr of all 1's.

Xi Yi
Col. Block i of B row 1 :]ZH 71764—1'
Xi 0 0 -Y 1 kot ot
row i-1 —ke —k+i
0 0 - Y Y - F ko
0 0o --- Y 0 row i % _TH
: : : : row i+1 % z
0o -y, -~ 0 0 ;
-Y, v, --- 0 0 row k-1 % £
rowk =kt i

Figure8: Ontheleft, the patten of columnblock i of matrix B. Ontheright, the
compasition of the vectors X; andY; thatde<ribe block 7. HereO isthek x 1
columnvectorof all 0's;andX; = Y; + el — el
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