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Abstract
A capacitated covering IPis an integer program of the form
min{cx|Ux ≥ d, 0 ≤ x ≤ b, x ∈ Z+}, where all entries ofc, U ,
andd are nonnegative. Given such a formulation, the ratio between
the optimal integer solution and the optimal solution to the linear
program relaxation can be as bad as||d||∞, even whenU consists
of a single row. We show that by adding additional inequalities, this
ratio can be improved significantly. In the general case, we show
that the improved ratio is bounded by the maximum number of
non-zero coefficients in a row ofU , and provide a polynomial-time
approximation algorithm to achieve this bound. This improves the
previous best approximation algorithm which guaranteed a solution
within the maximum rowsumtimes optimum.

We also show that for particular instances of capacitated cov-
ering problems, including the minimum knapsack problem and the
capacitated network design problem, these additional inequalities
yield even stronger improvements in the IP/LP ratio. For the mini-
mum knapsack, we show that this improved ratio is at most 2. This
is the first non-trivial IP/LP ratio for this basic problem.

Capacitated network design generalizes the classical network
design problem by introducing capacities on the edges, whereas
previous work only considers the case when all capacities equal
1. For capacitated network design problems, we show that this
improved ratio depends on a parameter of the graph, and we also
provide polynomial-time approximation algorithms to match this
bound. This improves on the best previousm-approximation,
wherem is the number of edges in the graph. We also discuss im-
provements for some other special capacitated covering problems,
including the fixed charge network flow problem. Finally, for the
capacitated network design problem, we give some stronger results
and algorithms for series parallel graphs and strengthen these fur-
ther for outerplanar graphs.

Most of our approximation algorithms rely on solving a sin-
gle LP. When the original LP (before adding our strengthening in-
equalities) has a polynomial number of constraints, we describe a
combinatorial FPTAS for the LP with our (exponentially-many) in-
equalities added. Our contribution here is to describe an appropriate
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separation algorithm to work in the setting of the FPTAS of Garg
and Könemann. For exactly solving the LP using the ellipsoid
method, we describe simpler separation routines.

1 Introduction

The US government has identified7 areas ofcritical infras-
tructure, sets of services whose functioning is essential for
the current operation of the country. Most of these infrastruc-
tures are physical networks such as telecommunications, wa-
ter, natural gas, and transportation. The importance of net-
work design is further evident from the wealth of literature
on the subject [11]. The research in this paper is motivated
by a capacitated network design problem arising in network
security. However, the tools we have devised to understand
this problem are applicable not only to building networks,
but also to both more specific problems, such as the mini-
mum knapsack problem, and more general problems, such
as general capacitated covering problems.

The capacitated network design problemis defined on
a multigraphG = (V,E) with cost vectorc : E → R+,
capacity vectoru : E → R+, and symmetric demand matrix
D ∈ N|V|
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, whereDij is the connectivity requirement
between verticesi andj. The goal is to select a minimum-
cost subset of edgesF ⊂ E so that the total capacity of any
cutsetC of (V, F ) is at least the maximum demand among
all pairs of vertices that are disconnected in(V, F\C). In
this paper, we also consider the generalization where edgee
may be selected up tob(e) times.

The capacitated network design problem arises as anet-
work reinforcement problem. Here we are given an existing
network, and for each link (edge) in the network, several re-
inforcement options. Areinforcementis a protection level of
a particular strength that can be added to an edge at a certain
cost. In addition, for each pair of vertices in the network,
there is a specified level of protection demanded. The objec-
tive is to select a minimum-cost set of reinforcements for all
the edges so that an adversary with strength less than the pro-
tection level of a particular pair of vertices cannot disconnect
these vertices.

For example, suppose we have a communications net-
work and each edge has a weight (capacity) corresponding to
the cost an attacker incurs to eavesdrop on that edge. There
are communications protocols (e.g. [9]) where messages are
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broken into multiple packets and packets are sent along many
different paths. In order for an eavesdropper to gleanany
information from the message, he must interceptall pack-
ets, and therefore must have compromised a cut between the
sender and receiver. By interpreting strength and protection
levels as capacities, this problem is easily reinterpreted as a
capacitated network design problem.

Capacitated network design is one generalization of
the minimum knapsack problem. Theminimum knapsack
problem is defined by a set of objects, each with a cost
and a value, and a specified demand. The goal is to select
a minimum cost set of edges with total value at least the
demand. This is equivalent to capacitated network design
on a graph consisting of 1 vertex pair with multiple parallel
edges.

One generalization of capacitated network design is
capacitated covering. Acapacitated covering IPis an integer
program (IP) of the formmin{cx|Ux ≥ d, 0 ≤ x ≤ b, x ∈
Z+}, where all entries ofc,U , andd are nonnegative. To see
that this is a generalization, we write the capacitated network
design problem as a capacitated covering IP below. Here
x(e) is the number of copies of edgee we select,C is the set
of all cutsets, andDC is the maximum ofDij over all pairs
of verticesi andj disconnected by the removal ofC.

min
∑
e∈E c(e)x(e)

∀C ∈ C :
∑
e∈C

u(e)x(e) ≥ DC

∀e ∈ E : x(e) ∈ {0, 1}.
(IP1)

Since the minimum knapsack problem is NP-hard [22],
all of the abovementioned problems are NP-hard problems.
In this paper, we focus on obtaining improved approximation
algorithms for these problems. Aρ-approximation algorithm
is a polynomial-time algorithm that returns a solution with
cost at mostρ times the cost of the optimal solution. A
fully polynomial-time approximation scheme (FPTAS)is an
algorithm that, givenε < 1, returns a solution of cost at most
1+ε times the optimal solution in time polynomial in the size
of the problem, and1/ε. One special case of the capacitated
network design problem is the Steiner tree problem, which
is known to be MAXSNP-hard [4]. Thus we cannot hope to
find an FPTAS for this problem.

Most of our approximation algorithms depend on
strengthening the LP relaxation of the given IP. (The LP re-
laxation is the problem obtained by removing the integral-
ity constraint on the variables.) An LP relaxation of an in-
teger program can bestrengthenedby adding inequalities
that are satisfied by all integer solutions. These inequali-
ties are calledvalid. Given a problem instance P, we de-
note its optimal solution by OPT(P). For an IP, and its re-
laxation LP, we refer to the ratio of their optimal solutions,
OPT(IP)/OPT(LP), as the IP/LP ratio.

1.1 Previous Work. The best previous approximation al-
gorithm for the capacitated network design problem is the
algorithm that greedily removes the unnecessary edges in or-
der of decreasing cost. This finds a solution within a factor
of m := |E| of the optimum [12].

Many of the approximation algorithms for network de-
sign problems that achieve approximation guarantees that are
better than linear consider theuncapacitated network design
problem, whereu(e) = 1 for all edgese, and multiple copies
of each edge are allowed (although some do handle upper
bounds on the number of copies of each edge). In particu-
lar, Jain [21] describes a 2-approximation for precisely this
problem. Before [21], the best approximation guarantees ob-
tained by polynomial-time algorithms for the uncapacitated
network design problem were all logarithmic inn := |V |.
For references, and a survey of related work, see for exam-
ple [13].

When all edge costs are also uniform, the problem
remains NP-hard, even when all demands are also uniform.
The best known approximation in this case is2− 1/λ when
connectivity requirement isλ [23]. If, in addition, the
underlying graph is the complete graph and multiple edges
are allowed, then the problem is solvable in polynomial
time [8, 28].

Other researchers have considered approximation algo-
rithms for the capacitated network design problem when the
objective is to design a network with enough capacity to
route all demands simultaneously, without any restriction on
the number of copies of edges allowed [1, 6, 26, 31].

There has also been significant research on develop-
ing the techniques of integer programming and polyhe-
dral combinatorics to attack these problems. For example,
see [3, 7, 25].

The knapsack problem has been studied exten-
sively [27], and is one of the original NP-complete prob-
lems [22]. While the knapsack problem and the minimum
knapsack problems are equivalent if an exact solution is
sought, they are not equivalent for approximation purposes
in that aρ-approximation algorithm for one problem does
not imply the existence of a comparable guarantee for the
second. The FPTAS for knapsack [24, 19] can be easily mod-
ified to work for min knapsack. However, the bound on the
IP/LP ratios for the two problems is vastly different: 2 for
knapsack versusD for minimum knapsack.

1.2 Our results. Almost all of the known approximation
algorithms for network design problems, and many cover-
ing problems, consider a standard integer programming (IP)
formulation of the problem and the optimal solution value
obtained from the corresponding linear programming (LP)
relaxation [13]. These algorithms then construct an integer
solution and prove its approximation guarantee by compar-
ing it with the value of the LP relaxation. One difficulty in



approximating the capacitated network design problem lies
in the fact that the ratio of the optimal IP solution to the op-
timal LP solution can be as bad asDmax := maxi,j∈V 2 Dij .
This holds also for the minimum knapsack problem. Thus
one cannot hope to obtain improved approximation guaran-
tees by comparing an integer solution obtained by any means
to the optimal LP value.

We add a class of simple inequalities, which we call
knapsack cover (KC) inequalities, that provably strengthen
the standard linear programming relaxation. For the mini-
mum knapsack problem, we show that the improved IP/LP
ratio with these inequalities is 2. This improves on the best
previous bound ofDmax. For capacitated covering problems,
we add this class of inequalities for each constraint in the
original IP formulation. We show that the resulting IP/LP
ratio is strengthened to be bounded by the maximum number
of nonzero coefficients in a row of the constraint matrix. For
capacitated network design problems, we show an improved
ratio that equalsβ(G) + 1, whereβ(G), defined below, is a
parameter of the graphG that is often significantly less than
m, and never greater.

DEFINITION 1.1. A bond is a minimal cardinality set of
edges whose removal disconnects a pair of vertices with pos-
itive demand. For a multigraphG, β(G) is the cardinality
of the maximum-cardinality bond in the underlying simple
graph. For example, in Figure 1,β(G) = 5.
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Figure 1: A bond

Series-parallelgraphs are defined inductively. Each
series-parallel graph has a source nodes and a sink node
t, called thedefining nodes. A single edge(s, t) is the
simplest series-parallel graph. New series-parallel graphs
are built by composing two series-parallel graphs having
sourcess1 and s2 and sinkst1 and t2 respectively. In a
seriescomposition, the sources2 and sinkt1 are unified. In
a parallel composition the sourcess1 ands2 are unified and
the sinkst1 andt2 are unified. We can represent the series
and parallel steps used to produce a graph in adecomposition
tree. For series-parallel graphs, we show that the IP/LP ratio
can be improved tobβ(G)/2c + 2, and that this bound is
almost tight for the LP with KC inequalities.

We also describe polynomial-time approximation algo-
rithms that meet these bounds. Thus, for the capacitated cov-
ering problem, our result improves the best previous approx-
imation guarantee of the maximum row sum ofA [5]. For
capacitated network design, our algorithms improve the best
previous approximation guarantee ofm [12].

We describe some additional capacitated covering prob-
lems for which KC inequalities can be used to obtain im-

proved approximation guarantees. These include generalized
vertex cover, multicolor network design, and fixed charge
network flow. Thevertex cover problemis to select a mini-
mum weight set of vertices so that each edge is incident to at
least one selected vertex. There are several 2-approximations
known for this problem. In themultiple-choice vertex cover
problem, each vertex is actually a cluster of weighted ver-
tices. An edge from clusteri to clusterj is coveredif a subset
of vertices from clustersi andj are selected with total weight
at least the demand of the edge. The objective is again to se-
lect a minimum weight subset of vertices so that all edges
are covered. Our algorithms yield a 3-approximation for this
problem. If the graph is bipartite, the problem is still NP-
hard, since it generalizes min knapsack. We describe a 2-
approximation.

The multi-color network design problem. In this prob-
lem, each edge has a constant number of different types (col-
ors) of capacities. Demand pairs come with a specified type
and amount of capacity demand. The objective is to build a
minimum cost network to satisfy all demands. Givenp ca-
pacity typesui, i = 1, . . . , p such thatui(e) > ui(e′) ⇒
uj(e) ≥ uj(e′) for all edgese and all capacity typesi andj,
we obtain aβ(G) + 1 approximation for this problem.

The fixed charge flow problemhas a fixed cost associ-
ated with each arc, in addition to a per-unit-flow cost. The
objective is to build a network with enough capacity to route
given demand between two nodes to minimize the total cost
of building the network and sending the flow. For the 2-node
problem, we give a 2-approximation based on introducing
inequalities to tighten the LP relaxation. We also show how
to model this problem as a capacitated network design prob-
lem, yielding aβ(G) + 1 + ε approximation guarantee in
general graphs.

Our approximation algorithms depend on solving a sin-
gle LP with an exponential number of constraints. Given a
polynomial-time separation oracle, this can be done in poly-
nomial time using the ellipsoid method [15]. When the orig-
inal LP (before adding our exponentially-many KC inequal-
ities) has a polynomial number of constraints, we describe
a combinatorial FPTAS for solving the strengthened LP. We
do this by describing an appropriate separation algorithm re-
quired by the FPTAS for positive packing and covering de-
scribed by Garg and K̈onemann [10]. For solving the LP
using the ellipsoid method, or simplex method, we describe
simpler separation routines.

When there is only one demand pair, Schwarz and
Krumke [32] describe an FPTAS on series parallel graphs,
if this demand pair corresponds to the defining nodes of the
series parallel graph. Anouterplanar graphis a planar graph
that can be embedded so that all vertices lie on the outside
face. Frequently pipeline infrastructure networks (natural
gas, water) are outerplanar at the highest distribution levels.
We describe an FPTAS for this problem on outerplanar



graphs, without restricting the location of the demand pair.

2 Strengthening the LP

In this section, we describe inequalities to strengthen the lin-
ear programming relaxation for capacitated covering prob-
lems and show how they can be used to obtain improved ap-
proximation algorithms.

2.1 The Minimum Knapsack Problem and KC Inequal-
ities. In this section we restrict our attention to the capaci-
tated network design problem with demandD on two-node
graphs with many parallel arcsE. This is the minimum
knapsack problem. The IP/LP ratio for the minimum knap-
sack problem, and hence IP1, can be as large as the demand
D. Consider a set with just 2 elementse1 ande2, and de-
mandD. Let u(e1) = D − 1, c(e1) = 0, u(e2) = D, and
c(e2) = 1, whereu is the vector of values of the elements.
Any feasible integer solution must include elemente2 for a
cost of 1, while the optimal LP solution setsx(e1) = 1 and
x(e2) = 1/D for a cost of1/D.

We introduce inequalities to strengthen the linear-
programming relaxation for this problem. In general graphs,
these inequalities are defined on subsets of edges corre-
sponding to cutsets. In capacitated covering IP’s, these in-
equalities are defined for each inequality of the IP.

Consider a set of edgesA such thatu(A) < D, and let
D(A) = D − u(A) be the unmet demand after selecting all
edges inA. We callD(A) the residual demand. Then any
feasible solution to the minimum knapsack problem when
restricted toE \ A must also be feasible for the minimum
knapsack problem onE \ A with demandD(A). As with
any minimum-knapsack problem, we can assume that the
capacity of each edge is no more than the demand. Let
uA(e) := min{u(e), D(A)}. The subproblem constraint is
enforced by aknapsack cover (KC) inequality:

∑
e∈E\A

uA(e)x(e) ≥ D(A).(2.1)

Under certain conditions, these inequalities are facet defin-
ing, see [33] for example.

Previous researchers [2, 17, 33] have considered an
uncapacitated form of inequality (2.1) that forces the choice
of at least one edge inE/A. We can show that if only
these weaker constraints are added to IP1, the IP/LP ratio
can still be as bad as

√
m/2. These researchers used lifting

procedures to strengthen these basic inequalities, but do not
specifically consider knapsack cover inequalities.

The strengthened integer program for minimum knap-

sack is:

min
∑
e∈E c(e)x(e)

∀A ⊂ E with u(A) < D :∑
e∈E\A uA(e)x(e) ≥ D(A)

∀e ∈ E : x(e) ∈ {0, 1}.

(IP2)

The knapsack cover inequalities (2.1) significantly re-
duce the IP/LP ratio for the minimum knapsack problem.

THEOREM 2.1. The IP/LP ratio of IP2 is at most 2.

Proof. Let x be any feasible solution to the linear-
programming relaxation of IP2. We show that2x dominates
a convex combination of integer knapsack covers. That is,
we show there exist0 < α1, . . . , αr ≤ 1 with

∑r
j=1 αj = 1

andr feasible solutions to IP2x(1), x(2), . . . , x(r) such that∑r
j=1 αjx

(j) ≤ 2x (componentwise). Hence, the cheapest
knapsack cover in this set has cost no more than twice the
cost ofx.

Let A = {e ∈ E | x(e) ≥ 1/2}. Selecting the
edges in setA costs at most twice their contribution to
the LP solution. We must now meet the residual demand
D(A) = D − u(A) with the remaining edges.

Let r be the least common multiple of denominators of
x. We creater partial integer solutions using edges inE\A
so that each integer solution has capacity at leastD(A). Each
partial solution, together withA, then gives a solution for the
original problem.

For each edgee ∈ E \ A, we createa(e) := 2r x(e)
copies ofe. We partition these copies intor buckets so
that each bucket has total capacity≥ D(A) and no bucket
contains more than one copy of each edgee. Thus each is
feasible for the reduced problem. The bucketing proceeds as
follows: Reindex the edges inE\A by decreasing original
capacities, so thatu(ei) ≥ u(ej) for all i < j. Put thea(e1)
copies of the first edgee1 into the firsta(e1) buckets, the
a(e2) copies of edgee2 into the nexta(e2) buckets modulo
r and so on.

Since we consider only edges in the setE\A = {e ∈
E | x(e) < 1/2}, there are less thanr copies of any one edge,
and hence no edge appears more than once in any bucket.

The difference inuA capacity between the bucket with
the most capacity (the first bucket) and the least capacity (the
last bucket) is at mostD(A): In the worst case, the first
bucketb1 contains one more edge than the last bucketbr.
Pair theith edge added tobr with the i + 1st edge added to
b1. By construction, in each pair the edge inbr has at least
as much capacity as its mate inb1. Since ifu(e1) ≥ u(e2)
thenuA(e1) ≥ uA(e2) for any choice ofA, this also holds
when comparinguA capacities. Hence the difference inuA
capacities of the two buckets is at most theuA-capacity of
the highest capacity edge, which is at mostD(A).

If one of the buckets corresponds to an infeasible so-
lution, it has capacity< D(A). Assume the last (lowest-



capacity) bucket has capacity less thanD(A). This implies
that the first bucket hasuA-capacity less than2D(A), and
the totaluA-capacity in all buckets is less than2rD(A). This
then implies that2r

∑
e∈E\A uA(e)x(e) < 2rD(A), which

contradicts the fact thatx satisfies the knapsack cover in-
equality for setA. Hence all buckets have capacity at least
D(A).

This proof actually shows we do not need to satisfy
all knapsack cover inequalities for the theorem to hold: as
long as a fractional solution satisfies the demand, and the
knapsack cover inequality holds forA = {e ∈ E|x(e) ≥
1/2}, then the value of this solution is within 1/2 of the
integer optimal. We call a fractional solutionx that satisfies
the demand and the knapsack cover inequality forAγ =
{e ∈ E|x(e) ≥ γ} a γ-integer-valued solution. Using the
ellipsoid method in the framework of [15], and the separation
algorithm that checks the KC inequality for this single set
Aγ , we can find aγ-integer-valued solution in polynomial
time. (Note that the problem of finding aγ-integer-valued
solution is not a linear program, nor even necessarily a
convex program, and yet the results in [15] imply that we can
still find such a solution in polynomial time.) In Section 3,
we describe a combinatorial FPTAS for the LP, thus avoiding
use of the ellipsoid method.

Given a fractional solution that meets the demand and
satisfies the KC inequality forA, we can recover a feasible
integer solution within twice its value in polynomial time.
The key observation is that although the bucketing algorithm
conceptually usesr buckets, the actual number of different
integer solutions is at mostm+ 1, wherem is the number of
parallel edges.

THEOREM 2.2. There is a polynomial-time 2-
approximation algorithm for the minimum knapsack
problem based on rounding the linear program relaxation of
IP2.

Proof. We must identify the bucket with the cheapest feasi-
ble solution. We prove by induction that after adding copies
of k edges to the buckets, we have created at mostk + 1
different integer solutions, and buckets containing the same
integer solution are consecutive. Adding copies of the first
edgee1 to the firsta(e1) buckets creates at most 2 differ-
ent partial integer solutions, and identical integer solutions
are consecutive. After adding the copies of theith edge, we
have by inductioni+ 1 different partial solutions, and iden-
tical integer solutions are consecutive. We add a copy of the
i+ 1st edge to the bucket immediately after the bucket con-
taining the last copy of theith edge, and continue with the
remaining copies. We need only check solutions that were
the same before adding edgei + 1 but are different after-
ward. The first bucket to which we add edgei + 1 already
differs from its earlier neighbor in that it does not contain

edgei, so that we do not create a new distinction here. How-
ever, the last bucket to which we add edgei + 1 may have
been identical to its successor. Thus we create at most one
new distinct integer solution.

We keep track of distinct integer solutions by noting the
≤ m + 1 different end points of intervals of lengtha(ei) on
a modular clock of sizer. This takes linear time. A simple
m2 algorithm checks the cost of each solution and picks the
cheapest.

The minimum knapsack problem can be solved in pseu-
dopolynomial time using dynamic programming which read-
ily suggests an FPTAS [24, 19]. However, unlike the FPTAS,
our results are readily applicable to more general problems
for which no strong approximation results exist.

The following example shows that Theorem 2.2 is al-
most tight. Consider the problem withm edges, each of ca-
pacitym − 1 and cost 1, and demandm. The optimal IP
solution picks any two edges for a cost of 2. The optimal LP
solution assigns a value of1/(m−1) to each edge, for a total
cost ofm/(m − 1). Thus the ratio of IP to LP solutions is
2− 2

m .

2.2 General upper bounds on variables.All of the results
in this paper extend to the setting where edgee may be se-
lected up tob(e) times. We can assumeb(e) is bounded by
dDmax/u(e)e. The knapsack cover inequalities (2.1) re-
main valid with a modified definition of edge-set capacities:
u(A) :=

∑
e∈A u(e)b(e). For the minimum knapsack prob-

lem, it is now sufficient to satisfy these modified KC inequal-
ities forA := {e ∈ E|x(e) ≥ b(e)/2}. When bucketing, we
createa(e) := 2rx(e) copies ofe. Since2x(e) < b(e), no
more thanb(e) copies of edgee occur in any bucket. The
earlier arguments show that each bucket is feasible. This im-
plies Corollary 2.3.

COROLLARY 2.3. There is a polynomial-time 2-
approximation algorithm for the minimum knapsack problem
with general upper bounds using linear-programming tech-
niques.

The same technique works for all problems discussed
in this paper, since all our approximation guarantees are
insensitive to multiple edges. Hence while our proofs discuss
the 0/1 problem, the theorems hold for general upper bounds.

2.3 Cyclic multi-graphs and multicommodity demands.
In this section we show how knapsack cover inequalities
strengthen the LP relaxation of more general instances of
capacitated network design. In general graphs, knapsack
cover inequalities hold for any cut that separates demand
pairs. Such a cut can be considered in isolation as a
minimum knapsack problem with the cutset as the element
set and the demand equal to the maximum demand separated
by the cut.



A cyclic multigraphis a multigraph for which the under-
lying simple graph is a cycle.

THEOREM 2.4. The IP/LP ratio of IP1 with knapsack cover
inequalities on a cyclic multigraph is≤ 3.

Proof. Let x be a feasible LP solution. We show that3x
dominates a convex combination of feasible integer solu-
tions. Givenx, we run the bucketing algorithm on each mul-
tiedge separately, for the set of edges{e ∈ E | x(e) < 1/3},
and then take then sets ofr buckets (wheren, the number of
nodes in the graph, is also the number of edges in the under-
lying simple cycle), and merge thesen sets in any order to
obtainr solutions. Each integer solution contains exactly one
bucket from each of then sets. Consider a particular cutsetC
defined by two multiedges, with maximum demandD sepa-
rated by the implied cut. LetA = {e ∈ E | x(e) ≥ 1/3},
AC = A ∩ C and consider the buckets for either one of the
multiedges before the merge. As shown in the proof of The-
orem 2.1, the difference inuA-capacity between the highest-
capacity bucket and the lowest is at mostD(AC). Hence,
once the buckets are merged, the difference in the total ca-
pacity across this cut between the highest capacity solution
and the lowest is at most2D(AC). Thus, among all integer
solutions, if the one with the lowest capacity across this cut
has capacity less thanD(AC), then the highest has capac-
ity less than3D(AC), and this contradicts the fact that the
knapsack cover inequality forA across the cutC is satisfied.

The best previous approximation bound for this problem
was m [12]. Using Theorem 2.4, we can significantly
improve this bound:

COROLLARY 2.5. There exists a polynomial-time 3-
approximation algorithm for the capacitated network design
problem on cyclic multigraphs.

Proof. Cyclic multigraphs have only
(
n
2

)
minimal cutsets

in the underlying simple graph. We can thus find a1/3-
integer-valued solution in polynomial time using the ellip-
soid method and checking the knapsack cover inequality for
the set{e ∈ E ∩ C | x(e) ≥ 1/3} for each cutsetC. In
Section 3, we show how to obtain anε-approximate solution
to our LP using combinatorial methods in polynomial time.
This gives us a fully combinatorial polynomial-time approx-
imation algorithm with comparable guarantee.

We note that the bucketing algorithm again produces at
mostm + 1 integer solutions. Merging two sets ofm + 1
buckets pairwise does not create any new buckets (solutions).

The IP/LP ratio for the cyclic multigraph improves
when there is only one pair of nodes with demand, though
algorithmically we would prefer the FPTAS of [32] for
series-parallel graphs.

COROLLARY 2.6. The IP/LP ratio for the(s, t) capacitated
network design problem on cyclic multigraphs is at most2.

Proof. Perform the bucketing separately for each multiedge
as described in Theorem 2.4 except include all edges with
x(e) < 1/2. The underlying cycle has exactly two disjoint
paths betweens and t. Let R be the set of multiedges
corresponding to one such path and letL = E − R. All
multiedges inR merge theirith bucket into theith integral
solution. All multiedges inL merge theirith bucket into
the r − ith integral solution. Consider a cutsetC implied
by a simple cut separatings and t so C contains exactly
one member ofR and one member ofL. Let A =
{e ∈ C | x(e) ≥ 1/2}. The largest difference inuA-
capacities among the buckets for either multiedge isD(A).
When we merge the buckets for these two multiedges as
described above, we create a new set ofr buckets such that
the difference in capacity between any 2 buckets is still at
mostD(A). Suppose that before merging bucketi for the
multiedge inR has greater capacity than bucketj. Then,
for the multiedge inL, bucketi will have capacity no larger
than bucketj. Thus merging the two sets of buckets cannot
increase the maximum difference. The previous arguments
yield the bound of 2.

2.4 General graphs.In this section, we extend the ideas
in the proofs of Theorems 2.1 and 2.4 to obtain new bounds
for general graphs. We also describe how to separate the
knapsack cover inequalities for general graphs, since in
general there will be exponentially-many interesting cuts.
Recall the max bondβ(G) of Definition 1.1.

THEOREM 2.7. The IP/LP ratio of IP1 with knapsack cover
inequalities for a general graphG is at mostβ(G) + 1.

Proof. Can be obtained from the proof of Theorem 2.4, by
replacing 2 withβ(G) and 3 withβ(G) + 1. For a cut
with β(G) multiedges, the maximum difference in capacity
between two buckets (integer solutions) isβ(G) times the
residual demand.

As before, it is sufficient to check that the knapsack
inequality forA := {e ∈ C|x(e) ≥ 1

β(G)+1} is satisfied
for all cutsetsC separating demand pairs. However, now
there may be an exponential number of such cutsets, so this
does not lead to a polynomial-time separation algorithm.
Instead, we use the bucketing procedure to identify a violated
knapsack inequality. Given a fractional solutionx, we
build the set of candidate integer solutions. We need only
check the lowest-capacity integer solution (last bucket) for
feasibility. This can be done by using the polynomial-time
Gomory-Hu algorithm [14] to determine the value of the
minimum cut separating each pair of vertices, and comparing
these values with the demand values. If some cutC has



insufficient capacity, the set{e ∈ C|x(e) ≥ 1
β(G)+1} yields

a violated knapsack cover inequality.
Our algorithm as stated usesβ(G) explicitly; but com-

puting β(G) is NP-hard. We don’t actually need to know
the exact value ofβ(G). Instead, we can easily determine a
lower bound onβ, and run the algorithm with this value. If
the algorithm creates an infeasible integer solution, we check
the associated knapsack cover inequality. If it is not vio-
lated, thenβ is too small. We can use binary search to find
the smallestβ which yields feasible integer solutions. This
gives aβ + 1-approximate solution for someβ ≤ β(G).

2.5 Series-Parallel graphs.The special structure of series-
parallel graphs reduces the IP/LP ratio. The FPTAS of [32]
does not apply because we have multicommodity demands.

THEOREM 2.8. The IP/LP ratio of IP1 with KC inequalities
for a series-parallel graphG is at mostbβ(G)

2 c+ 2.

Proof Hint: As in the proof of Corollary 2.6, order
the buckets of multiedges in either increasing or decreasing
order. By using the series-parallel decomposition tree, we
can choose an orientation for each multiedge such that each
bond has half its multiedges oriented in each direction.

This bound for the IP/LP ratio is nearly tight, since there
is a series-parallel example with ratiobβ(G)/2c+ 1.

2.6 The Capacitated Covering Problem. Recall, a
capacitated covering IPis an integer program of the form
min{cx|Ux ≥ d, 0 ≤ x ≤ b, x ∈ Z+}, where all entries of
c, U , andd are nonnegative. Letp be the maximum number
of nonzero entries in a row ofU and letq be the maximum
row sum ofU . If U is a0 − 1 matrix,p = q, but in general
p ≤ q. Hall and Hochbaum [16] give ap-approximation
for U a 0-1 matrix. Bertsimas and Vohra [5] extend this
to give a q-approximation for the general problem. In
this section, we describe ap-approximation for general,
nonnegative matricesU , improving the best previous bound.
We obtain our guarantee by strengthening the LP relaxation
using knapsack cover inequalities.

By the discussion in Section 2.2, we can restrict our
discussion to the case whenb ≡ 1. We treat each constraint
as a minimum knapsack problem and introduce knapsack
cover inequalities of the following form. LetE denote the set
of all variables. DefineDi(A) := max{0, di −

∑
j∈A Ui,j}

anduA(i, j) := min{Ui,j , Di(A)}. The KC inequalities for
theith constraint are

∑
j∈E\A uA(i, j)xj ≥ Di(A).

THEOREM 2.9. The IP/LP ratio for the capacitated cover-
ing problem with KC inequalities is≤ p.

Proof. Let x∗ be a solution to the LP with KC inequalities,
and letA = {j|x∗j ≥ 1/p}. Define the integer solutiony by
yj = 1 if j ∈ A, elseyj = 0. Sincey ≤ px∗, c · y ≤ pc · x∗.

It remains to showy is a feasible solution. Ify is not feasible,
it violates some constraint:Ui · x ≥ di; that is,Di(A) > 0.

DefineB := {j ∈ E\A | uA(i, j) > 0}. Since
uA(i, j) ≤ D(A), for all j ∈ B, uA(i, j)·x∗(j) < Di(A)/p.
But there are at mostp elements inB, implying

∑
j∈E\A

uA(i, j)x∗(j) < Di(A)

which contradictsx∗ satisfying all KC inequalities.

As with previous problems, it suffices here to find a
1/p-integer-valued solution (a solution satisfying the KC
inequalities for the setA = {j|x∗j ≥ 1/p}), which can
be done in polynomial time. We can also obtain anε-
approximate solution to the LP via a combinatorial FPTAS
as described in Section 3.

2.7 Generalized Vertex Cover. Using knapsack cover
inequalities for each constraint corresponding to an edge
in the generalized vertex cover problem, we show that the
IP/LP ratio for this formulation is at most 3, and if the
graph is bipartite, this ratio is at most 2. Polynomial-time
approximation algorithms follow using previous arguments.

The 3-approximation is apparent from the fact that every
constraint in the integer programming formulation of this
problem involves node variables from only 2 groups of
nodes. A group of nodes for this IP is analogous to a group
of parallel edges for the cyclic multigraph problem. Thus,
Theorem 2.4 implies a 3-approximation for this problem.
If G is bipartite, we obtain a 2-approximation by using
arguments similar to those in the proof of Corollary 2.6

2.8 Fixed Charge Network Flow.
We start by considering the two node graph with multi-

ple arcs between the nodes. Each arc has a fixed costc(e)
and a per unit flow costf(e). We wish to select a set of arcs
with sufficient capacity to route demandD to minimize the
fixed cost of the arcs, plus the cost of routingD units of flow
on these arcs.

This 2-node fixed charge network flow problem can
be modelled as an MIP, given below. As with the min
knapsack problem, the integrality gap for (MIP1) can be
quite large. We introduce a modification of the knapsack
cover inequalities for this problem and show that adding
these to (MIP1) reduces the integrality gap to 2. We then
show how to obtain a 2-approximation algorithm using the
ideas in this proof. The 2-node MIP can be generalized to
arbitrary graphs and pairwise demands as in IP1.



min
∑
e∈E

[c(e)x(e) + f(e)y(e)]

∑
e∈E

f(e)y(e) ≥ D

∀e ∈ E : 0 ≤ y(e) ≤ u(e)x(e)
∀e ∈ E : x(e) ∈ {0, 1}.

(MIP1)

Let A be an edge set such thatD − u(A) > 0. Then
for every partition{E1, E2} of the edge set, the following
inequalities, which we callflow cover inequalitiesare valid.∑

e∈E1\A

y(e) +
∑

e∈E2\A

uA(e)x(e) ≥ D − u(A),(2.2)

∀ D − u(A) > 0, E1 ∪ E2 = V.

A different form of flow cover inequalities were introduced
in a polyhedral study of fixed charge problems [29]. They
presented them as packing, not covering, inequalities; and
they did not consider their effect at tightening the IP/LP ratio.

THEOREM 2.10. The integrality gap for 2-node fixed-
charge network flow with flow cover inequalities is 2.

Proof. Let x, y be the optimal solution to the LP with flow
cover inequalities. We will show that2x, 2y dominates a
convex combination of feasible solutions. Thus the mini-
mum cost solution in this combination has cost at most twice
the LP value. LetA := {e|y(e) ≥ u(e)/2}. We include all
e ∈ A in all integer solutions, and set the flow value on such
e equal tou(e). This at most doubles the contribution ofA
to the objective function.

Suppose there is an edgee ∈ E\A with x(e) ≥ 1/2 and
y(e) ≥ uA(e)/2 = D(A)/2 (sincey(e) ≥ u(e)/2 would
imply e ∈ A). Then settingx(e) = 1 andy(e) = uA(e)
together with the setA yields a feasible integer solution of
cost at most twice the LP value, and we are done. In the
remaining proof, we assume this is not the case.

To distribute the remaining edges, we partitionE into
two sets. LetE1 := {e|y(e) < uA(e)x(e)}, E2 := E\E1.
Let r be the least common multiple of denominators ofx and
y/uA. We creater feasible solutions. For edgese ∈ E1\A
we create2ry(e)/uA(e) copies. For edgese ∈ E2\A we
create2rx(e) copies. The total number of copies of any
edge does not exceedr. For this to hold, edges inE1\A
must havey(e)/uA(e) ≤ 1/2. Suppose this is not the case.
Then by the assumption above,x(e) < 1/2 and we have
y(e)/uA(e) ≤ x(e) by the definition of edge setE1\A.
Using a similar argument, we havex(e) ≤ 1/2 for all edges
in E2\A. Order the edges by nonincreasing values ofu(e)
and perform the bucketing algorithm. If edgee is placed in a
bucket, we associate with this edge the corresponding values
x′(e) = 1, y′(e) = uA(e). The total cost of allr solutions

obtained in this manner is∑
e∈E1\A[2ry(e)/uA(e)](f(e)y′(e) + c(e))

+
∑
e∈E2\A[2rx(e)](f(e)y′(e) + c(e))

≤ 2r[
∑
e∈E1\A(f(e)y(e) + c(e)x(e))

+
∑
e∈E2\A(f(e)y(e) + c(e)x(e))]

≤ 2r
∑
e∈E\A(f(e)y(e) + c(e)x(e))

which is at most2r times the contribution of edges inE\A to
the LP solution value. Hence, at least one of ther solutions
has cost at most twice the LP value.

We must now show all solutions are feasible. Let
γ(e) := min{y′(e), uA(e)x′(e)}. In words,γ(e) is the con-
tribution of edgee to the flow cover inequality correspond-
ing to E1, E2, andA. Note thatγ(e) ≡ uA(e). Our first
observation is that the difference inγ(e)-capacity of any two
buckets is at mostD − u(A). This holds, as before, by the
ordering of the edges in the bucketing algorithm, and since
u(e1) ≥ u(e2) impliesuA(e1) ≥ uA(e2). If some bucket
hasγ(e) capacity less thanD − u(A), then the last bucket
does, since this has the leastγ(e)-capacity. If theγ(e)-
capacity of the last bucket is less thanD − u(A), then all
buckets haveγ(e)-capacity less than2(D−u(A)). Summing
over theγ(e)-capacity of all copies of edges put in buckets,
this then implies the following inequality:∑
e∈E1\A

2ry(e) +
∑

e∈E2\A

2ruA(e)x(e) < 2r(D − u(A))

This contradicts(x, y) a solution to the LP with flow cover
inequalities. Hence all buckets contain feasible solutions.

To obtain a 2-approximation algorithm, we need to be
able to separate these inequalities. Notice that the proof
of Theorem 2.10 relies only on the fact that the flow cover
inequality is satisfied for the setA = {e|y(e) ≥ u(e)/2}.
Thus we can perform separation in the same manner as with
the knapsack cover inequalities. Similarly, we can also easily
obtain a approximate solution in polynomial time.

For general graphs with one demand pair, we can model
the fixed charge network flow problem as a capacitated
network design problem. We introduce multiple copies of
edges, one for each flow amount. This greatly increases the
size of the graph. Since we can only hope for an approximate
solution anyway, we can control the size of this increase by
adding edges for flow quantities that are a power of(1+ε) for
ε > 0. Then our approximation algorithms for capacitated
network design applied to this problem yield approximation
guarantees that increase by a factor ofε.

3 Solving the LP Efficiently

In this section, we show how to find good solutions to capac-
itated covering LP’s in polynomial time without using the el-
lipsoid method, provided the initial formulation (without KC



inequalities) contains a polynomial number of constraints. In
the capacitated network design setting, this corresponds to
graphs with a polynomial number of interesting cuts.

To solve LPs with many constraints, as is the case here,
it may be more efficient to use a fast approximation al-
gorithm instead of the simplex method, ellipsoid method,
or other separation-based, exact solution procedure. There
exist polynomial-time, combinatorial methods for approxi-
mately solving LPs with special structure using separation
oracles. For example, Plotkin, Shmoys, and Tardos [30]
describe such a method for linear programs with all coeffi-
cients non-negative, and all inequalities≤ (a packing LP),
or all inequalities≥ (a covering LP). Recently, Garg and
Könemann [10] describe a similar, but simpler procedure.
This findsε-approximate solutions to both the primal and
dual problems, and relies on an oracle to find a most violated
inequality, or anε-approximate most violated inequality of
the covering problem. For the system

min{cx|Ax ≥ d, x ≥ 0}

and a vectorx̂, a most violated inequalityis the row `
minimizingA`x̂/d`.

We first consider the minimum knapsack problem. The
arguments extend to more general capacitated covering prob-
lems by examining the set of KC inequalities for each origi-
nal covering constraint.

For LP2, the LP relaxation of IP2, we must find an
inequality minimizing

∑
e∈E\A

uA(e)
D(A) x(e) over all choices

of A with D(A) > 0. The KC inequalities corresponding
to A := {e ∈ E|x(e) ≥ 1/2}, which we used previously,
are not in general the most violated KC inequalities. Indeed,
it is not hard to construct examples for which using them
in the Garg-K̈onemann algorithm instead of most violated
inequalities will not lead toε-approximate LP solutions.

To find a most-violated inequality for the minimum
knapsack problem, we fixd to a value in[1, D], and search
for a set of edgesA that satisfiesD(A) = d and that min-

imizes
∑
e∈E\A

ud(e)
d x(e), whereud(e) := min{u(e), d}.

For fixedd, each edge has a weightw(e) := ud(e)
d x(e) and

a capacityu(e). We seek a minimum-weight subset of edges
of total capacity at leastT−d, whereT :=

∑
e∈E u(e). This

is exactly a minimum knapsack problem, for which there ex-
ists an FPTAS [19].

We now reduce the number of calls to the knapsack
cover FPTAS fromD to something polynomial in the input
size. LetA∗ denote the set of edges that yields the most
violated inequality. Letd∗ = D(A∗). Suppose now that
we don’t look for violated inequalities for all values ofd =
D(A) in the set[1, D], but only for a selected subset. If there

is ad ≤ d∗ in our set such that
∑
e∈E\A∗

ud(e)
d x(e) ≤ (1 +

ε)
∑
e∈E\A∗

ud
∗

(e)
d∗ x(e), then the most violated inequality

we find when we fixd will be at least this violated, and

hence anε-approximate most violated inequality. Since for

d ≤ d∗, ud(e)
d ≥ ud

∗
(e)

d∗ and this inequality is least tight

whenud(e) = ud
∗
(e), we have thatud(e)

d ≤ (1 + ε)u
d∗ (e)
d∗

wheneverd ≥ d∗/(1 + ε). Thus, to find anε-approximate
most violated inequality, it suffices to restrict our search to
values ofd in {d(1 + ε)ie | i = 0, 1, . . . , dlog1+εDe}. This
reduces the number of iterations of the dynamic program
fromD to 1

ε logD.
The Garg and K̈onemann’s FPTAS for solving positive

packing LPs requiresO(ε−2m) most-violated-inequality-
subroutine calls. Thus the corresponding FPTAS for solv-
ing our LP requiresO(ε−3m(logD)K(m, ε)) time, where
K(m, ε) is the time required to obtain anε-approximate so-
lution to a minimum knapsack problem onm items. For
capacitated covering problems, this runtime is multiplied by
the number of original covering constraints.

4 Outerplanar Graphs

In this section, we give a pseudopolynomial-time dynamic
program and corresponding FPTAS for the(s, t)-capacitated
network design problem on outerplanar multigraphs. This
problem is NP-complete since it generalizes the minimum
knapsack problem. Schwarz and Krumke [32] give a FPTAS
for the (s, t) capacitated network design problem on series
parallel graphs whens and t are the two endpoints. Their
algorithm uses dynamic programming, moving up the series-
parallel decomposition tree. Our result is not subsumed by
this algorithm since we allows and t to be any two nodes
on an outerplanar graph (where such decomposition trees do
not exist).

The dynamic program for outerplanar graphs proceeds
as follows. Consider an outerplanar embedding of the graph
G from which the multigraph is derived. Ifs andt are not
biconnected, the problem easily partitions into two or more
smaller parts whose solutions are easily combined into a
solution for the whole. Therefore, we can assume without
loss of generality thats andt are biconnected. Furthermore,
the biconnected components not containing boths andt can
be ignored.

Consider the biconnected componentB containing both
s andt. SinceG is outerplanar,B must be a cycleC with
chords. If the edge(s, t) exists,B is series-parallel, and we
can use the dynamic program and FPTAS of Schwarz and
Krumke. Otherwise, the verticess andt partitionC − {s, t}
into an upper pathP and a lower pathQ.

In general it is challenging to find an order in which to
process the vertices for standard dynamic programming. We
transform the graph to an equivalent form where dynamic
programming is easy. Replace each vertexvi (wj) in P (Q)
adjacent to vertices in bothP andQ by a pathPi (Qj) of
length equal to the number of vertices inQ (P ) to whichvi
(wj) is adjacent. Give the edges inPi (Qj) capacityD and



cost zero. Each vertex inPi(Qj) becomes an endpoint of an
edge originally adjacent tovi(wj). There is only one way to
assign edges to vertices while preserving outerplanarity.

The dynamic program processes each edge(vi, wj)
(wherevi ∈ P andwj ∈ Q) in order froms to t. For each
such edge, we compute a minimum-cost solution that routes
di demand tovi andD−di demand towj for di = 0, . . . , D.
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