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Abstract separation algorithm to work in the setting of the FPTAS of Garg
A capacitated covering IFis an integer program of the formand Konemann.  For exactly solving the LP using the ellipsoid
min{cz|Uz > d,0 < z < b,z € Z"}, where all entries of, U, method, we describe simpler separation routines.

andd are nonnegative. Given such a formulation, the ratio between

the optimal integer solution and the optimal solution to the linear Introduction

program relaxation can be as bad|a|., even wheri/ consists o \;5 government has identifigcareas ofritical infras-
of a single row. We show that by adding additional inequalities, this . S .

) ; L ructure, sets of services whose functioning is essential for
ratio can be improved significantly. In the general case, we sh

W ) )
that the improved ratio is bounded by the maximum number %}ecurrent opgrauon of the country. Most of thesg mfrastruc-
non-zero coefficients in a row &f, and provide a polynomial-time tures are physical networks such as telecommunications, wa-
approximation algorithm to achieve this bound. This improves tHgY, natural gas, and transportation. The importance of net-
previous best approximation algorithm which guaranteed a solutl@rk design is further evident from the wealth of literature
within the maximum rowsumtimes optimum. on the subject [11]. The research in this paper is motivated
We also show that for particular instances of capacitated céy a capacitated network design problem arising in network
ering problems, including the minimum knapsack problem and t§ecurity. However, the tools we have devised to understand
capacitated network design problem, these additional inequaliigs problem are applicable not only to building networks,
yield even stronger improvements in the IP/LP ratio. For the mirB-ut also to both more specific problems, such as the mini-

mum knapsack, we show that this improved ratio is at most 2. TW‘FUm knapsack problem, and more general problems, such

is the first non-trivial IP/LP ratio for this basic problem. eneral capacitated coverind problems
Capacitated network design generalizes the classical netw%ﬁ(g p 9 p ", .
The capacitated network design problesdefined on

design problem by introducing capacities on the edges, whereas "'’ .
previous work only considers the case when all capacities eq@dnultigraphG = (V. E) with cost vectorc : £ — R¥,

1. For capacitated network design problems, we show that th@Pacity vector; : E — R*, and symmetric demand matrix
improved ratio depends on a parameter of the graph, and we dl3o€ NIV where D;; is the connectivity requirement
provide polynomial-time approximation algorithms to match thisetween vertices andj. The goal is to select a minimum-
bound. This improves on the best previousapproximation, cost subset of edgds C E so that the total capacity of any
whererm is the number of edges in the graph. We also discuss iBytsetC of (V, F) is at least the maximum demand among
provements fo.r some other special capacitated covgring prObleH]F'pairs of vertices that are disconnected(iri F\C). In
including the fixed charge network flow problem. Finally, for th is paper, we also consider the generalization where edge

capacitated network design problem, we give some stronger resu {s .
and algorithms for series parallel graphs and strengthen these Ry be SeleCte,d up tee) times. . .
ther for outerplanar graphs. The capacitated network design problem arisesret-a

Most of our approximation algorithms rely on solving a sin/O"K reinforcement problemHere we are given an existing
gle LP. When the original LP (before adding our strengthening ii€tWOrk, and for each link (edge) in the network, several re-

equalities) has a polynomial number of constraints, we describglgprcement options. Aeinforcements a protection level of

combinatorial FPTAS for the LP with our (exponentially-many) ind particular s.tr'ength that can b}? added _to an. edge at a certain
In addition, for each pair of vertices in the network,

equalities added. Our contribution here is to describe an appropr%?@t' ) . ) i
there is a specified level of protection demanded. The objec-

tive is to select a minimum-cost set of reinforcements for all
~ *Sandia National Labs, Albuquerque, NM 87185. Sandia is a mihe edges so that an adversary with strength less than the pro-

tiprogram laboratory operated by Sandia Corporation, a Lockheed Mgsction level of a particular pair of vertices cannot disconnect

tin Company, for the United States Department of Energy under Cqfiese vertices.

tract DE-AC04-94AL85000. Email: {bobcarr@cs.sandia.gov, s

vileung@mp.sandia.gov, caphill@mp.sandia.gov ¥ For example, suppose we have a c_ommunlcanons_ net-
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sity, New York, NY 10027. Part of this research was done whithe cost an attacker incurs to eavesdrop on that edge. There
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broken into multiple packets and packets are sentalong marnyy Previous Work. The best previous approximation al-
different paths. In order for an eavesdropper to glaap gorithm for the capacitated network design problem is the
information from the message, he must intercalptpack- algorithm that greedily removes the unnecessary edgesin o
ets, and therefore must have compromised a cut betweendieof decreasing cost. This finds a solution within a factor
sender and receiver. By interpreting strength and protectwfnn := | E| of the optimum [12].
levels as capacities, this problem is easily reinterpreted as a Many of the approximation algorithms for network de-
capacitated network design problem. sign problems that achieve approximation guarantees that a
Capacitated network design is one generalization létter than linear consider tliacapacitated network design
the minimum knapsack problem. Timinimum knapsack problem whereu(e) = 1 for all edges:, and multiple copies
problemis defined by a set of objects, each with a cosf each edge are allowed (although some do handle uppe
and a value, and a specified demand. The goal is to seleminds on the number of copies of each edge). In particu
a minimum cost set of edges with total value at least tha, Jain [21] describes a 2-approximation for precisely this
demand. This is equivalent to capacitated network desigmoblem. Before [21], the best approximation guarantees ob
on a graph consisting of 1 vertex pair with multiple paralléhined by polynomial-time algorithms for the uncapacitated
edges. network design problem were all logarithmiciin:= |V|.
One generalization of capacitated network design ksr references, and a survey of related work, see for exarr
capacitated covering. £apacitated covering I aninteger ple [13].
program (IP) of the formnin{cz|Uz > d,0 < z < b,z € When all edge costs are also uniform, the problem
Z*}, where all entries of, U, andd are nonnegative. To seeemains NP-hard, even when all demands are also uniforn
that this is a generalization, we write the capacitated netwdike best known approximation in this cas@is 1/A when
design problem as a capacitated covering IP below. Hemnnectivity requirement is\ [23]. If, in addition, the
z(e) is the number of copies of edgewe select( is the set underlying graph is the complete graph and multiple edge:
of all cutsets, and¢ is the maximum ofD;; over all pairs are allowed, then the problem is solvable in polynomial
of verticesi and;j disconnected by the removal 6f time [8, 28].
Other researchers have considered approximation algc
rithms for the capacitated network design problem when the

min >eercle)z(e) objective is to design a network with enough capacity to
(IP1) vCeC: Y ule)x(e) = Dc route all demands simultaneously, without any restriction or
Vec F - ;e(; e {0,1}. the number of copies of edges allowed [1, 6, 26, 31].

There has also been significant research on develor

Since the minimum knapsack problem is NP-hard [Zi(j]g the te_chmq_ues of integer programming and polyhe-

; fal combinatorics to attack these problems. For example
all of the abovementioned problems are NP-hard problerggé 3,7, 25]
In this paper, we focus on obtaining improved approximation The knapsack problem has been studied exten

algorithms for these problems. Aapproximation algorithm ively [27], and is one of the original NP-complete prob-

is a polynomial-time algorithm that returns a solution wit Lims [22]. While the knapsack problem and the minimum

cost at mostp times the cost of the optimal solution. Ak : . o
L L napsack problems are equivalent if an exact solution i

fully polynomial-time approximation scheme (FPTASan ouaht. th valent f o |
gought, they are not equivalent for approximation purpose:

algorithm that, giver < 1, returns a solution of cost at mos L X
. . ST o _In that ap-approximation algorithm for one problem does
1+€ times the optimal solution in time polynomial in the size . :
. . npt imply the existence of a comparable guarantee for the
of the problem, and /e. One special case of the capacitate .
. . . second. The FPTAS for knapsack [24, 19] can be easily mod
network design problem is the Steiner tree problem, whi

. ifled to work for min knapsack. However, the bound on the
IS known to be MAX_SNP-hard [4]. Thus we cannot hope tI?—‘/LP ratios for the two problems is vastly different: 2 for
find an FPTAS for this problem.

Most of our approximation algorithms depend ohnapsackversu@ for minimum knapsack.

strengthening the LP relaxation of the given IP. (The LP re- N

A . . . .2 Our results. Almost all of the known approximation
laxation is the problem obtained by removing the integral: ~ . .
. . . . . algorithms for network design problems, and many cover-
ity constraint on the variables.) An LP relaxation of an in-

teger program can betrengthenedby adding inequalities Ing problems, consider a standard integer programming (IP

L . . : formulation of the problem and the optimal solution value
that are satisfied by all integer solutions. These inequalj-, _. S .
. : . . obtained from the corresponding linear programming (LP)
ties are calledvalid. Given a problem instance P, we de- : . >
: . : - relaxation [13]. These algorithms then construct an integel
note its optimal solution by OPT(P). For an IP, and its re- " . : L
. . . : . Solution and prove its approximation guarantee by compar
laxation LP, we refer to the ratio of their optimal solut|ons|h it with the value of the LP relaxation. One difficulty in
OPT(IP)/OPT(LP), as the IP/LP ratio. 9 ' y



approximating the capacitated network design problem ligved approximation guarantees. These include generalized
in the fact that the ratio of the optimal IP solution to the orertex cover, multicolor network design, and fixed charge
timal LP solution can be as bad &5, := max; jcy2 D;;. network flow. Thevertex cover probleris to select a mini-
This holds also for the minimum knapsack problem. Thusum weight set of vertices so that each edge is incident to at
one cannot hope to obtain improved approximation guard@ast one selected vertex. There are several 2-approximations
tees by comparing an integer solution obtained by any me&nswn for this problem. In thenultiple-choice vertex cover
to the optimal LP value. problem each vertex is actually a cluster of weighted ver-
We add a class of simple inequalities, which we cdltes. An edge from clustéito cluster; is coveredf a subset
knapsack cover (KC) inequalitiethat provably strengthenof vertices from clustersand; are selected with total weight
the standard linear programming relaxation. For the mirit least the demand of the edge. The objective is again to se-
mum knapsack problem, we show that the improved IP/l€tt a minimum weight subset of vertices so that all edges
ratio with these inequalities is 2. This improves on the bemte covered. Our algorithms yield a 3-approximation for this
previous bound ob,,,... For capacitated covering problemsproblem. If the graph is bipartite, the problem is still NP-
we add this class of inequalities for each constraint in thard, since it generalizes min knapsack. We describe a 2-
original IP formulation. We show that the resulting IP/LRpproximation.
ratio is strengthened to be bounded by the maximum number The multi-color network design problemin this prob-
of nonzero coefficients in a row of the constraint matrix. Fégm, each edge has a constant number of different types (col-
capacitated network design problems, we show an improwwg) of capacities. Demand pairs come with a specified type
ratio that equal®(G) + 1, where3(G), defined below, is a and amount of capacity demand. The objective is to build a
parameter of the grap®i that is often significantly less thanminimum cost network to satisfy all demands. Giyena-
m, and never greater. pacity typesu;, i = 1,...,p such thatu;(e) > wu;(e’) =
uj(e) > uj(e’) for all edges: and all capacity typesandy,

DEFINITION 1.1. A bonq is a minimal .cardmal_lty se'g of we obtain a3(G) + 1 approximation for this problem.
edges whose removal disconnects a pair of vertices with pos- The fixed charge flow problerhas a fixed cost associ-

itive demand. For a multigrapli, 5(G) is the cardinality f’:\ted with each arc, in addition to a per-unit-flow cost. The

of the maximum-cardinality bond in the underlying Slmp&Jjective is to build a network with enough capacity to route

graph. For example, in Figure J4(G) = 5. given demand between two nodes to minimize the total cost
of building the network and sending the flow. For the 2-node
-bb-error = = problem, we give a 2-approximation based on introducing
inequalities to tighten the LP relaxation. We also show how
to model this problem as a capacitated network design prob-
lem, yielding ag(G) + 1 + € approximation guarantee in
Igeneral graphs.
series-parallel graph has a source nedend a sink node our gpproxmanon a_Igorlthms depend on §olvmg.a sin-
e ) . gle LP with an exponential number of constraints. Given a
t, called thedefining nodes A single edge(s,t) is the - : . ;
olynomial-time separation oracle, this can be done in poly-

simplest series-parallel graph. New series-parallel gra.@%smial time using the ellipsoid method [15]. When the orig-

are built by composmg_two series-parallel graphs hav'?rgal LP (before adding our exponentially-many KC inequal-

sourcess; and s, and sinkst; andt, respectively. In a .. A ) .

seriescomposition, the source; and sinkt, are unified. In ities) has a polynomial number of constraints, we describe
' ! . acombinatorial FPTAS for solving the strengthened LP. We

aparallel composition the sources ands, are unified and do this by describing an appropriate separation algorithm re-
the sinkst; andt, are unified. We can represent the series . y 9 pprop P 9

and parallel steps used to produce a graphde@mposition guired by the FPTAS for positive packing and covering de-

tree For series-parallel graphs, we show that the IP/LP raﬁgr'bed by (IBargl and ifmemann.[lo]. For solving the LR
. ) ._USing the ellipsoid method, or simplex method, we describe
can be improved td3(G)/2] + 2, and that this bound is _ | X :
almost tight for the LP with KC inequalities simprer separatlorj routines. .
We also describe polynomial-time a .roximation algo:- When there is only one demand pair, Schwarz and
rithms that meet these%oznds Thus forrfcﬁe ca acitatedgc% [umke [32] describe an FPTAS on series paraliel graphs,
. : ' ’ P ﬂ/his demand pair corresponds to the defining nodes of the
ering problem, our result improves the best previous apProX;iae parallel graph. Amuterplanar graptis a planar graph
imation guarantee of the maximum row sumAf5]. For ’

capacitated network design, our algorithms improve the bthsa[‘t can be embedded S0 t'hat all vertices lie on the outside
previous approximation gua,ranteemf[12] ace. Frequently pipeline infrastructure networks (natural
. - o . as, water) are outerplanar at the highest distribution levels.
We describe some additional capacitated covering pr%é describe an FPTAS for this problem on outerplanar
lems for which KC inequalities can be used to obtain im-

Figure 1: A bond

Series-parallelgraphs are defined inductively. Eac



graphs, without restricting the location of the demand pairsack is:

min Y ecrcle)r(e)

2 Strengthening the LP VA C Ewithu(A) < D :

In this section, we describe inequalities to strengthen the (H2) ZeeE\A uale)z(e) > D(A)

ear programming relaxation for capacitated poyering prob- Vec E: z(e) € {0,1}.

lems and show how they can be used to obtain improved ap-

proximation algorithms. The knapsack cover inequalities (2.1) significantly re-

duce the IP/LP ratio for the minimum knapsack problem.

.2.'1 The Mlnlmqm Knapsac!< Problem an.d KC Inequal- THEOREM2.1. The IP/LP ratio of IP2 is at most 2.

ities. In this section we restrict our attention to the capaci-

tated network design problem with demafidon two-node Proof. Let = be any feasible solution to the linear-
graphs with many parallel arc. This is the minimum programming relaxation of IP2. We show ti?at dominates
knapsack problem. The IP/LP ratio for the minimum knapr convex combination of integer knapsack covers. That is
sack problem, and hence IP1, can be as large as the demeg@dhow there exigst < a4, ... , o, < 1 with Z;:l aj =1

D. Consider a set with just 2 elements andez, and de- and;- feasible solutions to IP2(), 22 ... 2(") such that

)

mandD. Letu(e;) = D —1, c(er) = 0, u(ez) = D,and s~ () < 22 (componentwise). Hence, the cheapest

c(e2) = 1, whereu is the vector of values of the elementsinapsack cover in this set has cost no more than twice th

Any feasible integer solution must include elemepfor a qst ofy.

cost of 1, while the optimal LP solution set$e;) = 1 and let A = {e € E | z(e) > 1/2}. Selecting the

z(ez) = 1/D for a costofl/D. edges in setd costs at most twice their contribution to
We introduce inequalities to strengthen the lineafe |p solution. We must now meet the residual demanc

programming relaxation for this problem. In general graphg,(A) = D — u(A) with the remaining edges.

these inequalities are defined on subsets of edges corre-| gt pe the least common multiple of denominators of

sponding to cutsets. In capacitated covering IP's, these jn-e create- partial integer solutions using edgeshh A

equalities are defined for each inequality of the IP. so that each integer solution has capacity at |E4st). Each

Consider a set of edge$ such thatu(A) < D, and let partial solution, together with, then gives a solution for the
D(A) = D — u(A) be the unmet demand after selecting adiginal problem.

edges inA. We call D(A) theresidual demand Then any For each edge € F \ A, we createu(e) := 2r z(e)
feasible solution to the minimum knapsack problem Wh%pies ofe. We partition these copies into buckets so
restricted toE \ A must also be feasible for the minimumpat each bucket has total capacity D(A) and no bucket
knapsack problem oy \ A with demandD(A). As with - ¢contains more than one copy of each edgéThus each is
any minimum-knapsack problem, we can assume that {Bgsible for the reduced problem. The bucketing proceeds
capacity of.each edge is no more than the demand. kglows: Reindex the edges iff\ A by decreasing original
ua(e) := min{u(e), D(A)}. The subproblem constraint IScapacities, so that(e;) > u(e;) for all i < j. Put thea(e;)

enforced by &napsack cover (KC) inequality copies of the first edge; into the firsta(e;) buckets, the
a(ez) copies of edges into the nexta(es) buckets modulo
r and so on.
Since we consider only edges in the $8tA = {e €
(2.1) Z ua(e)z(e) > D(A). E|z(e) < 1/2}, there are less tharcopies of any one edge,
c€E\A and hence no edge appears more than once in any bucket.

The difference inu4 capacity between the bucket with
the most capacity (the first bucket) and the least capacity (th
last bucket) is at mosD(A): In the worst case, the first

Under certain conditions, these inequalities are facet defimicketb; contains one more edge than the last budket

ing, see [33] for example. Pair thei*" edge added to, with thei + 1% edge added to
Previous researchers [2, 17, 33] have considered tan By construction, in each pair the edgebinhas at least

uncapacitated form of inequality (2.1) that forces the choias much capacity as its matelin Since ifu(e;) > u(e2)

of at least one edge i¥/A. We can show that if only thenua(e;) > ua(ez) for any choice of4, this also holds

these weaker constraints are added to IP1, the IP/LP ratizen comparing.s capacities. Hence the differenceudn

can still be as bad ag'm/2. These researchers used liftingapacities of the two buckets is at most the-capacity of

procedures to strengthen these basic inequalities, but dothethighest capacity edge, which is at mbgtA).

specifically consider knapsack cover inequalities. If one of the buckets corresponds to an infeasible so.
The strengthened integer program for minimum knafution, it has capacityx D(A). Assume the last (lowest-



capacity) bucket has capacity less thafA). This implies edgei, so that we do not create a new distinction here. How-
that the first bucket has4-capacity less tha@D(A), and ever, the last bucket to which we add edge 1 may have

the totalu 4-capacity in all buckets is less thanD(A). This been identical to its successor. Thus we create at most one
then implies thar > . z\ 4 uale)z(e) < 2rD(A), which new distinct integer solution.

contradicts the fact that satisfies the knapsack cover in-  We keep track of distinct integer solutions by noting the
equality for setA. Hence all buckets have capacity at least m + 1 different end points of intervals of lengtl{e;) on

D(A). B a modular clock of size. This takes linear time. A simple
m? algorithm checks the cost of each solution and picks the
This proof actually shows we do not need to satisBheapest. [

all knapsack cover inequalities for the theorem to hold: as o )

long as a fractional solution satisfies the demand, and the '€ Minimum knapsack problem can be solved in pseu-
knapsack cover inequality holds fof = {¢ € El|z(e) > QOponnom|aI time using dynamic programming which read-
1/2}, then the value of this solution is within 1/2 of thd!y Suggests an FPTAS [24, 19]. However, unlike the FPTAS,
integer optimal. We call a fractional solutianthat satisfies OUr results are readily applicable to more general problems
the demand and the knapsack cover inequality Aqr = for which no strong approximation results exist. _

{e € Elz(e) > ~} ay-integer-valued solutionUsing the The foIIowmg example shows 'Fhat Theorem 2.2 is al-
ellipsoid method in the framework of [15], and the separatiGROSt tight. Consider the problem with edges, each of ca-
algorithm that checks the KC inequality for this single s@City — 1 and cost 1, and demand. The optimal IP
A, we can find ay-integer-valued solution in p0|yn0mia|solut!on pICk'S any two edges for a cost of 2. The optimal LP
time. (Note that the problem of findingginteger-valued SO!Ution assigns a value of (m —1) to each edge, for a total
solution is not a linear program, nor even necessarilycas'[2°fm/(m — 1). Thus the ratio of IP to LP solutions is
convex program, and yet the results in [15] imply that we can m-

still find such a solution in polynomial time.) In Section 3

we describe a combinatorial FPTAS for the LP, thus avoidigg2 _General upper bounds on variablesAll of the results
use of the ellipsoid method. in this paper exte_:nd to the setting where gdgeay be se-
Given a fractional solution that meets the demand al§§ted UP td(e) times. We can assunige) is bounded by
satisfies the KC inequality far, we can recover a feasiblel Dmax/u(€)]. ~ The knapsack cover inequalities (2.1) re-
integer solution within twice its value in polynomial timeMain valid with a modified definition of edge-set capacities:
The key observation is that although the bucketing algoritHfht) 7= > ce 4 u(€)b(e). For the minimum knapsack prob-

conceptually uses buckets, the actual number of differen!Fj‘m' it is now sufficient to satisfy these modified KC inequal-

integer solutions is at most + 1, wherem is the number of 1i€s for 4 := {e € Elz(e) > b(e)/2}. When bucketing, we
parallel edges. createa(e) := 2rxz(e) copies ofe. Since2z(e) < b(e), no
more thanb(e) copies of edge: occur in any bucket. The

THEOREM2.2. There is a polynomial-time 2- e€arlier arguments show that each bucket is feasible. This im-

approximation algorithm for the minimum knapsacRlies Corollary 2.3.
problem based on rounding the linear program relaxation @4, | Ary 2.3. There

is a olynomial-time  2-
IP2. poly

approximation algorithm for the minimum knapsack problem
Proof. We must identify the bucket with the cheapest feasv?lrlth general upper bounds using linear-programming tech-
ble solution. We prove by induction that after adding copigéques'
of k edges to the buckets, we have created at mhost1 The same technique works for all problems discussed
different integer solutions, and buckets containing the saimethis paper, since all our approximation guarantees are
integer solution are consecutive. Adding copies of the fifasensitive to multiple edges. Hence while our proofs discuss
edgee; to the firsta(e;) buckets creates at most 2 differthe 0/1 problem, the theorems hold for general upper bounds.
ent partial integer solutions, and identical integer solutions

are consecutive. After adding the copies of ttfeedge, we 2.3 Cyclic multi-graphs and multicommodity demands.

have by inductiori + 1 different partial solutions, and iden-n this section we show how knapsack cover inequalities
tical integer solutions are consecutive. We add a copy of tteengthen the LP relaxation of more general instances of
i+ 1% edge to the bucket immediately after the bucket cocapacitated network design. In general graphs, knapsack
taining the last copy of th&" edge, and continue with thecover inequalities hold for any cut that separates demand
remaining copies. We need only check solutions that werairs. Such a cut can be considered in isolation as a
the same before adding edge- 1 but are different after- minimum knapsack problem with the cutset as the element
ward. The first bucket to which we add edge 1 already set and the demand equal to the maximum demand separated
differs from its earlier neighbor in that it does not contaiby the cut.



A cyclic multigraphis a multigraph for which the under-CoRrRoLLARY 2.6. The IP/LP ratio for the(s, t) capacitated
lying simple graph is a cycle. network design problem on cyclic multigraphs is at nibst

THEOREM2.4. The IP/LP ratio of IP1 with knapsack covelpygof. Perform the bucketing separately for each multiedge
inequalities on a cyclic multigraph is 3. as described in Theorem 2.4 except include all edges witl
Proof. Let = be a feasible LP solution. We show that 2(€) < 1/2. The underlying cycle has exactly two .disjoint
dominates a convex combination of feasible integer soRRthS between; and¢. Let R be the set of multiedges
tions. Givenz, we run the bucketing algorithm on each muforresponding to one suc_h‘ﬂpl)ath and fet= E‘t; R. Al
tiedge separately, for the set of eddess E | z(e) < 1/3}, multlgdges ink merge them bucket into thel mtegral
and then take the sets ofr buckets (where, the number of SO'“t'O”jﬁA” multiedges inL. merge theiri*" bucket into
nodes in the graph, is also the number of edges in the und@f.” — ¢ integral solution. Consider a cutsétimplied
lying simple cycle), and merge thesesets in any order to by a simple cut separating andt¢ so C' contains exactly
obtainr solutions. Each integer solution contains exactly oQ8€ member ofR and one member of.. Let A =
bucket from each of the sets. Consider a particular cutget 1¢ € C | z(e) > 1/2}. The largest difference im ,-
defined by two multiedges, with maximum demabdsepa- capacities among the buckets for either multiedg®{s!).
rated by the implied cut. Lett = {e € E | z(e) > 1/3} When we merge the buckets for these two multiedges a
Ac = AN C and consider the buckets for either one of tHFScribed above, we create a new set btickets such that
multiedges before the merge. As shown in the proof of THE® difference in capacity between any 2 buckets is still af
orem 2.1, the difference im4-capacity between the highestMoStD(4). Suppose that before merging buckeor the
capacity bucket and the lowest is at mastAc). Hence, Multiedge inZ has greater capacity than bucket Then,
once the buckets are merged, the difference in the total {-the multiedge inZ, bucket: will have capacity no larger
pacity across this cut between the highest capacity solutf§an buckey. Thus merging the two sets of buckets cannot
and the lowest is at mo&tD(Ac). Thus, among all integerNCrease the maximum difference. The previous argument
solutions, if the one with the lowest capacity across this ¢(i¢!d the bound of 2. u

has capacity less thaB(A¢), then the highest has capac- , ) .

ity less than3D(Ac), and this contradicts the fact that th@-4 General graphs.In this section, we extend the ideas

knapsack cover inequality fot across the cut'is satisfied. I the proofs of Theorems 2.1 and 2.4 to obtain new bound:
m for general graphs. We also describe how to separate th
knapsack cover inequalities for general graphs, since ir
The best previous approximation bound for this problegeneral there will be exponentially-many interesting cuts.
was m [12]. Using Theorem 2.4, we can significanthRecall the max bond(G) of Definition 1.1.
improve this bound:
THEOREM2.7. The IP/LP ratio of IP1 with knapsack cover

COROLLARY 2.5. There exists a polynomial-time "_)"lnequalities for a general grapti' is at most3(G) + 1.

approximation algorithm for the capacitated network design

problem on cyclic multigraphs. Proof. Can be obtained from the proof of Theorem 2.4, by
replacing 2 withg(G) and 3 with 3(G) + 1. For a cut
with 5(G) multiedges, the maximum difference in capacity
F}getween two buckets (integer solutions)d&=) times the

|

Proof. Cyclic multigraphs have onl)(;") minimal cutsets
in the underlying simple graph. We can thus find /-
integer-valued solution in polynomial time using the ellip=="
soid method and checking the knapsack cover inequality f§Fidual demand.
the set{fe € ENC | z(e) > 1/3} for each cutseC. In - -
Section 3, we show how to obtain ampproximate solution . As .before, itis sufficient to checklthat _the kpapsack
. . ) . .. _inequality forA := {e € C|z(e) > =} is satisfied

to our LP using combinatorial methods in polynomial time. I o ina d dﬁ(G)“ H

This gives us a fully combinatorial polynomial-time appro or all cutsets separatlng_ emand pairs. HOWever, now
imation algorithm with comparable guarantee. there may be an exponential number of such cutsets, so th

We note that the bucketing algorithm again producesdaqes not lead to a polynomial-time separation algorithm.
mostm + 1 integer solutions. Merging two sets of + 1 Instead, we use the bucketing procedure to identify a violate

buckets pairwise does not create any new buckets (solutioﬁg psack |nequal|ty.. G"’?” a fractlopal solutian we
ild the set of candidate integer solutions. We need only

check the lowest-capacity integer solution (last bucket) for

The IP/LP ratio for the cyclic multigraph improvedeasibility. This can be done by using the polynomial-time

when there is only one pair of nodes with demand, thou@omory-Hu algorithm [14] to determine the value of the

algorithmically we would prefer the FPTAS of [32] forminimum cut separating each pair of vertices, and comparin
series-parallel graphs. these values with the demand values. If some Cubas



insufficient capacity, the sé¢e € Cl|z(e) > W} yields Itremains to show is a feasible solution. If is not feasible,

a violated knapsack cover inequality. it violates some constraint/; - x > d;; thatis,D;(A) > 0.
Our algorithm as stated usg$G) explicitly; but com- Define B := {j € E\A | ua(i,j) > 0}. Since

puting 3(G) is NP-hard. We don't actually need to knowa(i, j) < D(A),forallj € B, ua(i,j)-x*(j) < Di(A)/p.

the exact value o(G). Instead, we can easily determine But there are at mogtelements inB, implying

lower bound on3, and run the algorithm with this value. If

the algorithm creates an infeasible integer solution, we check

the associated knapsack cover inequality. If it is not vio- > uali,f)a*(j) < Di(A)

lated, thens is too small. We can use binary search to find

the smallesp? which yields feasible integer solutions. This

gives as + 1-approximate solution for some < 5(G).

JEE\A

2.5 Series-Parallel graphsThe special structure of seriesWhICh contradicts: satisfying all KC inequalities. u

parallel graphs reduces the IP/LP ratio. The FPTAS of [32]
does not apply because we have multicommodity demands.

THEOREM2.8. The IP/LP ratio of IP1 with KC inequalities y ﬁ?eggrvg:ﬁggussoIﬁ:ic:)t:egs’scﬁu?iléfr?C;aastigfi/zﬁgtcihf:ani g
. . . @ p_ -
for a series-parallel grapl@ is at most| =5~ | + 2. inequalities for the sefl — {jlz% > 1/p}), which can
Proof Hint: As in the proof of Corollary 2.6, orderbe done in polynomial time. We can also obtain @n
the buckets of multiedges in either increasing or decreasgfgproximate solution to the LP via a combinatorial FPTAS
order. By using the series-parallel decomposition tree, @& described in Section 3.
can choose an orientation for each multiedge such that each
bond has half its multiedges oriented in each directlin. 2.7 Generalized Vertex Cover. Using knapsack cover
This bound for the IP/LP ratio is nearly tight, since thefgequalities for each constraint corresponding to an edge
is a series-parallel example with ratié(G) /2] + 1. in the generalized vertex cover problem, we show that the
IP/LP ratio for this formulation is at most 3, and if the
2.6 The Capacitated Covering Problem. Recall, a graph is bipartite, this ratio is at most 2. Polynomial-time
capacitated covering IRs an integer program of the formapproximation algorithms follow using previous arguments.
min{cz|Uz > d,0 < = < b,z € Z*}, where all entries of The 3-approximation is apparent from the fact that every
¢, U, andd are nonnegative. Let be the maximum numberconstraint in the integer programming formulation of this
of nonzero entries in a row df and letqg be the maximum problem involves node variables from only 2 groups of
row sum ofU. If U is a0 — 1 matrix,p = ¢, but in general nodes. A group of nodes for this IP is analogous to a group
p < ¢. Hall and Hochbaum [16] give a-approximation Of parallel edges for the cyclic multigraph problem. Thus,
for U a 0-1 matrix. Bertsimas and Vohra [5] extend thisheorem 2.4 implies a 3-approximation for this problem.
to give a g-approximation for the general problem. Idf G is bipartite, we obtain a 2-approximation by using
this section, we describe p-approximation for general,arguments similar to those in the proof of Corollary 2.6
nonnegative matriceg, improving the best previous bound.
We obtain our guarantee by strengthening the LP relaxatid8 Fixed Charge Network Flow.
using knapsack cover inequalities. We start by considering the two node graph with multi-
By the discussion in Section 2.2, we can restrict o@fe arcs between the nodes. Each arc has a fixedc¢ost
discussion to the case whén= 1. We treat each constraintand a per unit flow cosf(e). We wish to select a set of arcs
as a minimum knapsack problem and introduce knapsagkh sufficient capacity to route demarde to minimize the
cover inequalities of the following form. LéE denote the set fixed cost of the arcs, plus the cost of routibgunits of flow
of all variables. DefineD; (A) := max{0,d; — >, , Ui ;} onthesearcs.
andu (i, j) := min{U; ;, D;(A)}. The KC inequalities for This 2-node fixed charge network flow problem can
theith constraint are e 4 uali, j)z; > Di(A). be modelled as an MIP, given below. As with the min
knapsack problem, the integrality gap for (MIP1) can be
THEOREM2.9. The IP/LP ratio for the capacitated cover-quite large. We introduce a modification of the knapsack
ing problem with KC inequalities is p. cover inequalities for this problem and show that adding
these to (MIP1) reduces the integrality gap to 2. We then
Proof. Let z* be a solution to the LP with KC inequalitiesshow how to obtain a 2-approximation algorithm using the
and letA = {j|z} > 1/p}. Define the integer solutionby ideas in this proof. The 2-node MIP can be generalized to
y; = 1if j € A, elsey; = 0. Sincey < pz*,c-y < pc-z*. arbitrary graphs and pairwise demands as in IP1.



obtained in this manner is

min 3 [e(e)a(e) + Fy(e) 5 mal2ru(@) ua(@(F(' () + e(e))
2 VS cpa2rr(@) e/ () + c(e))
o < b\ o) + ce)r(e))
(MIP) L il 2 D Eye M Fu(e) + efe)a(e))
. 2\
U < 2 e + et

which is at mosgr times the contribution of edges i\ A to
Let A be an edge set such thBt— u(A) > 0. Then the LP solution value. Hence, at least one of trelutions
for every partition{ 1, E»} of the edge set, the followinghas cost at most twice the LP value.

inequalities, which we caflow cover inequalitiesire valid. We must now show all solutions are feasible. Let
~v(e) := min{y’(e),ua(e)z’(e)}. In words,y(e) is the con-
22> yle)+ Y wuale)z(e) > D —u(A), tribution of edgee to the flow cover inequality correspond-
eCE1\A e€Ex\A ing to F4, Es, and A. Note thaty(e) = wa(e). Our first
VD —u(A) >0, EfUE,=V. observation is that the difference-iie)-capacity of any two

buckets is at mosb — u(A). This holds, as before, by the
A different form of flow cover inequalities were introduce@rdering of the edges in the bucketing algorithm, and since
in a polyhedral study of fixed charge problems [29]. They(e;) > u(es) impliesua(e;) > ua(es). If some bucket
presented them as packing, not covering, inequalities; arb~(e) capacity less tham — u(A), then the last bucket
they did not consider their effect at tightening the IP/LP ratidoes, since this has the leasgte)-capacity. If they(e)-

capacity of the last bucket is less th&h— u(A), then all
THEOREM2.10. The integrality gap for 2-node fixedqyckets have (e)-capacity less tha?( D —u(A)). Summing
charge network flow with flow cover inequalities is 2. over they(e)-capacity of all copies of edges put in buckets,

_ ) _ this then implies the following inequality:
Proof. Let z,y be the optimal solution to the LP with flow

cover inequalities. We will show th&tz, 2y dominates a Z 2ry(e) + Z 2rua(e)z(e) < 2r(D —u(A))
convex combination of feasible solutions. Thus the mini-, 7 4 ceFA

mum cost solution in this combination has cost at most twice

the LP value. Letd := {e|y(e) > u(e)/2}. We include all This contradictx, y) a solution to the LP with flow cover

e € Ain all integer solutions, and set the flow value on sudéhequalities. Hence all buckets contain feasible solutidiis.

e equal tou(e). This at most doubles the contribution af

to the objective function. To obtain a 2-appro>_<imati0r_1 _algorithm, we need to be

Suppose there is an edge E\ A with z(e) > 1/2 and able to separate th_ese inequalities. Notice that the proc
y(e) > uale)/2 = D(A)/2 (sincey(e) > u(e)/2 would _of Theqrem 2.1Q r_elles only on the fact that the flow cover
imply e € A). Then settinge(e) = 1 andy(e) = ua(e) inequality is satisfied for the ;et = {e|ly(e) > u(e)/2}. _
together with the setl yields a feasible integer solution ofl hus we can perform separation in the same manner as wit
cost at most twice the LP value, and we are done. In the knapsack cover inequalities. Similarly, we can also easily
remaining proof, we assume this is not the case. obtain a approximate solution in polynomial time.

To distribute the remaining edges, we partitiBhinto For general graphs with one demand pair, we can mode
two sets. LetE; := {e|y(e) < uale)z(e)}, By := E\E. the fixed ch.arge network rovy problem as a capacitatec
Letr be the least common multiple of denominators:@ind Network design problem. We introduce multiple copies of
y/ua. We create- feasible solutions. For edgess E;\A edges, one for each flow amount. This greatly increases th
we create2ry(e)/u4(e) copies. For edges € F,\A we Siz€ (_)f the graph. Since we can only hqpe for an approximat
create2rz(e) copies. The total number of copies of an?olu_tlon anyway, we can co_r!trol the size of this increase by
edge does not exceed For this to hold, edges i;\A 2adding edges for flow quantities that are apowdefe) for
must havey(e) /u4(e) < 1/2. Suppose this is not the caset > 0- Theq our approximation aIgorlthms for cape}cnat_ed
Then by the assumption above(e) < 1/2 and we have network design gpplled to this problem yield approximation
y(e)/ua(e) < z(e) by the definition of edge sef;\A. guarantees that increase by a factoe.of
Using a similar argument, we hawgée) < 1/2 for all edges ) o
in F,\A. Order the edges by nonincreasing values@f) 3 Solving the LP Efficiently
and perform the bucketing algorithm. If edgés placed in a In this section, we show how to find good solutions to capac-
bucket, we associate with this edge the corresponding valiteted covering LP’s in polynomial time without using the el-
z'(e) = 1, y'(e) = ua(e). The total cost of all- solutions lipsoid method, provided the initial formulation (without KC



inequalities) contains a polynomial number of constraints. hence are-approximate most violated inequality. Since for

the capacitated network design setting, this corresponds;te- g+ u(e) < u (&) A0 this inequality is least tight

graphs with a polynomial number of interesting cuts. B J d = d a(e) (o)
enu?(e) = u? (e), we have that4, < (1 + )32

To solve LPs with many constraints, as is the case he a

it may be more efficient to use a fast approximation aheneverd > d*/(1 + ¢). Thus, to find are-approximate

gorithm instead of the simplex method, ellipsoid methof0st violated inequality, it suffices to restrict our search to

or other separation-based, exact solution procedure. ThEHeS ofdin {[(1 +¢)*] |i=0,1,... ,[log,,. D1}. This
exist polynomial-time, combinatorial methods for approxf€duces tqe number of iterations of the dynamic program
mately solving LPs with special structure using separatiHHm Do Zlog D. ] ) .
oracles. For example, Plotkin, Shmoys, and Tardos [30] 'he Garg and Knemann's FPTAS for solving positive
describe such a method for linear programs with all coefi@cking LPs require)(e™*m) most-violated-inequality-
cients non-negative, and all inequalities(a packing LP), _subroutlne calls._ Thus the corresponding F_PTAS for solv-
or all inequalities> (a covering LP). Recently, Garg and"9 Our LP requiresD(¢™*m/(log D) K (m, ¢)) time, where
Konemann [10] describe a similar, but simpler procedurd (77 €) iS the time required to obtain arapproximate so-
This finds e-approximate solutions to both the primal ani!tion to & minimum knapsack problem on items. For
dual problems, and relies on an oracle to find a most violafgPacitated covering problems, this runtime is multiplied by
inequality, or ane-approximate most violated inequality of "€ Number of original covering constraints.
the covering problem. For the system

4 OQuterplanar Graphs

min{cz|Az > d,z > 0} In this section, we give a pseudopolynomial-time dynamic

and a vectorZ, a most violated inequalitys the row ¢ program and corresponding FPTAS for {lset)-capacitated
minimizing A,z /dy. network design problem on outerplanar multigraphs. This

We first consider the minimum knapsack problem. Theoblem is NP-complete since it generalizes the minimum
arguments extend to more general capacitated covering pioiapsack problem. Schwarz and Krumke [32] give a FPTAS
lems by examining the set of KC inequalities for each oridier the (s, t) capacitated network design problem on series
nal covering constraint. parallel graphs when andt are the two endpoints. Their

For LP2, the LP relaxation of IP2, we must find aalgorithm uses dynamic programming, moving up the series-
inequality minimizing3_, .\ 4 ’g‘(—(j))x(e) over all choices parallel decomposition tree. Our result is not subsumed by
of A with D(4) > 0. The KC inequalities correspondinghis algorithm since we allow and¢ to be any two nodes
to A := {e € El|z(e) > 1/2}, which we used previously,0n an outerplanar graph (where such decomposition trees do
are not in general the most violated KC inequalities. Indedt exist).
it is not hard to construct examples for which using them The dynamic program for outerplanar graphs proceeds
in the Garg-Konemann algorithm instead of most violate@s follows. Consider an outerplanar embedding of the graph
inequalities will not lead te-approximate LP solutions. G from which the multigraph is derived. K and¢ are not

To find a most-violated inequality for the minimunPiconnected, the problem easily partitions into two or more

knapsack problem, we fit to a value in[1, D], and search Smaller parts whose solutions are easily combined into a
for a set of edges! that satisfiesD(A) = d and that min- solution for the whole. Therefore, we can assume without

loss of generality that andt are biconnected. Furthermore,

B the biconnected components not containing bogimdz can

For fixedd, each edge has a weighie) := “T(e)x(e) and e ignored.

a capacityu(e). We seek a minimum-weight subset of edges  Consider the biconnected componéhtontaining both

of total capacity at least —d, wherel" := 3 __ u(e). This s andt. Since( is outerplanarB must be a cycle” with

is exactly a minimum knapsack problem, for which there eghords. If the edgés, t) exists, B is series-parallel, and we

ists an FPTAS [19]. can use the dynamic program and FPTAS of Schwarz and
We now reduce the number of calls to the knapsagitumke. Otherwise, the verticesandt partitionC' — {s, ¢}

cover FPTAS fromD to something polynomial in the inputinto an upper patt? and a lower patlid).

size. LetA* denote the set of edges that yields the most |n general it is challenging to find an order in which to

violated inequality. Led* = D(A*). Suppose now thatprocess the vertices for standard dynamic programming. We

we don't look for violated inequalities for all values @f=  transform the graph to an equivalent form where dynamic

D(A) inthe sefl, D], but only for a selected subset. If thergrogramming is easy. Replace each veutekw;) in P (Q)

isad < d*inoursetsuchthat_  p\ 4- “’dcge)x(e) < (1+ adjacent to vertices in botF and @ by a pathP; (Q,) of

length equal to the number of verticesGh(P) to whichv,

u?” (e) . . .
€) ZeeE\A* ——(e), then the most violated inequality, Y. ; ; _ .
we find when we fixd will be at least this violated, and') 'S adiacent. Give the edges In (Q;) capacityl> and

ul(e)

imizes )" o\ 4 "5~ x(e), whereu®(e) := min{u(e), d}.
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