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Abstract

We introduce several generalizations of classical com-
puter science problems obtained by replacing simpler ob-
jective functions with general submodular functions. The
new problems include submodular load balancing, which
generalizes load balancing or minimum-makespan schedul-
ing, submodular sparsest cut and submodular balanced cut,
which generalize their respective graph cut problems, as
well as submodular function minimization with a cardinal-
ity lower bound. We establish upper and lower bounds for
the approximability of these problems with a polynomial
number of queries to a function-value oracle. The approx-
imation guarantees for most of our algorithms are of the
order of \/n/lnn. We show that this is the inherent diffi-
culty of the problems by proving matching lower bounds.

We also give an improved lower bound for the problem
of approximately learning a monotone submodular func-
tion. In addition, we present an algorithm for approxi-
mately learning submodular functions with special struc-
ture, whose guarantee is close to the lower bound. Although
quite restrictive, the class of functions with this structure in-
cludes the ones that are used for lower bounds both by us
and in previous work. This demonstrates that if there are
significantly stronger lower bounds for this problem, they
rely on more general submodular functions.

1 Introduction

A function f defined on subsets of a ground set V is
called submodular if for all subsets S,T C V, f(S) +
f() > f(SUT)+ f(SNT). Submodularity is a discrete
analog of convexity. It also shares some nice properties
with concave functions, as it captures decreasing marginal
returns. Submodular functions generalize cut functions of
graphs and rank functions of matrices and matroids, and
arise in a variety of applications including facility location,
assignment, scheduling, and network design.

*This work supported in part by NSF grant CCF-0728869.

In this paper, we introduce and study several general-
izations of classical computer science problems. These new
problems have a general submodular function in their objec-
tives, in place of much simpler functions in the objectives
of their classical counterparts. The problems include sub-
modular load balancing, which generalizes load balancing
or minimum-makespan scheduling, and submodular mini-
mization with cardinality lower bound, which generalizes
the minimum knapsack problem. In these two problems,
the size of a collection of items, instead of being just a
sum of their individual sizes, is now a submodular function.
Two other new problems are submodular sparsest cut and
submodular balanced cut, which generalize their respective
graph cut problems. Here, a general submodular function
replaces the graph cut function, which itself is a well-known
special case of a submodular function. The last problem
that we study is learning a submodular function, which was
recently introduced by Goemans, Harvey, Kleinberg, and
Mirrokni [8, 11]. All of these problems are defined on a set
V of n elements with a nonnegative submodular function
f:2Y — Rx. Since the amount of information necessary
to convey a general submodular function may be exponen-
tial in n, we rely on value-oracle access to f to develop al-
gorithms with running time polynomial in n. A value oracle
for f is a black box that, given a subset .S, returns the value
f(S). The following are formal definitions of the problems.

Submodular Sparsest Cut (SSC): Given a set of un-
ordered pairs {{u;,v;} | u;,v; € V}, each with a de-
mand d; > 0, find a subset S C V minimizing
F(8)/ 22150 {us 03| =1 di- The denominator is the amount
of demand separated by the “cut” (S, S)!. We also consider
uniform SSC, in which all pairs of nodes have demand equal
to one. In this case the objective function is to minimize
f(8)/IS||S|. We focus on a closely related formulation
of the problem, known as the minimum-quotient cut in the
case of graphs [19], which minimizes f(.S)/min(|S|,|S]).
The objective functions of the two problems are always
within a factor of at least /2 and at most n from each other,
S0 a ~y-approximation for one provides a 2-y-approximation

IFor any set S C V, we use S to denote its complement set, V' \ S.



for the other. A version intermediate between uniform SSC
and general SSC is weighted SSC, in which each v € V has
a non-negative weight w(v), and the demand between any
pair of elements (u, v) is equal to the product w(u) - w(v).

Submodular H-Balanced Cut (SBC): Given a weight
function w : V' — Rsq, a cut (S, S) is called b-balanced
(forb < 1)ifw(S) > b-w(V) and w(S) > b-w(V), where
w(S) = > ,c5w(v). The goal of the problem is to find a
b-balanced cut (.S, S) that minimizes f(.9).

Submodular Minimization with Cardinality Lower
Bound (SML): For a given W > 0, find a subset S C V'
with |S| > W that minimizes f(S). A generalization with
0-1 weights w : V' — {0,1} is to find S with w(S) > W
minimizing f(S).

Submodular Load Balancing (SLB): The uniform ver-
sion is to find, given a monotone? submodular function f
and a positive integer m, a partition of V into m sets,
Vi,...,V,, (some possibly empty), so as to minimize
max; f(V;). The non-uniform version is to find, for m
monotone submodular functions fi,..., f,, on V, a par-
tition V1, . .., V;,, that minimizes max; f;(V;).

Learning a Submodular Function: Produce a function
f (not necessarily submodular) that for all S C V satis-
fies f(S) < f(S) < ~v(n)f(S), with approximation ratio
v(n) > 1 as small as possible. We also consider the special
case of monotone two-partition functions, which we define
as follows. A submodular function f is a two-partition (2P)
function if there is a set R C V such that for all sets .S, the
value of f(S) depends only on the sizes |[SN R| and |[SNR).

1.1 Motivation

Submodular functions arise in a variety of contexts, of-
ten in optimization settings. The problems that we define in
this paper use submodular functions to generalize some of
the best-studied problems in computer science. These gen-
eralizations capture many variants of their corresponding
classical problems. For example, the submodular sparsest
and balanced cut problems generalize not only graph cuts,
but also hypergraph cuts. In addition, they may be useful
as subroutines for solving other problems, in the same way
that sparsest and balanced cuts are used for approximating
graph problems, such as the minimum cut linear arrange-
ment, often as part of divide-and-conquer schemes. The
SML problem can model a scenario in which costs follow
economies of scale, and a certain number of items has to be
bought at the minimum total cost. An example application
of SLB is compressing and storing files on multiple hard
drives or servers in a load-balanced way. Here the size of a
compressed collection of files may be much smaller than the
sum of individual file sizes, and modeling it by a monotone

2 A function f is monotone if f(S) < f(T') whenever S C T.

submodular function is reasonable considering that entropy
function is known to be monotone and submodular [6].

1.2 Related work

Because of the relation of submodularity to cut func-
tions and matroid rank functions, and their exhibition of
decreasing marginal returns, there has been substantial in-
terest in optimization problems involving submodular func-
tions. Finding the set that has the minimum function value
is a well-studied problem that was first shown to be poly-
nomially solvable using the ellipsoid method [9, 10]. Fur-
ther research has yielded several more combinatorial ap-
proaches [16, 17, 18, 23, 24, 26].

Submodular functions arise in facility location and as-
signment problems, and this has spawned interest in the
problem of finding the set with the maximum function
value. Since this is NP-hard, research has focused on ap-
proximation algorithms for maximizing submodular func-
tions, perhaps subject to a cardinality constraint or other
simple constraint [3, 5, 22, 27]. There has been research on
other optimization problems that use submodular functions
or their minimization, including [13, 15, 30, 31, 32]. Zhao
et al. [33] study a submodular multiway partition problem,
which is similar to our SLB problem, except that the ob-
jective function is the sum of the functions of subsets, as
opposed to the maximum.

Since it is impossible to learn a general submodular func-
tion exactly without looking at the function value on all (ex-
ponentially many) subsets [4], there has been recent inter-
est in approximating submodular functions with a polyno-
mial number of value oracle queries. Some lower bounds
on the approximation guarantees achievable in this model
are given in [8, 11].

All of the optimization problems that we consider in this
paper are known to be NP-hard even when the objective
function can be expressed compactly as a linear or graph-
cut function. While there is an FPTAS for the minimum
knapsack problem [7], the best approximation for load bal-
ancing on uniform machines is a PTAS [14], and on unre-
lated machines the best possible upper and lower bounds
are constants [20]. The best approximation known for the
sparsest cut problem is O(+y/logn) [1, 2], and the balanced
cut problem is approximable to a factor of O(logn) [25].
For the special case of SML on graphs, introduced in [29],
an O(logn) approximation is possible using the recent re-
sults of Récke [25].

1.3 Our results and techniques

We establish upper and lower bounds for the approxima-
bility of the problems listed above. Surprisingly, these fac-
tors are quite high. Whereas the corresponding classical



problems are approximable to constant or logarithmic fac-
tors, the guarantees that we prove for most of our algorithms
are of the order of |/-. We show that this is the inher-
ent difficulty of these problems by proving matching (or,
in some cases, almost matching) lower bounds. Our lower
bounds are unconditional, and rely on the difficulty of dis-
tinguishing different submodular functions by performing
only a polynomial number of queries in the oracle model.
The proofs are based on the techniques in [5, 8]. To prove
the upper bounds, we present randomized approximation al-
gorithms which use their randomness for sampling subsets
of the ground set of elements. We show that with relatively
high probability (inverse polynomial), a sample can be ob-
tained such that its overlap with the optimal set is signif-
icantly higher than expected. Using the samples, the al-
gorithms employ submodular function minimization to find
candidate solutions. This is done in such a way that if the
sample does indeed have a large overlap with the optimal
set, then the solution satisfies the algorithm’s guarantee.

For SSC and uniform SLB, we show that they can be
approximated to a © (/2%) factor. For SBC, we use the
weighted SSC as a subroutine, which allows us to obtain a
bicriteria approximation in a similar way as Leighton and
Rao [19] do for graphs. For SML, we consider bicriteria
results. For p > 1 and 0 < o < 1, a (p, o)-approximation
is an algorithm that outputs a set S such that f(S) < pB
and w(S) > oW, whenever the input instance contains a
set U with f(U) < B and w(U) > W. We present a lower
bound showing that there is no (p, o) approximation for any
pand o with 2 = o (/7). For 0-1 weights, we obtain a
(51 /s %) approximation. This algorithm can be used to

obtain an O(vn Inn) approximation for non-uniform SLB.

We briefly note here that one can consider the problem of
minimizing a submodular function with an upper bound on
cardinality (i.e., minimize f(S) subject to |S| < W). For
this problem, we do not know of any lower bounds other
than NP-hardness, and a (X, 1) bicriteria approximation

is possible for any 0 < « < 1, using techniques in [12].
For learning monotone submodular functions, our lower
bound is 2 (1 / ﬁ) , which improves the bound of {2 (ﬂ)

Inn
in [8], and matches the lower bound for learning arbitrary
submodular functions, also in [8]. Our lower bound proof
for learning, as well as those in [8], use 2P functions, and
thus still hold for this special case. We show that learning
monotone 2P functions can be approximated within a factor
O(y/n). Besides leaving a relatively small gap between the
upper and lower bounds, this shows that if much stronger
lower bounds for the learning problem exist, they rely on
more general submodular functions.

For the problems studied in this paper, our lower bounds
show the impossibility of constant or even polylogarithmic
approximations in the value oracle model. This means that

in order to obtain better results for specific applications, one
has to resort to more restricted models, avoiding the full
generality of arbitrary submodular functions.

2 Preliminaries

In the analysis of our algorithms, we repeatedly use the
facts that the sum of submodular functions is submodular,
and that submodular functions can be minimized in poly-
nomial time. For example, this allows us to minimize (over
T C V) expressions like f(T')—a-|TNS|, where o is a con-
stant and S is a fixed subset of V. Some proofs are omitted
from this extended abstract and can be found in [28].

We present our algorithms by providing a randomized
relaxed decision procedure for each of the problems. Given
an instance of a minimization problem, a target value B,
and a probability p, this procedure either declares that the
problem is infeasible (outputs fail), or finds a solution to
the instance with objective value at most vB, where 7 is
the approximation factor. We say that an instance is feasi-
ble if it has a solution with cost strictly less than B (we use
strict inequality for technical reasons; this can be avoided
by adding a small value ¢ > 0 to B). The guarantee pro-
vided with each decision procedure is that for any feasible
instance, it outputs a y-approximate solution with probabil-
ity at least p. On an infeasible instance, either of the two
outcomes is allowed. Randomized relaxed decision proce-
dures can be turned into randomized approximation algo-
rithms by finding upper and lower bounds for the optimum
and performing binary search. Our algorithms run in time
polynomial in n and In 1.

Let us say that an algorithm distinguishes two functions
f1 and fs if it produces different output if given (an oracle
for) f1 as input than if given (an oracle for) f5. The follow-
ing result is used for obtaining all of our lower bounds.

Lemma 2.1 Let f1 and f5 be two set functions, with fo, but
not f1, parametrized by a string of random bits r. If for any
set S, chosen without knowledge of r, the probability (over
r) that f1(S) # fo(S) is n=WY), then any algorithm that
makes a polynomial number of oracle queries has probabil-
ity at most n=“W) of distinguishing f1 and f.

Proof. We use reasoning similar to [5]. Consider first a
deterministic algorithm and the computation path that it fol-
lows if it receives the values of f; as answers to all its oracle
queries. Note that this is a single computation path that does
not depend on r, because f; does not depend on 7. On this
path the algorithm makes some polynomial number of ora-
cle queries, say n®. Using the union bound, we know that
the probability that f; and f5 differ on any of these n® sets
is at most n%-n~«() = =) So, with probability at least
1 — n~“M _if given either f; or fo as input, the algorithm



only queries sets for which f; = f5, and therefore stays on
the same computation path, producing the same answer in
both cases.

A randomized algorithm can be viewed as a distribution
over a set of deterministic algorithms. Since, by the discus-
sion above, each of these deterministic algorithms has prob-
ability at most n~“(!) of distinguishing f; and fs, the ran-
domized algorithm as a whole also has probability at most
n~«() of distinguishing these two functions. (I

3 Submodular sparsest and balanced cuts
3.1 Lower bounds

To show a lower bound for SSC and SBC, we use the
following result from [8] and Lemma 2.1.

Lemma 3.1 (Goemans et al. [8]) Fix an arbitrary subset
S C V, and then let R be a random subset of V of size n /2.
Then for any € such that € = - -w(Inn), for B = %(1+e),
and for the submodular® functions

— i ny |5

f1(8) = m1n(|5\, 5)—7
_ S
f2(8) = min (84S0 R IS], g)_%

the probability (over R) that f1(S) # fo(S) is n=<™).

Corollary 3.2 Any algorithm that makes a polynomial
number of oracle queries has probability at most n~*(1)
of distinguishing the functions f, and fs in Lemma 3.1.

We now establish the hardness of SSC and SBC prob-
lems. For concreteness, assume that the output of an ap-
proximation algorithm for one of these problems consists
of aset S C V as well as its objective function value.

Theorem 3.3 The uniform SSC and the SBC problems can-
not be approximated to a ratio o( ﬁ) in the oracle

model with polynomial number of queries.

Proof. Suppose for the sake of contradiction that there is
a polynomial-time ~y-approximation algorithm for the uni-
form SSC problem, for some v = o (« /ﬁ) , that succeeds

with high probability. Let us set ¢ = %, which satisfies
e? = L. w(Inn). If this algorithm is given the function f>
of Lemma 3.1 as input, then with high probability it has to

3To see that these functions are submodular, it is helpful to consider
an equivalent definition of submodularity: for all a,b € V and S C V,
F(SU{a}) = £(S) < F(SU{a} — {b}) — £(S — {b}). Thenitis
straightforward to verify for these, and submodular functions appearing
later in the paper, that if adding a to S — {b} increases the function value
by z, adding a to .S increases the function value by at most x.

f2(S) e 1

min(|S[,|S]) — 2 4>
optimal uniform sparsest cut for f, achieved by the set R,
has ratio 2=7/4 — £. However, for the function f1, all sets

n/2
: H(S) 1 ; ; ;
have ratio equal to mm(SLE) = 2 So if the algorithm is

given fi as input, its output value is %, thus differing from
the case of fo. But this contradicts Corollary 3.2.
A similar argument establishes the SBC lower bound. [J

output a set .S with ratio since the

3.2 Algorithm for uniform SSC

Uniform SSC is a special case of general SSC, so our al-
gorithm in Section 3.3 applies to the uniform case as well.
We present a separate algorithm for uniform SSC first (Al-
gorithm 1), because it is simpler and has a slightly better
guarantee. The algorithm works under the assumption that
the size of the optimal set U* is at most n/2, which we use
in the analysis. To handle the possible case that |U*| > n/2,
we run the algorithm twice, once for f, and once for f,
which is defined as f(S) = f(S), and is submodular when-
ever f is. The output is either the set produced by the first
run of the algorithm, or the complement of the set found by
the second run, whichever has a better ratio.

Algorithm 1 Uniform SSC. Input: V, f, B, p
1: Leta=B -/

Inn

2 . .
2: for 2 In(11-) iterations do
c 1-p

3 Choose a uniformly random S C V of size n/2

4 Let 7' C V minimize f(T) — a|T N S|+ a|TNS]
5: if f/(T)—a|TNS|+a|TNS|<0, return T
6: end for

7: return fail

The idea of the algorithm is to sample a random set S,
hoping that the overlap with the optimal set is high, and
the overlap with the complement of the optimal set is low.
Then the minimization on line 4 “encourages” the inclusion
of elements from S and “discourages” the elements from S.
If the sample S is successful, then this optimization finds an
approximate solution.

Theorem 3.4 For any feasible instance of the uniform SSC
problem, Algorithm 1 returns a solution of cost at most

V1 - B with probability at least p.

The proof of this theorem follows from several lemmas.

Lemma 3.5 If for some T C V and a set S with |S| = n/2
it holds that f(T) —a - |TNS|+a-|TNS| <0, then
—CH R

win(T1,TT)
Proof. We claim that min(|T|, |T|) > |T N S| — [T N S|,
which follows because |S| = |S| = n/2. Then, from the



assumption of the lemma, f(T")—amin(|T],|T|) < f(T)—
a(ITnS|—|TNS|) < 0. Since f is non-negative, we
must have min(|7'|,|7|) > 0. This allows us to rearrange

the terms, obtaining SR (TLIED < a. O

Lemma 3.6 Let U be any subset of V with |U| < n/2,
let m = , and suppose that S is a random subset

of V of size n/2. Then with probability* at least ;"—22,

uns| >z <1+1/1n">.

Proof of Theorem 3.4 : Suppose that the given instance
of the uniform SSC problem is feasible, and let U* be a set
such that f(U*)/|U*| < B. Letm = |U*|. As mentioned
earlier, we assume that m < n/2.

Consider one iteration of the loop in Algorithm 1, and let
S be the random set chosen in this iteration. By Lemma 3.6,

with probability at least < ng, [U*NS| >m ( + %ﬁ)

If this is the case, then [U* N S| < m (é -1 l“") and

fU*) —a-|U*NS|+a-|U*NS|isat most

N [Inn . [ n /Inn

So the set T', chosen by Algorithm 1 to minimize expression
on line 4, will satisfy f(T) — |TﬁS|—|—a-|TﬂS|<O,

S(T) — o
and, by Lemma 3.5, mm(‘T‘ <= B./1-. When the
loop is repeated 75 o ln( ) times, the probability that the
algorithm finds a solutlon is at least p. (]

3.3 Algorithm for general SSC

Our approach for solving this version is similar to the
one we used for the uniform case, but now we use a random
set S to assign weights to nodes (see Algorithm 2). For
each demand pair separated by the set .S, we add a positive
weight of d; to its node that is in S, and a negative weight
of —d; to its node that is outside of S. This biases the sub-
sequent function minimization to separate the demand pairs
that are on different sides of S.

The following lemma is analogous to Lemma 3.5.

Lemma 3.7 If for some set T C 'V, it holds that
J(T) —a- 3 cpw(v) <O, then

f(T)
Zi:\Tﬁ{ui i H=1 d;

#We use a constant ¢ = (e2v/27) "1

< .

throughout the paper.

Algorithm 2 Submodular sparsest cut. Input: V, f, d, B, p

1: for 42° 1n( p) iterations do

2 Choose a uniformly random set S C V

3 for each v € V, initialize a weight w(v) =0

4: for each pair {u;, v; } with [{u;,v;} NS| =1do
5: Set s; = {u;, v} NS5 w(s;) — w(s;) + d;
6 Sett; = {u;,vit \ S; w(t;) — w(t;) —d;

7 end for

8 Leta =4,/ B

9 Let 7' C V minimize f(T) —a - Y, cpw(v)

10: if f(T)—a-) ,cpw() <0, returnT
11: end for
12: return fail

Proof. We have ), w(v) =

D IS ST S

1:8; €T ©:t; €T i:5; €Tt ¢T it €T,8;¢T

Z d; < Z d;

i:s; €Tt ¢T i TN{u;,v; }=1

IA

Now using the assumption of the lemma we have

[ —a > A< f(T)-ad ww) <0

| TN{ui,v; =1 veT

Function f is non-negative, S0 3, 17 ¢y, 4,3)=1 di > 0. Re-
arranging, f(T)/3 10 qu, v,y =1 & < O

Assuming that the input instance is feasible, let U*
be a set with size m = |U*|, separated demand D* =
> iU+ {us i) |=1 di and value f(U*)/D* < B.

Lemma 3.8 In any one iteration of the outer loop of Algo-
rithm 2, the probability that ), .. w(v) > D* - %\/E

n
; _c_
is at least e

Theorem 3.9 For any feasible SSC instance, Algorithm 2
returns a solution with cost at most 4 /ﬁ - B, with prob-
ability at least p.

Proof. By Lemma 3.8, the inequality ) .. w(v) >

D .1
1
iteration. Then the probability that it holds in any of the
2 . . . . .
42~ In(1L-) iterations is at least p. Now, assuming that it

does hold,pthe algorithm finds a set 7" such that

f(T)—a-Y w) < fU)—a- Y w)

veT velU*

< f(U*)—(4\/E~B> (D* 4@) < 0.

\/g holds with probability at least ¢/4n? in each



By Lemma 3.7, f(T)/Y iiraguvy=1% < a =
B - 4,/1, s0 T is the required approximate solution. [J

3.4 Submodular balanced cut

For submodular balanced cut, we use as a subroutine the
weighted SSC problem that can be approximated to a fac-
tor v = O (/52 ) using Algorithm 2. This allows us to
obtain a bicriteria approximation for SBC in a similar way
that Leighton and Rao [19] use their algorithm for sparsest
cut on graphs to approximate balanced cut on graphs. In
the case of symmetric submodular functions (a function f is
symmetric if f(S) = f(S) for all S), for a given b’ < 1/3,
we can find a &’-balanced cut whose cost is within a factor
0] (b b,) of the cost of any b-balanced cut, for b’ < b < 1

For arbitrary non-negative submodular functions, we can
find a b’/2-balanced cut of cost within O ( = b,) of any b-
balanced cut, for any &’ and b with b’ < b < 1/2.

4 Submodular minimization with cardinality
lower bound

We start with the lower bound result. Let R be arandom
subset of V of size o = 5 R %, and x be any
parameter satisfying a:2 = w(lnn). We use the following
two submodular functions:

f1(S) = min(]S], a), B
f2(S) = min(B+|SNR] |S], o

1
). ()

Lemma 4.1 Any algorithm that makes a polynomial num-
ber of oracle queries has probability n=W) of distinguish-
ing the functions f1 and fo above.

Proof. By Lemma 2.1, it suffices to prove that for any set .S,
the probability that f;(S) # f2(S) is at most n=“(1). For
the two functions above, Pr[f1(S) # f2(S)] is maximized
for sets .S of size «. And for a set S with |S| = «, f1(S) #
f2(S) if and only if 3 + |S N R| < |S], or, equivalently,
|SNR| > (. So we analyze the probability that |[SNR| > 3.

R is a random subset of V' of size a.. Let us consider a
different set, R’, which is obtained by independently includ-
ing each element of V' with probability «/n. The expected
size of R’ is «, and the probability that | R'| = « is at least
1/(n 4+ 1). Then

Pr{|SNR| > f] Pr{|SNR|>p3||R|=qa]

(n+1)-Pr[|SNR|>p],
and it suffices to show that Pr[|SNR'| > 8] = n~«),
For this, we use Chernoff bounds [21]. E[|SNR/|] =
alS|/n=a?/n=2%/25and 8 =5-E[|SNR|]. So

2

z_

285 )
> < 0.8517 .

IN

4

Pr[|SNR|> G < (;5

2 = w(Inn), this probability is n~<1). O

Since x
Theorem 4.2 There is no (p,o) bicriteria approximation
algorithm for the SML problem, even with monotone func-

tions, for any p and o with £ = o (,/ﬁ).
4.1 Algorithm for SML

Our relaxed decision procedure for the SML problem
with weights {0, 1} (Algorithm 3) builds up the solution out
of multiple sets that it finds using submodular function min-
imization. If the weight requirement W is larger than half
the total weight w(V'), then collecting sets whose ratio of
function value to weight of new elements is low (less than
2B/W), until a total weight of at least W/2 is collected,
finds the required approximate solution. In the other case,
if W is less than w(V')/2, the algorithm looks for sets T;
with low ratio of function value to the weight of new ele-
ments in the intersection of 7; and a random set S;. These
sets not only have small f(T;)/w(T;) ratio, but also have
bounded function value f(T;). If such a set is found, then it
is added to the solution.

Algorithm 3 SML. Input: V, f,w:V — {0,1}, W, B, p

. Initialize Uy = 0;i = 0
if W > w(V)/2 then
while w(U;) < W/2 do
Let 7; C V minimize f(T) — 22 - w(T \ U;)
if f(T;) > 22 - w(T; \ U;) return fail
else Let UZ+1 U UT;; i=i+1
end while
return U = U;
end if
10: Leta = 2B, /77
while w(U;) < W/2 do
12: Let S; include each v € V' \ U; with prob. %
13: Let 7; C V minimize f(T) — « - w(Tﬂ S;)

14: if /(T;) < oa-w(T;NS;)and f(T;) < 4B/
15: then Let U, =U; UT;; z—z+1

o . 5/2 .
16: if iterations exceed 3"C In ( ﬁ) , return fail

> caseWZT)

R A A o e

> case W < w(v)

—
—_

17: end while
18: return U = U;

Theorem 4.3 Algorithm 3 is a (5+/ h:tw 5) bicriteria deci-
sion procedure for the SML problem. That is, given a feasi-
ble instance, it outputs a set U with f(U) < 5,/ B and

w(U) > W/2 with probability at least p

Proof. Assume that the instance is feasible, and let U* C V'
be a set with w(U*) > W and f(U*) < B. We consider
two cases, W > w(V)/2 and W < w(V)/2, which the
algorithm handles separately.



First, assume that W > w(V")/2 and consider one of the
iterations of the while loop on line 3. By the loop condition,
w(U;) < W/2,s0 w(U*\ U;) > W/2. As aresult, for the
set U™, the expression on line 4 is negative:

. QB
JU) - 35 -
Then for the set T; which minimizes this expression, it
would also be negative, implying that w(T; \ U;) is posi-
tive, and so w(U;) increases in each iteration. As a result, if
the instance is feasible, then after at most n iterations of the
loop on line 3, a set U is found with w(U) > W/2. For the
function value, we have

<Zf

by our assumption about .

The second case is W < w(V')/2. Assuming Claim 4.4
below, whose proof is omitted, we show that in each itera-
tion of the while loop on line 11, with probability at least
a new non-empty set 7; is added to U. This implies

wU\U;) < f(U) =B < 0.

c
3713/2 >

that after 3” ’1n (1—
g

terminates w1th probability at least p.

) iterations, the loop successfully

Claim 4.4 In each iteration of the loop on line 11 of Algo-
rithm 3, the following hold with probability at least 55

w(U*NS;) > g and w(U*NS;) <15W. (2)

We show that if inequalities (2) hold, then the set T;
found by the algorithm on line 13 is non-empty and satisfies
the conditions on line 14, which means that new elements
are added to U. Since T; is a minimizer of the expression
on line 13, and using (2),

f) —a-wTNnS;) < f(U)—a-wlU*NS;) <0

which means that 7T satisfies the first condition on line 14
and is non-empty. Moreover, from the same inequality and
the second part of (2) we have

f(T) < fU)+a- (w(TinS:) —wlU*NS;))

< B+a-wlU*NS;) < B+1.5aW < 4B ln
n

so T; also satisfies the second condition on line 14.

Now we analyze the function value of the set output by
the algorithm. Let T; be the last set added to U by the while
loop, and consider the set U; just before T; is added to it
to produce U; ;1. By the loop condition, we have w(U;) <
W /2. Then, by submodularity and condition on line 14,

f(Us)
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So for the set U that the algorithm outputs, f(U) < f(U;)+
f(T;) < 5B,/{%. And by the exiting condition of the
while loop, w(U) > W/2. O

5 Submodular load balancing

For the lower bound, we give two monotone submodular
functions that are hard to distinguish, but whose values of
SLB optimal solutions differ by a large factor:

h(S) =
fa(S) =

min (5], «),
min (Zmin B, 1SN Vi), a) .

Here {V;} is arandom (unknown to the algorithm) partition

of V into m equal sized sets. We set m = M ==

L with any x satisfying 2% = w(ln n)

Lemma 5.1 Any algorithm that makes a polynomial num-
ber of oracle queries has probability n=*"V) of distinguish-
ing the functions f1 and fo above.

Theorem 5.2 The SLB problem is hard to approximate to a

factor of o (,/ﬁ).

5.1 Algorithms for SLB

We note that the technique of Svitkina and Tardos [29]
used for min-max multiway cut can be applied to the non-
uniform SLB problem to obtain an O(y/nlogn) approxi-
mation algorithm, using the approximation algorithm for
the SML problem presented in Section 4 as a subroutine.
In this section we present two algorithms, with improved
approximation ratios, for the uniform SLB problem. We
begin by presenting a very simple algorithm that gives a
min(m, [ 22]) = O(y/n) approximation. Then we give a
more complex algorithm that improves the approximation
ratio to O (1/ ﬁ) thus matching the lower bound. Our
first algorithm simply partitions the elements into m sets of
roughly equal size.

Theorem 5.3 The algorithm that partitions the elements
into m arbitrary sets of size at most [%] each is a
min(m, [%D approximation for the SLB problem.

Proof. Let {U7,...,U} } denote the optimal solution with
value B, and let A be the value of the solution {51, ..., S, }
found by the algorithm. We exhibit two lower bounds on B
and two upper bounds on A, and then establish the approx-
imation ratio by comparing these bounds. For the lower
bounds on B, we claim that B > maxjev f({j}) and
B > f(V)/m. For the first one, let j be the element



maximizing f({j}), and let U; be the set in the optimal
solution that contains j. Then B > f(UF) > f({s})
by monotonicity. For the second bound, by submodular-
ity we have that f(V) < . f(U7) < mB. To bound
A, we notice that A < f(V') (by monotonicity), and that
A< [“i max;ev f({j}), since each set S; contains at

):
most [ 2| elements, and f(S;) < -, f({j}). Compar-
ing with the lower bounds on B, we get the result. (]

Algorithm 4 SLB. Input: V,m > /1, f, B, p

1: ifforany v € V, f({v}) > B, return fail

2: Let« = Bm/v/nlnn; Initialize V' =V, i =0

3: while [V'| > m,/{ do

4: Let S include each v € V” indep. with prob. m\v'\

5. if S| <27 then

6: Let 7' C S minimize f(T) — « - |T|

7: if f(T)—«a-|T| <0

8: then Set 7, =T; i=i+1; V' =V'\T

9: end if

10: if iterations exceed % ln(ﬁ), return fail

11: end while

12: Let 7 be collection of sets T; produced by while loop

13: Partition 7 into m groups 7i,...,7,,, such that
Suner, ITil < 32 for each T

14: Let Uy, ..., Up, be any partition of V/ with each set of

size at most Vion

15: For each j € {1
t6: return {V4,...,V;,,}

am} etV =U; UUp ez T

For the more complex Algorithm 4, we assume that
m > 1/&, because for lower values of m the above
simple algorithm gives the desired approximation. Also,
the simple algorithm has better guarantee for all n < e'©
so when analyzing Algorithm 4, we can assume that n is
sufficiently large for certain inequalities to hold, such as
In®n < n. The algorithm finds small disjoint sets of ele-
ments that have low ratio of function value to size. Once a
sufficient number of elements is grouped into such low-ratio
sets, these sets are combined to form m final sets of the par-
tition, while adding a few remaining elements. These final
sets have roughly n/m elements each, so using submodu-
larity and the low ratio property, we can bound the function
value for each set in the partition.

First we describe how some of the steps of algorithm
work. The loop condition |V’ > m, /% and our assump-
tions m > /1 and In®n <n 1mply that the probability
mIV’I (used on line 4) is less than one. The partition on
line 14 can be found because at this point, the size of V'
is at most m,/.%-. For the partitioning done on line 13,
we note that since each T; is a subset of a sample set S
with |S| < 2n/m, it holds that |T;| < 2n/m. Also, the

total number of elements contained in all sets 7; is at most
n (since they are disjoint). So a simple greedy procedure
that adds the sets 7; to 7; in arbitrary order, until the total
number of elements is at least n/m, will produce at most m
groups, each with at most 3n/m elements.

Theorem 5.4 If given a feasible instance of the SLB prob-
lem, Algorithm 4 outputs a solution of value at most
4/ 55 - B with probability at least p.

Proof. By monotonicity of f, the algorithm exits on line 1
only if the instance is infeasible. Assume that the instance
is feasible and let {U7, ..., U} } denote the solution with
max; f(U;) < B. We con51der one iteration of the while
loop and show that with probability at least 5~ it finds a set
T C S satisfying f(T) — o - |T'| < 0. Then the probability
that the size of V" is reduced to m /= after 22~ ln(
iterations is at least p.

Assume, without loss of generality, that U} is the set
that maximizes |U} N V' for this iteration of the loop. If
we let n/ = |V’|, then |Uy N V’| > n'/m. Suppose the
sample S found by the algorithm has size at most 2n/m,
and let t = |U; N S| denote the size of the overlap of S
and U;. By monotonicity of the function f, we know that
fUFNS) < f(Uf) < B. Since the algorithm finds a set
T C S minimizing f(T') — «|T|, we know that the value of
this expression for 7" is at most that for Uy N S:

lp)

Bmit
\/nlnn.

In order to have f(T) — a|T| < 0, we need ¢ > ¥2lnn,
But the probability that both ¢ > ¥2I0% and || < 2n/m
is at least 5~ (proof omitted).

This estabhshes that on feasible instances, the algorithm
successfully terminates with probability at least p. Let us
now consider the function value on any of the sets V; output
by the algorithm. By submodularity,

< > e+ > AT

veUj T;€T;

f(T)—aT) < fUFNS)—alUyNS| < B—

For each T; we know that f(T;) < «-|T;|, and by the check
performed on line 1, we have f({v}) < B foreachv € V.
Using this and the bounds on set sizes,

f(vj)
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6 Learning submodular functions

We present a lower bound for the problem of learning
submodular functions, which holds even for the special case
of monotone functions. We use the same functions (1) as for
the SML lower bound, observing that they are monotone.

Theorem 6.1 Any algorithm that makes a polynomial num-
ber of oracle queries cannot approximate the problem
of learning monotone submodular functions to a factor

o (V)
6.1 Learning monotone 2P functions

Recall that a 2P function is one for which there is a set
R C V such that the function value f(S) depends only on
|S N R| and |S N R|. Our algorithm for learning monotone
2P functions (Algorithm 5) uses the following observation.

Lemma 6.2 Given two sets S and T such that |S| = |T),
but f(S) # f(T), a 2P function can be learned exactly
using a polynomial number of oracle queries.

Proof. This is done by inferring what the set R is. Using S
and 7', we find two sets which differ by exactly one element
and have different function values. Fix an ordering of the
elements of S, {s1, ..., s;}, and an ordering of elements of
T, {t1,...,tr}, such that the elements of S N T appear last
in both orderings, and in the same sequence. Let Sy = S,
and S; be the set S with the first ¢ elements replaced by
the first ¢ elements of T: S; = {t1,....t5, Sit1y e Sk }-
Evaluate f on each of the sets S; in order, until the first
time that f(S;—1) # f(Si). Such an ¢ must exist since
Sk = T, and by assumption f(T) # f(S). Let U =
{tl,...,ti,1,8i+1, ...,Sk}, so that Si,1 =Uu {81} and
S, =UU {ti}.

The fact that f(U U {s;}) # f(U U {¢t;}) tells us that
either s; € R and ¢; ¢ R, or vice versa. Without loss of
generality, we assume the former (since the names of R and
R can be interchanged). Now all elements in V \ U can be
classified as belonging or not belonging to R. In particular,
if for some element j € U, f(U U {j}) = f(U U {s:}),
then j € R; otherwise f(U U {j}) = f(U U {t;}), and
j ¢ R. To test an element u € U, evaluate f(U — {u} +
{si,t;}). This is the set S;_; with element u replaced by
t;. If u € R, then replacing one element from R by another
will have no effect on the function value, and it will be equal
to f(S;—1). If u € R, the we have replaced an element from
R by an element from R, and we know that this changes the
function value to f(S;). So all elements of V' can be tested
for their membership in R, and then all function values can
be learned by querying sets W C V' with all possible values
of W N R| and [W N R|. O

Algorithm 5 Learning monotone 2P function. Input: V, f, p

1: Query values of f((), f(V'),and f({j}) foreachj € V
2: For each i € {2,...,n — 1}, independently generate

nt%1n (14?"]7 random sets by including each element of

V into each set with probability . Query the function
value for each of these sets.

3: If the previous two steps produce any two sets S; and
Sa with |S1] = |Sa| and f(S1) # f(S2), then learn the
function exactly, as described in Lemma 6.2.

4: Else, let 7 € V be an arbitrary element, and output

f@ if S=0
f{i}) if1<[8]<2yn

1% .
Lo it s >2vm

f(S) =

Theorem 6.3 With probability at least p, the function f re-
turned by Algorithm 5 satisfies f(S) < f(S) < 2v/n- f(5)
forall sets S CV.

Proof. If the algorithm finds two sets S and S5 such that
|S1] = |S2| and f(S1) # f(S2) during the sampling stage
(steps 1 and 2), then the correctness of the output is implied
by Lemma 6.2. If it does not find such sets, then it out-
puts the function f shown in step 4. It obviously satisfies
the inequality for the case that S = (). For the case that
1 < |S] < 24/n, we observe that if the algorithm reaches
step 4, it must be that the value of f is identical for all
singleton sets, i.e. f({j}) = f({j’}) for all j,5' € V.
Now, f(S) > f({j}) = f(S) by monotonicity. Also,
by submodularity, f(S) < 32;cq f({7}) = |S]- f(5) <
2/n - f(S), establishing the correctness for the case that
|S] < 24/n. For the last case, |S| > 24/n, the inequality
F(S) < f(V) =2y/n - f(S) follows by monotonicity. For
the other one, f(S) < f(S), we need an additional nontriv-
ial lemma.

Since the 2P function f(.S) depends only on two values,
|SN R|and |SN R|, let us denote by f(k, 1) the value of the
function f on aset S with [SNR| = kand [SNR| = . We
say that such a set S corresponds to the pair (k,[). We as-
sume that 0 < |R| < m, because if |[R| = 0 or |R| = n,
then f(S) is a function that depends only on |S|, and it
equally well can be represented as a 2P function with any
other set R. Furthermore, we assume without loss of gener-
ality that |R| < |R| (otherwise interchange R and R), and
let K = |R| and L = |R| (which are not known to the
algorithm).

Lemma 6.4 For any k and any I, f(k,0) > 2 f(V) and
F0,0) > 55 f(V).

Using this lemma to finish the proof, let k = |S N R|
and I = |S N R|. By monotonicity, f(S) > f(k,0) and



f(S) > f(0,1). Moreover, since |S| = k+1 > 2y/n,
we have max(k,l) > +/n. So, using Lemma 6.4,

£(8) > 2kl vy > L00 = f(9). 0

The proof of Lemma 6.4 is involved, and we sketch the
main ideas here. We call a pair (k,l) balanced if k/l is
close to K/L. Then, with significant probability, the al-
gorithm samples sets corresponding to all balanced pairs.
Since the algorithm checks for sets of the same size with
different function values, we can assume that if it proceeds
to step 4, then for sets S corresponding to balanced pairs,
f(S) is a function F' that depends only on |.S|. We use sub-
modularity to show that ' is concave. Then we decompose
f(k,0)as Zle [f(%,0)— f(¢—1,0)] and lower-bound each
term in this sum separately by comparing it to an increment
f(i,4) — f(i —1,7) for some j with (i, j) balanced. Then,
using concavity of F', we lower-bound their sum.
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