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Abstract

We consider the following channel assignment problem arising in wireless networks. We are given a graph
G = (V, E), and the number of wireless cards for all v, which limit the number of colors that edges incident
to v can use. We also have the total number of chanfiglgwailable in the network. For a pair of edges incident
to a vertex, they are said to lenflictingif the colors assigned to them are the same. Our goal is to color edges
(assign channels) so that the number of conflicts is minimized. We first consider the homogeneous network where
C, = kandCg > C, for all nodesv. The problem is NP-hard by a reduction frord& coOLORINGand we
present two combinatorial algorithms for this case. The first algorithm is a distributed greedy method, which
gives a solution with at mogtl — %)|E\ more conflicts than the optimal solution. We also present an algorithm
yielding at mostV’| more conflicts than the optimal solution. The algorithm generalizes Vizing’s algorithm in
the sense that it gives the same result as Vizing's algorithm vihen A + 1. Moreover, we show that this
approximation result is best possible unldds= NP. For the case wher€, = 1 or k, we show that the
problem is NP-hard even whefi, = 1 or 2, andCs = 2, and present two algorithms. The first algorithm is
completely combinatorial and produces a solution with at ni@st +)OPT + (1 — 1)|E| conflicts. We also
develop an SDP-based algorithm, producing a solution with at lmd220 PT + 0.122|E| conflicts fork = 2,
and(2 — ©(B2)OPT + (1 — ©('2£))|E| conflicts in general.

1 Introduction

We consider a channel assignment problem arising in multi-channel wireless networks. In wireless networks nearby
nodesinterferewith each other and cannot simultaneously transmit over the same wireless channel. One way to
overcome this limitation is to assign independent channels (that can be used without interference) to nearby links of
the network. Consider the example shown in Figure 1. When all links use the same channel, only one pair of nodes
may communicate with each other at a time due to conflicts. However, if there are three channels available and eact
node has two wireless interface cards (so it can use two channels), then we may assign a different channel to eacl
link to avoid conflicts among edges in this channel assignment. Channel assignment to utilize multiple channels
have recently been studied by many researchers in networking community [1, 2, 3, 4].

We informally define the SFT EDGE COLORINGproblem as follows. We are given a gragh= (V, E), and
constraints on the number of wireless cafgjsfor all v, which limit the number of colors that edges incidentto
can use. In addition, we have a constraint on the total number of channels available in the network (detie)ed as
For a pair of edges incident to a vertex, they are said todmdlictingif the colors assigned to them are the same.

Our goal is to color edges (assign channels) so that the number of conflicts is minimized while satisfying constraints
on the number of colors that can be used.

SOFT EDGE COLORINGiIS a variant of the BGE COLORING problem. In our problem, coloring need not be
proper (two adjacent edges are allowed to use the same color)—the goal is to minimize the number of such conflicts.
In addition, each node has its local color constraint, which limits the number of colors that can be used by the edges
incident to the node. For example, if a node has two wireless céakds=(2), the node can choose two colors and
edges incident to the node should use only those two colors.
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Figure 1:Each node has two wireless interface cards (thus can use two different channels) and three channels are available in
total. We can assign a distinct channel to each link as shown above so that there is no conflict among edges.

Our results.  We briefly summarize our results. We first consider the homogeneous network @hetek and
Cg > C, for all nodesv. For an arbitrary, the problem is NP-hard by a reduction frord& COLORING We
present two combinatorial algorithms for this case. The first algorithm is a simple greedy method, which gives a
solution with at mos{1 — +)|E| more conflicts than the optimal solution; furthermore, it can be computed in a
distributed fashion. We also present an algorithm yielding at rfiéstmore conflicts than the optimal solution.
The algorithm generalizes Vizing’s algorithm in the sense that it gives the same resulkwheh + 1. In fact,
our algorithm gives an optimal solution whép mod k£ = k£ — 1 for all verticesv. Moreover, we show that this
approximation result is best possible unléss- N P.

In a heterogeneous network, we consider the case where each naddnave differenf’, = 1 or k. We show
that the problem is NP-hard even whép = 1 or 2, andC¢ = 2, and present two algorithms for this case. The first
algorithm is completely combinatorial and produces a solution with at f@est )OPT + (1 — 1 )| E| conflicts. We
also develop an SDP-based algorithm, producing a solution with atim@®0 PT + 0.122| E| conflicts fork = 2,
and(2 — @(%))OPT +(1- @(%))|E| conflicts in general (slightly better than the combinatorial algorithm).

Relationship to MIN K-PARTITION and MAX K-cuT. The MIN K-PARTITION problem is the dual of Mx
K-cuT problem where we color vertices wikhdifferent colors so that the total number of conflicts (monochromatic
edges) is minimized. Our problem for the homogeneous network Whes C, = k for all v is an edge coloring
version of MN k-PARITION problent. Kannet al. [5] showed that fork > 2 and for everye > 0, there exists
a constant such that the MN k-PARTITION cannot be approximated withim|V'|?~¢ unlessP = NP. In our
problem wherC,, = k for all v, we have an approximation algorithm with additive term16f.

For the case whefY, = 1 or k, we use a SDP formulation similar to one used forMK-cuT and utilize
the upperbounds obtained in [13]. To obtai(2a- @(%))—approximation, we compare the upperbounds with two
lowerbounds — one based on necessary interference at a vertex determined by its degree, and one given by the SD
relaxation.

Other Related Work. Fitzpatrick and Meertens [6] have considered a variant of graph coloring problem (called
the SOFT GRAPH COLORINGproblem) where the objective is to develop a distributed algorithm for coloring vertices

so that the number of conflicts is minimized. The algorithm repeatedly recolors vertices to quickly reduce the
conflicts to an acceptable level. They have studied experimental performance for regular graphs but no theoretical
analysis has been provided. Damaschke [7] presented a distributed soft coloring algorithm for special cases such
as paths and grids, and provided the analysis on the number of conflicts as a function of ltinparticular, the

conflict density on the path is given é51/t) when two colors are used, where the conflict density is the number

of conflicts divided by E|.

In the traditional edge coloring problem, the goal is to find the minimum number of colors required to have a
proper edge coloring. The problemMéP-hard even for cubic graphs [8]. For a simple graph, a solution using at
mostA+1 colors can be found by Vizing's theorem [9] whekds the maximum degree of a node. For multigraphs,
there is an approximation algorithm which uses at makt’ + 0.8 colors wherey’ is the optimal number of colors
required [10] (the additive term was improvedd by Capraraet al.[11]).

I0Or it can be considered asINl k-PARTITION problem when the given graph is a line graph where the line graghtuis a vertex corresponding to each
edge ofG, and there is an edge between two vertices in the line graph if the corresponding edges are incident on a commogrvertex in



1.1 Problem definition We are given a grapty = (V, E) wherev € V is a node in a wireless network and an
edgee = (u,v) € E represents a communication link betweeandv. Each node can use’, different channels
and the total number of channels that can be used in the netwdrk.isMore formally, letE(v) be the edges
incident tov andc(e) be the color assigned to Then| U.c g, c(e)| < Cy and|Ucg c(e)| < Ce.

A pair of edges; ande, in E(v) are said to be conflicting if the two edges use the same color. Let us define
theconflict numbefC F.) of an edge: € E to be the number of other edges that conflict wittin other words, for
an edge: = (u,v), CF, is the number of edges (other thaitself) in E(u) | E(v) that use the same channeleas
Our goal is to minimize the total number of conflicts. That is,

1
CFg = 3 ;ECF (1.1)

In the remainder of this paper, we meamannelsby colors and use edge coloring and channel assignment,
interchangeably. We also use conflicts and interferences interchangeably.

2 Algorithms for Homogeneous Networks

In this section, we consider the case for a homogeneous network where for alkndidesiumber of channels that
can be used is the sam@ = k). For an arbitrary, the problem is NP-hard as the edge coloring problem can be
reduced to our problem by settilig= Cs = A whereA is the maximum degree of nodes.

2.1 Greedy Algorithm We first present and analyze a greedy algorithm for this problem. The algorithm works
as follows: We choose colors frof, ..., k} (We only usek colors even whei@'; > k and the approximation
ratio of our algorithm remains the same regardless of the valdé;of For any uncolored edge = (u,v), we
choose a color for edgethat introduces the smallest number of conflicts. More formally, when we assign a color
to e = (u,v), we count the number of edges B(u) |J E(v) that are already colored with(denoted as:(c, €)),

and choose colar with the smallest:(c, e).

THEOREM 2.1. The total number of conflicts by the greedy algorithm in homogeneous networks is at most

1 1
Fo=- F. <OPTH+ (1 - —)|E|. 2.2
CFs=3 ) CR.<OPT+(1-pIE] (2.2)

Theorem 2.1 directly follows from Lemma 2.1 and 2.2. The proofs are included in Appendix.

LEMMA 2.1. The total number of conflicts wheh, = k for all nodev is at least; 3, % —|E|.

LEMMA 2.2. The total number of conflicts introduced by Algorithm 1 is at n%o@v % — %

Note that the algorithm can be performed in a distributed manner and each node needs only local information.
We can also consider a simple randomized algorithm, in which each edge chooses its color uniformly at random
from{1,...,k}. The algorithm gives the same expected approximation guarantee and it can be easily derandomized
using conditional expectations. The following corollary of Lemma 2.1 will be used to prove approximation factors
for heterogenous networks.

COROLLARY 2.1. Given an optimal solution, l&D PT'(S) (S C V') be the number of conflicts at verticesSrand
|E(S)| beY,cs %. Thenwe havOPT(S) > L ¥ o & — |E(9)).
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Figure 2:The figures illustrate how recoloring is performed iRlBRNCED COLORING. The colors beside edges indicate the
original color and the color after recoloring.

2.2 Improved Algorithm In this section, we give an algorithm with additive approximation factod@f Our
algorithm is a generalization of Vizing’s algorithm in the sense that it gives the same result as Vizing’s algorithm
whenk = A + 1 whereA is the maximum degree of nodes. We first define some notations. For eachwdetex

my = L%ﬂj anda, = d, — myk. Let|E;(v)| be the size of the color class of coloat vertexv i.e. the number of
edges adjacent tothat have colok.

DEFINITION 2.1. A colori is calledstrongon a vertexv if |E;(v)| = my + 1. A colori is called weak onv if
|Ei(v)| = my . Acoloriis called very weak on if |E;(v)| < mg.

DEFINITION 2.2. A vertexv has abalancecaoloring if the number of strong classeswais at mostmin(a, + 1, k —
1) and no color class iE(v) is larger thanmy, + 1. A graphG = (V, E') has a balanced coloring if each vertex
v € V has a balanced coloring.

In the following we present an algorithm that achieves a balanced coloring for a given @raph(V, E); we

show in Theorem 2.3 that a balanced coloring implies an additive approximation fa¢tgrinfterms of number of
conflicts. In Algorithm BALANCED COLORING(e) described below, we color edgeso that the graph has a balanced
coloring (which may require the recoloring of already colored edges to maintain the balanced coloring), assuming
that it had a balanced coloring before coloringWe perform B\LANACED COLORING for all edges in arbitrary

order. The following terms are used in the algorithm description]$.dtdenote the number of strong color classes

at vertexw.

DEFINITION 2.3. For vertexv € V with |S,| < min(a, + 1,k — 1) or with |S,| = k& — 1, 7 is a missing color if
is weak or very weak on. For vertexv € V with |S,| = a,, + 1, 7 is @ missing color if is very weak on

DEFINITION 2.4. Anab-pathbetween verticeg andv wherea andb are colors, is a path connectingandv and
has the following properties:

e Edges in the path have alternating colersindb.

e Lete; = (u,w;) be the first edge on that path and suppesés coloreda, thenu must be missing and not
missinga.

e If v is reached by an edge colorédhenv must be missing but not missing, otherwise ifv is reached by
an edge colored thenv must be missing and not missing.

DEFINITION 2.5. A flipping of anab-path is a recoloring of the edges on the path such that edges previously with
color a will be recolored with colob and vice versa.

Algorithm BALANCEDCOLORING(e = (v, w))
Letw; = w. Ati-thround ¢ = 1,2,...), we do the following.



STEP 1:LetC, be the set of missing colors en If i = 1, C,, is the set of missing colors am;. Wheni > 2, C,,

is the set of missing colors an; minusc,,, ,. (cu,_, is defined in STEP 2 gt — 1)-th round). IfC, N C,,, # 0,
then choose colat € C, N C,,, color edggv, w;) with a and terminate.

STEP 2if C, N Cy, = 0, choose:, € C, andc,, € Cy,. Find ac,c,,-path that starts at; and does not end at

If such a path exists, flip this path, color edgew;) with ¢, and terminate.

STEP 3if all ¢,¢y,-paths that start at vertey; end atv, fix one path and lefv, w; 1) be the last edge on that path.
The edggv, w;+1) must have coloe,,,. Uncolor it and color edgév, w;) with ¢,,,. Mark edge(v, w;) as used and
repeat the above steps with edgew; 1) (go to(i + 1)-th round).

Analysis In the following, we prove that our algorithm terminates and achieves a balanced coloring. First we
prove that we can always find a missing color at each round (Lemma 2.3 and 2.4) and at somg <odpdthe
algorithm terminates (Lemma 2.5). Due to the choice of missing colorsiapdth, we can show that our algorithm
gives a balanced coloring (Lemma 2.6 and 2.7).

LEMMA 2.3. For the given edgév, w; ), there is a missing color atandw;. That is,C, # () andC,,, # 0.

Proof. When|S,| < min(a, + 1,k — 1) or|S,| = k — 1, there must be at least one weak color, which is a missing
color. If|S,| = «, + 1 then we can show that the remainikg- ., — 1 color classes cannot be all weak (i.e. having
sizem,,). Note thatd, = m,k + «,, S0 if there arey, + 1 strong color classes and the remaining color classes have
all exactly sizen, then the number of edgesaats strictly larger thanil,,, which is not possible. So there must be a
very weak class of which size is strictly less thag. O

Forw;, ¢ > 2, we need to choose a missing colorgtother thanc,,, ,. We prove in the following lemma, that
there is a missing color other thap, ,.

LEMMA 2.4. Ati-th round ¢ > 2), there is a missing color other than,, , atw;.

Proof. Note first that,,, , was nota missing color at; in (i —1)-th round since otherwise we should have stopped
at STEP 2. Consider the case that , was a strong color iti — 1)-th round. As it is not possible that allcolors

are strong, there must be a weak (or very weak) colother thanc,,, , in (¢ — 1)-th round. After uncoloring
(u, w;), the number of strong color classes will be reduced and we now|8ave min(«,, + 1,k — 1). Thencis
missing atw; in i-th round.

For the case that,, , was a weak color i — 1)-th round,|S,| = o, + 1 in (i — 1)-th round (otherwises,, ,
should have been a missing color). After uncoloringw;), S, remains the same bu},._, is a very weak color.
We need to show that there is a very weak color other than . The number of edges that have weak or very weak
colorsis at mostd, — 1) — (a, + 1)(my+ 1) = (k — ay — 1)my — 2 = (k — ay — 3)my, + 2(my, — 1). Therefore,
there must be at least one very weak color other than, . 0

LEMMA 2.5. At some round < d, there exists a,c,,;-path starting atv; and not ending ab.

Proof. At some roundj, if the algorithm does not terminate at Step 1 of some raurd j, the colors are going
to run out (i.e. the missing coley,, is the same as colet,,,i < j and all edgesv, w;) with color c,,, have been
already used by the algorithm). We show that there isjag,-path connecting andw; (thus the algorithm has
to terminate at Step 2). Suppose that there exists:@ -path P connectingv andw;, v is missing colorc, and
not missing colok,,,, Sov must be reached on an edge colotgd Lete = (v, w;) be the edge irP adjacent to

v. Since we used in the algorithm all edges with calgy, then edggv, w;) must have been already used by the
algorithm. Now rewind the algorithm to the point where w;) was uncoloredy; is missingc,,, and not missing
¢y, SO If P exists there must be alsocgc,,,-path connectingv; andw;. This contradicts that at round< j we
could not find such path. O



LEMMA 2.6. A flipping of anab-path in a graph with balanced coloring will not violate the balanced coloring.

Proof. Suppose anb-path runs fromu to v. Suppose: is missing colob and not missing colot. Lete = (u, wy)

be the first edge of that path, so it is coloreddoyFlipping theab-path will recolore with color b, but sinceb was

missing onu the color class$E;(v)| will not exceedn,, + 1, and also the number of strong classes will not become
larger thanmin(«,, + 1, £ — 1) as we made colat missing onu. The same argument works foibut with possibly

b anda interchanged in the argument. For internal vertices on the path nothing changes as the number of edges
coloreda andb stays the same. O

LEMMA 2.7. Letv be a vertex that has a balanced coloring. lee€ E(v) be uncolored and let be a missing
color onwv. Coloring e with ¢ will not violate a balanced coloring at.

Proof. Suppose that at a vertex |.S,| < min(«, + 1,k — 1). Then the number of strong color classes as
strictly less thanv,, + 1 and coloring edge with 7 will not violate a balanced coloring atas|S, | will not exceed
min(ay, + 1,k — 1) and E;(v) will not exceedm,, + 1 (i is missing orw). Suppose at a vertex |S,| = a, + 1,
then we show in Lemma 2.3 and 2.4 that there must be a very weak color class|¥/henk — 1, the remaining
color is very weak as one edge is not colored. Thus colaringth i will not make E;(v) a strong color class and
the number of strong color classes remains the same. So the balanced colonmy abt be violated. O

THEOREM 2.2. The above algorithm terminates and achieves a balanced coloring.

Proof. In Lemma 2.5 we show that at some rouidl < j < d,), if we do not terminate at Step 1 of the algorithm
then there will be &, c,,,-path P starting atw; and not ending at. Now, if for somei, (1 < < j),C, N Cy, # 0
then vertices» andw; are missing the same coley. By Lemma 2.7, coloring edg@, w;) with color ¢, will not
violate a balanced coloring ator atw;, hence the algorithm terminates at Step 1 with a balanced coloring.for
If Vi, i < j,CNC,y,, = 0 we show that the algorithm terminates at Step 2 of rofinéls mentioned above, at round
J there will be ac,c,,;-path P starting atw; and not ending at. On this path, the edge adjacentutg is colored
with ¢, sincew; is missinge,,; and not missing;,. Note that flipping pathP will recolor this edge with coloe,,,
making colore, missing onw;. Furthermore, by Lemma 2.6, flipping will not violate the balanced coloring at
any vertex inP. Thusc, is now missing av andw; and as in Step 1 we can now color edgew;) with color ¢,
without violating a balanced coloring abr w;. So the algorithm terminates at Step 2 with a balanced coloring.

THEOREM 2.3. A balanced coloring of a graph achievesia| additive approximation factor

Proof. We have shown an algorithm that colors the edges of a giagh(V, E) such that the coloring is balanced
at each vertex. Here we show that the algorithm introduces at each veft&kone more conflict than the optimal
solution. At each vertex suppose there is an ordering on the size of the color classes, 1 being a strong class and
k being the weakest class. Note that at a vettethe number of conflicts is minimized when the number of strong
classes isy,, and the remaining colors are weak. As the number of strong classes achieved by our algorithm is at
mosta,, + 1, the firsta,, classes introduce the same number of conflicts in both the optimal and our solution.
The (o, + 1)* color class in a balanced coloring which is strong, exceeds the corresponding color (3% in
(which is necessarily weak) by 1. Then the additional number of confligt&is, + 1)m, — $m,(m, — 1) = m, .

Now if there is an additional edge in tife,, + 1) color class in a balanced coloring then there must be an
additional edge in some color classy, +1 < i < kin OPT i.e. some color classis weak inO PT but very weak
in our balanced coloring. The number of additional conflict&&T in i is 1m, (m, — 1) — 1 (m, — 1)(m, —2) =
m, — 1. S0, finally the additional number of conflicts introduced by the balanced algorithat isach vertex. Thus
the approximation factor ig/|. 0

COROLLARY 2.2. Whena,, = k — 1 for all v, the algorithm gives an optimal solution.



Proof. Note that the balanced coloring gives exadtly- 1 strong color classes and one weak color class when
o, = k — 1, which is the optimal. O

We can show that the approximation ratio given by the algorithm is best possible ihles®’ P. The proof is
included in Appendix A.3.

THEOREM 2.4. Itis NP-hard to approximate the channel assignment problem in homogeneous networks within an
additive term ob(|V|'~¢), given a constant.

3 Networks whereC, =1or k

In this section, we present two algorithms for networks With= 1 or k and analyze the approximation factors of

the algorithms. The case whefg = 1 or k is interesting since (i) it reflects a realistic setting, in which most of
mobile stations are equipped with one wireless card and nodes with multiple wireless cards are placed in strategic
places to increase the capacity of networks. (ii) as shown in Theorem 3.1, the problem is NP-hard ev@p when

or 2. (The proofis in Appendix A.4.)

THEOREM 3.1. The channel assignment problem to minimize the number of conflicts is NP-hard evefiywadn
or2,andCqg = 2.

3.1 Extended Greedy Algorithm We first present an extended greedy algorithm wlkgn= 1 or k, and
Ce > C,,. The approximation factor is-% Even though the algorithm based on SDP (semi-definite programming)
gives a slightly better approximation factor (see Section 3.2), the greedy approach gives a simple combinatorial
algorithm. The algorithm generalizes the idea of the greedy algorithm for homogeneous networks. In this case, an
edge cannot choose its color locally since the color choice of an edge can affect colors for other edges to obey color
constraints.
Before describing the algorithm, we define some notationsVL&t V' be the set of nodeswith C, = i (i.e.,
we havel; andV}). V; consists of connected clustérg, V2, ... Vi, such that nodes, v € V; belong to the same
cluster if and only if there is a path composed of nodegionly. (See Figure 6 in Appendix for example.) Lt
be a set of edges both of which endpoints ar&in We also defineB: to be a set of edges whose one endpoint is
in Vi and the other is ifV;,. We can think ofB; as a set of edges in the boundary of clustér Note that all edges
in E% |J Bt should have the same coldt, is a set of edges both of which endpoints ar&jin £, is defined to be
U; Ei.
In the greedy algorithm for homogeneous networks, each edge greedily chooses a color so that the number of
interferences it creates (locally) is minimized. Similarly, wi&n= 1 or k, edges in the same clustéf choose a
color so that the number of conflicts it creates is minimized. Formally, we choose a:auiibr minimum value of
2 e=(uw)eBi weVy ne(v) wheren,.(v) is the number of edges € E(v) with colorc. Once edges i |J B: for all
i choose their colors, the remaining edges (edges belongifAg)tgreedily choose their colors.
Any edgegu, v) incident to a vertex iv; should use the same color and therefore are conflicting with each other
no matter what algorithm we use. Given an optimal solution, congide&r'(V;) andOPT'(Vy,) whereOPT(S) is
the number of conflicts at vertices f1C V. Similarly, we have” F'(V;) andC F(V},) whereC'F(S) is the number
of conflicts at vertices it C V' in our solution. Then we hav@ PT'(V;,) = CF(V1). Therefore, we only need to
compareO PT' (V) andCF(Vy,).

THEOREM 3.2. The number of conflicts created by the extended greedy algorithinisitat most2—1/k)OPT +
(1—1/k)|E].

Proof. We will simply show that the number of conflicts created by the extended greedy algoriftinisaat most
(2—1/k)OPT (Vi) +(1—=1/k)|E(Vy)| where| E(Vy,)|iS >, v, & asCF (Vi) = OPT(Vy). Foreacke € E\ Ey,



n(e) be the number of conflicts at verticeslWj which are introduced when we assign a channel fbhen the total
number of conflicts aVj is " n(e).

We first consider the number of conflicts created when we assign colors to edgegriecall thatB: is a set
of edges of which endpoints are f andV}, ). For an edge = (u,v) whereu € V{ andv € V;, letd,(e) be
the number of edges if(v) to which a color is assigned before Then when we choose a color &k | B, the
number of conflicts at vertices ¥, with edges not int | J Bt, is at most

ZUGVk ZeeE(v) N B: dy(e)
k

as we choose a color with minimum conflicts.vthase;(v) edges inBj, Je;(v)(e;(v) — 1) additional conflicts
(between edges iB?) are created. For edges i, we use the greedy algorithm presented in Section 2, and

. - - v ZE v dv (6)
therefore, the number of conflicts created when we assign cold?s is at most Sl ei( aAL: :

Summing up all the conflicts,

ZUEVk EBEE(U ( ) Z Zve k( ( )—67;(1)))
Z n(e) < I iz >

e€E\E1

dy (d'ufl) _ Zi(e?(v)_ei(v)) PR 1 1
As for each node, - c g, dv(e) < 5 5 (colors for edges iB} will be determined at the
same time), we have

L ol = 1) T ed0) —ei®)) | S Yoe, (E2(0) — ei(v))
ee%\:Eln(e) < /‘Cgv:k( B - 5 )+ Vi 9
L L= D) 1S Sy () — e(v)
- ivw?““%) 2
N 1% Soen () — ei(v)
= = — =z dy+(1-—) 1_7 d,

< (@2- E)OPT(V@ +(1 - DB

whereO PT'(V},) is the optimal number of conflicts at verticeslip and|E(Vk)| bed ,cv, 5 dv,

The last inequality comes from the fact that bO%'"Evevk 7 — szevk d, (by Corollary 2.1) and
D > e, (€7(v) — ei(v)) are lower bounds on the optimal solution. 0

Note that as in the homogeneous case, we can obtain the same expected approximation guarantee with «
randomized algorithm, i.e., choose a color uniformly at random for each clidst&ote also that the approximation
ratio remains the same for ay; > k. In the following section, we obtain a slightly better approximation factor
using SDP relaxation whefi, = 1 or k andC¢q = k.
3.2 SDP-based algorithmin this subsection, we assume thatlifferent channels are available in the network
and all nodes havk or k wireless cards. We formulate the problem using semidefinite programming. Consider the
following vector programming (VP), which we can convert to an SDP and obtain an optimal solution in polynomial
time. We have am-dimensional unit vectoy, for each edge (m < n).
VP:  min) ) %((k 1Y, Y., + 1) (3.3)
vV e1,e2€E(v)

Yol = 1 (3.4)



Yo, Yo, = 1 ifCy=1, e1,e2 € E(v) (3.5)

Y;l . Y;2 Z m for e1,€e9 € E('U) (36)

We can relate a solution of VP to a channel assignment as follows. Corisideit length vectors inn-
dimensional space such that for any pair of vectgrandv;, the dot product of the vectors +sﬁ (It has been
shown that—ﬁ is the minimum possible value of the maximum of the dot products\adctors [13, 14].) Given
an optimal channel assignment of the problem, we can map each channel to ayeéfotakes the vector that
corresponds to the channel of edgéf C, is one, all edges incident toshould have the same color. The objective
function is exactly the same as the number of conflicts in the given channel assignment ¥ince it,, (e; and
e have the same color), it contributes one to the objective function, and 0 otherwise. Thus the optimal solution of
the VP gives a lower bound of the optimal solution in the channel assignment problem.

The above VP can be converted to a semidefinite programming (SDP) and solved in polynomial time (within any
desired precision) [15, 16, 17, 18, 19], and given a solution for the SDP, we can find a solution to the corresponding
VP, using incomplete Cholesky decomposition [20].

We use the rounding technique used forMUT by Goeman and Williamson [21] whén= 2 and show that
the expected number of interferences in the solution is at ind320 PT + 0.122|E|.Whenk > 2, we obtain the

2(14¢€)Ink k

approximation guarantee ¢ — ;. — === + O(;*457) with additive term of(1 — 2ok q _ (kfl)Q))|E|,
Inlnk

wheree(k) ~

.
Ink)2 . .

When k = 2: (in \/\/e select a random unit vecteyand assign channel one to all edges with » > 0 and channel

two to all other edges.

LEMMA 3.1. [21] For —1 < ¢ < 1, 205t > (] — ¢), wherea > .87856.
THEOREM 3.3. The expected number of total conflicts by our algorithm is at mag2OPT + 0.122|E|.
Proof. See Appendix A.5. O

When k£ > 2:  We use the rounding algorithm for Ak k-cuT whenk > 2 [13]. Given an optimal solution
for VP, we obtain a coloring as follows. We first seléctandom vectors, denoted &= {r1,r2,---,r}. Each
random vector; = (131,72, .. .7in) iS Selected by choosing each compongptindependently at random from a
standard normal distributiol¥ (0, 1). For each edge, assigre to vectorr; if r; is the closest vector to, (i.e., the
vector with the maximum value &f. - ;). Ties are broken arbitrarily.

Let 3;; = Ye, - Ye,. Let P include all pairs of edges ifv(v) for anyv € V.. For a pair(i, j) € P, (i,7) is
included inpP (positive pairsf. P if 3;; > 0 and (i, j) is included innP (negative pairsiZ P if 3;; < 0. We
utilized the following two lemmas from [13].

LEMMA 3.2. [13] For (i) € nP, E[X;j] = § + 2(1 + ) 2E3;; + O(532) wheree(k) ~ % [22]
n 2

LEMMA 3.3. For (i, ) € pP, E[X;;] < £((k — 1)Bij + 1)

J
Proof. As E[X;;] = +((k —1)83;; + 1) wheng;; = 0 and1, andE[X;;] is a convex function if0, 1] [13], we have
the lemma. 0

Note the if we simply compare the lowerbound obtained by SDP and the upperbound given in Lemma 3.2
and 3.3, we cannot obtain a constant factor approximation. However, by carefully combining the lowerbound in
Corollary 2.1, we can obtain a slightly better approximation factor than the greedy algorithm. Weldefing) to
be +|S| for any setS C P. In addition, letalz(S) be¢ 3 ; jyes((k—1)8i;+1). Thatis,Valy(S) is a lowerbound
obtained by SDP relaxation aidul; (S) is a lower bound based on the fact that all edges incident to a vertex can
interfere with each other. As shown in Figure 3, simply combining two lowerbounds gives a 2-approximation. To
prove a better bound than greedy, we first prove the following lemmas.
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Figure 3:The expected number of conflicts#P is bounded by al; (nP) and conflicts inp P is bounded by als (pP).

LEMMA 3.4. The number of conflicts by the algorithm is at m@sts(P) + 6(m 1)+ > 6. j)enp O(ﬁfj)
wheres = — 20tdInk > i 5)enp Bis-
Proof.
> BlXyl = ) ElXyl+ ) BlXy)
(i.j)EP (i.j)€pP (i.j)enP
1 nk
< Y S(k-DBiH)+ Y ( +21+e) Bij + O(B%))
4 k k k
(i,5)€epP (% ,])EnP
nk 1
= Valb(P)+ > ( +21+e)k5ij)— > ~((k=1)Bij +1) + > O
(i,5)eEnP (i,5)enP (i,)enP
k—1
< Valy(P) + 5(7 )+ Y Of (3.7)
2(14+¢)Ink (i.))enP
0
LEMMA 3.5. The number of conflicts by the algorithm is at m%8ﬂ1(P)—5+Val2(P)(1—%)‘FZ(Z'J‘)an O(ﬁfj)
where§ = — 20+dInk > i 5)enp Bis-
Proof. By Lemma 3.2 the number of conflicts of pair of edgea i is at mostaly (nP) — 6 + 3 jyenp O(ﬁfj)

and by Lemma 3.3 the number of conflicts of pair of edgesiis at mostV al; (pP) +
have:

k—1
5 2(ij)epp Bij SO We

Y E[X;] < Vali(nP)—6+Vali(pP) + Z Bij+ Y. O
(i,5)eP (4,7)EpP (i,7)EnP
k—1 .
= Vall(P)—é—i—T SooBig+ > 0B
(i.4)€PP (irj)ENP
< Vali(P) — 6 + Valy(P) 1—7 )+ > O (3.8)
(i,5)EnP
g

THEOREM 3.4. The number of conflicts created by the algorithm is at ri@st ; — (1+€)lnk+0((k g »))OPT+

(1 2ok ko) B, wheree(k) ~ ok

(k— 1 (Ink)?



Proof. By Lemma 3.4 and 3.5 the number of conflicts is upper boundednbyVals(P) + 5(m -
1), Valy(P) = § + Vala(P)(1 = 1)) + Y jyenr O(B%), which is maximized whed = 2L-9E (Vo) (P) —
LValy(P)). Let f(k) = 259% Then the maximum number of conflicts is

k—1
(1— f(k)Valy (P) + (1 — % + fgf) Valy(P) + Zo

Note thatVali (P) < OPT (V) + |E(Vi)| andVala(P) < OPT(Vy). Therefore, the total conflict &f; is at most

1 (k—1f(k
2~ IO + (- SIWIE( + S 0G)
Since 2.2].< = 1)2,we have the theorem. O

4 Discussion

Note that in all of our algorithms the total number of different colors used in the network isirendy”,, rather than

C¢. Although the number of conflicts may be reduced using more colorsithar, (see for example Figure 1),

it is not easy to make sure that each edge has at least one channel which are available at both endpoints in that cas
In fact, it may be possible that the size of the set of common channels is small, which may result in creating more
conflicts. One possible solution is to further improve the solution by recoloring edges with additional colors after
obtaining the solution by the algorithm. It will be an interesting future work to analyze how much we can improve
the performance by such recoloring.

Acknowledgements. The second author would like to thank Nikhil Bansal for useful discussions.
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A Proofs

A.1 Proof of Lemma 2.1 For a nodev, let E(v) be the edges incident to E(v) will be partitioned intok sets
according to colors assigned to edges. Egtv) be a set of edges with colér E(v) = |J; E;(v). Letc(e) be the
color assigned te. Then

1 1
§ZCF€ = 5 Z (’Ec(e)(v)|+|Ec(e)(u)|_2)
e e=(u,v)
= 72 > (|Eeey(v)] = 1)
v ecE(v)

= fZZ\E v)| —1)
= 522“@'(”)\2* |E|

Note that for each node, 3", |E;(v)|? is minimized when the size df;(v) is the same for all colors Therefore,
we have

d, d?

SRz S (k- =Y Bl

A.2 Proof of Lemma 2.2 To upperbound the number of conflicts by the greedy algorithm, consider an edge
e = (u,v). Letn(e) be the number of conflicts thatintroduces when it gets colored. The total number of conflicts
in the final coloring isy_, n(e). Since we choose a color fersuch that it introduces the smallest conflicts in node

u andv, n(e) is at most[MJ whered, (e) andd, (e) are the number of edges that get colobedoree in
E(v) andE(u), respectively. Therefore, the total number of conflicts by the greedy algorithm is:

CFe=Yn(e) < ¥ Ld”@;d“(eh
e e=(u,v)
dy—1
I S b ol

v ecE(v) v

w\H



L ~dy(dy—1) dy
P S e DU D

d; _ |E|

= Z*_f

A.3 Proof of Theorem 2.4 Suppose that we have a simple graph= (V, E). It is known that finding the edge
chromatic numbeyg’(G) of G is NP-hard (the edge chromatic number is the minimum number of colors for edge-
coloring G) [8]. By the Vizing’s theorem [9], the chromatic index of a simple grapls A or A + 1 whereA is

the maximum degree of any vertexc V.

Given a constant, let G’ = (V’, E’) be the graph which hdif\%‘l copies ofG. Note that|V'| = ]Vﬁ. We
setCq = C, = A If ¥/(G) = A then the optimal solution of the channel assignment problem is 0. Otherwise if
X' (G) = A + 1, then each of component 6’ has at least one conflict and therefore, the optimal solution has at
Ieast\V\%‘1 conflicts, which is the same &&’|'~¢. Thus if we have an approximation algorithm with additive term
of o(|V'|*~¢) for a graphG’ = (V, E'), we can decide the chromatic index@f which is NP-hard. Contradiction.

A.4  Proof of Theorem 3.1 A nodew is defined to have a balanced assignment if for each ¢aised by any edge
in E(v), the number of edges assigned to cale exactly . A network has the minimum number of conflicts if
every node has a balanced assignment. Given an ms@nt:ehe problem 3SAT, we construct a graghin which
each node has a balanced assignment if and odlyisfsatisfiable.

We need three types of components — inverting components, variable setting components, and satisfaction
testing components. Figures 4 and 5 in Appendix show the components we need. In each component, a black or
gray node hag’, = 1, and a white node has, = 2. In inverting components, if the input pair of edges use the
same channel, the output pair should use different channels (and vice versa) for a white node to have a balancec
assignment. In a component, a pair of input or output edges are saiditodiéthe same channel is assigned to the
pair, andfalse if different channels are assigned to them. (To astigato a pair of edges we may choose either
channell or 2.) The inverting component can be used to obtain the invert of a variable.

Using the variable setting components, we can set pairs of edges to be either true or false. We need to have as
many pairs as there are appearances of variglde—v; in C. Note that the specific channel assigned to each edge
can be chosen as we want when we assign true or false to a pair of edges. For example, we can either use channt
one or two for true assignments.

For each clause; in C, we have one satisfaction testing component (see Figure 5). In a satisfaction testing
component, a white node has a balanced assignment if and only if at least one of three pairs is true. That is, if all
three pairs are false, then we have exactly three edges with channel one and three edges with channel two for the
three pairs, which prevents the white node from having a balanced assignment. On the other hand, if at least one is
true, we can find an assignment of eitligr1) or (4, 2) for the three pairs(¢, j) means that edges have channel
one andj edges have channel two), and there are balanced assignments for both cases.

A.5 Proof of Theorem 3.3 Let X;; be 1 ife; ande; have the same color faf,e; € E(v). For any vertexw
with C,, = 1, all edges inE'(v) should have the same color in any solution. Therefore, we only consider edges
ei,e; € E(v) for vertices withC,, = 2. Letc(e) be the color assigned to edge
ElXi] = Pr(c(e) = cle))
= 1= Pr(c(ei) # c(ej))
= 1-2Pr(Y,-7>0,Y -7 <0)
arccos(Ye, - Ye,)

™
«
1_§<1_Y'ei.}/ej)

IN
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(6%
= (—a)+ SV Yo+ 1)

The total number of such conflicts 3 = > X;;. LetOPT(S) (S C V) be the optimal number of conflicts at
vertices inS and|E(S)| beY g L.

SO EX] = Y Y (a4 (Y. Yo, 1))

veVy e4,e;€E(v) vEVL e4,e;€E(v)
> Y (1-a)+a0PT(V)
vEV) e;,e;€E(v)

a2 —d,

veVy

[\

IN

IN

2
= (1-a) Y % (1) B+ a0PT(V)
veEV)
2
21— 0)( X % B + (1 - ) EWD)] + 0OPT(V)
veEVY
2(1 — a)OPT (V) + aOPT (Vi) + (1 — «)|E(Vy)|

(2= a)OPT (Vi) + (1 — )| E(V)|.

IN A

By Lemma 3.1 and the fact thatF'(V,) = OPT(V;), we have the theorem.
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Figure 6: The figure show an example of clustéfsvhenC, = 1 or k. Black nodes have only one wireless card
and white nodes havewireless cards. Dotted lines belongZ.



