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Abstract. We introduce the Minimum-size bounded-capacity cut
(MinSBCC) problem, in which we are given a graph with an identi ed
source and seek to nd a cut minimizing the number of nodes on the
source side, subject to the constraint that its capacity not exceed a pre-
scribed bound B. Besides being of interest in the study of graph cuts,
this problem arises in many practical settings, such as in epidemiology,
disaster control, military containment, as well as nding d ense subgraphs
and communities in graphs.

In general, the MinSBCC problem is NP-complete. We present an ef-
cient ( 1; %)-bicriteria approximation algorithm for any 0 < < 1;
that is, the algorithm nds a cut of capacity at most 1B, leaving at most
1# times more vertices on the source side than the optimal solution with
capacity B. In fact, the algorithm's solution either violates the budget
constraint, or exceeds the optimal number of source-side nodes, but not
both. For graphs of bounded treewidth, we show that the probl em with
unit weight nodes can be solved optimally in polynomial time , and when
the nodes have weights, approximated arbitrarily well by a P TAS.

1 Introduction

Graph cuts are among the most well-studied objects in theorécal computer sci-
ence. In the most pristine form of the problem, two given vericess and t have to
be separated by removing an edge set of minimum capacity. By &undamental
result of Ford and Fulkerson [16], such an edge set can be fodnin polyno-
mial time. Since then, many problems have been shown to redécto graph cut
problems, sometimes quite surprisingly (e.g. [19]). One wato view the Min-Cut

Problem is to think of \protecting” the sink node t from the presumably harmful
node s by way of removing edges: the capacity of the cut then correspnds to
the cost of edge removals. This interpretation in turn suggests a very natural
variant of the graph cut problem: given a nodes and a boundB on the total edge
removal cost, try to \protect" as many nodes from s as possible, while cutting
at most a total edge capacity ofB. In other words, nd an s-t cut of capacity at
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most B, minimizing the size of the s-side of the cut. This is the Minimum-size
bounded-capacity cut (MinSBCC) problem that we study.

Naturally, the MIinSBCC problem has direct applications in the areas of
disaster, military, or crime containment. In all of these cases, a limited amount
of resources can be used to monitor or block the edges by whidhe disaster
could spread, or people could escape. At the same time, the ea to which the
disaster is con ned should be as small as possible. For instee, in the re ghter's
problem [6], a xed small number of re ghters must conne a re to within a
small area, trying to minimize the value of the property and lives inside.

Perhaps even more importantly, the MinSBCC problem arises naturally in
the control of epidemic outbreaks. While traditional models of epidemics [4] have
ignored the network structure in order to model epidemic digases via di erential
equations, recent work by Eubank et al. [7, 9], using highly ealistic large-scale
simulations, has shown that the graph structure of the soci& contacts has a
signi cant impact on the spread of the epidemic, and crucialy, on the type of
actions that most e ectively contain the epidemic. If we assume that patient 0,
the rstinfected member of the network, is known, then the problem of choosing
which individuals to vaccinate in order to con ne the epidemic to a small set of
people is exactly the node cut version of theMinSBCC problem.

Besides the obvious connections to the containment of damagor epidemics,
the MinSBCC problem can also be used for nding small dense subgraphs and
communities in graphs. Discovering communities in graphs ks received much at-
tention recently, in the context of analyzing social networks and the World Wide
Web [14, 20]. It involves examining the link structure of the underlying graph so
as to extract a small set of nodes sharing a common property,sually expressed
by high internal connectivity, sometimes in combination with small expansion.
We show how to reduce the community nding problem to MinSBCC .

Our Results. Formally, we de ne the MinSBCC problem as follows. Given
an (undirected or directed) graph G = ( V; E) with edge capacitiesc,, source and
sink nodess and t, as well as a total capacity bound (also called thebudgej B,
we wish to nd an s-t cut (S;S);s 2 S of capacity no more thanB, which leaves
as few nodes on the source side as possible. We will also calesia generalization
in which the nodeqoare assigned weightes, , and the objective is to minimize the
total node weight , 5 Wy, subject to the budget constraint. *

We show in Sections 2 and 4.2 thaMinSBCC is NP-hard on general graphs
with uniform node weights, and on trees with non-uniform node weights. We
therefore develop two ¢; %)-bicriteria approximation algorithms for MinS-
BCC, where 0< < 1. These algorithms, in polynomial time, nd a cut ( S;S)
of capacity at most 1B, such that the size of S is at most 1# times that of
S , where (S ;S ) is the optimal cut of capacity at most B. The rst algorithm
obtains this guarantee by a simple rounding of a linear progamming relaxation
of MinSBCC . The second one bypasses solving the linear program by runmj

! Some of our motivating examples and applications do not spedfy a sink; this can be
resolved by adding an isolated sink to the graph.



a single parametric maximum ow computation and is thus very e cient [17].
It also has a better guarantee: it outputs either a (*;1)-approximation or a
(1; li)-approximation, thus violating at most one of the constraints by the cor-
responding factor. The analysis of this algorithm is based b the same linear
programming formulation of MinSBCC and its Lagrangian relaxation.

We then investigate the MinSBCC problem for graphs of bounded treewidth
in Section 3. We give a polynomial-time algorithm based on dypamic program-
ming to solve MinSBCC optimally for graphs of bounded treewidth with unit
node weights. We then extend the algorithm to a PTAS for geneal node weights.

Section 4 discusses the reductions from node cut and denselgaph prob-
lems to MinSBCC . We conclude with directions for future work in Section 5.

Related Work. Minimum cuts have a long history of study and form part of
the bread-and-butter of everyday work in algorithms [1]. While minimum cuts
can be computed in polynomial time, additional constraints on the size of the
cut or on the relationship between its capacity and size (sule as its density)
usually make the problem NP-hard.

Much recent attention has been given to the computation ofsparse cuts
partly due to their application in divide-and-conquer algorithms [24]. The sem-
inal work of Leighton and Rao [22] gave the rst O(logn) approximation algo-
rithm for sparsest and balanced cut problems using region giwing techniques.
This work was later extended by Garg, Vazirani, and Yannakaks [18]. In a recent
brea%hrough result, the approximation factor for these problems was improved
to O(" logn) by Arora, Rao, and Vazirani [2].

A problem similar to MinSBCC is studied by Feige et al. [11,12]: given a
number k, nd an s-t cut (S;S) with jSj = k of minimum capacity. They obtain
an O(log? n) approximation algorithm in the general case [11], and imppve the
approximation guarantees whenk is small [12].

MinSBCC has a natural maximization version MaxSBCC , where the goal
is to maximize the size of thes-side of the cut instead of minimizing it, while still
obeying the capacity constraint. This problem was recentlyintroduced by Svitk-
ina and Tardos [25]. Based on the work of Feige and Krauthganrg11], Svitkina
and Tardos give an ©(log? n); 1)-bicriteria approximation which is used as a
black box to obtain an approximation algorithm for the min-m ax multiway cut
problem, in which one seeks a multicut minimizing the numberof edges leaving
any one component. The techniques in [25] readily extend to m (O(log? n); 1)-
bicriteria approximation for the MinSBCC problem.

Recently, and independently of our work, Eubank, et al [8] abo studied the
MinSBCC problem and gave a weaker (1+2 1+ 2)-bicriteria approximation.

2 Bicriteria Approximation Algorithms

We rst establish the NP-completeness of MinSBCC .

Proposition 1. The MinSBCC problem with arbitrary edge capacities and node
weights is NP-complete even when restricted to trees.



Proof. We give a reduction from Knapsack . Let the Knapsack instance

total Knapsack size beB. We create a sources, a sink t, and a nodev; for each
item i. The node weight ofy; is a;, and it is connected to the source by an edge
of capacity s;. The sink t has weight 0, and is connected tov; by an edge of
capacity 0. The budget for the MinSBCC problem is B.

The capacity of any s-t cut is exactly the total size of the items on thet-side,
and minimizing the total node weight on the s-side is equivalent to maximizing
the total value of items corresponding to nodes on the-side. [ |

Now, we turn our attention to our main approximation results , which are
the two (2; %)-bicriteria approximation algorithms for MinSBCC on general
graphs. For the remainder of the section, we will use (S) to denote the capacity
of the cut (S;S) in G. We useS to denote the minimum-size set of nodes such
that (S) B,ie. (S;VnS)isthe optimum cut of capacity at most B.

The analysis of both of our algorithms is based on the followig linear pro-
gramming (LP) relaxation of the natural integer program for MinSBCC . We
use a variablex, for every vertex v 2 V to denote which side of the cut it is on,
and a variable y, for every edgee to denote whether or not the edge is cut.

I
Minimize — ,y Xy

subject to Xs =1
Xt =0 1
¥ Xy Xy foralle=(u;v)2E (1)

e2gYe Ce B

XviYe 0

2.1 Randomized Rounding-Based Algorithm

Our rst algorithm is based on randomized rounding of the solution to (1).

Algorithm 1 Randomized LP-rounding algorithm with parameter
1: Let (x ;y ) be the optimal solution to LP (1).

2: Choose™ 2 [1 ; 1] uniformly at random.

3: Let S=fvjx, g, and output S.

Theorem 1. The Randomized Rounding algorithm (Algorithm 1) outputs a &t
S of size at mostlL times the LP objective value. The expected capacity of the

cut (S;S) is at most 1B.

Proof. To prove the rst statement oflt_he theorem, observe that for eachv 2 S,
X 1 . Therefore ,, X, vsXy @ )is].

For the second statement, observe that™ is selected uniformly at random
from an interval of size . Furthermore, an edgee = (u;v) will be cut only if
" lies betweenx, and x,. The probability of this happening is thus at most

Xy Xl Ve Summing over all edges yields that the expected total capdty

\
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of the cut is at most %Y= 1B. Notice, that the above algorithm can be
derandomized by trying all valuesl| = x,,, since there are at mostVj of those.

2.2 A Parametric Flow-Based Algorithm

Next, we show how to avoid solving the LP, and instead computehe cuts directly
via a parametric max- ow computation. This analysis will al so show that in fact,
at most one of the two criteria is approximated, while the other is preserved.

Algorithm Description: The algorithm searches for candidate solutions among
the parametrized minimum cuts in the graph G , which is obtained from G by
adding an edge of capacity from every vertex v to the sink t (introducing
parallel edges if necessary). Here, is a parameter ranging over non-negative
values. Observe that the capacity of a cut §;S) in the graph G is jSj+ (S),
so the minimum s-t cut in G minimizes jSj+ (S).

Initially, as = 0, the min-cut of G is the min-cut of G. As increases,
the source side of the min-cut of G  will contain fewer and fewer nodes, until
eventually it contains the single nodef sg. All these cuts for the di erent values
of can be found e ciently using a single run of the push relabel dgorithm.
Moreover, the source sides of these cuts form a nested famifyy S; @ Sk
of sets [17]. & is the minimum s-t cut in the original graph, and Sy = fsg) .
Our solution will be one of these cutsS; .

We rst observe that (S;) < (§;) if i<j ; for if it were not, then S; would
be a superior cut to S; for all values of . If (S¢) B, then, of course,fsgis
the optimal solution. On the other hand, if (Sp) > B, then no solution exists.
In all other cases, choosé such that (S;) B (Si+1). If (Si+1) 1B,
then output Sj.; ; otherwise, output S;.

Theorem 2. The above algorithm produces either (1) a cug suchthat (S )
B andjS j -jSj or(2) acutS* suchthat (S*) 1B andjS*j j Sj.

Proof. Forthe index i chosen by the algorithm, we letS = S; andS* = Sj4; .
Hence, (S ) B (S%).

First, observe that jS*j j S j, or else the parametric cut procedure would
have returned S instead of S*. If S* also satises (S*) 1B, then we are
done. In the case that (S*) > 1B, we will prove that jS j 2jS j.

BecauseS* and S are neighbors in our sequence of parametric cuts, there
is avalue of ,callit , for which both are minimum cuts oflg; . Applying the
Lagrangian Relaxation technique, we remove the constraint ,yeCe B from
LP (1) and put it into the objective function using the consta nt

Minimize P v Xvt e Ye Ce

subject to xs =1
Xt =0 (2)
Ve Xy Xy foralle=(u;v)2E

Xv;Ye O



Lemma 1. LP (2) has an integer optimal solution.

Proof. Recallthatin G we added edges of capacity from every node to the
sink. Extend any solution of LP (2) to these edges by settingye = Xy, Xt = Xy
for the newly added edgee connectingv to t. We cﬁum that after this extension,
the objective function of LP (2) is equivalentto = ., YeCQ, where ¢ is the
edge capacity in the graphG . Indeed, this claim follows from observing that
the rst part of the objective of LP (2) is |dent|qgl to the con tribution that the
newly added edges ofs  are making towards ., YeCQ

ConS|deI5a fractional optimal solution (%; ) to LP (2) W|th objective function

valueL = _,5 Y. As this is an optimal solution, we can assume without
loss of genel{,ahty that ye = max(0;xy ﬁ”) for all edgese = (u;v). So if we
dene wy = .. x x CvithenL = 01 Wy dX.

Also, for any x 2 (0;1), we can obtain an integral solution to LP (2) whose
objective function value is wy by rounding %, to O if it is no more than x, and
to 1 otherwise (and setting y,, = max(0;X, Xy)). Since this process yields
feasible solutions, we know thatwy, L for all x. On the other hand, L is a
weighted average (integral) ofwy's, and hence in factwy, = L for all x, and any
of the rounded solutions is an integral optimal solution to LP (2). [ |

Notice that feasible integral solutions to LP (2) correspord to s-t cuts in G
Therefore, by Lemma 1, the optimal solutions to LP (2) are the minimum s-t
cuts in G . In particular, S* and S are two such cuts. FromS* and S , we
naturally obtain solutions to LP (2), by setting x§ =1 for v2 S* and x{ =
otherwise, with y: = 1 if eis cut by (S*;S*), and 0 otherwise (S|m|IarIy for
S ). By de nition of , both (x*;y*) and (x ;y ) are then optimal solutions
to LP (2). Thus, their linear combination ( x ;y )=~ (x7;y")+@ ) (x ;y )
is also an optimal feasible solution. Choosé such that

s P + N P - R
weYeCet(l ) oeYeC=B: ©))
Such an " exists because our choice oB and S* ensured that (S )
B (S*). For this choice of °, the fractional solution (x ;y ), in addition
[ being optimal for the Lagrangian relaxation, also satis es the constraint
oYeCe B of LP (1) with equality, implying that it is optimal for LP (1)

as well. q;rudely bounding the second term in Equation (3) by Q we obtain that

(S+)_ e2E ye B_

As we assumed that (S*) > B, we conclude that" < p - Because K:y)is
an optimal solution to LP (1), it provides the lower gound |, x, j S j, and the

factthat x, (1 °)x, now impliesthatjS j= ,,,x, =4 2 S|
Hence, in this caseS meets the capacity constraint, and exceeds the optimal
size by at most a factor ofli. [ |

Both of the above algorithms can be extended with simple modcations to
allow for node weights in addition to edge capacities.



3 Bounded Treewidth

As we saw in Section 2, theMinSBCC problem is NP-complete even on trees
when both node weights and edge capacities are allowed. Hower, if all nodes
have unit weights, then the problem can be solved in polynonal time for graphs
of bounded treewidth, via a dynamic programming algorithm. In order to present
the intuition behind our algorithm, we rst describe it for t rees, and then extend
it to graphs of bounded treewidth (see [19] for a review of tre decompositions).

3.1 An Algorithm for Trees

We root the tree at the source nodes and direct all edges away froms. When
all edges have capacity 1, then clearly, only edges incidemith s should be cut.
They must include the edge on the uniques-t path, and in addition, the edges
to the roots of the largest subtrees. Choosing thes® edges gives the smallest
possible size for thes-side of the cut.

For the case of general edge capacities, consider the trd@ rooted at a node
v, together with the edgee, into v. We de ne the quantity aX to be the smallest
total capacity of edges in T, that must be cut if at most k nodes of T, are to
be included in the source side of the cut. Notice thatal = ¢, . Also, as the sink
must always be excluded, we havaf = c,, for all k.

For a leaf v, we haveal = ¢, and & = 0 for k > 0. For an internal node

include v and solve the problem recursively for the children ofv, hence
X

ki . .
ay! fork> O;v6 t
-k 1 . or v

K — i . ;
& =min G, k1 05k dml()r:‘3 i
Note that the optimal partition into k;'s can be found in polynomial time by a
nested dynamic programming subroutine that uses optimal patitions of each k
into ki :::kj in order to calculate the optimal partition into Ky :::kj+1 .

Once we have computeds at the sources for all values ofk, we simply pick
the smallestk such that a  B.

3.2 An Algorithm for Graphs with Bounded Treewidth

Recall [19] that a graph G = (V; E) has treewidth if there exists a tree T, and
subsetsV,, V of nodes associated with each vertexv of T, such that:

1. Every nodev 2 V is contained in some subsev,, .

2. For every edgee = (u;v) 2 E, some setV,, contains both u and v.
3. If W lies on the path betweenw and w®in T, then Viy \ Vyo V.
4. Vwij + 1 for all vertices w of the tree T.

The pair (T;fVy0) is called atree decompositionof G, and the setsV,, will be
called pieces It can be shown that for any two neighboring verticesw and w° of



the tree T, the deletion of Vi, \ Vyo from G disconnectsG into two components,
just as the deletion of the edge W; w% would disconnectT into two components.

We assume that we are given a tree decompositionT(;f V,,g) for G with
treewidth  [5]. To make sure that each edge of the original graph is accaoted
for exactly once by the algorithm, we partition the set E by mapping each edge
in it to one of the nodes in the decomposition tree. In other wads, we associate
with each nodew 2 T a set Ey, E\ (Vw V) of edges both of whose
endpoints lie in V,y, such that each edge appears in exactly one séf,,; if an
edge lies entirely in\,, for several nodesw, we assign it arbitrarily to one of
them. We will identify some noder of the tree T with s 2 V; as being theroot,
and consider the edges of as directed away fromr.

LetdV T be the set§f nodes in the subtree rooted at some node,
Ew =  ,ow Euw,andViw =, Vu. Also, let U;U%  V,, be arbitrary disjoint
sets of nodes. We de nea,(U; U9 to be the minimum capacity of edges from
Ew that must be cut by anysetS Wy suchthatS U, S\ U%= ;, the sinkt
is notincludedin S (i.e.,t 2 S), and jSnUj k. But for the extension regarding
the setsU and UC this is exactly the same quantity we were considering in the
case of trees. Also, notice that the minimum size of any cut otapacity at most
B is the smallestk for which a *(fsg;;) B.

Our goal is to derive a recurrence relation fora¥,(U; U9. At any stage, we
will be taking a minimum over all subsets that meet the constraints imposed by
the sizek and the setsU; U° We therefore write SK(U;U9) = fSjU S
Vw;S\ U%= ;;t 2 S;jSj  kg. The size ofSf;(U; U9 is @(2 ). The cost incurred
by cutting edges assigned taw is denoted by w(S)= ¢k, \ e(sv, ns) Cer @Nd
can be computed e ciently.

If wis a leaf node, then we can include up tk additional nodes, so long as
the constraints imposed by the setsU and U° are not violated. Hence,

K (py- _ : .
U;UY = min S):
aw( O) S28 K (UU ) w( )

arbitrary subset of nodes, so long as we add no more thak nodes, and do not
violate the constraints imposed by the setsU and U°. The remaining additional
nodes can then be divided among the children ofv in any way desired. Once
we have decided to include (or exclude) a node 2 V,,, this decision must be
respected by all children, i.e., we obtain dierent sets as onstraints for the
children. Notice that any node v contained in the pieces at two descendants of
w must also be in the piece atw itself by property 3 of a tree decomposition.
Also, by the same property, any nodev from V,, that is not in V,, (for some
child w; of w) will not be in the piece at any descendant ofw;, and hence the
information about v being forbidden or forced to be included is irrelevant in the
subtree rooted atw;. We hence have the following recurrence:

xd
w(S)+ @ (S\ Vi (VwnS)\ V) :
i=1

k U.U — H H
U% = min p Min
A ) S2Sk(UU9) fkig: ki=kj SnUj



As before, for any xed setS, the minimum over all combinations of k; values
can be found by a nested dynamic program.

By induction over the tree, we can prove that this recursive e nition actually
coincides with the initial de nition of ak (U; U9, and hence that the algorithm
is correct. The computation of aX (U; U9 takes time O(d k 2 )= O(n? 2).
For each node, we need to comput®©(n? 4 ) values, so the total running time
is O(n* 8), and the space requirement isO(n?> 4 ). To summarize, we have
proved the following theorem:

Theorem 3. For graphs of treewidth bounded by, there is an algorithm that
nds, in polynomial time O(8 n*), an optimal MinSBCC .

3.3 A PTAS for the node-weighted version

We conclude by showing how to extended the above algorithm t@a polynomial-
time approximation scheme (PTAS) for MinSBCC with arbitrary node weights.
Suppose we want a (1 + 2) guarantee. Let S denote the optimal solution
and OPT denote its value. We rst guessW such that OPT W 2 OPT
(test all powers of 2). Next, we remove allheavynodes, i.e. those whose weight is
more than W. We then rescale the remaining node weightsv, to w0 := d%ite.
Notice that the largest node weight is now at most 2. Hence, we can run the
dynamic programming algorithm on the rescaled graph in polyomial time.

We now bound the cost of the gbtained solution, which we callS. The scaled
weight of the solution S isatmost ,¢ dfite -OPT+n (sincejSj n).
SinceS is a feasible solution for the rescaled problem, the solutio S found by
the algorithm has (rescaled) weight no more than that of S . Thus, the original
weight of S is at most (OPT + W ). Considering that W 2 OP T, we obtain
the desired guarantee, namely that the cost ofS is at most (1 +2 )OPT.

4  Applications

4.1 Epidemiology and Node Cuts

Some important applications, such as vaccination, are phraed much more nat-
urally in terms of node cuts than edge cuts. Here, each node Isaa weight wy,
the cost of including it on the s-side of the cut, and acapacity c,, the cost of
removing (cutting) it from the graph. The goalisto nd aset RV, not con-
taining s, of capacity ¢(R) not exceeding a budgetB, such that after removing
R, the connected componentS containing s has minimum total weight w(S).

This problem can be reduced to (node-weightedMinSBCC in the standard
way. First, if the original graph G is undirected, we bidirect each edge. Now,
each vertexv is split into two vertices vi, and vq; all edges intov now enter
Vin, While all edges out ofv now leavev,,;. We add a directed edge fromvi, to
Vout Of capacity ¢,. Each originally present edge, i.e., each edge inte;, or out
of Vout , iS given in nite capacity. Finally, vj, is given node weight 0, andvgy is
given node weightw, . Call the resulting graph G°.



Now, one can verify that (1) no edge cut inG°ever cuts any originally present
edges, (2) the capacity of an edge cut irG° is equal to the node capacity of a
node cut in G, and (3) the total node weight on the s-side of an edge cut inG%is
exactly the total node weight in the s component of the corresponding node cut
in G. Hence an approximation algorithm for MinSBCC carries to node-cuts.

4.2 Graph Communities

Identifying \communities" has been an important and much studied problem for
social or biological networks, and more recently, the web gaph [14, 15]. Di erent
mathematical formalizations for the notion of a community have been proposed,
but they usually share the property that a community is a node set with high
edge density within the set, and comparatively small expan®n.

It is well known [21] that the densest subgraphi.e., the set S maximizing

% = % can be found in polynomial time via a reduction to Min-Cut .
On the other hand, if the size of the setS is prescribed to be at mostk, then
the problem is the well-studied densestk-subgraph problem[3, 10, 13], which is
known to be NP-complete, with the best known approximation ratio of O(n'=3 )
[10]. We consider the converse of the denseg&tsubgraph problem, in which the
density of the subgraph is given, and the size has to be mininzed.

The de nition of a graph community as the densest subgraph ha the disad-
vantage that it lacks speci city. For example, adding a high-degree node tends
to increase the density of a subgraph, but intuitively such anode should not be-
long to the community. The notion of a community that we consider avoids this
di culty by requiring that a certain fraction of a community 's edges lie inside

of it. Formally, let an -community be a set of nodesS with % , Where

d(S) is the sum of degrees of nodes 5. This de nition is a relaxation of one
introduced by Flake et al. [14] and is used in [23]. We are inteested in nding
such communities of smallest size.

The problem of nding the smallest -community and the problem of nding
the smallest subgraph of a given density have a common gendization, which
is obtained by de ning a node weight w, which is equal to node degree for the
former problem and to 1 for the latter. We show how to reduce tlis general
size minimization problem to MinSBCC in an approximation-preserving way.
In particular, by applying this reduction to the densest k-subgraph problem, we
show that MinSBCC is NP-hard even for the case of unit node weights.

Given a graph G = (V; E) with edge capacitiesce, node weightsw,, and a
speci ed nodes 2 V, we consider the problem of nding the smallest (in terms

of the number of nodes) setS containing s with vf,((?) . (The version where
s is not speci ed can be reduced to this one by trying all nodess.) We modify

G to obtain a graph G° as follows. Add B sinkt, connect each vertexv to the

sources with an edge of capacityd(v) := |, ¢y,), and to the sink with an edge
of capacity 2w . The capacity for all edgese 2 E stays unchanged.
Theorem 4. AsetS V withs2S hasp;((‘?) if and only if (S;S[f tg)

is an s-t cut of capacity at most2¢(V)=2 ¢ Ce in GO



Notice that this implies that any approximation guarantees on the size ofS
carry over from the MinSBCC problem to the problem of nding communities.
Also notice that by making all node weights and edge capacigs 1, and setting

= le a set S of size at mostk satis es % if and only if S is a k-
clique. Hence, the MinSBCC problem is NP-hard even with unitnode weights.
However, the approximation hardness ofClique does not carry over, as the

reduction requires the sizek to be known.

Proof. The required condition can be rewritten asc(S) w (S) 0. As

X
2¢S) w(S) =2¢V) oSS+ dv)+2 w (S) :
v2S

- P
we ndthat Sisan -communityi c(S;S)+ ,5d(V)+2 w (S) 2¢(V). The
quantity on the left is the capacity of the cut (S;S[f tg), proving the theorem.
]

5 Conclusion

In this paper, we present a new graph-theoretic problem ca#d the minimum-
size bounded-capacity cut problem, in which we seek to nd ubalanced cuts
of bounded capacity. Much attention has already been devote to balanced and
sparse cuts [24,22, 18, 2]; we believe that unbalanced cut gblems will pose an
interesting new direction of research and will enhance our nderstanding of graph
cuts. In addition, as we have shown in this paper, unbalancedut problems have
applications in disaster and epidemics control as well as icomputing small dense
subgraphs and communities in graphs. Together with the protems discussed in
[11,12,25], theMinSBCC problem should be considered part of a more general
framework of nding unbalancedcuts in graphs.

This paper raises many interesting questions for future resarch. The main
open question is how well theMinSBCC problem can be approximated in a
single-criterion sense. At this time, we are not aware of anynon-trivial upper
or lower bounds for its approximability. The work of [11, 25] implies a (log? n; 1)
approximation | however, it approximates the capacity inst ead of the size, and
thus cannot be used for dense subgraphs or communities. Maweer, obtain-
ing better approximation algorithms will require using techniques di erent from
those in this paper, since our linear program has a large intgrality gap.

Further open directions involve more realistic models of tte spread of diseases
or disasters. The implicit assumption in our node cut approah is that each social
contact will always result in an infection. If edges have inéction probabilities, for
instance based on the frequency or types of interaction, the the model becomes
signi cantly more complex. We leave a more detailed analyss for future work.
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