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ABSTRACT

When evaluating Boolean functions, each bit of input that must be checked is
costly, so we want to know how many bits must be checked for a given func-
tion. To aid in this analysis, a variety of complexity measures exist, providing
easier methods of analysis to find lower bounds on the function’s cost. An
important complexity measure is "polynomial degree", defined as the degree
of the (unique) multilinear polynomial that represents the Boolean function.

We look at the polynomial degrees of minterm-cyclic functions, which are
a type of pattern-matching problem. We prove, for monotone functions, that
when the input length is a prime power or when the pattern is a number of
consecutive ones, this degree is maximal, showing that every bit of the input
must be evaluated, which means that these are costly functions.
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Chapter 1

Introduction

A Boolean function is a function that operates on truth values—represented
as 0’s (false) and 1’s (true)—returning either a true or false value. Everything
a computer does is, at some level, composed of Boolean functions. The input
of every computation is a string of 0’s and 1’s, and every output is similarly
represented by a collection of 1’s and 0’s. Thus the output of any computation
is a concatenation of a sequence of Boolean functions. In analyzing the perfor-
mance of Boolean functions, then, we are working to understand computation
at the most basic level.

We will first give some notation that will be used throughout this paper.
We will refer to a Boolean function f as f : {0,1}" — {0, 1} where in f (x), x;
denotes the ith bit of the input (i.e. x = x;x;X5...X,,).

A pattern of size k is a string in {0, 1, x}*. We will say that a string x of size
n matches a pattern & of size nif Vi € {1,...,n) s.t. Z € {0,1},x;, =2,

The support of a binary string or pattern x is the set S = {i | x; € {0,1}}.
The weight of a binary string or pattern is weight(x) = |{x; | 1 <i < n,x; =
1}.

The size of a string or pattern is its number of bits. We will use x' to denote
the binary string obtained from x by flipping the ith bit. If S C {1,...,n}, x5 is
the string obtained from x by flipping each bit i where i € S.

We will use [n] to denote the set {1,2,...,n}.

Examples of Boolean functions range from very simple, such as the AND or
oR of a binary string, which are defined as follows:

AaND({0,1}) =1 x;=x,=...=x, =1
or({0,1}")=1<=die{l,..,n}st.x;=1



to the quite complex, such as the addressing function ApDRESs : {0,1}"F%" —
{0,1} which is one if and only if, when the first n bits are interpreted as a
binary integer k, the kth location in the last 2" bits is one. That is,

ADDRESS(Xx) =1 & x4 = 1.

Because it is not always straightforward to prove general bounds on the
complexity of a Boolean function, researchers have developed a number of
complexity measures that are sometimes easier to bound. If we can also bound
the relations between these measures, we then have a much more versatile
toolbox for bounding the complexity of Boolean functions.

1.1 Decision Tree Complexity

A decision tree is a mechanism for processing Boolean strings. Specifically, it is
a deterministic finite automaton which forms a binary tree. The Boolean input
string is read left to right and the value of each bit decides whether execution
descends to the left or right child of the current node. Leaves of the decision
tree are labeled with the output value of the function, either 1 or 0. A decision
tree corresponds to a Boolean function if for every input string x the label on
the leaf reached in the tree by execution on x is the value returned by the
function on input x.

Definition 1.1. The Decision Tree Complexity, of a Boolean function f, denoted
D(f), is the minimum height of a binary decision tree which corresponds to

f.

Determining which child to descend to in a decision tree is a single oper-
ation in Boolean logic, so the depth of traversal in a decision tree is directly
related to the number of instructions a computer will have to execute to eval-
uate the function on that input. Thus the decision tree complexity is the worst
case number of operations for the corresponding Boolean function. Any bound
we can prove on the decision tree complexity of a function directly gives us a
result about the time complexity of the function. We note that the maximum
possible decision tree complexity of any function is n, since one bit of the input
string is evaluated at each level and no bit is evaluated more than once.



1.2 Sensitivity

Definition 1.2. The sensitivity at x of a function, denoted s,.(f ), is the number
of bits in x which, when flipped, give f(x%) # f(x).

Definition 1.3. The sensitivity of a function, denoted s(f), is the maximum
over all inputs x of the sensitivity of f at x. That is, s(f ) = max, (o 13 5, (f).

Sensitivity measures how easy it is to change the value of f by altering
the input slightly. If a function has low sensitivity, then it is relatively easy to
compute, because many of the bits in the input have no significant effect on
the output, allowing for a shorter decision tree because fewer bits need to be
checked. Conversely, a high sensitivity means that more bits will have to be
checked in computing the function, so the decision tree will be deeper, and
the function harder to compute.

1.3 Block Sensitivity

Block sensitivity is exactly analogous to sensitivity. Instead of flipping single
bits, though, we consider sets, or blocks, of bits that are flipped together.

Definition 1.4. The block sensitivity at x of a function, denoted bs,(f), is the
maximum number of disjoint subsets B C {1, ...,n} such that f(x?) # f (x).

Definition 1.5. The block sensitivity of a function, bs(f ) is the maximum block
sensitivity of f at any x € {1,...,n}. That is, bs(f) = max,cg 1j» bs,(f).

Sensitivity is a special case of block sensitivity, where blocks are restricted
to size 1, so the block sensitivity of a function is always greater than or equal
to the sensitivity. The exact relation between sensitivity and block sensitivity
has been the subject of much research. The largest known gap, shown by
Rubinstein, is quadratic, and is conjectured to be the largest possible.

Open Problem 1. For all Boolean functions f, bs(f) = 0(s(f)?).

1.4 Polynomial Degree

The polynomial degree of a Boolean function is useful because it allows us
to use algebraic tools to prove complexity results by converting a problem to
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one in terms of polynomials. Before defining the representing polynomial of a
Boolean function, we will introduce the family of polynomials that appear in
this study.

Definition 1.6. A multilinear polynomial is a polynomial in variables
X1, X5, ..., X, such that each term has the form ¢ - [ | x; where c is a
constant.

ieSc{l,...,n}

Theorem 1.1. If p,q are multilinear polynomials of degree d with p(x) = q(x)
for all x € {0,1}", then p(x) = q(x).

Proof. Let r(x) = p(x) —q(x)Vx. Assume r is not the zero function. Then
there is some minimal degree term in r with non-zero coefficient. Let V be the
set of x; which appear in that term. Define y such that y; =1 iff j € V. Then,
because r has degree less than or equal to d, we have p(y) = q(y). However,
every monomial in r except for l_[vev v will be zero, so r(y) =c #0# p(y) —
q(y), which contradicts the assumption that r is not the zero function. Thus,
r must be the zero function, so p and q are the same function. O

Definition 1.7. The representing polynomial p; : {xy,...,x,} — {0,1} of a
Boolean function is a polynomial in terms of the bits x, ..., x,, of the function’s
input that has the same value as the function. We note that if each variable
x; is an element of {0, 1}, we have x{ = x; for all a. Thus, every representing
polynomial will be multilinear.

Definition 1.8. The polynomial degree of a boolean function is the degree of
the function’s representing polynomial.

One of the simplest non-trivial representing polynomials is that of the AND
function. For AND to return true, every bit of the input must be true, so if we
take p,,(x) = (x1)(x5)...(x,), then p,,, is 0 if any x;,1 <i < nis 0, and 1 if
every x; is 1, so p,,(x) =1 < anD(x) = 1. This polynomial is unique, by the
theorem we proved above.

When constructing representing polynomials of a Boolean function f, it is
often useful to consider the DeMorgan’s-laws equivalent function. For exam-
ple, consider the or function on n bits. By DeMorgan’s laws, or(x1, X, ..., X,,) =
NOT(AND(NOT(x;)NOT(x,)...NOT(x,,))) To represent this as a polynomial, we
note that NoT(x;) = 1 — x;, since this is 1 when x; is 0 and 0 when x; is 1,



n

and recall that AND(xy, X5, ..., X,) = l_[izl x;. Thus, computing the polynomial,

OR(X1, Xg, «e, X,) = NOT(AND(NOT(X;), NOT(X5), ..., NOT(X,,)))
= NoT(aND((1 — x7),(1 — x3), ..., (1 — x,,)))
=NOoT((1 — x7)(1 — x5)...(1 — x,,))
=1—-(1—-x)1—x5)...(1 = x,).

To check, observe that the product of the (1 — x;)’s is 0 if any x; is 1, and
thus 1 only if every x; = 0. Thus the polynomial evaluates to 1 when any of
the input bits is 1 and to 0 when the input is 0, so this polynomial represents
the or of n bits.



Chapter 2

Minterm-Transitive and
Minterm-Cyclic Functions

One particularly prevalent family of functions are those that have to do with
matching an input string against a given pattern. The strictest of these func-
tions checks for equality with pattern & :

EQUALg : {0,1}' = {0,1} =1 &S x = 2.

EQUAL has D(EQuAL) = s(EQUAL) = bs(EQuAL) = deg(EQUAL) = n, since every
bit in the input must be checked and must be exactly correct, so any change
from the pattern will render the function false.

Other families of pattern matching functions that are of more interest will
return true on larger sets of inputs. To do this, successive additional types
of freedom are allowed. First, we will allow any string that starts with the
desired pattern, but may be longer. This is the prefix function,

PREFIX : {0,1}" — {0,1} = 1 & EQUALG (X X5...X; ) =1

where size(?) = k.

Next, we will allow matches anywhere in the input string that can be
moved to the beginning under a certain group of permutations. To do this,
we will define minterm-transitive functions.

Definition 2.1. A transitive group of permutations G on [n] is a set of bijections
1 : [n] — [n] such that for any x, y € [n] there is a m € G such that (x) = y.
That is, any element can be mapped to any other by some permutation in the

group.



Definition 2.2. A minterm-transitive function f, ; : {0,1}" — {0,1} under a
transitive group of permutations G equals 1 if and only if there is a 7w € G such
that PREFIX, (7t(x)) = 1, where & is a pattern of size k, called a minterm.

In this paper, we are interested in a subclass of minterm-transitive func-
tions, those associated with the group of cyclic shifts. We call these functions
minterm-cyclic.

Definition 2.3. The cyclic shift cs; is the permutation that cyclically shifts a
binary string by k bits. That is, cs, : {0,1}" — {0,1}",

csk(x1X2"'xn) = X(1+k mod n)x(2+k mod n)“'x(n+k mod n)*

Definition 2.4. A minterm-cyclic function is a minterm-transitive function f, ¢
where G is the cyclic group of shifts generated by cs;.

S. Chakraborty [2] proved that all minterm-transitive functions have sen-
sitivity s(f) = Q(n'/®). Thus, since block sensitivity is less than or equal to n,
for minterm-transitive functions we know that bs(f) = O(s(f)?). Chakraborty
gave an example of a minterm-cyclic (and therefore minterm-transitive) func-
tion for which this bound is tight.

More recently, Drucker [3] used a probabilistic approach to prove that gen-
eral, non-constant minterm transitive functions have block sensitivity bs(f) =
Q(n®7) and gave an example for which bs(f) = 0(n*7In'/"n), so the bound
is nearly tight.

In this paper, we are primarily concerned with minterm-cyclic functions
whose patterns consist only of 1’s and «’s. These functions have simpler rep-
resenting polynomials, and are thus easier to bound. In fact, minterm-cyclic
functions with this type of pattern are monotone functions. That is, on no
input at which f takes the value 1 will increasing the weight of the input
(flipping O’s to 1’s), cause f to take the value O.

Lemma 2.1. A minterm-cyclic function f5 is monotone if and only if & €
{1, %},

Proof. First, assume that # € {1,*x}*. Let x € {0,1}" such that f,(x) = 1.
Then for some i,1 < i < n, X;...x;;;, matches . That is, for all j with &, =
1,x;1; = 1. If, for some a, x, = 0, we still have xf+]. = 1 for every j with
#; =1, so x“ matches . Thus f5 is monotone.

Next, assume fg is monotone. Assume there is some f such that &; = 0.
let F = {j | #; = 0}. Let x be such that for every j €J,x; =0 and Vi ¢ J,x; =
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1. Then f5(x) = 1, because the beginning of x matches &, but for an arbitrary
j€J,fs(x?) =0, because there are fewer 0’s in x’ than in 2, so there cannot
be a shift of x that matches #. Therefore J =0, so & € {1, x}. ]
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Chapter 3

Lower Bound on Polynomial
Degree for Minterm-Cyclic
Functions with Minterm 1X

Many classes of functions will have polynomial degree n, since every bit may
affect the value of the function. This is not true in general, (Consider for
example the function BiT;(x) = 1 & x; = 1: p,,,.(x) = x;, regardless of the
size of the input.), but it is true for large families of very important functions.
We will here prove that this is true for minterm-cyclic functions with a pattern
that is a string of consecutive 1’s.

3.1 Main Result and Proof Outline

Theorem 3.1. Let m = 1¥ = 11...1 be a string of k 1’s. Let f,, be the minterm-
cyclic function with minterm m. Then deg(f,,) = n. Specifically, the coefficient

—k n=0(mod k+1)

of a degree-n term in p; s 1 otherwise

To prove this theorem, we will first construct its representing polynomial.
To do this, consider that a minterm transitive function is effectively the or of
a number of PREFIX functions, since we are happy when any one of the shifts
in G gives a match between the input x and the pattern. This understanding
allows us to use DeMorgan’s laws to express the function as a NOT of AND’s of
NOT’S.
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We will then have a product of degree-k terms, so to find the coefficient of
the degree-n term, we effectively want to choose a subset of these terms such
that their product includes each x;. The total coefficient of the degree-n term
will then be the weighted sum of the ways to do this, where the weights are
the products of the coefficients of the degree-k terms.

Because of the way we have limited the family of functions we are consid-
ering, each degree-k term will have k consecutive x;’s, considered modulo n.
We need to cover {1...n} with some set of these. This gives rise to a family
of simply-stated combinatorial problems: Given a circular table with n labeled
seats, how many ways are there to seat r indistinguishable people around the
table such that there are no gaps of size k or larger between people. For rea-
sons that will be apparent later, we want to take an alternating sum of these
numbers over r.

To do this, we consider the set of acceptable seatings as a language given
by a regular expression. This expression will restrict the number of empty
seats following each full seat. If we then weight full and empty seats correctly,
we can construct a generating function in terms of z that will be have coeffi-
cients of z" given by the alternating sign sums of the number of strings in the
language of size n, which are exactly the coefficients of the degree-n terms of
the representing polynomial of f,, for each n.

This generating function will be ordinary and rational, so we know that it
will satisfy a simple linear recurrence. By considering the base cases explicitly
in the generating function we constructed, we can show that the recurrence is
true, and that the coefficients in the generating function are periodic, which
gives us the precise description of the degree-n coefficients. It then follows
directly that since the degree-n term always has a non-zero coefficient, then
the degree of the representing polynomial, or deg(f,,), is n.

3.2 Proof of Theorem 3.1

3.2.1 Setup

Let p = p; be the representing polynomial of f,,. We can construct p directly
by observing that p(x) = 1 exactly when some set of k consecutive bits in x
are all 1’s. There are n possible sets of k consecutive bits, since we consider x
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cyclically, as any bit of the input can be the first of our consecutive 1’s. Thus,

n k-1
p(X) =1- l_[ (1 - l_[x(i+jm0dn))
i=1 j=0

=1—(1—x7X0...%)(1 = X9X3...Xp47)---(1 = XX X500 X _1)-

because if any k consecutive bits are 1, then one of the terms in the outer prod-
uct will be zero, making the output 1. On the other hand, if no k consecutive
bits are 1, each inner product will be 0, so every term of the outer product will
be 1, giving p(x) =0

Because (x;)* = x; for all positive integers a, a degree-n term of p(x) is a
term of the form c l_[?:1 X; = CX1X5...Xx,. Define C(n, k) as the coefficient of a
degree-n term of p = Pf- Then p has degree n if and only if C(n,k) # 0, so
we will proceed by evaluating C(n, k).

Introduce variables y, y,, ..., ¥, corresponding to the products of x;’s in

. ; . k-1

the explicit representation of p(x) above. That is, y; = ]_[].:0 X(i+jmodn) =

X;Xi41--Xipr—1, With subscripts taken modulo n. Thus, p(x)=1— l_[(l —¥i)-

To generate a degree-n term in the expansion of the polynomiallpi we need
to choose {ly,...,[,} C [n] such that [;;, — ; < k, because each y; represents
k consecutive x;’s. Thus, if we choose ;s in this way there will not be a gap
of k or more between any two consecutive Y’ and we will have at least one
of each x;, i € [n], in the product of the y; ’s.

For example, if k = 3,n = 5, we could choose {y;,y,,y,}. y; gives us
—X1X9X3, Yo giVes —X,X3X,, and y, gives us —x,xsx;. The product of these
y’s will be (=1)°x7x3x3x2x5 = —x1X,X3x4x5. If, on the other hand, we chose
only y, and y,, we would have the term x; x2x2x,, which does not have degree
n.

Because each Y1, has coefficient —1, C(n, k) will be a general weighted sum
over r of the number of ways to choose the [;’s from [n] which specify the r
n’s that form a degree-n term. The Welghtlng will be (—1)" since each of the
r y,’s is negative, times -1, because of the initial negation. We will reapply
this final negation when we construct the generating function for the number
of seatings.

For each r,1 < r < n, this can be expressed as a combinatorial seating
problem: How many ways are there to seat r indistinguishable people (the
¥y,;’s) at a circular table with n labeled seats (xy,...,x,) so that there are no
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gaps of size k or more between people (Each Y, covers k adjacent seats, so we
don’t need another Y1, until Yy, +)- Call this seating function S(n, k, ). Then,
as we said above, since in p every term with x;’s is negative, and is further
negated by the initial subtraction from 1, we have

C(n, k) = Xn:(—l)rHS(n, k, 7).

—k n=0(modk+1)

Lemma 3.2. C(n, k) = )
1 otherwise

For illustration, we will first treat the case where k = 2, then give a proof
for the general case.

3.2.2 A Special Case

The set of seatings of r people around a table with n seats such that no 2 ad-
jacent seats are empty can be expressed as a language of binary strings, where
1’s represent full seats and O’s represent empty seats. A regular expression for
the language %, consisting of all such strings, in terms of r, the number of full
seats, is

2, = [(11} x {e,01)" U {0} x ({1} x {e,01)" " x {1}]

since we can have either a 0 or a 1 in the first seat, but if the first seat is empty,
the 2nd and last seats must be full to avoid a gap of size 2 and every full seat
can be followed by O up to k — 1 = 1 empty seats.

To show that this language accurately represents all possible seating prob-
lems, we show a bijection between seatings and string in .¢. Given a seating,
walk around the table from place 1, adding a 1 to the string when you pass
a full seat and a zero when you pass an empty seat. The resulting string will
be in £ since you have a series of full seats followed by 0 to k — 1 empty
seats, with the exception of the beginning and end, where the number of ini-
tial empty seats plus the number of final empty seats is less than k, giving a
1 followed by 0 to k — 1 1’s, etc. To go back from strings to seatings, pop off
elements of the string one at a time. When a 1 is popped from the ith place,
put a person in seat i and when a 0 is popped, leave seat i empty.

14



Note that the language %, is not limited to strings of a particular size.
Instead of being a function of the number of seats around the table, it is or-
ganized as a function of the number of people sitting at the table. We can see
that both 1011 and 01011101101 are in the language specified above, repre-
senting possible seatings of 3 and 7 people in 4 and 11 seats, respectively.

Thus, we need to take a general count of the strings in this language
weighted by the number of seats represented by a string. Ordinary count-
ing is a special case of counting where every string has weight 1. A weighted
count doesn’t necessarily add 1 to the total for each item counted, but adds a
value dependent on the string, called its weight.

We will solve this problem using the method of Ordinary Generating Func-
tions. We weight a 0 as z and a 1 as zt, then use a standard translation to turn
operations on regular expressions into polynomial arithmetic (X becomes -,U
becomes +). We choose this weighting because in each string, the exponent
of z will represent how many seats there are, since every seat’s term contains
an z and the additional factor of t on full seats allows us to distinguish cases
by the number of full seats. Thus we obtain the generating function G(z, t, k)
for the number of seatings, multiplying by -1 as noted above.

o0

G(z,t,2)=— > [(eDA+2)) +2()(1+2)) ' (z0)]

r=1

This sum splits into two geometric series, so we can give a closed form
equation,

G(z,t,2) = 1 — G
7 1—2t(1+2) 1-—2t(1+2)
If we let t = —1 because each A has coefficient -1, then we have
G(z,t,2) = 1+z+z2 — H_ZZZ = :;f As a generating function, G(z, t, k) has

the property that the coefficient of 2" is C(n, k). From the study of combina-
torics[6], we know that the coefficients of this generating function will sat-
isfy the recurrence C(n,k) = —Zle C(n—1i,k), for n > 0. So in this case,
C(n,2)=—-C(n—1,2)— C(n—2,2).

A linear recurrence like this with two terms will have two base cases. Here,
if n = k = 2, then we see that the only binary input that will match a cyclic
shift of the pattern 11 is 1" = 1¥ = 12 = 11, so we have the AND function on 2
bits, which has representing polynomial p,,, = x;X,, so the coefficient of the
degree-2 term is 1. If n =k +1 =3, then we have p;, =1 — (1 — x;x,)(1 —
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x9x3)(1 = x300) = 1 — (1 — X1 X5 — XpX3 — X1 X3 4 X1 X205 + XTx5X5 + X7 X5%2 —
x2x2x2) = x1X5 + XoX3 + X1X5 — 2X1X,X3, S0 the coefficient of the degree-3
term is -2.

We can then establish the pattern of the degree-n coefficients for all n
using the recurrence. C(4,2) = —(-2+1) =1, €(5,2) = —(1-2) =1,
C(6,2) = —(1+ 1) = —2, and then the pattern repeats, so C(n,2) = —2 for
n=0 (mod 2+ 1) and 1 otherwise.

3.2.3 General Case

For the general case, we proceed exactly as before, where C(n, k) will be an
alternating sum, over r, of seatings of r indistinguishable people around a
table with n labeled seats such that there are no gaps of size k, since each Yy,
will be composed of k consecutive x;’s. Our language will then be the union
of k cases, depending on where the first full seat is.

2= J[({1} x {e,0,..,01})"

: U {0} x ({1} x {€,0, ...,05"1) ! x {1} x {€, 0, ..., 02}
U...U{0"} x ({1} x {¢,0,...,01 ) x {1}]

= J[({1} x {e,0,..,0Pru
r=1

(Ui-:ll{oi} x ({1} x {€,0,...,05 1)1 x {1} x {6’01”.’0k—1—i}) ]

We can again transform this into a sum of generating functions, weighting
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0’s as z and 1’s as zt, multiplying by the extra factor of -1:

Gzt k) == [(e)A+z+...+5 ) -
r=1

k=1
Z(zi)(zt(l +z4 .+ 2D T e)(A 2+ .+ 2]
i=1

— i@+ 24 ...+ 21

—zt(1+z+ k) 1—zt(l+z+..+251)

i=1
And if we set t = —1,

-1 Kolgitl 4 git2 4 4 gk

= +
I4+z4+..+28 & 1+z+.+2F

—1+22+223+ .. +(k—1)2k
1+z+224+... +2k

It is a general combinatorial result[6] that a function whose values are
the coefficients of a generating function of this type will satisfy the recurrence
C(n,k) = —Zle C(n —1i,k), for n > 0. We thus need only to calculate the
k base cases. These base cases are the coefficients of z!,22,...,2* in G(z, k),
which we can determine explicitly. For 1 <s < k, if we have s seats, then if
there are any full seats, we will not have a gap of k consecutive empty seats,
so the number of satisfactory seatings is (), where r is the number of full
seats. Recall that C(n, k) is defined as the alternating sum over r from 1 to n
of the number of seatings. We thus have C(s,k) =Y. _,(—1)""! (i)

In general, the alternating sum of a row of Pascal’s triangle is 0, or P =
o) = 0. C(s,k) = P —(=1)°*'() = 0—(~1) = 1 for each z°.
Thus C(s,k)=1for1 <s<k,k>0.

If we plug the base cases into our recurrence, we have C(k + 1,k) =
—((k)(1)) = —k. Then for k +2 < n < 2k + 1, we will have C(n,k) =
—(—k + (k —1)(1)) = 1. At this point, the function repeats with period
k + 1. Therefore C(n,k) = —k when n = 0 (mod k + 1) and C(n,k) = 1
otherwise. O

To end this chapter, we will give an example to show that this bound does
not apply to all minterm-cyclic functions. In fact, it doesn’t even apply to all
monotone minterm-cyclic functions.

G(z,k)=

Theorem 3.3. There is a monotone minterm-cyclic function f5 : {0,1}" — {0, 1}

17



with deg(f») <n

Proof. We prove by example. Let 2 = 11x1 and n = 12. Then the coefficient
of the degree-n term of p;_ is 0, as seen at ({0,1,3},12) in the table in the
Appendix, so deg(fs) < n. O
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Chapter 4

Polynomial Degree of
Minterm-Cyclic Functions on
Inputs of Particular Length

When we calculated the degree-n coefficients for a large set of cases, it became
apparent that they follow a number of interesting patterns. One pattern in
particular was based on the columns of data for different minterms at a fixed
n, when n was prime. In fact, for every prime power n = p* where p is prime
and s is a positive integer, and every minterm m, the degree-n coefficient of
the representing polynomial of the minterm-cyclic function f,, was congruent
to 1 (mod p). We will prove that this pattern holds in general.

Theorem 4.1. For p a prime and s a positive integer, if n = p°, then the coefficient
of the degree-n term in the representing polynomial of any monotone minterm-
cyclic function on {0, 1}" is congruent to 1 (mod p).

To prove this, we will prove two easy lemmas and an abstract theorem.
First, we will introduce the concept of set addition.

For any two sets A, B, we define the sum A+ B astheset {fa+b|a€A,be
B}. To illustrate this, consider a simple example. Let A= {1,2,3},B = {2,3,5}
with A,B C Z,. ThenA+B C Z,,A+B={1+2,14+3,1+5,2+2,2+3,2+
5,3+2,3+3,3+5}=10,1,3,4,5,6}

Lemma 4.2. fR+S =7Z,,{a} +R+S =7, for any a € Z,.
Proof. Assume there is some x € Z, that is not in {a} + R+ S. There must be

some r € R and s € S such that r +s = x — a, since R+ S = Z,. But then
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a+r+sef{a}+R+S,anda+r+s=a+(x—a)=x,sox € {a}+R+S,
contradicting our assumption, so every {a} +R+S =7Z,. O

Lemma 4.3. For R € Z,, R # 0, if n = p® for some prime p and positive integer
s,let 7 ={{a}+R|ae€Z,} Then |7|=0 (mod p).

Proof. The operation {a} + R is a group action of the group Z, on subsets of
Z.,, where the action is to cyclically shift each element of R by a in Z,. 7,
the set of all possible images of R under application of the group action, is by
definition the orbit of R. From group theory, we know that the size of an orbit
must divide the size of the group. Since |Z,| = p*, we have |7|=1or |T|=0
(mod p).

If |7| =1, then {a} + R =R for every a € Z,. Let r € R. For an arbitrary
beZ,leta=Db—r. Then a+r € R by the definition of the action and
the properties of R. But that says thata+r =(b—r)+r = b €R. Since b
was an arbitrary element of Z,, we conclude that Z, C R. This contradicts the
assumption that R € Z,,, so |7| # 1, and we have the claim. O

Theorem 4.4. Given S C Z,, S # 0, where n = p* for some prime p and positive
integer t,
> (-)M=-1 (modp)

0#RcCZ,
R:R+S=Z,

Proof. For any R & Z, satisfying the condition of the summation, consider
the family F = {{0} + R, {1} +R, ..., {n — 1} + R}. By Lemma 4.3, there are 0
(mod p) distinct sets in this family. But |[{a} +R| = |{a+r | r € R}| = |R|, so
Yrer (DM = [FI(=1)" =0 (mod p).

If R =Z,, then for any a € Z,, {a} + R = Z, = R, which is another way of
saying that the size of the orbit of Z, is 1, because for any r € Z,, r + a € Z,.
|Z.| =n, so (—=1)%l = —1, for p > 2.

Therefore, for p prime and greater than 2, we have ZR(—1)|R| = -1
(mod p).

Finally, if p = 2, we see that by similar reasoning, ZR(—1)|R| =(-1)"=
+1. But 1 = —1 (mod 2), so in either case, Y.,(—1)® =1 (mod p). O

Now we can prove the theorem for minterm-cyclic functions.
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Proof of Theorem 4.1. The representing polynomial p(x) has the form

n—1 n—1
pr=1-]Ja-][xp=1-T]a-]] =»
i=0 i=0

jes je{i}+s

where S is the support of the minterm m.

We note that a degree n term in p;(x) is of the form 1— (st:{o,...n—u(_l)lm) I'1
where R C Z,,, R # 0. By the previous theorem, ZR+S=ZH(_1)|R| = —1 (mod p),
so a degree-n term is of the form 1 — ((—1) ]—[?:1 X;).

Since this term is negated in p;(x), the coefficient of a degree-n term in
py(x) is congruent to 1 (mod p). ]

n

i=1 Xi>

Theorem 4.5. For n = 2p°, where p is a prime and s is a positive integer, any
monotone minterm-cyclic function f,, on {0,1}" has deg(f,,) = n.

Proof. We first note that we ignore the case where p = 2, as if p = 2, then the
function falls under Theorem 4.1.

As above, with minterm m, any R such that R+ S =Z,, S = support(m),
will have |orb(R)| dividing n. If |orbR| = p',i > 0, then R will contribute 0
(mod p) to the coefficient. If [orb(R)| = 2, then the orbit-stabilizer theorem
from Group Theory tell us that |stab(R)| = p®, where stab(R) is the stabilizer
of R, the set of elements of the group which map R to itself.

Since |stab(R)| = p* = n/2, we know that it is generated by the operation
i — 1+ 2 (mod n), or shifting right by 2. It then follows that R must be either
{0,2,4,...} or {1,3,5,...}, since these are the sets that are unaffected by any
number of right-shifts by 2.

If these R’s appear in the summation from Theorem 4.4, then they will
each contribute 1 to the sum. In that case, the possible values of the sum are
—1+2=1(modp), -1-2=-3 (modp),and —1+1—1= —1 (mod p).
If p = 3, these R’s will be {0,2} and {1}, which will contribute 1 and —1
respectively, giving a sum of —1 (mod p).

For p > 3, we have the absolute value of the sum less than p, and thus not
congruent to 0 (mod p). In each case, then, the coefficient of the degree-n
term of the representing polynomial is non-zero, so the polynomial degree is
n. O
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Chapter 5

Conjectures from Observed
Patterns

In this chapter we give some interesting properties of minterm-cyclic functions
that we discovered through calculating a large set of cases. There are a number
of observable patterns. For the following hypotheses, enough data has been
collected that these are easily believed, but no proof is currently known.

Conjecture 5.1. For f; a monotone minterm-cyclic function (i.e. with & €
{1,x}), deg(fs) < nonly if n = 0 (mod 12). Further, deg(f») < n only if
weight(?)=3

Conjecture 5.2. The coefficients of the ordinary generating function for the
degree-n terms of monotone minterm-cyclic functions with minterm m are pe-
riodic if and only if m is equal to reverse(m).

Conjecture 5.3. The ordinary generating function for the degree-n terms of
monotone minterm-cyclic functions with minterm m is equal to the ordinary
generating function for the monotone minterm-cyclic functions with minterm
reverse(m)
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Appendix - Macaulay2 Code and
Generated Data

mincyc.m2

-- Amit Chakrabarti and Edward Talmage

-- script to determine degree-n coefficient of the multilinear polynomial

-- corresponding the the Boolean function f given by f(x) = 1 iff x contains
-- a cyclic shift of a given minterm. The minterm is specified by a pair of
-- sequences (zeros, ones), each with elements in {0,1,...,n-1}, indicating

-- the locations of the Os and 1s in the minterm. Obviously these sequences
-- must not intersect.

-- If the variables are $x_0, ..., x_{n-1}$ then this polynomial is precisely
-- $$ 1- \prod_{i=0}"{n-1} (1 - \prod_{j\in P} (1-x_{i+j})\prod_{j\in Q} x_{i+f}) $$
-- where P = zeros, ! = ones, arithmetic on indices is mon n, and with the

-- usual reduction rules x_i~2 = x_i for each index 1i.
-- The consecutive-ones special case is P = \emptyset, Q = {0,1,...,k-1}.

matchpoly = (n, zeros, ones) -> (
R =72Z[x 0 .. x_n] / ((0..<n) / (i -> x_i"2 - x_i));
1 - product(n, i -> 1-
product(length ones, j -> x_((i + ones_j) % n)) x
product(length zeros, j -> 1 - x_((i + zeros_j) % n))

)
)
maxcoeff = (n, zeros, ones) -> (
- << n | "\Il";
p = matchpoly(n, zeros, omnes);
coefficient(product(n, i -> x_i), p)
)

printToFile = (zeros, ones, outputFile, maxN) -> (
outputFile << omnes << "; ";
scan(1l..maxN, (n -> outputFile << maxcoeff(n, zeros, ones) | "; "));
outputFile << endl;
outputFile << flush;
)

mintermsFromFile = (mintermFile, outputFile, maxN) -> (
minterms = lines get mintermFile;
scan(minterms, (minterm ->
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printToFile({}, value(minterm), outputFile, maxN)

)
);
)
autoMinterms = (mintermFile, coefficientFile, k, maxN) -> (
outputFile = coefficientFile << ";";
scan(maxlN, n -> outputFile << n+1 << "; ");

outputFile << endl;
for i from 1 to k do (
minterms = createMintermFile(i, mintermFile);
mintermsFromFile (mintermFile, outputFile, maxN);
);
outputFile << close;

)
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create_minterms.m2

-- Edward Talmage

-- This file contains functions that generate minterms for mincyc.m2 to analyze

createMinterms = (k, minterms) -> (

-- << "k: " << k << ", input minterms: " << minterms << endl;
partl = {};
partl = apply(minterms, (minterm -> k | "," | minterm ));

-- << "partl: " << partl << endl;

minterms = {{minterms}, parti};

- << "k: " << k << ", pre-flattened minterms: " << minterms << endl;
minterms = flatten(flatten(minterms));
-- << "k: " << k << ", partial minterms: " << minterms<< endl;
if (k-1 > 0)
then minterms = createMinterms(k-1,minterms)
else minterms = apply(minterms, (minterm -> "{0," | minterm));
- << "Final minterms: " << minterms << endl;
return minterms;
)
createAllMinterms = (k) -> (
mintermEnd = k | "}";
minterms = {mintermEnd};
if (k-1 > 0)
then minterms = createMinterms(k-1, minterms)
else minterms = apply(minterms, (minterm -> "{0," | minterm));
- << "minterms: " << minterms;
return minterms;
)
createMintermFile = (k, mintermFile) -> (
minterms = createAllMinterms(k);
mintermFile = mintermFile << "";

scan(minterms, (minterm -> mintermFile << minterm << endl));
mintermFile << close;

return "minterms"

)
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