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Fig. 1. We simulated several elastocapillary phenomena demonstrating the different types of hydrophobic and hydrophilic interactions between surface
tension and deformable objects. (Far Left) Capillary origami: spontaneous wrapping of a droplet with an elastic planar solid. (Middle Left) A heavy soft object
falling into a liquid with strong surface tension. (Middle Right) Colliding and bouncing of a droplet on a hydrophobic leaf. (Far Right) Contact angles between

surface-tension droplets and surfaces with different wettabilities.

We propose a novel solid-fluid coupling method to capture the subtle hy-
drophobic and hydrophilic interactions between liquid, solid, and air at
their multi-phase junctions. The key component of our approach is a La-
grangian model that tackles the coupling, evolution, and equilibrium of
dynamic contact lines evolving on the interface between surface-tension
fluid and deformable objects. This contact-line model captures an ensemble
of small-scale geometric and physical processes, including dynamic water-
front tracking, local momentum transfer and force balance, and interfacial
tension calculation. On top of this contact-line model, we further developed
a mesh-based level set method to evolve the three-phase T-junction on a
deformable solid surface. Our dynamic contact-line model, in conjunction
with its monolithic coupling system, unifies the simulation of various hy-
drophobic and hydrophilic solid-fluid-interaction phenomena and enables a
broad range of challenging small-scale elastocapillary phenomena that were
previously difficult or impractical to solve, such as the elastocapillary origami
and self-assembly, dynamic contact angles of drops, capillary adhesion, as
well as wetting and splashing on vibrating surfaces.
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1 INTRODUCTION

Hydrophobic and hydrophilic solid-fluid interactions are widely
seen in nature. Examples range from raindrops splashing on vibrat-
ing foliage and dewdrops sliding on the strands of the spider webs
to plant transpiration and aquatic insect locomotion. A number of
visually interesting coupling phenomena have been observed in
laboratory experiments, such as a compliant sheet deforming under
capillary forces [Roman and Bico 2010], a porous solid absorbing
liquid [Hao et al. 2015], and a lattice structure intriguing capillary
rises [Dudukovic et al. 2021]. Some of these phenomena, such as
dewdrops and insect locomotion, are hydrophobic, in which the
fluid and solid interfaces tend to repel each other due to the domi-
nant molecular cohesion [Pratt and Chandler 1977]. Some others,
like wicking and wetting, are hydrophilic, in which the solid and
water interfaces attract each other due to the strong intermolecular
adhesion. Some phenomena are in between these two categories,
such as raindrop-foliage interactions, exhibiting a spectrum of fluid
and solid behaviors that depend on the comparable adhesive and
cohesive effects on the dynamic interface.

Small-scale interactions between liquids and solids are dominated
by surface stresses that measure the amount of work per unit area
needed to stretch a surface elastically. Surface tension on a liquid-
air interface, which underpins many visually attractive small-scale
flow phenomena, is one specific type of stress. In addition to the
liquid-air surface tension, a liquid-solid interface or a solid-air in-
terface also manifests surface stresses between highly compliant
solids (e.g., thin membranes and gels) and surface-tension liquid.
These coupling phenomena, whose dynamics are dominated by the
strong interaction between surface stresses and elasticity, are known
as elastocapillarity in engineering and physical sciences and have
received extensive attention over the past decade.

In theoretical and experimental physics, a vast majority of litera-
ture has been devoted to studying the coupling mechanics under-
pinning elastocapillarity (see [Butt and Kappl 2018; Cao et al. 2014;
Liu and Feng 2012] for a comprehensive survey). At the heart of
these research efforts lie the study of contact-line dynamics (e.g.,
see [Fan et al. 2020; Liang et al. 2018]). Geometrically, a contact line
is featured by a codimension-two curve on two codimension-one
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surfaces in contact. Physically, the force balance on the contact line
among multiple phases controls the system’s hydrophobicity and
hydrophilicity. The interleaving complexities between the dynamic
geometry and multi-phase physics rendered the elastocapillary phe-
nomena challenging to model. Existing mathematical and computa-
tional models can handle specific capillary phenomena, such as the
one-dimensional necking [Lestringant and Audoly 2020], elastocap-
illary rise [Duprat et al. 2011], and the dynamics of a single straight
contact line [Limat 2012]. However, none of these approaches is
scalable and generalizable in complex three-dimensional settings to
produce visually authentic simulations.

In computer graphics, researchers have studied the static contact
angles between liquid drops and rigid boundaries with different
wettability and produced realistic animations, ranging from creep-
ing droplets [Wang et al. 2005] and cracking eggs [Yang et al. 2017]
to melting candles and tears of wine [Chen et al. 2021]. Despite
these impressive successes, the simulation of interactions between
surface tension liquid and deformable solids, especially elastocapil-
larity, has remained an unexplored topic in fluid simulation. Existing
simulation methods can neither track the evolution of a moving
contact line on a deformable surface nor solve the coupling dynam-
ics governed by multiple surface stresses. The lack of these tools
makes the simulation of scenes involving contact, wetting, adhesion,
capillarity, and elasticity a challenging problem.

To address these challenges, we propose a new computational
method that tackles the contact-line dynamics as well as its coupling
between surface-tension liquids and elastic deformables. To model
the contact-line geometry, we devised a novel Lagrangian repre-
sentation based on a codimension-one level set on a deformable
surface. To solve the contact-line physics, we developed an accurate
surface-stress model and its two-way coupling framework to co-
evolve the liquid, deformable solid, and their T-junctions. Our model
unifies the treatment of the previously separated hydrophobic and
hydrophilic fluids in one framework, which facilitates a multitude of
small-scale surface-tension phenomena that were difficult to solve.

Our technical contributions can be summarized as follows:

e An interfacial force model that unifies hydrophobic and hy-
drophilic coupling;

o A codimension-one level set method as well as its Lagrangian
representation to track the contact-line evolution on a de-
formable solid surface;

o A monolithic coupling framework that can handle the force
and momentum exchange at the triple junctions of liquid,
solid, and air;

e A Newmark-type integration scheme that can reproduce a
variety of small-scale elastocapillary phenomena driven by
the interactions between surface tension and elasticity.

2 RELATED WORK

Solid-Fluid Interaction. Following the pioneering work on simulat-
ing two-way solid-fluid interaction in computer graphics [Carlson
et al. 2004; Génevaux et al. 2003; Guendelman et al. 2005], a se-
ries of coupling systems have been developed on a dynamic mesh
[Klingner et al. 2006], height field [Wang et al. 2007], grid [Robinson-
Mosher et al. 2008], particles [Akinci et al. 2012], or their hybrid
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[Hu et al. 2018]. Although various two-way coupling methods for
Eulerian fluids and Lagrangian solids have been proposed, most
focus on large-scale effects and neglect the interfacial stresses of
both fluid and solid. Rigorous elastocapillarity modeling in compu-
tational physics usually targets the simplest phenomena like the
contact between a static droplet and a bulk substrate [Bostwick et al.
2014; Fagbemi et al. 2020; Van Brummelen et al. 2016], which are
typically not scalable and produces inconspicuous visual effects.
Fei et al. [2017] studied the cohesive behavior of liquid bridges
between hair strands, which pioneered the simulation of elastocapil-
larity in graphics. Ruan et al. [2021] developed a three-way coupling
framework with a surface membrane to accurately handle surface
tension effects. However, their method only considered hydropho-
bic rigid bodies. A unified coupling framework that considers body
momentum exchange and contact-line dynamics is needed to simu-
late small-scale interfacial phenomena driven by different wetting
properties.

Surface Tension. Surface-tension flow, such as droplets, soap bub-
bles, and foams, have received extensive attention in computer
graphics and computational physics (see [Colinet et al. 2001] and
[Popinet 2018] for an overview). A broad range of numerical meth-
ods for simulating surface-tension fluid have been invented using
grids [Cao et al. 2019; Zheng et al. 2009], particles [Morris 2000;
Tartakovsky and Meakin 2005; Wang et al. 2021], meshes [Batty et al.
2012; Daetal. 2015; Zhu et al. 2014], and hybrid Eulerian-Lagrangian
frameworks [Hyde et al. 2020; Schroeder et al. 2012; Zheng et al.
2015]. These numerical approaches have facilitated a multitude of
physically-based animations on the phenomena of droplets [Da et al.
2016a], bubbles [Busaryev et al. 2012], foam [Ishida et al. 2017], fluid
sheets [Thirey et al. 2010], splashes [Zhu et al. 2015] and chains
[Wang et al. 2020], as well as solid-fluid contact [Ruan et al. 2021], all
of which are driven by strong surface tension on a liquid interface.
The Marangoni effect, caused by the unevenly distributed surfactant
ratio on the surface, has also recently received attention in graphics
simulations by facilitating a series of visually intriguing flow phe-
nomena including tears of wine [Chen et al. 2021] and membrane
turbulence [Huang et al. 2020]. Despite these impressive simulation
effects, most previous studies focused only on fluid-air interfaces
and their interaction with a rigid boundary. Limited research con-
sidered the evolution of dynamic junctions among liquid, air, and
deformable solids, hindering the numerical modeling of small-scale
flow phenomena consisting of surface-tension-dominant liquid and
deformable objects.

Elastocapillarity. Elastocapillary phenomena involving elastic de-
formation in bulk coupled with capillary effects on the liquid sur-
faces can be observed in a diversity of fields, ranging from biological
systems [Flynn and Bush 2008; Heil and White 2002] to nanotech-
nologies [Mastrangelo and Hsu 1993; Van Spengen et al. 2002]. A
range of behaviours of elastic materials induced by capillary forces
have been observed in wetting ridge [Karpitschka et al. 2015], ad-
hesion [Cao et al. 2014], self-assembly [Vandewalle et al. 2020],
buckling [Cohen and Mahadevan 2003], wrinkling [Huang et al.
2007], and crease [Liu et al. 2019]. Recent technological progress in
microfabrication and biomimetic design toward advanced materials
has motivated numerous studies of the coupling between surface



Fig. 2. The evolution of the contact line (red) from emerging to vanishing
when a soft cow falls and sinks into a tank of water.

tension and elasticity. Bico et al. [2018] provides a general view
of elastocapillarity on three main configurations characterized by
dimensions. Some more specific reviews have been dedicated to
the coalescence of plates and pillars [Wei et al. 2015], bundling of
arrays of fibers [Duprat and Shore 2015; Legrain et al. 2016], and the
collapse or folding of microstructures [Crane et al. 2013; Leong et al.
2010]. Theory-wise, Binysh et al. [2021] developed a continuum
theory for 3D soft solids experiencing active surface stresses. Singh
et al. [2014] presented a fluid-mechanical model of elastocapillary
coalescence. Simulation-wise, numerical studies focusing on some
specific phenomena have been investigated, such as the deforma-
tions of 3D bulk solids under surface tension [Bueno et al. 2018],
as well as 1D rods and fibers [Fei et al. 2017; Lecrivain et al. 2020].
However, simulating capillary-induced deformations of thin plates
featured by out-of-plane bending is still absent.

Hydrophobicity/Hydrophilicity. The degree to which a surface
either attracts or repels water can be termed the hydrophilicity
or hydrophobicity of that surface, respectively. Inspired by the fa-
mous self-cleaning effect exhibited by the lotus leaves [Barthlott
and Neinhuis 1997; Neinhuis and Barthlott 1997], research works
on surfaces with special wettability, repellency, and controllable
adhesion have been extremely popular [Dalawai et al. 2020; Nishi-
moto and Bhushan 2013; Sethi and Manik 2018], with applications
such as drop-wise condensation, self-cleaning, and oil-water sep-
aration [Bixler and Bhushan 2014; Liu and Jiang 2012; Zhang and
Seeger 2011]. Static and dynamic contact angle measurements are
commonly adapted to study the wetting properties of the surfaces
[Yuan and Lee 2013]. Normally, we define a surface as hydropho-
bic when its static water contact angle 0 is greater than 90°, and
hydrophilic when 0 is less than 90°. Numerical analyses of wet-
tability have been focused on the factors that control the contact
angle [Evans et al. 2019], such as the surface roughness [Li et al.
2021], surface chemistry [Kaggwa et al. 2012], and hydrodynamic
conditions [Eggers and Stone 2004]. Simulations of wetting effects
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and contact angles in computer graphics started from Wang et al.
[2005]’s pioneering work on the virtual surface method. Da et al.
[2016b] modeled the triple junction by a least-square fitting of an
over-determined system. Studies of the interactions with contacting
solids have been dedicated to hairs [Fei et al. 2017; Lee et al. 2018,
2019; Rungjiratananon et al. 2012] and fabric cloths [Fei et al. 2018;
Huber et al. 2011]. Some recent particle-based approaches include
using an SPH model for multi-interaction applications [Yang et al.
2017] and an MPM discretization of surface tension forces with
spatial gradients [Chen et al. 2021], which successfully simulated
different contact angles and wetting effects.

3 PHYSICS MODEL
3.1 Fluid

We solve the incompressible Navier-Stokes equations to describe
the fluid motion:

V-u=0, M

{ % +(u-V)u= —%Vp+vV2u+g,
where u is velocity, v is the kinematic viscosity, g is gravity, and p
and p are fluid pressure and density. Boundary conditions include
the no-penetration condition u - n = 0 on a wall boundary and
the Dirichlet boundary constraint p = 0 on the free surface. Since
surface tension acts only at the free surface, it does not appear in
the Navier-Stokes equations but rather enters through boundary
conditions. For a free surface with uniform surface tension Y, the
tangential stress is zero because there is no local surface tension
gradient. The normal stress must be balanced by the curvature force
associated with the surface tension: n- T - n = Y(V - n), where
T = —pl + pv(Vu + (Vu)T) is the stress tensor.

3.2 Solid

We model elastic solid dynamics in their Lagrangian form as:

D?u,
S D 2
t

p =V-0o+psg @
where u; is the displacement vector, ps is the solid density, o is
the elastic stress tensor, and g is the body force. The elastic body is
coupled with the fluid system in terms of both momentum exchange
in contact areas and interfacial forces on contact lines.

3.3 Contact Line

Contact-line geometry. A contact line forms when a liquid surface
meets a solid object, where three types of surface stresses (liquid-
air stress, liquid-solid stress, and solid-air stress) jointly act on the
wetting ridge. Geometrically, contact lines located at the tip of the
triple junction can be viewed as points in 2D and curves lying on
substrate surfaces in 3D. More accurately, a contact-line point or
segment should represent a small neighboring volume whose motion
is dominated by both volume and surface stresses. Figure 3 shows
a contact-line cross-section, with the contact point marked in pale
green and its associated control volume enclosed by dashed lines.
Because liquid, solid, and air mix around the contact line, its mass

ACM Trans. Graph., Vol. 41, No. 4, Article 256. Publication date: July 2022.



256:4 « Jinyuan Liu, Mengdi Wang, Fan Feng, Annie Tang, Qigin Le, and Bo Zhu

VLV ViiiVe UV

Fig. 3. A microscale view of a contact-line point between a drop and a soft
solid, showing the control volume where both interfacial forces and bulk
stresses act.

is an integral of these substances’ densities in the control volume:

mC=/ pch=/ pldV+/ pst+/ padV,  (3)
c Ver Ves ca

where p¢, V. are the virtual density and control volume of contact
point ¢ and p; is the density of phase i. Here we assume all phases
are immiscible and therefore can further write the mass as the sum
of integration in each phase, with V., Vs, and V., as their control
volume in separate. In practice, we ignored p, since we are using a
free surface assumption and do not explicitly model the air.

Contact-line dynamics on a deformable surface. For a deformable
solid with Y/E > w, where E is Young’s modulus, and w is the area
over which the line force is spread out, motions will occur due to
the unbalanced force between the bulk and surface stresses, and
significant deformations will happen at the contact line, as shown
in Figure 3. The contact line motion is governed by:

D
Mme Ve =/ al-nldL+/ as~nde+/ 04 - ngdL
Dt wy Ws wWg

liquid bulk force  solid bulk force air bulk force
+ Yy -ty + X5 - ts + Ysa - tsa >
—— ——— ———
l-a tangential force  I-s tangential force ~s-a tangential force

4)
where 1;; is the interfacial stress between phase i and j, o5 is the
elastic stress of material opposing the solid deformation, and oy is
the liquid stress mainly from the pressure which opposes the volume
change. We assume oy, to be negligible. Here n; is the inward normal
of phase i near the triple junction, and t;; is the tangential vector
pointing along the i-j interface.

Contact-line dynamics on a rigid surface. When a droplet rests on
a rigid substrate, the effective area of the triple junction is infinitesi-
mal, so the balance can be considered on a single point, as shown in
Figure 4 bottom. Since there are no bulk stresses involved, Equation
4 can be reduced the Young—Dupré relation:

Yj,cos0 =Yg — 1y, (5)
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Fig. 4. A drop resting on a stiff solid. The contact angle 0 is governed by
Young-Dupré law, which expresses the balance of horizontal projections of
the interfacial forces.

where 0 is the stable contact angle. This equation holds true if the
gas phase is replaced with another immiscible liquid.

In the rest of this paper, we use scalar Y instead of T to represent
the surface stresses by assuming the stress tensor is isotropic. For
the liquid-air interface, surface stress scalar and surface energy are
termed equivalent to surface tension.

4 DISCRETIZATION
4.1 Fluid

We discretize the fluid volume on a standard marker-and-cell (MAC)
grid, where velocities and pressures are stored in a staggered fashion.
We employ the advection-projection scheme [Fedkiw et al. 2001;
Foster and Fedkiw 2001] by applying the semi-Lagrangian advection,
surface tension, viscosity, and gravity force sequentially before the
projection step. Viscosity is optional in our implementation, but it
can be employed to accelerate the liquid stabilization.

We track the liquid’s free surface implicitly using a level set (¢)
[Sethian and Smereka 2003]. Surface tension is treated in a semi-
implicit way [Zheng et al. 2009] to handle high surface-tension
fluids at moderate time steps robustly. The key idea is to diffuse the
sharp changes of interfacial velocities into a narrowband ¢ across the
surface by solving a Poisson’s equation on narrowband velocities:

new _ .old

™ = —Y5()xn+YS(P)At(VZueW), (6)

NN
explicit force implicit Laplacian

where Y is the interfacial tension that varies at different interfaces,
as shown in Figure 5. n is the unit surface normal (n = V¢/||V¢||2)
and « is the mean curvature (x = V-n), both obtained from the liquid
level set. 8(¢) is a delta function defined within the narrowband

¢ to the surface as 6(¢§) = i(l + cos((ﬁTﬂ)). In our examples, ¢ is
set as 3Ax. This step relieves the time-step restriction by adding
surface diffusion proportional to the surface tension strength in the
e-interface with a standard Laplacian.

We employ two types of surface tension, as shown in Figure 5,
including Yj, and Yjs on the liquid-air and liquid-solid interfaces
split by the contact lines. To decide the surface tension-type of a grid
face at position x within the narrowband, we find the closest point
on the interface by x4 = x — ¢(x)n and use the tension parameter



ilnterfacial tension=y,, Alnterfacial tension= y,, OContact points

Air
OO+
& Liquid <&

a1 %

S

— I —

Liquid cells Solid cells Air cells

Fig. 5. Discretized cell types are colored blue (liquid), yellow (solid), and
red (air). Liquid surface with different tension coefficients is marked by a
triangle (liquid-solid interfacial tension) and diamond (liquid-air interfacial
tension). Surface stresses at the solid-air interface are ignored.

associated with the surface point’s dual cell. We assume Y, to be
negligible on solid-air interfaces compared to elasticity and did not
model it. Please note that this assumption does not hold for ultra-
soft materials such as elastomers and hydrogels; they are out of
scope of this paper. At the contact line, all three surface stresses
accurately model the dynamics in the vicinity of triple junctions.
We provide details on calculating the junction forces in Section 4.3.

4.2 Solid

We discretize a solid object on a volumetric mesh (triangle mesh in
2D and tetrahedral mesh in 3D). The mesh resolution is set finer than
the background grid (1.5x in our experiments). For time integration,
we adapt the semi-implicit integration method proposed by Bridson
et al. [2002] by separating the treatments of displacement-induced
force f5 4 (e.g. elasticity) and velocity-induced force f v (e.g. damp-
ing). The momentum conservation equation can thus be written
as:
afS,V 1 n n
(Mg — At? vt = Mgv? + Atfg q(qy) + Atg, 7)
N

where elasticity is handled explicitly, and damping is handled im-
plicitly. For the rest of this paper, we’ll use a simplified general form:
(Ms — AtDg)v! = Mgv? + At1?, where Dy is the coefficient matrix
for the implicit integrated forces, and 1; corresponds to the rest of
the explicitly integrated forces. We omit the derivatives of the force
differentials since they have been well studied in previous literature
(e.g. [Sifakis and Barbic 2012]).

4.3 Contact Line

4.3.1 Contact-line geometry. The contact line’s geometric discretiza-
tion consists of three key steps: codimension-1 level-set generation,
level-set-to-mesh conversion, and mass lump, as briefed in Figure
6. The key idea is to first generate a level-set representation on the
solid mesh and then convert it to a Lagrangian mesh. In particular,
we first calculate a codimension-1 level set on the deformable solid
surface according to the contact between the codimension-0 liquid
level set and the codimension-1 solid surface mesh. We devised a
novel "enlarge-and-shrink" process to ensure the level set’s temporal
consistency. Next, we use this codimension-1 level set to calculate a
codimension-2 simplicial mesh of segments in 3D and dots in 2D.
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Liquid

Fig. 6. Left: The codimension-1 level set (¢.) to the contact line on the
surface vertices of the solid. Vertices with ¢, > 0 lie at the solid-air interface.
Vertices with ¢ < 0 lie at the liquid-solid interface. Contact points (marked
by green) exist on edges whose incident vertices have opposite geodesic
signs. Right: The three interfacial tensions (Y) applied to the contact point
(m¢) and the resultant axial forces (f;).

After generating the Lagrangian representation, we calculate the
mass of each mesh vertex by lumping the fluid and solid masses in
the surrounding grid cells. We detail each step as follows.

Level set on mesh. Because the evolution of a contact line is al-
ways constrained on the deformable solid’s surface, we choose to
generate a codimension-1 level set (§.) on the surface to first obtain
an implicit representation of the intersection between the liquid and
solid. As shown in Figure 7, our procedure takes a codimension-0
(volumetric) level set for liquid surface and a surface mesh for solid
surface as input and generates a codimension-1 level set on the
solid surface to feature the contact line. Due to the discretization
resolution limit, it is challenging to detect the contact between the
zero level set of the liquid volume and the mesh surface in a precise
and temporally consistent manner. For example, a mesh vertex can
happen to be inside or outside a liquid level set due to the linear in-
terpolation of the level-set values within grid cells, which will cause
temporally inconsistent results between time frames. We solved this
issue by applying a simple "enlarge-and-shrink" mechanism: We
first enlarge the liquid level set by a small offset € in the volumetric
space. Then, we detect the intersection between this enlarged level
set and the solid mesh to generate a mesh level set on the solid
surface. Last, we shrink the generated level set by the same offset
€ on the surface only to obtain the codimension-1 contact line. We
illustrate the algorithm workflow in Figure 7 and the steps in Algo-
rithm 1. We note that the generated contour is an approximation to
the real contact line because the shortest distance from the mesh
vertices to the liquid is not necessarily aligned with the solid surface.
We chose € to be the grid size Ax in our experiments. Generally
speaking, a larger € generates a smoother contour but further away
from the real junction at the high curvature region. A smaller €
makes the contour bumpier but closer to the real contact line. We
find € = Ax to be a good compromise in practice for two reasons.
First, the existence of the surface tension tends to smooth the fluid
surfaces with high curvature. Second, when the contact is at a sharp
angle, the level-set representation fails to capture it on a sub-cell
level (it will produce a rounded arc instead), which causes an (in-
wardly) underestimation of the T-junction location. Our estimation
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Fig. 7. From a to d: steps to construct the approximate contact line and
geodesics on mesh vertices based on the "enlarge-and-shrink" mechanism.

strategy alleviates this error to some extent. In the end, it’s easy to
find that as the grid resolution scales up to infinity, the liquid level
set can represent arbitrarily high curvature and e approaches zero.
Thus, the approximated contact line converges to the actual contact
line. A convergence analysis is conducted to learn the effect of the
resolution on the contact line and system dynamics, as shown in
Section 7.1

Algorithm 1 Contact-line Generation

. Input: liquid level set ¢, solid surface mesh.

: Output: mesh level set P.

: for each vertex on solid surface do

Update the level set value: ¢eps = ¢ — €

: end for

: Reinitialize the mesh level set: ¢eps — ¢c,eps
. for each vertex on solid surface do

Update the level set value: ¢c = P¢ eps + €
: end for

O 0 N U W

Reinitialization. We implement a mesh-based fast-marching algo-
rithm to reinitialize the level set on the solid mesh. In particular, we
solve the Eikonal equation [Evans 2010] on a mesh to approximate
the geodesic distances on a curved domain [Kimmel and Sethian
1998]. We use the simplest planar front approximation to compute
geodesics in fast marching by assuming that within a single triangle,
the distance function is well-approximated by one whose level sets
are straight lines. A detailed implementing instruction can be found
at [Bronstein et al. 2008] and [Zhu et al. 2015]. For acceleration, we
only reinitialize the level set within a 5Ax narrow band.

Lagrangian representation. After obtaining a level set on the solid
mesh, we extract the codimension-2 Lagrangian representation from
it using marching triangles [Lorensen and Cline 1987] in 3D (or
marching segment in 2D). A contact-line particle is detected when
the two incident vertices of an edge have level set values of op-
posite signs. Then, we perform a mesh topological repair process
[Zhu et al. 2014] to improve the discretization quality by removing
the ill-conditioned mesh elements, as illustrated in the inset figure.
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Fig. 8. Incident faces to the contact point marked by stars (solid-air inter-
face) and polygons (fluid-air interface). The effective range of the interfacial
forces at the contact point is approximated by a circle. Combined forces
(fex» fey) will act on the incident faces in the same directions. Forces applied
to the solid-air interface will act on the solid vertices incident to the face
through the mapping W.

In particular, we use two types of -
operations detailed by [Brochu and ‘w
Bridson 2009]: split long edges by ;".‘ ‘

greater than the pre-defined maxi- Q"

mum edge length, and collapse short

edges by deleting all edges with lengths less than the pre-defined
minimum edge length, then replace the edge with a single vertex.
The pre-defined maximum and minimum edge lengths are set to be
1.5x and 0.5x the averaged edge length of the original mesh. The

final output is segment meshes to discretize contact lines in 3D and
discrete points in 2D.

subdividing all edges with lengths

Mass lumping. After generating the Lagrangian mesh, we calcu-
late the mass for each mesh vertex. As discussed in Section 3.3, each
contact point has its associated control volume. As shown in Figure
8, we use a circle centered at the contact point with radius R in 2D
and use a sphere around each segment vertex in 3D. The mass of a
discrete contact point is thus calculated as the summation of mass
from each cut-cell occupied by phase i. By default, we initialized a
small intrinsic mass mQ = 1e~2pAx? for each contact point to avoid
any zero mass for numerical robustness. In sum, the lumped mass
for each Lagrangian point is calculated as m, = mQ + ZZQ:O piVei.

4.3.2  Contact-line physics. After obtaining the contact line’s geo-
metric representation and its mass, we discretize the six terms (three
bulk forces and three tangential forces) in Equation 4 to solve its
dynamics. As mentioned before, we ignore the air phase, so the air
bulk force is zero. The liquid bulk stress is from the pressure which
resists volume change, and the solid bulk stress is the elasticity
opposing solid deformation. Next, we discuss the calculation of the
three interfacial forces Y;jt;;.

Tangential direction fitting. The main challenge of calculating the
interfacial force between two phases lies in approximating the force
direction on each contact-line vertex based on its local geometry.
To solve the problem, we fit three tangential directions along the
i — j interface based on the local mesh and level-set geometries by
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Fig. 9. Sample points on the liquid-air, liquid-solid, and solid-air interfaces
to fit the tangential directions of the interfacial tensions.

sampling a set of nearby points on the corresponding interfaces (see
Figure 9). Because we have signed geodesics available on the surface
mesh from our codimension-1 level set, points on the liquid-solid
interface and the solid-air interface can be sampled from the vertices
with negative and positive level set values. For sampling points on
the liquid-air interface, we first sample nearby fluid-air dual cells
on the grid and then find the corresponding closest points on the
liquid surface. With samples one each interface, we can fit a plane
as well as the normal and tangent of the plane. We use singular
value decomposition (SVD) for the numerical implementation of
our fitting algorithm. The algorithm to fit the plane, normal, and
tangent directions from a group of points po, ..., pn—1 is summarized
in Algorithm 2 by using orthogonal distance regression and SVD.
For 2D, we directly use t = U(:, 0) as the tangent direction. For 3D,
we compute t use the cross product of the plane normal n = U(;, 2)
and the local tangent along the contour (t;) computed from the
neighbouring contact line vertices.

Interfacial force calculation. After getting the tangential vectors,
we calculate the interfacial forces as Yj;t;;. To couple the calculated
force with the Cartesian grid, forces applied to each contact line
vertex are projected to the main rectangular axes, as shown in Figure
9. More details on coupling is discussed in Section 5.2.

Algorithm 2 Plane Fitting

. Input: Point set {po,.. n—1}.
: Output: The best fitted plane.

: Zero-centering points:

_ 1 n-1_.
€= 5 Zi=o Pis

A=[po—¢..pn-1—cl,

: Compute the SVD decomposition of A:

usvT = A.

. Extract the plane, normal and tangent from U

® NG oA W e
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Fig. 10. Wrapping of a droplet with planar solids of different shapes. Top to
bottom rows: four petal, six petal, and triangle. Left to right columns: frames
0, 120, 240, and 360.

5 COUPLING SYSTEM

In this section, we introduce our coupling scheme between liquid,
solid, and contact-line models. In each time step, we solve two cou-
pling problems: one addressing a conventional solid-fluid coupling
problem to predict the system’s positions and the other solving a
novel solid-fluid-contact-line coupling system for an accurate sim-
ulation of the contact-line dynamics. We introduce the details of
each of these in the following.

5.1 Solid-Fluid Coupling

The coupling between fluid and solid without a contact line largely
resembles the framework in [Robinson-Mosher et al. 2008]. We track
each grid cell’s type (liquid, solid, or air) by checking whether the cell
center is inside the liquid’s level set or the solid’s volumetric mesh,
as shown in Figure 5. The coupling happens at the faces sandwiched
by a liquid cell and a solid cell. We use an interpolation matrix
W to map the velocities and forces between the grid and mesh
degrees of freedom (DoFs). For each face whose dual cells have an
intersect with the solid’s surface, we traverse the intersecting surface
elements and sum up the overlapping areas to build the weights of
the entries in the corresponding row of Wy. The overlapping area
is approximated by sampling points on the triangle element and
computing the portion of points inside the dual cell. The weights of
a dual cell are normalized to conserve mass and momentum.

Complementing the pressure projection equation on liquid with
w1 = W v™1 and substituting the incompressibility condition
yields the fluid part of the coupling system:

1
—;V2ﬁ+V~stg+1 =-V-u', (8)

where p = pAt. To avoid explicitly computing the impulse transfer
between liquid and solid, we unify the momentum updates of the
solid and nearby liquid by lumping the solid and liquid together.

ACM Trans. Graph., Vol. 41, No. 4, Article 256. Publication date: July 2022.
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Fig. 11. A droplet splashes down on a hydrophobic (top row) and hydrophilic (bottom row) leaf, then bounces back up to a neutral glass wall (contact angle

0 = %) and rolls down.

The nodal mass matrix after lumping the liquid is:
M = Ms + WIM, )

where M is a diagonal matrix constructed with the liquid mass in
each dual cell, which can be approximated by the liquid level set.
The combined momentum update of the solid with the lumped liquid
is:

(Ms — AtD VT + WIVVH = Mgvi + WIMu®,  (10)
where V is the volume of a dual cell and V'V is the impulse across
the dual cell driven by the pressure difference. v} is the solid inter-
mediate velocity after integrating all explicit solid forces. u* is the
liquid intermediate velocity before projection. Combining Equation
8 and Equation 10 yields the two-way solid-liquid coupling system:

p

—%VZ VvV - Wy
V§1+1

- 11
-WIVV  —M + AtD; (11)

_ -VV.u*
—M,vi - WIMu*

5.2 Solid-Fluid-Contact-Line Coupling

Next, we discuss how the contact lines couple with both solid and
liquid. As discussed before, the interfacial forces act on a small
volume around the contact line. We thus search for the liquid-air
interfaces and solid-air interfaces within a radius R around the
contact line, as shown in Figure 8. Forces on the contact line are
coupled to the solid and liquid through the incident faces, similar to
how solid and liquid couple together. The searching radius R should
be greater than the grid resolution Ax, and we use R = 3Ax for
both 2D (2562) and 3D (1923) experiments. A proper radius should
contain enough sampling points while maintaining locality. In our
algorithm, we always ensure at least three points are sampled to fit
the direction to ensure accuracy. Degeneracy, when there are fewer
samples, can happen in two cases: when the droplet size is too small
or a small air cavity appears in a liquid volume. For both cases, we
ignore the corresponding interfacial force. For small-sized drops, the
fluid level set is already inaccurate, so we consider it unresolvable
at this resolution. For a small air cavity, we consider liquid pressure
to dominate its behavior. It will either collapse soon or become
larger when enough points can then be sampled. Another issue is
the fitted tangential direction on non-smooth solid surfaces can be
inaccurate (e.g. edge of a cube). However, this does not affect the
overall behaviors of our simulations by observation. A parameter
study is conducted and shown in Section 7.2, demonstrating the
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robustness of our method in handling different radii.

Similar to the solid-fluid coupling, we build mapping matrices W
and W between the contact line and the grid faces implicitly using
hash tables. As in Figure 8, the horizontal force f._ will influence
the fluid’s motion through horizontal faces (marked by pentagons),
similar to Equation 10. The vertical component fe, will influence the
solid’s motion through vertices incident to vertical faces (marked
by stars). Suppose the impulse being transferred to solid from the
contact line is p, the updated solid momentum is:

M;vi = Mgvs + W] W p. (12)

Similar to Equation 10, the momentum update of the contact line
with lumped mass from the incident liquid-air faces is:

M+ WIvVp = MO + WiMu?, (13)

where M = M2+ WI M. M, should be the mass of liquid within the
small volume around the contact line. We set the contact point as
a small intrinsic mass (1e~2pAx?) for robustness. The momentum

update of the solid by considering both liquid and contact line is:
(Mg — AtDg )V + WIVVpH

+ T * T 0 T (14)

= Myv: + WIMu* + WIW MOV + WIWf AL,

where Mg = M + WSTWCMQ. We treat the force at the contact line
(fc) explicitly here. The complete coupling equations including all
terms are:

—%Vz VV-Ws  VV-W¢|[ p
-WIVV  —M; + AtDg v
-wlivv M. | [ve!

(15)
-VV.u*

= |-Mgvi - WIMu* - WIwW M| .
-M%v* — WIMu*
where v} is the intermediate velocity of the contact line after inte-
grating the interfacial forces.

6 TIME INTEGRATION

We introduce our Newmark-type time integration scheme in this
section. In each time step, we first compute the mid-point solid
velocity, which is then used to update the solid position. Next, we
compute the liquid advection velocity using the updated solid posi-
tion as boundaries, which is used to update the free surface. Finally,
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Fig. 12. (a): Static contact angles formed by liquid drops resting on rigid
surfaces. From upper left to bottom right, the angles are approximately 180,
135, 90, and 45 degrees. (b): Kinetic energy evolution of each case.

the contact line is constructed at the new positions, and velocities
are updated accordingly. The position updates resemble the stan-
dard two-way coupling scheme, while the velocity update involves
coupling to the contact line. The concrete advancing algorithm can
be described by the following steps.

(1) Integrate the gravity and diffusion terms to fluid velocity, and
all explicit solid forces (gravity and elasticity) for half time step:

1 At
uz =u" 4+ 7(VV2u" +g),

At 17 (16)

n+dx n, At
S22 My’

1
(2) Solve Equation 11 for the two-way coupling system to get vg+2 .
Update the solid positions for one time step. Revert the fluid
velocity to time n:

17)

1
n+l _ _n nt;
Xy =X +Atvg 2,
u«—u"

(3) Compute the solid effective velocity using the position change,
then revert the solid velocity to time n:

n+1 n
Veff _ Xs  — Xy
$ At (18)
Vs — Vi

Similar to [Guendelman et al. 2005], we project u, by solving
a standard fluid Poisson’s equation using the mapped solid ef-
fective velocity (WvEf) as Neumann boundary conditions. A
volume correction term is added to the right-hand side of Pois-
son’s equation. The resulting velocity is our leak-proof and
volume-conservative advection velocity urdv,

(4) Update the position of the free surface of the liquid using the

advection velocity:

¢n+1 - " adv n_
—— + (- V)¢" =0. (19)
At
Now positions of both solid and liquid have been updated to
n+ 1. Our next goal is to find the coherent velocities in this new
configuration.
(5) Compute the intermediate fluid velocity by integrating all non-
pressure-based terms (advection, gravity, diffusion, and surface
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Fig. 13. A hydrophobic rigid sphere escapes from a liquid volume, with
contact points marked by red dots sweeping the sphere’s surface

tension), and the intermediate solid velocity by integrating all
explicit solid forces:

u* —u”

s.t. Y on ag™t!,
At

+ (Y. V)" = vV 4 g,

n+1 (20)

Vi=vi+ A2,
S

Both velocity and liquid surfaces are advected using the semi-
Lagrangian scheme. Grid cell types are updated at the end.

(6) Construct the contact line by following Section 4.3 using the
update solid and liquid positions (x**1, $"*1). Integrate the in-
terfacial tensions explicitly to the contact line:

n+1

vﬁ:v'g+At1€VI . (21)
C

n+1

(7) Solve Equation 15 for the fully-coupled system to get vi*', as
well as the pressure to project the intermediate fluid velocity
(u*) to be divergence free (u™*1).

7 RESULTS

We first conduct validation experiments and compare our approach
with other related works. Next, we showcase several simulations to
highlight our approach’s capability in unifying the coupling with
different surface stresses and include performance analysis. All the
simulations ran on a PC equipped with a 16-core 3.50 GHz CPU and
an NVIDIA GeForce RTX 2070 graphics card.

7.1 Validation

We first validate our contact-line tracking algorithm, followed by
static contact angles on rigid surfaces. Next, we conduct two in-
dependent experiments to verify how our algorithm affects the
motions of liquid and solid separately. We compared our approach
with the state-of-the-art at the end.

Contact Angles. We show our method capable of simulating var-
ious degrees of hydrophobic or hydrophilic behavior as a droplet
settles on a rigid surface in Figure 12 (a). We implicitly control the
contact angles by manipulating the three surface stresses based on
the Young equation (5), § = arccos( Y"“YT_GYH) It can be seen that only

one of Y4 and Y}, is needed in company with Y, to decide 6, so we

ACM Trans. Graph., Vol. 41, No. 4, Article 256. Publication date: July 2022.
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Fig. 14. Simulation of a liquid drop falls to a hydrophobic soft plate in 2D
discretized by different resolutions, with contact points marked by red dots.

simply keep Yy, = 0. For 180 degree, we set Yj, = Y}, = 3.0 mN/cm.
For 90 degree, we set Yj, = 2.0 mN/cm and Y, = 0.0 mN/cm. For
135 and 45 degrees, we use the same Y;, = V2.0 mN/cm but oppo-
site Y;, with an absolute value equal to 1.0 mN/cm. We also plot
the changes of the kinetic energy of the droplets in Figure 12 (b).
Although we did not employ any type of viscosity, the vibrating
droplets tend to stabilize due to numerical dissipation. Please note
that the noisy oscillation of the purple curve (Contact Angle= r) is
the instability caused by the overlarge surface tension.

Escaping Sphere from a Droplet. We test the tracking accuracy of
our contact line in both 2D and 3D. Figure 13 shows the emerging,
sweeping, and vanishing of 2D contact points when a hydrophobic
sphere initially immersed in liquid escapes. For a hydrophilic sphere,
it will stay inside the liquid drop without any movement. Figure 2
shows the reverse process in 3D, where contact lines rendered in
red describe the sinking processes of a soft cow. In either case, our
algorithm is capable of robustly tracking the contact line without
any external interference.

Convergence Analysis. We show the convergence of the contact
line and overall system dynamics in 2D, by gradually increasing
the resolution of the grid and the solid mesh. Figure 14 shows the
evolution of the droplet topology and contact point positions. As the
grid resolution increases from 256% to 10242, the simulation results
converged into a process of droplets breaking into smaller ones and
then merging in the end.

Kinematic Sphere in Contact. We test how a liquid will react to a
hydrophilic surface by manually moving a rigid sphere inside and
outside the liquid, as shown in Figure 17 (a). Since the object is
not deformable, we can observe how the contact line affects the
motion of liquid through coupling. Traditional two-way solid-fluid
coupling methods usually consider pressure as the only coupling
media and thus cannot correctly handle the adhesion effect at the
triple junction where liquid, solid, and air meet, as shown in Figure
17 (a) right. Our approach can make a distinction in how the liquid
responds to hydrophobic or hydrophilic surfaces. In Figure 17 (a)
left, the liquid tends to climb on and stick to the hydrophilic surface
of the rigid sphere.
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Fig. 15. 3D self-wrapping of a droplet with a square soft membrane, forming
a flower shape at the equilibrium state. Frame sequence: upper left (0), upper
right (150), central left (300), central right (450), bottom (600).

Fig. 16. Final frame of the capillary origami example using different sam-
pling radii for force fitting. From left to right, the searching radius R is set
to be 2Ax, 3Ax, and 4Ax.

Wrapping Thin Shell on a Droplet. To quantify the effect applied
to a solid solely from the contact line, we set up a zero-gravity scene
where the solid is initially undeformed and barely in contact with a
liquid drop, as shown in Figure 17 (b). In this case, neither gravity
nor liquid pressure exists, and thus the only force that can trigger
the deformation of a solid is the adhesion exerted by the contact
points. Both liquid and solid will remain static by using a traditional
two-way coupling method to simulate. Our approach allows realistic
wrapping motion with flexible control over the contact angles by
changing the relative strengths of the interfacial stresses, as shown
in Figure 17 (b).

Comparison to [Ruan et al. 2021]. As discussed in Section 2, previ-
ous works in computer graphics rarely emphasize the role of surface
stresses in solid-fluid coupling. A related work is done by Ruan et al.
[2021], where surface tension of a liquid is employed to support
heavy objects. Due to the lack of contact-line treatment, [Ruan et al.
2021] can simulate only hydrophobic phenomena. Our solver ex-
tends the scope of simulations from rigid bodies to deformable bod-
ies and from hydrophobic only to both hydrophobic and hydrophilic
interactions. We note that most of the examples we show in this
paper are beyond the capacity of the solver proposed by Ruan et al.
[2021]. We compare our approach to [Ruan et al. 2021] as shown in
Figure 17 (c). Under a hydrophobic setting (Y, = Yj; = 1.5 mN/cm,
Ysq = 0), our approach can correctly model the floating behavior of
arigid sphere with two times larger density than the liquid, which is
akin to the results obtained by [Ruan et al. 2021]. In addition to the
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Fig. 17. A series of 2D validation tests. (a): Adhesion effect between liquid and a hydrophilic moving sphere with (left column) and without (right column)
modeling and coupling the contact line. (b): 2D wrapping of a droplet with a soft membrane under zero gravity. Different contact angles can be obtained by
controlling the interfacial stress relations, forming states ranging from no wrapping to complete wrapping. (c): A comparison between our method and Ruan
et al. [2021] at dropping heavy volumetric objects into the water. Our method can produce both floating and sinking scenes at the same liquid-air surface

tension by controlling the solid surface properties.

hydrophobic model, our approach can obtain hydrophilic coupling
effects by setting Yj, = Y5, = 1.5 mN/cm and Yj = 0.

7.2 Examples

Capillary Origami. Figure 15 shows a droplet deposited on a
thin elastic plate, which bends the plate to minimize the liquid-air
interface, leading to the spontaneous wrapping of the droplet. Dif-
ferent shaped planar structures can be folded into various three-
dimensional adhesion patterns, as shown in Figure 10. We find
our simulation results with triangle and square substrates match
well with what scientists observed in experiments [Bico et al. 2018;
Py et al. 2007]. In all origami-type examples, we model the solid
using the very simple mass-spring model with spring stiffness
ks = 1e4 mN/cm. The three surface stresses Yj,, Yj;, and Y, are
1.2, 0.2 and 0.5 mN/cm respectively. Both liquid and solid densities
are 1 g/cm®. Figure 16 shows the parameter study with a varying
sampling radius.

Capillary Self-Assembly. Figure 18 shows the self-assembly of a
3D cuboid container by a spherical droplet, starting from a planar
elastic cross composed of six pieces. The densities of the droplet and
the plate are 1 g/cm® and 3 g/cm3 respectively. The spring stiffness
ks of the solid is 1e5 mN/cm, and the connecting bridges are a third
thinner than the main body. The three surface stresses Yj,, 1j;, and
Ysq are 1.2, 0.1 and 0.6 mN/cm. The bottom face of the central part is
fixed, and the other five faces are decorated with triangles, squares,
and round holes.

Raindrops on Leaves. Figure 11 compares a leaf-raindrop system
with different surface wettability. A systematic experimental study
of such a system has been conducted by Gart et al. [2015]. We find
the droplet breaks into smaller droplets and rebounds from the non-
wettable beam. The wettable beam, on the other hand, keeps in

contact with the droplet until it separates at the leaf apex. To the
right is a transparent wall where droplets splash onto and flow down.
In this example, the leaf has a spring stiffness of 1e6 mN/cm and
density of 2 g/cm®. The three interfacial stresses (Yj,, Y and Ys,)
for the hydrophobic scene (upper row) are 2.0, 0.3 and 0.1 mN/cm.
The corresponding values for the bottom hydrophilic scene are 0.1,
0.2 and 1.0 mN/cm. The surface stress of the right wall is selected
such that the contact angle is 7.

Droplets on Beams. Figure 19 shows droplets impact on cantilever
beams at high speed (500 cm/s), causing conspicuous liquid breaking
and rebounding. The density of the beam is 2 g/cm®, which is two
times the liquid drop. In order to enhance the impact, we use a stiff
beam material with ks equal to 4¢7 mN/cm. The top row has the
largest surface tension (Yj, = 3.0 mN/cm) and superhydrophobic
surface (Yjs = 0.8 mN/cm; Y5, = 0.0 mN/cm). The middle row has
a moderate surface tension (Yj, = 1.0 mN/cm) and neutral solid
surface (Yj; = 0.2 mN/cm; Ysq = 0.4 mN/cm). The bottom row has
the smallest surface tension and hydrophilic surface where Yj,, Yj,
and Y, are 0.2, 0 and 0.8 mN/cm respectively. We compare our
method with the traditional coupling approach that does not model
the contact line using the middle row’s setup, where the contact
angle is supposed to be %. Figure 20 shows our method correctly
reflecting the expected contact angle, while the traditional method
fails to distinguish hydrophobic and neutral surfaces.

Floating or Sinking. Figure 21 shows the comparison of thin de-
formable plates with different surface energies falling into a lig-
uid with different surface tensions. The liquid density remains
1 g/em® and the solid density is 5 g/cm®. The solid spring stiffness
ks is 5e3 mN/cm. The upper row has surface stress coefficients of
Y;, = 2.0 mN/cm, Yjg = 0.5mN/cm, and Y5, = 0.1 mN/cm. The
bottom row has the same surface stress on the liquid-solid surface,

ACM Trans. Graph., Vol. 41, No. 4, Article 256. Publication date: July 2022.
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Fig. 18. Self-assembly of a dagger-shaped elastic plate with soft bridge
connections placed underneath a liquid drop, forming a cuboid 3D structure
at the final state. Frame sequence: upper left (0), upper right (100), central
left (200), central right (300), bottom (400).

but Yj, and Y5, swap. The relative strengths of these parameters
decide whether the coupled system tends to minimize the solid-air
interface (sinking) or the liquid-air interface (floating).

Droplets on Plates. The goal of this experiment is to compare
the contact angles between liquids and moving deformable solids
with different surface properties. The rightmost column of Figure
22 shows three representative contact angles when the soft plates
come to rest. In this example, the density of the plate is 2.5 g/cm3,
and the spring stiffness is 5e4 mN/cm. The liquid-air, liquid-solid
and solid-air surface stresses for the middle row of Figure 22 are 1.0,
0.1 and 0.1 mN/cm, which form a % contact angle. For the scenes
with contact angles 7 and 0, the corresponding parameters are 3.0,
0.5 and 0.1 mN/cm and 0.01, 0.1 and 0.5 mN/cm.

7.3 Performance

We summarize in Table 1 the time consumption breakdown in a time
step for each of our 3D examples. Most operations are parallelized
using OpenMP, including the matrix assembly. We use a standard
conjugate gradient solver with a Jacobi preconditioner on GPU to
solve linear systems (the solver’s convergence tolerance is set as le-
5). The main bottlenecks are from the three solves (Section 6 Step 2, 3
and 7). Please note that Equation 11 and 15 are indefinite systems, but
we find our solver capable of solving them without compromising
the convergence performance. The computational cost of all contact-
line-related operations (fast marching, remeshing, force fitting, etc)
are marginal compared to the linear solvers. The grid resolution for
all 3D examples is 1923. Parameters for all examples are discussed
in Section 7.2.

8 CONCLUSION

We propose a novel geometric representation that robustly tracks
the contact lines between liquid, solid, and air on moving surfaces,
which supports the simulation of hydrophobic and hydrophilic elas-
tocapillary systems. We introduce the contact-line dynamics by
considering both surface and bulk stresses and how they are dis-
cretized on a mixed Eulerian-Lagrangian system. By coupling the
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Fig. 19. Falling, splashing, and bouncing of water drops on cantilever beams.
Different contact patterns between liquid and beam surfaces can be observed
by controlling the relative strengths of the interfacial stresses. From top to
bottom row, we have hydrophobic, neutral, and hydrophilic surfaces.

Fig. 20. Side views of a droplet colliding with a neutral surface cantilever
beam with (left) and without (right) modeling the contact line.

dynamics of the liquid, solid, and contact line altogether, we are
capable of simulating a wide range of phenomena ranging from
wetting, splashing, and capillary adhesion to contact angles and
elastocapillarity. These examples show that our method naturally
handles hydrophobic and hydrophilic solid-liquid interactions based
on first principles. We believe resolving dynamics at the multi-phase
junctions are critical to exploring more complex phenomena, such
as capillary twist, buckling, wrinkles, and instabilities, and also have
broad application scopes in surface engineering, material science,
and biology.

Limitation. Our approach has three major limitations. First, our
contact line model is currently built on codimension-0 volumetric
solids and does not support codimension-1 thin shells and codimension-
2 threads. This hinders the simulation of many interesting coupling
phenomena between surface-tension liquids and extremely thin and
curved objects (e.g., droplets on a lotus leaf). When a thin shell pen-
etrates the liquid surface, contact lines on different sides of the shell
can be different, which was not considered in our current model and
requires proper treatment of the surface mesh’s direction. Tackling
contact between threads and liquid is more challenging, where the
geometric representation degenerates from contact lines to points.
Considering both points and curves as general contact geometries
are one of our plans. However, detecting contacts between thin
filaments and liquid on a grid poses more difficulties and requires
further research. Second, the interfacial forces at the contact line
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Table 1. Performance Analysis of the 3D Examples per Time Step.

Figure Scene Description | #Verts  #Elems | CFL | Time Step (s) | 1st Solve (s) | 2nd Solve (s) | 3rd Solve (s) | Total (s)

15 Origami (square) 28,227 92,160 0.7 6.67e-3 0.45 0.39 0.52 4.12
10 (top) | Origami (four petal) | 10,628 38,672 | 0.7 6.67e-3 0.38 0.37 0.42 3.56
10 (mid) Origami (triangle) 23,313 85,652 0.7 6.67¢e-3 0.4 0.37 0.45 3.87
10 (bot) | Origami (six petal) 17,886 59,562 0.7 6.67e-3 0.4 0.38 0.42 3.66
21 (top) Tank (float) 7,605 28,880 0.5 le-2 1.48 1.52 1.59 9.94
21 (bot) Tank (sink) 7,605 28,880 | 1.0 le-2 1.51 1.58 1.7 10.32

2 Tank (sink cow) 26,069 143,193 | 1.0 le-2 2.52 2.65 2.77 16.42
11 (top) | Leaf (hydrophobic) 17,244 70,795 0.5 1.67e-3 0.33 0.30 0.33 3.06
11 (bot) Leaf (hydrophilic) 17,244 70,795 0.5 1.67e-3 0.31 0.30 0.32 2.96
22 (top) Contact (6 = 7) 47,045 184,320 | 0.7 4e-2 0.36 0.29 0.34 3.38
22 (mid) | Contact (§ = 7/2) | 47,045 184,320 | 0.7 de-2 0.34 0.3 0.33 3.35
22 (bot) Contact (6 = 0) 47,045 184,320 | 0.7 4e-2 0.32 0.29 0.32 3.59
19 (top) | Beam (hydrophobic) | 31,605 122,880 | 0.5 1.67e-3 0.3 0.28 0.36 3.39
19 (mid) Beam (neutral) 31,605 122,880 | 0.5 1.67e-3 0.33 0.29 0.32 3.37
19 (bot) | Beam (hydrophilic) | 31,605 122,880 | 0.5 1.67e-3 0.28 0.31 0.31 3.14

18 Self-Assembly 39,163 117,239 | 0.7 6.67e-3 0.37 0.36 0.41 3.94

* The material parameters are described in Section 7.2; and the grid resolution for all 3D examples are identical: Ax=5.2e-2(cm).
* What each solve is referring to is discussed in Section 7.3; time for parallel matrix assembly is included.
* Other major time-consuming operations include advection (parallelized), solving implicit surface tension, computing mapping operators

(parallelized), and spatial hashing.

Fig. 21. Falling of a hydrophobic/hydrophilic solid into a tank of liquid with
strong/weak surface tension. The density ratio between the solid and the
liquid is 5. The top row shows the stable contact between the solid and the
curved liquid surface. Strong surface tension enables the liquid to support
much denser materials. The bottom row shows the immersion process of
a solid sinking into the liquid with low surface tension, causing a high
waterspout.

are explicitly applied to the system, due to the challenges in for-
mulating an implicit representation of the force direction based
on fitting sample points. As shown in Table 1, we keep the CFL
number below 1 in our experiments to ensure stability. An implicit
treatment of surface tension across multiple phases to enable large
time steps will be an important next step. Third, our current linear
solver is not optimal: The convergence of the conjugate gradient
solver on an indefinite system (11, 15) is not guaranteed. Building
better preconditioners and forming SPD systems for a contact-line
problem remains to be explored. Another bottleneck of our solver
is the GPU memory, limiting our simulations’ scalability toward
the centimeter length scale. Due to the complexity of the coupling
system, we did not employ a matrix-free paradigm to optimize the
performance. Customizing a more efficient solver both in space and
time is important to explore more complex, large-scale phenomena.

Future Work. We propose two future directions to explore based
on the current work. First, we plan to incorporate more complicated

& &
VY v
V‘ &l V‘ \01

Fig. 22. Different contact angles between a liquid drop and a soft plate

can be obtained by varying the ratios between the three interfacial tension

coefficients. From top to bottom, the contact angles are around r, %, and 0.

solid sub-systems into the framework. These systems could either
manifest complex geometries, such as thin shells and filaments, or
exhibit multi-component physics, such as rigid-rigid articulation or
rigid-deformable coupling. Simulating surface-tension contact with
these novel mechanical systems and materials will not only allow
novel animations but also pave the way for their computational
optimization and design. Second, a unified framework for handling
hydrophobic and hydrophilic coupling opens up possibilities for the
visual simulation a new set of natural phenomena, especially the
interactions between plants and rain droplets. This work conducted
some preliminary research in this direction (see Figure 11), while
many interesting and exciting questions remain to be answered
by future explorations. For example, what is the relation between
the splash shape and the leaf surface? What is the distribution of
drop size and pattern due to the leaf’s hydrophobicity (e.g., lotus
leaf)? Will the microstructural pattern on a solid surface affect
the coupling dynamics under a hydrophobic/hydrophilic setting?
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At the same time, an accurate surface-aware coupling algorithm
will enable the simulation and optimization of a new family of
solid-fluid-interaction problems, such as fish swimming, bird flying,
and hydrophobic material coating. Answering these questions with
novel computational tools will not only enable the production of
new visual effects but also pave the way to develop a mechanistic
understanding of the intricate physics underpinning these natural
phenomena.
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